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AN INERTIAL EXTRAGRADIENT ALGORITHM WITH NON-MONOTONE STEP
SIZES FOR VARIATIONAL INEQUALITY PROBLEMS AND FIXED POINT
PROBLEMS OF NONEXPANSIVE SEMIGROUPS
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Abstract. In this paper, we propose an inertial extragradient algorithm with non-monotone step sizes for
approximating a common solution of a variational inequality problem of pseudomonotone and uniformly
continuous operators and a fixed point problem of nonexpansive semigroups in the setting of real Hilbert
spaces. By utilizing a self-adaptive technique that produces non-monotonic step sizes, our method en-
sures strong convergence without requiring Armijo-type line searches. Finally, to assess the performance
of the proposed algorithm, we provide some numerical results.

Keywords. Inertial extragradient algorithm; Fixed point; Nonexpansive semigroup; Variational inequal-
ity.

2020 Mathematics Subject Classification. 46N10, 47H09, 90C30.

1. INTRODUCTION

Let C be a nonempty, convex, and closed subset of a real Hilbert space H, and let B: H — H
be a mapping. The variational inequality problem investigated in this paper is to find a point
x* € C such that

(x—x",B(x")) >0, VxeC. (1.1)

The solution of (1.1) is denoted by VI(C,B). Problem (1.1) is recognized for its wide real
applications, such as control problems, signal recovery problems, economics, and so on, and it
includes complementarity, equilibrium, saddle point problems, and so on. In the past decases, a
variety of efficient algorithms were proposed to solve (1.1); see, e.g., [5, 9, 11, 14, 19, 35] and
the references therein.

With the aim of achieving faster convergence of algorithms, Polyak [17] introduced the in-
ertial extrapolation process X1 = X, + B1(xy — x,—1) — B2B(x), n > 0, where B; and f3, are
two real numbers. In recent years, incorporating inertial factors to accelerate convergence has
gained popularity in algorithm development; see, e.g., [1, 7, 8, 24, 25]. By combination of
the inertial type method, the viscosity method and the modified Tseng extra-gradient method,
Thong et al. [31] introduced a Tseng’s extra-gradient method. However, its applicability is
constrained by the control parameter’s dependency on the Lipschitz constant of B. In an effort
to address this limitation, recent research investigated new step size rules for solving variational
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inequality problems. For example, Tian and Tong [30] proposed an algorithm with self-adaptive
step sizes for finding a solution of the variational inequality problem involving monotone op-
erators and the fixed point problem of a quasi-nonexpansive mapping in real Hilbert spaces. A
detailed description of their algorithm is given as follows:

(Wi = Xn + O (X0 — Xn 1),

Yn = Pcwp — 2uB(wn)],

T,={x€H: {w,—2Bwy)—yn,x—yn) <0},
Zn = Pr, [Wn — 2B ()],

(X1 = (1= Bo)wn + BT (zn),

where the stepsize A, is generated by

Ao ::{ mm{\l #HW),, n|| |_|72, } if B(wy) # B(uy), (1.2)

- otherwise.

In 2024, Wang et al. [33] proposed a projection and contraction method with a double iner-
tial extrapolation step and self-adaptive step sizes to solve variational inequalities with quasi-
monotonicity in real Hilbert spaces. For a given xo,x; € C,A; >0,u € (0,1),a,,6, € (0,1).
Compute

Zn :xn+ﬁ(xn _xn—1>7

Wy = Xp+ en(xn _xnfl)a

Yn = PC[Wn - ;LnB(Wn)]a
where

{ min{ ppilesel 3%t B(wy) # B(ya),
At = [1B(wn)—B(yn)|l
n otherwise.

If w, = y, = xp, then stop. Otherwise, compute v, = w,, —y, — A,(B(w,) — B(yy)) and x| =
(1 —a)z, + a(wy — vd,vy,), where

e { S 20
n--—
0

otherwise.

The step size criterion (1.2) used in [30] and [33] generates a non-increasing sequence of steps.
This approach, however, may require computationally expensive. Seeking to improve upon
this inefficiency, researchers proposed a modified version of criterion (1.2); see, e.g., [13, 28,
29, 33]. Recently, Tan and Cho [29] proposed two extragradient iterative algorithms by using
inertial technique to solve (1.1). The specific steps of their algorithm are outlined below: for a
given xg,x; € C,x € (0,1),0 > 0,71 > 0 and a sequence {7, } satisfying Y &, < oo, {0} C
(0,1) satisfies the following conditions: nh_r>1010 0, =0and )~ | &, = . Compute w, = x, +

0, (x, — x,—1) with 6, such that
. 8}1 .
Gn — mln{m,e} lf.xn #anl,
0 otherwise.

where €, is satisfying the condition lim,,_c 2—’; = 0. Compute y, = Pc[w, — t,B(wy)] and z, =
Pr.[wy — ©,B(ys)], where T, = {x € H : (w, — T,B(Wp) — yn,x — yu) < 0}. Compute x,+| =
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(1 — oty — By)wn + Bnz, and update the step size 7,4 by

1 .uHWn_)’nH .
fny = | MG, YBG T T Gnd 3 B(wa) # Blm),
Tn+ én otherwise.

Here, we also consider the fixed point problem for a mapping S. Due to the wide applications
of fixed point problems, various schemes were extensively investigated; see, e.g., [4, 6, 20, 21,
23].

A family T, := {S(¢) : 0 <t < oo} of mappings from C into itself is called a nonexpansive
semigroup on C if it satisfies the following conditions:

(i) S(0)x =x forall x € C;
(ii) S(s+1) = S(s)S(z) for all s, > 0;

(iii) ||S(¢)x—S(¢)y|| < ||lx—y|| forall x,y € C and t > 0;

(iv) forallx € Candt > 0, s — S(¢)x is continuous.

The set of all the common fixed points of a family I', is denoted by Fix(I',), i.e.,

Fix(I'y) ;== {x € C: S(t)x =x,t > 0}.
The fixed point problem for a nonexpansive semigroup I, is:
find x€C suchthat x € Fix(I,). (1.3)

A nonexpansive semigroup I';, on C is said to be uniformly asymptotically regular (u.a.r) on C
if, for all 4 > 0 and any bounded subset E of C, limy_,e sup, ||S(2)(S(s)x) — S(s)x|| = 0.

The fixed point problem of nonexpansive semigroups has attracted much attention in recent
years. Authors have extensively investigated various iterative algorithms; see, e.g., [3, 10, 12].
In this paper, we propose an inertial extragradient algorithm with non-monotone step sizes
for a common solution of variational inequality problem (1.1) with pseudomonotone and uni-
formly continuous operators and fixed point (1.3) of nonexpansive semigroups in the setting
of real Hilbert spaces. Unlike methods that rely on Armijo-type line searches, our algorithm
achieves greater efficiency with the aid of a self-adaptive step size technique that generates non-
monotonic sequence of step sizes. Our approach achieves strong convergence results without
requiring the u.a.r condition, which was often assumed in previous works. Our step size prop-
erly includes those in [13, 18, 28, 29, 31]. Some numerical results are reported to confirm the
efficacy of the proposed algorithm.

2. PRELIMINARIES

Recall that a mapping S : C — H is said to be monotone if (Sx — Sy,x—y) > 0 for all x,y € C;
pseudomonotone if (Sx,y —x) > 0= (Sy,y —x) > 0 for all x,y € C; nonexpansive if ||Sx— Sy|| <
||x — y]| for all x,y € C; contraction if there exists a constant 0 < k < 1 such that ||Sx — Sy|| <
k||x —y|| for all x,y € C; uniformly continuous if, for every € > 0, there exists a § > 0, such that
|Sx — Sy|| < € whenever ||x —y|| < §.

From [2], one has the following celebrated results.

(i) (u— Pclu],v—Pclu]) <Oforallu € Handv € C;

(i) ||Pc[u] — Pc[V]||* < (Pc[u] — Pc[v],u —v) for all u,v € H;

GiD)] || Pelu] —v||* < ||u—v||* — ||u— Pc[u]||? for all u,v € H.

Note that the following equality and inequality hold in Hilbert spaces
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Q) |uA4v|*> < ||lul|> +2(v,u+v) for all u,v € H;
(i) 2, v) = [Jue]|* + V] = [l = vI[> = |+ v]|* = ||uel|* = ||v]|* for all u,v € H.
In addition, the following lemmas are needed.

Lemma 2.1. [16] Each Hilbert space H satisfies the Opial’s conditions, i.e., for any sequence
{un} with u, — u, liminf,,_, ||u, — u|| < liminf, . ||, — v|| holds for every v € H with v # u.

Lemma 2.2. [32] A function F defined on a convex domain is uniformly continuous if and only
if, for every €1 > 0, there exists a K| < oo such that ||Fi(u) — Fi(v)|| < Ki|lu—v|| + €.

Lemma 2.3. [27] Let b, < b, + Oy, where {9,} and {b,} two nonnegative sequences. If
Yoo Un < oo, then lim, . by exists.

Lemma 2.4. [22] Let a,11 < (1 — K,;)a, + K,Q,, where {a,} is a positive sequence, {K,} is a
sequence in (0,1) with Y;" | K, = o and @, is a real sequence. If limsup;_,., @, < 0 for all
subsequences {ay, } of {an} satisfying the condition

lilzginf(ankﬂ —ap,) > 0, then lim, e a, = 0.

Lemma 2.5. [26] Let C be a nonempty, convex, bounded, and closed subset of a Hilbert space

H, and let Ty := {S(t) : 0 <t < oo} be a nonexpansive semigroup defined on set C. For each
1 1

x € Cands > 0and forany 0 < h < oo, lim sup H—f(‘)‘S(t)xdt —S(h) (—f(‘)‘ S(t)xdt) H =0.

s=exec!lS s

Lemma 2.6. [34] For each uy,---,uy € H and My, -+, Ny, € [0, 1] with Y7 | n; = 1, the following

equality holds

m
s+ + N> = Y il = Y mimjlus —u|
i=1

1<i<j<m
3. THE PROPOSED METHOD AND ITS PROPERTIES

Let H be real Hilbert spaces, let C be nonempty, convex, and closed subsets of H. Let [, :=
{S(s) : 0 < s < oo} be one-parameter nonexpansive semigroup on H. Let g: H — H be a
contraction mapping with constant @ € [0,1). Let {¢t,}, {Bn}, {0n}, {&:}. {sn}s {T}. {ttn},
and {p,} be nonnegative sequences satisfying the following conditions:

(@) o+ By + 8, = 1 and liminf,_,. 3,6, > 0;
(b) Let {g&,} be positive sequence such that lim,, ;e 2—’; =0;
() 0 < sy < oo
(d) limy e 0, =0and ) | ot = o0;
(e) 0 < liminf, e U, < limsup,_ ., U, < 1;
(H) Yo T < coand lim, e p, = 0.
Assuming the usual conditions:
(C1) Feasible set C is nonempty, convex, and closed.
(C2) Operator B: H — H is pseudomonotone and uniformly continuous on H and sequen-
tially weakly continuous on C.
(C3) Solution set Q = Fix(I';) \VI(C,B) is nonnonempty.

Now, we present the following algorithm for finding the common solutions of (1.1) and (1.3).

Algorithm 3.1.
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Step 0. The initial step:
Give x € (0,1),y€ (0,2),A4; > 0,6 > 0, and let xo,x; € H be arbitrary.
Give x,_1,X,.

Step 1. Choose 6, such that

9. — mln{e,m} lfxn #Xn_], (3 1)
" 0, otherwise. '

Step 2. Set a,, = x,, + 6,(x, — x,—1), and compute z,, = Pcla, — A,B(ay]. If z, = a,, then stop,
and a, is a solution to (1.1). Else, do Step 3.
Step 3. Compute u, = Py, [a, — Y$ud(an,zn)], where

On = {x €H: <an _AHB(an) _Znax—Zn> < 0}7
{an=zn,d(an.2n)) -
Cn = { 0 d(anzn)[* if d(an, zn) # 0,

(3.2)
otherwise.

d(an,zn) =dan—Zn _)«n(B(an) _B<Zn>)a

Step 4. Compute v, = Wyu, + (1 — un)é 0" S(1)updt and X1 = 04,8 (xn) + BuXn + 8,vy. Update

. n+ an—7n .
Aoep = mln{_((\)B(af_))! i (an)ull., A+ 1.} if Bay) # B(zn), 53
A+ Ty otherwise.

Setn:=n+1 and go to Step 1.

Remark 3.1. By condition (b), we obtain from (3.1) that 6,||x, —x,—1]| < &,. It follows that

0
lim = ||x, —x,_1] = 0. (3.4)
n—oo an
Thus there exists N; > 0 such that
6,
— ||%n —xn—1|| <Ni,Vn eN. (3.5)
Oy

Lemma 3.1. [15] Assume that (C1)-(C3) hold and {a,} and {z,} are sequences generated by
Algorithm 3.1. If there exists a subsequence {ay, } of {an} convergent weakly to a point X € H
and limy_, ||ay, — 24, || =0, then X € VI(C,B).

We now introduce the following lemma, which is essential for proving the global convergence
of our proposed method.

Lemma 3.2. Let {A,} be a sequence defined by (3.3). Then
. X S
lim 2, = A € [ min{2= 21}, 44 +,zz::1 rn} .
Proof. Since B is uniformly continuous, we obtain from Lemma 2.2 that, for any given & > 0,

there exists a Kj < oo such that ||B(a,) — B(z,)|| < Ki||an — zu|| + €1 If B(an) — B(z,) # 0, then
(Pn+X)llan =zl > (Pn+ 2 llan —znll _ (Pn+2X)llan — za]| > X

1B(an) = B(za)l — Killan—zall+&1  (Ki+&)llan—zall — M
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where €] = & ||a, —z,|| for some &; € (0, 1) and M = K| + €. Hence, from the definition of 4, |,
{Au+1} is bounded below by min (Al/[, 7Ll> and Apy1 < A+ 1 < A1+ X, Tn, Which implies

that min{%ﬂl} <A <A +Y; T By Lemma 2.3, it follows that lim,_,. A, denoted by
A =lim, . A, exists. Clearly, we have A € [min{%[, MbAM+Y, Tn} . O

Remark 3.2. It follows from Lemma 3.2 and condition (e) that

A
lim (1—M):1—x>o, (3.6)
n—eo )“n—l—l
there exists ny > 0 such that, for all n > ng, 1 — % > 1_775 > 0.

Lemma 3.3. For given x, € H, let {,, and A, satisfy (3.2) and (3.3). Then, for all n > ny,
(1 22} fa, —
Cn >

n+1

(3.7)
1 (an,zn)|?
Proof. Using the definition of d(a,,z,) and (3.3), we have
(an — zn,d(an,zn)) > ||an _ZnHz — Mllan — zll|B(an) — B(z) ||
An(pn +
> (1= 208 o, g
n+1
From (3.2), we obtain, for all n > ny,
/'Ln n
(12t o, — 2
C > n+1
"= 1d(an,zn)]?
O
Lemma 3.4. Let {x,} be a sequence generated by the Algorithm 3.1 and x* € Q. Then, for all
n 2 no,
| — () 2
2 < w2 o 2 i S e 2
Hun X H = Han X ” Han Up YCnd(anaZn)|| 7(2 }/> 1+ (Pnf%)ln Han Zn”
n+1

Proof. From (3.3), we have

1 z) | > ltn — 2all = Al Blan) — Bz (1 —M) lan— 2]l

An+1

From Remark 3.2, for all n > ng, we have

Id(an )| >

|an — zal|- (3.8)
Since x* € C C Q,, we have
un =X <t =t — YGudd (a, 20) — x°)
= %(H”n _X*H2+ lan _X*Hz — lun _anHz — 278 (un —x*, d(an,zn)))

which implies that ||u, — x*||? < ||an — x*||* = ||ttn — an||> — 27&, (up — x*,d(apn,2,)). Since z, €
C,x* € VI(C,B), we obtain (1,B(x*),z, —x*) > 0. Using the pseudomonotonicity of B, we



AN INERTIAL EXTRAGRADIENT ALGORITHM 281

have (A,B(z,),z, —x*) > 0. By using the property of the metriric projection, we obtain {a, —
MB(ay) — zn,zn — x*) > 0. Using the definition of d(ay,z,), we obtain (d(a,,z,),zn —x*) >0,
which implies that

et =1 < [lan =1 = ttn — anl|* — 29t — 20, dan, 20)). (3.9)

From (3.8), we have d(a,,z,) # 0 for all n > ng. This implies (a, —z,,d(an,2,)) = &ul|d (an, z0) ||*.
Then, for all n > nyg,

—2Y8u(d(an,2n), Un — 2n)
= =2¥G7lld(an, 2a) |* + llan — wal* + V> GF N d (s 20> = llan — un — ¥Gud(@n,20) 1> (3.10)
= [|an — n]|* = llan — n — YGud (an, 20) I = Y2 = 1) &7 1d(@n, 20) |-
Substituting (3.10) into (3.9), we find, for all n > ny,
et =21 < Nlan —x*[* = llan — ta — ¥Gud (@n,20) I = v(2 = 1) G d(an ) 2. (3.11)
It follows from (3.3) that

An(Pn +
a2 < =2+ 201 BG0n) =BG < (14225 Y oy 2. @1
n-+
Substituting (3.7) and (3.12) into (3.11), we obtain the desired conclusion immediately. [

Lemma 3.5. Let {x,} be a sequence generated by the Algorithm 3.1 and x* € Q. Then {x,} is
bounded.

Proof. Observe that
1041 = X7 < Ol g(xn) = X[ + Brllxn — x| + Eul[vn — 7|
< nlg(xn) — g (X7) |+ nlg (x™) — x™[| + Bullxn — X7 + Bnlva —x7[]  (3.13)
< 00|20 — X7 || + 0| g (x™) — X[ 4 Brllxn — x7[| + G lvi — 711,
From Lemma 2.6 and Lemma 3.4, we have
P < il — |17 4 (1= ) 1 / undt——/ S(t)x dtH

v — x

- S(t)undt —
Ha1 / " (3.14)
) 1 /s 2
< ot =217 = b (1= ) | /0 S(t)undt — up
< lan —x*||2.
In view of (3.5), we have
* * 6 *
e =261 < o =711+ 0t (1w =) < b ="+ 0. (3.15)
n

Substituting (3.14) and (3.15) into (3.13), we obtain
241 =" < (1= (1= @) o) [0 — X7 + | (x™) —x™[| + B0tV

lg(x") =+
-

<(I=(1-@)0)|x — x|+ o(1 - @)
. xX*) —x*||+ Ny
s { - )= LML

1-o

IN
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By induction on n, we obtain

(x*) —=x*||+ M
1—-o

8
T— max{nxno e,

},‘v’n > nyg.

Hence {x,} is bounded, so we deduce that {a, },{z,},{un}, and {g(x,)} are all bounded. I

4. CONVERGENCE ANALYSIS

We now analyze the strong convergence of the proposed method. Our strong convergence
avoids the two-case approach used in the literature. The following lemmas provide valuable
tools for analyzing the convergence properties of the proposed method.

Lemma 4.1. Let {x,} be a sequence generated by Algorithm 3.1 and X € Q. Then,

s = 72 < o = 1 + 0 (2150 — N 8(F) — ]+ 1g(2) — FI> + g

()M \ 2

An
=Bl a1 2) P~ =13 | g | e —al @)
n+1

2 2
— Ot (1 — ) — Buballvn — xal|”

1 [
— / S(t)updt — uy,
Sn JO

Proof. Let X € Q. From the definition of a,, we have

|an _)EHz < xn _)EHz‘i‘ 6nszn _xn71||2+29n||xn — X|||xn — Xn—1| 4.2)
= Hxn_fHZ‘FO‘n‘]‘Im

where

)
aqn = Onlln —xn1[|—= [l — [ 4 20 — F = law — 01 .
Oy O

From (3.4), one concludes lim, ;. gq, = 0. By applying Lemma 2.6 and Lemma 3.4 together
with (3.14) and (4.2), we have

[[xn-+1 _JZHZ < | g(xn) _i||2+ﬁn||xn _i||2+6n”vn _in — Bnbnl|vn _xn||2
2
< o (@, — 3|+ 19(8) = 7))+ Balln — T + 8ollvs — 2 = Budilvn — a1

< (1= 8l — 7+ ot (2], — F1g(®) — 51 + 1g(%) — 511 + S|, — 511

(Pt \ 2

An
=8l == Yo (an 2P~ v2 =8 | i | el

n+1

2 2
— BnSnllvi — xal|

1o
Sn JO

n

— Gl (1 — )
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< w712+ 0 (2050 = F 85) — 3|+ 18(5) — 1 + g4 )

(a2 \ 2

_ . . 2 o Ant _ 2
6}1”an U )/Cnd(an,zn) H '}/(2 'Y) 5;1 —1 N (om0 Han ZnH

+1

2 2
- n,un(l_.un> _ﬁﬂ8n||vn_xn” .

1o
—/ S(t)undt — uy
Sn JO

n

O

Lemma 4.2. Let {x,} be a sequence generated by Algorithm 3.1 and % € Q. If {||x,, — X||*} is
a subsequence of {||x, — ||*} satisfying

lim inf( |l . — &%~ Jla, — %) 2 0, (4.3)

then

(a) klgl;lo ||xnk+l _'xnkH =0;

(b) The weak w-limit set @,,(x,) C Q, where

@y (x,) = {x € H : x,, — x for some subsequences {xn,} of {xn} }

Proof. Using (4.1), we obtain

1 _ (Pnk“‘)())"nk 2
A
2 n 2
6’% Hank — Uny — ygnkd(anwzfik) H + 7(2 - '}/)5’1/{ | (pnkf;;tnk ”ank — H
T
Mk+1

2 2
+Bnk6nk||vnk _xnkH

! / K S(t)up,dt
— u —Uu
sm Jo ng T

< e = 2 = gy — 512+ 0t (25, — F 18 — 51+ l18(F) — 51>+, ).

+6ﬂk»u“nk(1 - .unk)

From (4.3) and lim,, .. o, = 0, we have

1 _ (Pnk“'?()/lnk 2
) An
limsup [&lk Hank — Un, — ygnkd(ank7znk) H2 + 7(2 - Y)Snk (p—% Hank — Hz
k—o0 1+ %
M+1

2
+6’lkuu’1k(1 _nunk) +Bnk5nk||vnk _xnkH2

! / K S(t)up,dt
— u —Uu
sn Jo g g

< timsup { o, 7 = I, 17+ o (2l — Fg(0) 5+ g5) 5P +4, ) |
—>00
.. ~112 ~12

= —timinf(|bn,, — 2 = o, — 1P)

< 0.
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In view of (3.6) and conditions (a) and (e), we have
]}EI; ||ank — U — Yand(ank7an) || - klgg ||aﬂk - anH =0,

1 [

@/0 S(t)up, dt — uy,

From (3.2), we have §,, ||d(an,, 20, )|| < ||@n, — 2n,||. It follows that

=0. (4.4)

1im [, — | = Jim |

Hank - unk” < Hank — Uny — '}/and(ankvzflk) H + ’}/Hank _an”a
which implies that limy_, ||@,, — up, || = 0.
On the other hand, from (3.5), we have
0
et =1 = @ ([t = 2,1 ) < Ny
Ol
Thus limy_e ||@n, — Xn, || = 0. Observe that ||u,, —xp, || < ||tn, — an, || + ||@n, — Xn,||- It follows
that limy_,c. ||tt, — Xy, || = O. Further, for all 2 > 0, we see that

1o i/Osnk S(t)unkdt—S(h)(L /Osnk S(t)””kdt)H

k
Up, — — S(t)unkdtH 1
Sl’lk 0 snk Snk

2t = S(R)un, || <

s [ stumar) - s

Using (4.4) and Lemma 2.5, we obtain limy_,e ||un, — S(h)uy, || = 0. From the definition of
Xngy» We have ||, — X, || < 06, |8 (Xn,) — X, || + S |[Vi, — X, || Tt follows from (4.4) that
1imy oo [, — X, || = 0.

Now, we prove that @, (x,) C Q. Since {x,} is bounded, we see that @,,(x,) is nonempty.
Let ¥ € @, (x,). Thus there exists a subsequence {x,, } of {x,} such that x, — X as k — co.
Since klgn ||an, —Xn, || = 0, we have that a,, — X as k — co. In view of limy_;e||ay, — 24| =0,

it follows from Lemma 3.1 that ¥ € VI(C,B).
Next, we show that X € Fix(I',). Since limy_;c ||y, — X, || = 0, we have u,, — % as k — oo.
Now, for all » > 0, we have
ety = S(r)I[ < [Joamy, = SCr)aem || + 1S ()i, = Sr)E(| < Nt = SCr)aa, || + [, — =]

It follows that liminfy_,c ||, —S(7)%|| < liminfy_,e ||un, — X||. By the Opial’s property of space
H (Lemma 2.1), we obtain that S(r)% = X for all » > 0, which implies that ¥ € Fix(I';). Since
X € @,(xy), it follows that @,,(x,) C Q. Therefore, the claim (b) in lemma is proved. O

Theorem 4.1. Let {x,} be a sequence generated by Algorithm 3.1. Then, {x,} converges
strongly to X € Q, where X = Pg[g(%)].
Proof. Let ¥ € Q. First, we show that limsup;_,.,(g(¥) —%,x,,,, —%) <0. Let {xnkj} be a sub-
sequence of {x,, } which converges weakly to some £ € €, and
lim (g (%) — X,x,, —X) = limsup(g(X) — X, x,,, —%).
J~)oo J k—>°°
Since {xnkj} converges weakly to £ € Q and X = Pq[g(X)], it follows that
lim sup(g (%) — X, X, ,, — %) = limsup(g(X) — X, x,, — %) = (g(¥) —%,£—-%) <0 4.5)

k—soo k—soo N
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It follows that
<112
%41 — ]|

<

0y (8, — 8(9) + i (o, —)+ 81, (v~ | 200, (8(0) % 2001~
< 0t 1 n) = 2R 1P+ B, — 511 + 8[|, — 7| + 200, ( (%) — %, 0,1 — F)
< 1 |, — F1% + B[P, — 5117 + S|, — 7| + 200, ((F) — T 1 — ).
From (4.2), (3.14), and Lemma 3.4, we have
g1 =517 < (1= (1= @)t ) 1, — 5 + 81, 00,9 + 2080, (8(F) — %001 — )
Gn, 2<g<x>—x,xnk+1—x>> (4.6

+

qan 2<g('f) _j’xnnk+l _x'> : [sS]
where 6,, = (1 — @)®,,. Let @, = =& + & . In view of Y7 _; &ty = oo and

limy_,c, 00, = 0, we find that )::11:1 Oy, = o and limy_,., 0,, = 0. It follows from (4.5) that
limsupy_, ., @n, < 0. Hence, lim, . [|x, — ||*> = 0. Consequently, lim, e [|x, — || = 0, and x,
converges strongly to X. This completes the proof. 0

Remark 4.1. The rate of convergence depends on the specific properties of ¢, and o, . Let
d? = ||x, — %||*. Inequality (4.6) becomes di | < (1 — Gy, )d} + O, Py If limsupy_,., @, =0,
for any € > 0, then there exists ko such that, for all k > ko, @,, < €. Therefore, for all k > ky, we
have d,% 1 < (1— Gnk)d + oy €. To analyze the rate, we can consider specific choices for o,

Case 1. o, = n+1 We can obtain 0( ).

Case 2. a, = | for sufficient large n (c > 0 such that a, € (0, 1)) The convergence rate in
this case is typically logarithmic. More precisely, we can expect ||x,, — %||> = O(IOg%nk)) ora
related logarithmic term.

Consider the case where ¢,, < 0 for large k. Then d,% 1 < (1 — ( @) >d2 and
- 1-o
logd;%+1 <logd? +1log (l — u) ~ logd? — (—)C,
ny ny
which implies
k
logd} < logd,%O )c Z logdlfo —c(l—m)log <k0>

lko

(1-@)c
It follows that d,% < d,%o (%) , which is a polynomial rate.

Case 3. o, = ;5 for 0 < p < 1. The sum Znip diverges. The convergence rate here is typically
k

sublinear. We can expect a rate of the form |[|x,, — ||* = O(niq) for some g > 0.
k

5. NUMERICAL EXAMPLES

We illustrate the efficacy of our algorithm through two numerical examples in this section,
and provide a comparison with the methods proposed by Tian and Tong [30], and Tan and Cho
[29].
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Example 5.1. Let B: R" — R”" be defined by B(x) = Mx +gq, where g € R", M = NN + U +
D, D is a n x n diagonal matrix whose diagonal terms are nonnegative (hence M is positive
symmetric definite), Nis a n X n matrix, and U is a n X n skew-symmetric matrix. The feasible
set Cis givenby C={xeR": -3 <x; <3,i=1,---,n}. Itis clear that B is pseudomonotone
and uniformly continuous. For ¢ = 0, the solution set is VI(C,B) = {0}. We define the mapping
S(r) : R" — R" by S(r)x = 10""x. Clearly, S(r) is a nonexpansive semigroup and Fix(I";) = {0}.
In all the tests, the parameters are taken as follows:

e In our method, we choose ;tl =09,x=04,0=05,1,=

o 1 1 _ (nF19)
0.0001, & = 3,3475:Pn = (n+1) 0 = 3010y B = 250y O = 2(uri0) a0d B = O S
e In the method proposed by Tan and Cho [29], 1, =0.9,u =0.8,0 =0.7, §, =
& = G On = sy and By = 0.9(1 — ).
e In the method proposed by Tian and Tong [30], Ao = 0.15,u = 0.4, o, = 0.25, and
Br=0.5.

The convergence of the algorithm in Tong [30] was established under the assumption that map-
ping B is monotone and L-Lipschitz continuous, and mapping 7" is quasinonexpansive. How-
ever, in [29], convergence was proven under the assumption that mapping B is pseudomonotone
and L-Lipschitz continuous. It is easy to see that mapping B is monotone and L-Lipschitz con-
tinuous with L = ||M||. On the other hand, let Tx = %xsin||x||. Clearly, the unique fixed point of
T is0,i.e., B(T)={0} and mapping T is quasinonexpansive. For experiments, ¢ is equal to zero
vector, all the entries of N,U, D are generated randomly. The initial values xy = x; are chosen at
random using randn(n, 1) in MATLAB and take the stopping criterion as ||x, 1 — x| < 1078,
The iteration numbers, denoted by No. It., and the computational time with different dimensions
are given in tables 1-2. The result of this experiment is reported in the Table 1 with comparison
of the proposed method to the methods in [29] and [30].

Table 1: Numerical results for Example 5.1

e =45, r=2,y=

The proposed method | The method in [29] | The method in [30]
No. It. CPU(Sec.) | No. It. CPU(Sec.) | No. It. CPU(Sec.)
n=100 18 0.019| 32 0.057 25 0.054
n =300 19 0.024 | 35 0.062 27 0.059
n =500 19 0.034 | 36 0.107 27 0.095
n =800 19 0.0108 | 37 0.137 28 0.177

Example 5.2. Let H = {x = (xl,xz, SXiy ) T Yy |xi|> < oo}. Let #; and 1 be two positive
real numbers such that k < L <<t for some k; > 1. Let the feasible set be given by
C={xeH:|x|<n} and the operator B: H — H be defined by B(x) = (t, — ||x||)x for all
x € H. Now, we show that B is L-Lipschitz continuous on H and pseudomonotone on C. Indeed,
for any x,y € H,

1B(x) =Bl < t2lbe =yl + llxl[[lx =yl = [[}xll = [V Iyl < (22 4+ 200) fle = .

Thus B is Lipschitz continuous with L = f, 4 2¢;. Next, we show that B is pseudomonotone.
Indeed, if (B(x),y —x) > 0 for all x,y € C, that is, ((f, — ||x||)x,y —x) > 0. Since ||x|| < 2, we
have (x,y — x) > 0. Therefore,

(B(),y—x) = {(r2 = [lyl)y.y =) = (22 = [¥ID({y =) = (e.y =) = (2= [y ) [le—y]* > 0.
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For the experiment, we choose #; = 3,t, =5, and k; = 1.1. We take the stopping criterion as
%241 — Xn|| < 1078, In addition, we continue to use the same control parameters and the same
mapping 7 for [30] as in Example 5.1. The result of this experiment is reported in the Table 2.

Table 2: Numerical results for Example 5.2

The proposed method | The method in [29] | The method in [30]

No. It. CPU(Sec.) | No. I. CPU(Sec.) | No. It. CPU(Sec.)

n=100 24 0.013| 51 0.057 34 0.043
n = 1000 24 0.028| 71 0.065 73 0.079
n = 10000 26 0.037| 78 0.118| 132 0.172
n = 100000 28 0.281 ] 102 0.825| 309 2.73

6. CONCLUSIONS

In this paper, we presented an alternated inertial iterative algorithm for finding a common
solution to problem (1.1) and problem (1.3) in real Hilbert space. Our stepsize can be com-
puted easily by a simple closed formula and does not need neither linesearch computation nor
the information of the Lipschitz constant of B. We obtained a strong convergence theorem of
solutions under some mild conditions. Numerical results indicate that our proposed method
compared with other associated ones in the literature is efficient.
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