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AN INERTIAL EXTRAGRADIENT ALGORITHM WITH NON-MONOTONE STEP
SIZES FOR VARIATIONAL INEQUALITY PROBLEMS AND FIXED POINT

PROBLEMS OF NONEXPANSIVE SEMIGROUPS
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Abstract. In this paper, we propose an inertial extragradient algorithm with non-monotone step sizes for
approximating a common solution of a variational inequality problem of pseudomonotone and uniformly
continuous operators and a fixed point problem of nonexpansive semigroups in the setting of real Hilbert
spaces. By utilizing a self-adaptive technique that produces non-monotonic step sizes, our method en-
sures strong convergence without requiring Armijo-type line searches. Finally, to assess the performance
of the proposed algorithm, we provide some numerical results.
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1. INTRODUCTION

Let C be a nonempty, convex, and closed subset of a real Hilbert space H, and let B : H→ H
be a mapping. The variational inequality problem investigated in this paper is to find a point
x∗ ∈C such that

〈x− x∗,B(x∗)〉 ≥ 0, ∀x ∈C. (1.1)

The solution of (1.1) is denoted by V I(C,B). Problem (1.1) is recognized for its wide real
applications, such as control problems, signal recovery problems, economics, and so on, and it
includes complementarity, equilibrium, saddle point problems, and so on. In the past decases, a
variety of efficient algorithms were proposed to solve (1.1); see, e.g., [5, 9, 11, 14, 19, 35] and
the references therein.

With the aim of achieving faster convergence of algorithms, Polyak [17] introduced the in-
ertial extrapolation process xn+1 = xn +β1(xn− xn−1)−β2B(xn), n ≥ 0, where β1 and β2 are
two real numbers. In recent years, incorporating inertial factors to accelerate convergence has
gained popularity in algorithm development; see, e.g., [1, 7, 8, 24, 25]. By combination of
the inertial type method, the viscosity method and the modified Tseng extra-gradient method,
Thong et al. [31] introduced a Tseng’s extra-gradient method. However, its applicability is
constrained by the control parameter’s dependency on the Lipschitz constant of B. In an effort
to address this limitation, recent research investigated new step size rules for solving variational
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inequality problems. For example, Tian and Tong [30] proposed an algorithm with self-adaptive
step sizes for finding a solution of the variational inequality problem involving monotone op-
erators and the fixed point problem of a quasi-nonexpansive mapping in real Hilbert spaces. A
detailed description of their algorithm is given as follows:

wn = xn +αn(xn− xn−1),

yn = PC[wn−λnB(wn)],

Tn = {x ∈ H : 〈wn−λnB(wn)− yn,x− yn〉 ≤ 0},
zn = PTn[wn−λnB(yn)],

xn+1 = (1−βn)wn +βnT (zn),

where the stepsize λn is generated by

λn+1 :=

{
min{ µ‖wn−un‖

‖B(wn)−B(un)‖ ,λn} if B(wn) 6= B(un),

λn otherwise.
(1.2)

In 2024, Wang et al. [33] proposed a projection and contraction method with a double iner-
tial extrapolation step and self-adaptive step sizes to solve variational inequalities with quasi-
monotonicity in real Hilbert spaces. For a given x0,x1 ∈C,λ1 > 0,µ ∈ (0,1),α,β ,θn ∈ (0,1).
Compute 

zn = xn +β (xn− xn−1),

wn = xn +θn(xn− xn−1),

yn = PC[wn−λnB(wn)],

where

λn+1 :=

{
min{ µ‖wn−yn‖

‖B(wn)−B(yn)‖ ,λn} if B(wn) 6= B(yn),

λn otherwise.

If wn = yn = xn, then stop. Otherwise, compute vn = wn− yn−λn(B(wn)−B(yn)) and xn+1 =
(1−α)zn +α(wn− γdnvn), where

dn :=

{
〈wn−yn,vn〉
‖vn‖2 , if vn 6= 0,

0 otherwise.

The step size criterion (1.2) used in [30] and [33] generates a non-increasing sequence of steps.
This approach, however, may require computationally expensive. Seeking to improve upon
this inefficiency, researchers proposed a modified version of criterion (1.2); see, e.g., [13, 28,
29, 33]. Recently, Tan and Cho [29] proposed two extragradient iterative algorithms by using
inertial technique to solve (1.1). The specific steps of their algorithm are outlined below: for a
given x0,x1 ∈C,χ ∈ (0,1),θ > 0,τ1 > 0 and a sequence {τn} satisfying ∑

∞
n=1 ξn < ∞, {αn} ⊂

(0,1) satisfies the following conditions: lim
n→∞

αn = 0 and ∑
∞
n=1 αn = ∞. Compute wn = xn +

θn(xn− xn−1) with θn such that

θn :=
{

min{ εn
‖xn−xn−1‖ ,θ} if xn 6= xn−1,

θ otherwise.

where εn is satisfying the condition limn→∞
εn
αn

= 0. Compute yn = PC[wn− τnB(wn)] and zn =

PTn[wn− τnB(yn)], where Tn = {x ∈ H : 〈wn− τnB(wn)− yn,x− yn〉 ≤ 0}. Compute xn+1 =
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(1−αn−βn)wn +βnzn and update the step size τn+1 by

τn+1 :=

{
min{ µ‖wn−yn‖

‖B(wn)−B(yn)‖ ,τn +ξn} if B(wn) 6= B(yn),

τn +ξn otherwise.

Here, we also consider the fixed point problem for a mapping S. Due to the wide applications
of fixed point problems, various schemes were extensively investigated; see, e.g., [4, 6, 20, 21,
23].

A family Γa := {S(t) : 0 ≤ t < ∞} of mappings from C into itself is called a nonexpansive
semigroup on C if it satisfies the following conditions:

(i) S(0)x = x for all x ∈C;
(ii) S(s+ t) = S(s)S(t) for all s, t ≥ 0;
(iii) ‖S(t)x−S(t)y‖ ≤ ‖x− y‖ for all x,y ∈C and t ≥ 0;
(iv) for all x ∈C and t ≥ 0, s 7→ S(t)x is continuous.

The set of all the common fixed points of a family Γa is denoted by Fix(Γa), i.e.,

Fix(Γa) := {x ∈C : S(t)x = x, t ≥ 0}.

The fixed point problem for a nonexpansive semigroup Γa is:

find x ∈C such that x ∈ Fix(Γa). (1.3)

A nonexpansive semigroup Γa on C is said to be uniformly asymptotically regular (u.a.r) on C
if, for all h > 0 and any bounded subset E of C, lims→∞ supx∈E ‖S(h)(S(s)x)−S(s)x‖= 0.

The fixed point problem of nonexpansive semigroups has attracted much attention in recent
years. Authors have extensively investigated various iterative algorithms; see, e.g., [3, 10, 12].
In this paper, we propose an inertial extragradient algorithm with non-monotone step sizes
for a common solution of variational inequality problem (1.1) with pseudomonotone and uni-
formly continuous operators and fixed point (1.3) of nonexpansive semigroups in the setting
of real Hilbert spaces. Unlike methods that rely on Armijo-type line searches, our algorithm
achieves greater efficiency with the aid of a self-adaptive step size technique that generates non-
monotonic sequence of step sizes. Our approach achieves strong convergence results without
requiring the u.a.r condition, which was often assumed in previous works. Our step size prop-
erly includes those in [13, 18, 28, 29, 31]. Some numerical results are reported to confirm the
efficacy of the proposed algorithm.

2. PRELIMINARIES

Recall that a mapping S : C→H is said to be monotone if 〈Sx−Sy,x−y〉 ≥ 0 for all x,y ∈C;
pseudomonotone if 〈Sx,y−x〉 ≥ 0⇒〈Sy,y−x〉 ≥ 0 for all x,y∈C; nonexpansive if ‖Sx−Sy‖≤
‖x− y‖ for all x,y ∈C; contraction if there exists a constant 0 ≤ k < 1 such that ‖Sx− Sy‖ ≤
k‖x−y‖ for all x,y ∈C; uniformly continuous if, for every ε > 0, there exists a δ > 0, such that
‖Sx−Sy‖< ε whenever ‖x− y‖< δ .

From [2], one has the following celebrated results.
(i) 〈u−PC[u],v−PC[u]〉 ≤ 0 for all u ∈ H and v ∈C;
(ii) ‖PC[u]−PC[v]‖2 ≤ 〈PC[u]−PC[v],u− v〉 for all u,v ∈ H;
(iii)] ‖PC[u]− v‖2 ≤ ‖u− v‖2−‖u−PC[u]‖2 for all u,v ∈ H.
Note that the following equality and inequality hold in Hilbert spaces
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(i) ‖u+ v‖2 ≤ ‖u‖2 +2〈v,u+ v〉 for all u,v ∈ H;
(ii) 2〈u,v〉= ‖u‖2 +‖v‖2−‖u− v‖2 = ‖u+ v‖2−‖u‖2−‖v‖2 for all u,v ∈ H.
In addition, the following lemmas are needed.

Lemma 2.1. [16] Each Hilbert space H satisfies the Opial’s conditions, i.e., for any sequence
{un} with un ⇀ u, liminfn→∞ ‖un−u‖< liminfn→∞ ‖un− v‖ holds for every v ∈ H with v 6= u.

Lemma 2.2. [32] A function F1 defined on a convex domain is uniformly continuous if and only
if, for every ε1 > 0, there exists a K1 < ∞ such that ‖F1(u)−F1(v)‖ ≤ K1‖u− v‖+ ε1.

Lemma 2.3. [27] Let bn+1 ≤ bn +ϑn, where {ϑn} and {bn} two nonnegative sequences. If
∑

∞
n=0 ϑn < ∞, then limn→∞ bn exists.

Lemma 2.4. [22] Let an+1 ≤ (1−κn)an +κnϕn, where {an} is a positive sequence, {κn} is a
sequence in (0,1) with ∑

∞
n=1 κn = ∞ and ϕn is a real sequence. If limsupk→∞ ϕnk ≤ 0 for all

subsequences {ank} of {an} satisfying the condition
liminf

k→∞
(ank+1−ank)≥ 0, then limn→∞ an = 0.

Lemma 2.5. [26] Let C be a nonempty, convex, bounded, and closed subset of a Hilbert space
H, and let Γa := {S(t) : 0 ≤ t < ∞} be a nonexpansive semigroup defined on set C. For each

x ∈C and s > 0 and for any 0≤ h < ∞, lim
s→∞

sup
x∈C

∥∥∥1
s
∫ s

0 S(t)xdt−S(h)
(1

s
∫ s

0 S(t)xdt
)∥∥∥= 0.

Lemma 2.6. [34] For each u1, · · ·,um ∈H and η1, · · ·,ηm ∈ [0,1] with ∑
m
i=1 ηi = 1, the following

equality holds

‖η1u1 + · · ·+ηmum‖2 =
m

∑
i=1

ηi‖ui‖2− ∑
1≤i≤ j≤m

ηiη j‖ui−u j‖2.

3. THE PROPOSED METHOD AND ITS PROPERTIES

Let H be real Hilbert spaces, let C be nonempty, convex, and closed subsets of H. Let Γa :=
{S(s) : 0 ≤ s < ∞} be one-parameter nonexpansive semigroup on H. Let g : H → H be a
contraction mapping with constant ϖ ∈ [0,1). Let {αn}, {βn}, {δn}, {εn}, {sn}, {τn}, {µn},
and {ρn} be nonnegative sequences satisfying the following conditions:

(a) αn +βn +δn = 1 and liminfn→∞ βnδn > 0;
(b) Let {εn} be positive sequence such that limn→∞

εn
αn

= 0;
(c) 0 < sn < ∞;
(d) limn→∞ αn = 0 and ∑

∞
n=1 αn = ∞;

(e) 0 < liminfn→∞ µn < limsupn→∞ µn < 1;
(f) ∑

∞
n=1 τn < ∞ and limn→∞ ρn = 0.

Assuming the usual conditions:
(C1) Feasible set C is nonempty, convex, and closed.
(C2) Operator B : H → H is pseudomonotone and uniformly continuous on H and sequen-

tially weakly continuous on C.
(C3) Solution set Ω = Fix(Γa)

⋂
V I(C,B) is nonnonempty.

Now, we present the following algorithm for finding the common solutions of (1.1) and (1.3).

Algorithm 3.1.
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Step 0. The initial step:
Give χ ∈ (0,1),γ ∈ (0,2),λ1 > 0,θ > 0, and let x0,x1 ∈ H be arbitrary.
Give xn−1,xn.

Step 1. Choose θn such that

θn :=
{

min{θ , εn
‖xn−xn−1‖} if xn 6= xn−1,

θ , otherwise.
(3.1)

Step 2. Set an = xn +θn(xn− xn−1), and compute zn = PC[an−λnB(an]. If zn = an, then stop,
and an is a solution to (1.1). Else, do Step 3.

Step 3. Compute un = PQn[an− γζnd(an,zn)], where

Qn = {x ∈ H : 〈an−λnB(an)− zn,x− zn〉 ≤ 0},

ζn :=

{
〈an−zn,d(an,zn)〉
‖d(an,zn)‖2 , if d(an,zn) 6= 0,

0 otherwise.
(3.2)

d(an,zn) = an− zn−λn(B(an)−B(zn)),

Step 4. Compute vn = µnun+(1−µn)
1
sn

∫ sn
0 S(t)undt and xn+1 = αng(xn)+βnxn+δnvn. Update

λn+1 :=

{
min{ (ρn+χ)‖an−zn‖

‖B(an)−B(zn)‖ ,λn + τn} if B(an) 6= B(zn),

λn + τn otherwise.
(3.3)

Set n := n+1 and go to Step 1.

Remark 3.1. By condition (b), we obtain from (3.1) that θn‖xn− xn−1‖ ≤ εn. It follows that

lim
n→∞

θn

αn
‖xn− xn−1‖= 0. (3.4)

Thus there exists N1 > 0 such that

θn

αn
‖xn− xn−1‖ ≤ N1,∀n ∈ N. (3.5)

Lemma 3.1. [15] Assume that (C1)-(C3) hold and {an} and {zn} are sequences generated by
Algorithm 3.1. If there exists a subsequence {ank} of {an} convergent weakly to a point x̃ ∈ H
and limk→∞ ‖ank− znk‖= 0, then x̃ ∈V I(C,B).

We now introduce the following lemma, which is essential for proving the global convergence
of our proposed method.

Lemma 3.2. Let {λn} be a sequence defined by (3.3). Then

lim
n→∞

λn = λ ∈
[

min{ χ

M
,λ1},λ1 +

∞

∑
n=1

τn

]
.

Proof. Since B is uniformly continuous, we obtain from Lemma 2.2 that, for any given ε1 > 0,
there exists a K1 < ∞ such that ‖B(an)−B(zn)‖ ≤ K1‖an− zn‖+ ε1. If B(an)−B(zn) 6= 0, then

(ρn +χ)‖an− zn‖
‖B(an)−B(zn)‖

≥ (ρn +χ)‖an− zn‖
K1‖an− zn‖+ ε1

=
(ρn +χ)‖an− zn‖
(K1 + ε2)‖an− zn‖

≥ χ

M
,
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where ε1 = ε2‖an−zn‖ for some ε2 ∈ (0,1) and M =K1+ε2. Hence, from the definition of λn+1,

{λn+1} is bounded below by min
(

χ

M ,λ1

)
and λn+1 ≤ λn + τn ≤ λ1 +∑

∞
n=1 τn, which implies

that min{ χ

M ,λ1} ≤ λn ≤ λ1 +∑
∞
n=1 τn. By Lemma 2.3, it follows that limn→∞ λn denoted by

λ = limn→∞ λn exists. Clearly, we have λ ∈
[

min{ χ

M ,λ1},λ1 +∑
∞
n=1 τn

]
. �

Remark 3.2. It follows from Lemma 3.2 and condition (e) that

lim
n→∞

(
1− (ρn +χ)λn

λn+1

)
= 1−χ > 0, (3.6)

there exists n0 > 0 such that, for all n≥ n0, 1− (ρn+χ)λn
λn+1

> 1−χ

2 > 0.

Lemma 3.3. For given xn ∈ H, let ζn and λn satisfy (3.2) and (3.3). Then, for all n≥ n0,

ζn ≥

(
1− λn(ρn+χ)

λn+1

)
‖an− zn‖2

‖d(an,zn)‖2 . (3.7)

Proof. Using the definition of d(an,zn) and (3.3), we have

〈an− zn,d(an,zn)〉 ≥ ‖an− zn‖2−λn‖an− zn‖‖B(an)−B(zn)‖

≥
(

1− λn(ρn +χ)

λn+1

)
‖an− zn‖2.

From (3.2), we obtain, for all n≥ n0,

ζn ≥

(
1− λn(ρn+χ)

λn+1

)
‖an− zn‖2

‖d(an,zn)‖2 .

�

Lemma 3.4. Let {xn} be a sequence generated by the Algorithm 3.1 and x∗ ∈Ω. Then, for all
n≥ n0,

‖un− x∗‖2 ≤ ‖an− x∗‖2−‖an−un− γζnd(an,zn)‖2− γ(2− γ)

1− (ρn+χ)λn
λn+1

1+ (ρn+χ)λn
λn+1

2

‖an− zn‖2.

Proof. From (3.3), we have

‖d(an,zn)‖ ≥ ‖an− zn‖−λn‖B(an)−B(zn)‖ ≥
(

1− (ρn +χ)λn

λn+1

)
‖an− zn‖.

From Remark 3.2, for all n≥ n0, we have

‖d(an,zn)‖>
(1−χ)

2
‖an− zn‖. (3.8)

Since x∗ ∈C ⊂ Qn, we have

‖un− x∗‖2 ≤ 〈un− x∗,an− γζnd(an,zn)− x∗〉

=
1
2
(‖un− x∗‖2 +‖an− x∗‖2−‖un−an‖2−2γζn〈un− x∗,d(an,zn)〉)

which implies that ‖un− x∗‖2 ≤ ‖an− x∗‖2−‖un−an‖2−2γζn〈un− x∗,d(an,zn)〉. Since zn ∈
C,x∗ ∈ V I(C,B), we obtain 〈λnB(x∗),zn− x∗〉 ≥ 0. Using the pseudomonotonicity of B, we
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have 〈λnB(zn),zn− x∗〉 ≥ 0. By using the property of the metriric projection, we obtain 〈an−
λnB(an)− zn,zn− x∗〉 ≥ 0. Using the definition of d(an,zn), we obtain 〈d(an,zn),zn− x∗〉 ≥ 0,
which implies that

‖un− x∗‖2 ≤ ‖an− x∗‖2−‖un−an‖2−2γζn〈un− zn,d(an,zn)〉. (3.9)

From (3.8), we have d(an,zn) 6= 0 for all n≥ n0. This implies 〈an−zn,d(an,zn)〉= ζn‖d(an,zn)‖2.
Then, for all n≥ n0,
−2γζn〈d(an,zn),un− zn〉

=−2γζ
2
n ‖d(an,zn)‖2 +‖an−un‖2 + γ

2
ζ

2
n ‖d(an,zn)‖2−‖an−un− γζnd(an,zn)‖2

= ‖an−un‖2−‖an−un− γζnd(an,zn)‖2− γ(2− γ)ζ 2
n ‖d(an,zn)‖2.

(3.10)

Substituting (3.10) into (3.9), we find, for all n≥ n0,

‖un− x∗‖2 ≤ ‖an− x∗‖2−‖an−un− γζnd(an,zn)‖2− γ(2− γ)ζ 2
n ‖d(an,zn)‖2. (3.11)

It follows from (3.3) that

‖d(an,zn)‖ ≤ ‖an− zn‖+λn‖B(un)−B(zn)‖ ≤
(

1+
λn(ρn +χ)

λn+1

)
‖an− zn‖. (3.12)

Substituting (3.7) and (3.12) into (3.11), we obtain the desired conclusion immediately. �

Lemma 3.5. Let {xn} be a sequence generated by the Algorithm 3.1 and x∗ ∈Ω. Then {xn} is
bounded.

Proof. Observe that
‖xn+1− x∗‖ ≤ αn‖g(xn)− x∗‖+βn‖xn− x∗‖+δn‖vn− x∗‖

≤ αn‖g(xn)−g(x∗)‖+αn‖g(x∗)− x∗‖+βn‖xn− x∗‖+δn‖vn− x∗‖
≤ αnϖ‖xn− x∗‖+αn‖g(x∗)− x∗‖+βn‖xn− x∗‖+δn‖vn− x∗‖|.

(3.13)

From Lemma 2.6 and Lemma 3.4, we have

‖vn− x∗‖2 ≤ µn‖un− x∗‖2 +(1−µn)
∥∥∥ 1

sn

∫ sn

0
S(t)undt− 1

sn

∫ sn

0
S(t)x∗dt

∥∥∥2

−µn(1−µn)
∥∥∥ 1

sn

∫ sn

0
S(t)undt−un

∥∥∥2

≤ ‖un− x∗‖2−µn(1−µn)
∥∥∥ 1

sn

∫ sn

0
S(t)undt−un

∥∥∥2

≤ ‖an− x∗‖2.

(3.14)

In view of (3.5), we have

‖an− x∗‖ ≤ ‖xn− x∗‖+αn

(
θn

αn
‖xn− xn−1‖

)
≤ ‖xn− x∗‖+αnN1. (3.15)

Substituting (3.14) and (3.15) into (3.13), we obtain
‖xn+1− x∗‖ ≤ (1− (1−ϖ)αn)‖xn− x∗‖+αn‖g(x∗)− x∗‖+δnαnN1

≤ (1− (1−ϖ)αn)‖xn− x∗‖+αn(1−ϖ)
‖g(x∗)− x∗‖+N1

1−ϖ

≤max
{
‖xn− x∗‖, ‖g(x

∗)− x∗‖+N1

1−ϖ

}
.
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By induction on n, we obtain

‖xn− x∗‖ ≤max
{
‖xn0− x∗‖, ‖g(x

∗)− x∗‖+N1

1−ϖ

}
,∀n≥ n0.

Hence {xn} is bounded, so we deduce that {an},{zn},{un}, and {g(xn)} are all bounded. �

4. CONVERGENCE ANALYSIS

We now analyze the strong convergence of the proposed method. Our strong convergence
avoids the two-case approach used in the literature. The following lemmas provide valuable
tools for analyzing the convergence properties of the proposed method.

Lemma 4.1. Let {xn} be a sequence generated by Algorithm 3.1 and x̃ ∈Ω. Then,

‖xn+1− x̃‖2 ≤ ‖xn− x̃‖2 +αn

(
2‖xn− x̃‖‖g(x̃)− x̃‖+‖g(x̃)− x̃‖2 +qqn

)
−δn‖an−un− γζnd(an,zn)‖2− γ(2− γ)δn

1− (ρn+χ)λn
λn+1

1+ (ρn+χ)λn
λn+1

2

‖an− zn‖2

−δnµn(1−µn)
∥∥∥ 1

sn

∫ sn

0
S(t)undt−un

∥∥∥2
−βnδn‖vn− xn‖2.

(4.1)

Proof. Let x̃ ∈Ω. From the definition of an, we have

‖an− x̃‖2 ≤ ‖xn− x̃‖2 +θ
2
n ‖xn− xn−1‖2 +2θn‖xn− x̃‖‖xn− xn−1‖

= ‖xn− x̃‖2 +αnqqn,
(4.2)

where

qqn = θn‖xn− xn−1‖
θn

αn
‖xn− xn−1‖+2‖xn− x̃‖θn

αn
‖xn− xn−1‖.

From (3.4), one concludes limn→∞ qqn = 0. By applying Lemma 2.6 and Lemma 3.4 together
with (3.14) and (4.2), we have

‖xn+1− x̃‖2 ≤ αn‖g(xn)− x̃‖2 +βn‖xn− x̃‖2 +δn‖vn− x̃‖2−βnδn‖vn− xn‖2

≤ αn

(
ϖ‖xn− x̃‖+‖g(x̃)− x̃‖

)2
+βn‖xn− x̃‖2 +δn‖vn− x̃‖2−βnδn‖vn− xn‖2

≤ (1−δn)‖xn− x̃‖2 +αn

(
2‖xn− x̃‖‖g(x̃)− x̃‖+‖g(x̃)− x̃‖2

)
+δn‖an− x̃‖2

−δn‖an−un− γζnd(an,zn)‖2− γ(2− γ)δn

1− (ρn+χ)λn
λn+1

1+ (ρn+χ)λn
λn+1

2

‖an− zn‖2

−δnµn(1−µn)
∥∥∥ 1

sn

∫ sn

0
S(t)undt−un

∥∥∥2
−βnδn‖vn− xn‖2
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≤ ‖xn− x̃‖2 +αn

(
2‖xn− x̃‖‖g(x̃)− x̃‖+‖g(x̃)− x̃‖2 +qqn

)
−δn‖an−un− γζnd(an,zn)‖2− γ(2− γ)δn

1− (ρn+χ)λn
λn+1

1+ (ρn+χ)λn
λn+1

2

‖an− zn‖2

−δnµn(1−µn)
∥∥∥ 1

sn

∫ sn

0
S(t)undt−un

∥∥∥2
−βnδn‖vn− xn‖2.

�

Lemma 4.2. Let {xn} be a sequence generated by Algorithm 3.1 and x̃ ∈ Ω. If {‖xnk − x̃‖2} is
a subsequence of {‖xn− x̃‖2} satisfying

liminf
k→∞

(‖xnk+1− x̃‖2−‖xnk− x̃‖2)≥ 0, (4.3)

then

(a) lim
k→∞
‖xnk+1− xnk‖= 0;

(b) The weak w-limit set ωw(xn)⊂Ω, where

ωw(xn) =
{

x ∈ H : xni ⇀ x for some subsequences {xni} of {xn}
}
.

Proof. Using (4.1), we obtain

δnk‖ank−unk− γζnkd(ank ,znk)‖
2 + γ(2− γ)δnk

1− (ρnk+χ)λnk
λnk+1

1+
(ρnk+χ)λnk

λnk+1


2

‖ank− znk‖
2

+δnk µnk(1−µnk)
∥∥∥ 1

snk

∫ snk

0
S(t)unkdt−unk

∥∥∥2
+βnkδnk‖vnk− xnk‖

2

≤ ‖xnk− x̃‖2−‖xnk+1− x̃‖2 +αnk

(
2‖xnk− x̃‖‖g(x̃)− x̃‖+‖g(x̃)− x̃‖2 +qqnk

)
.

From (4.3) and limn→∞ αn = 0, we have

limsup
k→∞

[
δnk‖ank−unk− γζnkd(ank ,znk)‖

2 + γ(2− γ)δnk

1− (ρnk+χ)λnk
λnk+1

1+
(ρnk+χ)λnk

λnk+1


2

‖ank− znk‖
2

+δnk µnk(1−µnk)
∥∥∥ 1

snk

∫ snk

0
S(t)unkdt−unk

∥∥∥2
+βnkδnk‖vnk− xnk‖

2
]

≤ limsup
k→∞

{
‖xnk− x̃‖2−‖xnk+1− x̃‖2 +αnk

(
2‖xnk− x̃‖‖g(x̃)− x̃‖+‖g(x̃)− x̃‖2 +qqnk

)}
= − liminf

k→∞
(‖xnk+1− x̃‖2−‖xnk− x̃‖2)

≤ 0.
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In view of (3.6) and conditions (a) and (e), we have

lim
k→∞
‖ank−unk− γζnkd(ank ,znk)‖= lim

k→∞
‖ank− znk‖= 0,

lim
k→∞
‖vnk− xnk‖= lim

k→∞

∥∥∥ 1
snk

∫ snk

0
S(t)unkdt−unk

∥∥∥= 0. (4.4)

From (3.2), we have ζnk‖d(ank ,znk)‖ ≤ ‖ank− znk‖. It follows that

‖ank−unk‖ ≤ ‖ank−unk− γζnkd(ank ,znk)‖+ γ‖ank− znk‖,

which implies that limk→∞ ‖ank−unk‖= 0.
On the other hand, from (3.5), we have

‖ank− xnk‖= αnk

(
θnk

αnk

‖xnk− xnk−1‖
)
≤ αnkN1.

Thus limk→∞ ‖ank − xnk‖ = 0. Observe that ‖unk − xnk‖ ≤ ‖unk − ank‖+ ‖ank − xnk‖. It follows
that limk→∞ ‖unk− xnk‖= 0. Further, for all h≥ 0, we see that

‖unk−S(h)unk‖ ≤
∥∥∥unk−

1
snk

∫ snk

0
S(t)unkdt

∥∥∥+∥∥∥ 1
snk

∫ snk

0
S(t)unkdt−S(h)

( 1
snk

∫ snk

0
S(t)unkdt

)∥∥∥
+
∥∥∥S(h)

( 1
snk

∫ snk

0
S(t)unkdt

)
−S(h)unk

∥∥∥.
Using (4.4) and Lemma 2.5, we obtain limk→∞ ‖unk − S(h)unk‖ = 0. From the definition of
xnk+1 , we have ‖xnk+1 − xnk‖ ≤ αnk‖g(xnk)− xnk‖+ δnk‖vnk − xnk‖. It follows from (4.4) that
limk→∞ ‖xnk+1− xnk‖= 0.

Now, we prove that ωw(xn) ⊂ Ω. Since {xn} is bounded, we see that ωw(xn) is nonempty.
Let x̃ ∈ ωw(xn). Thus there exists a subsequence {xnk} of {xn} such that xnk ⇀ x̃ as k→ ∞.
Since lim

k→∞
‖ank − xnk‖= 0, we have that ank ⇀ x̃ as k→ ∞. In view of limk→∞ ‖ank − znk‖= 0,

it follows from Lemma 3.1 that x̃ ∈V I(C,B).
Next, we show that x̃ ∈ Fix(Γa). Since limk→∞ ‖unk − xnk‖ = 0, we have unk ⇀ x̃ as k→ ∞.

Now, for all r ≥ 0, we have

‖unk−S(r)x̃‖ ≤ ‖unk−S(r)unk‖+‖S(r)unk−S(r)x̃‖ ≤ ‖unk−S(r)unk‖+‖unk− x̃‖.

It follows that liminfk→∞ ‖unk−S(r)x̃‖ ≤ liminfk→∞ ‖unk− x̃‖. By the Opial’s property of space
H (Lemma 2.1), we obtain that S(r)x̃ = x̃ for all r ≥ 0, which implies that x̃ ∈ Fix(Γa). Since
x̃ ∈ ωw(xn), it follows that ωw(xn)⊂Ω. Therefore, the claim (b) in lemma is proved. �

Theorem 4.1. Let {xn} be a sequence generated by Algorithm 3.1. Then, {xn} converges
strongly to x̃ ∈Ω, where x̃ = PΩ[g(x̃)].

Proof. Let x̃ ∈ Ω. First, we show that limsupk→∞〈g(x̃)− x̃,xnk+1− x̃〉 ≤ 0. Let {xnk j
} be a sub-

sequence of {xnk} which converges weakly to some x̂ ∈Ω, and

lim
j→∞
〈g(x̃)− x̃,xnk j

− x̃〉= limsup
k→∞

〈g(x̃)− x̃,xnk− x̃〉.

Since {xnk j
} converges weakly to x̂ ∈Ω and x̃ = PΩ[g(x̃)], it follows that

limsup
k→∞

〈g(x̃)− x̃,xnk+1− x̃〉= limsup
k→∞

〈g(x̃)− x̃,xnk− x̃〉= 〈g(x̃)− x̃, x̂− x̃〉 ≤ 0. (4.5)
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It follows that

‖xnk+1− x̃‖2

≤
∥∥∥αnk(g(xnk)−g(x̃))+βnk(xnk− x̃)+δnk(vnk− x̃)

∥∥∥2
+2αnk〈g(x̃)− x̃,xnk+1− x̃〉

≤ αnk‖g(xnk)−g(x̃)‖2 +βnk‖xnk− x̃‖2 +δnk‖vnk− x̃||2 +2αnk〈g(x̃)− x̃,xnk+1− x̃〉

≤ αnkϖ‖xnk− x̃‖2 +βnk‖xnk− x̃‖2 +δnk‖vnk− x̃||2 +2αnk〈g(x̃)− x̃,xnk+1− x̃〉.

From (4.2), (3.14), and Lemma 3.4, we have

‖xnk+1− x̃‖2 ≤
(

1− (1−ϖ)αnk

)
‖xnk− x̃‖2 +δnkαnkqqnk +2αnk〈g(x̃)− x̃,xnk+1− x̃〉

≤ (1−σnk)‖xnk− x̃‖2 +σnk

(
qqnk

1−ϖ
+

2〈g(x̃)− x̃,xnk+1− x̃〉
1−ϖ

)
,

(4.6)

where σnk = (1−ϖ)αnk . Let ϕnk =
qqnk
1−ϖ

+
2〈g(x̃)−x̃,xnnk+1−x̃〉

1−ϖ
. In view of ∑

∞
nk=1 αnk = ∞ and

limk→∞ αnk = 0, we find that ∑
∞
nk=1 σnk = ∞ and limk→∞ σnk = 0. It follows from (4.5) that

limsupk→∞ ϕnk ≤ 0. Hence, limn→∞ ‖xn− x̃‖2 = 0. Consequently, limn→∞ ‖xn− x̃‖ = 0, and xn
converges strongly to x̃. This completes the proof. �

Remark 4.1. The rate of convergence depends on the specific properties of ϕnk and αnk . Let
d2

k = ‖xnk − x̃‖2. Inequality (4.6) becomes d2
k+1 ≤ (1−σnk)d

2
k +σnkϕnk . If limsupk→∞ ϕnk = 0,

for any ε > 0, then there exists k0 such that, for all k≥ k0,ϕnk ≤ ε. Therefore, for all k≥ k0, we
have d2

k+1 ≤ (1−σnk)d
2
k +σnkε. To analyze the rate, we can consider specific choices for αn

Case 1. αn =
1

n+1 . We can obtain O(1
n).

Case 2. αn =
c
n for sufficient large n

(
c > 0 such that αn ∈ (0,1)

)
. The convergence rate in

this case is typically logarithmic. More precisely, we can expect ‖xnk − x̃‖2 = O
( 1

log(nk)

)
or a

related logarithmic term.
Consider the case where ϕnk ≤ 0 for large k. Then d2

k+1 ≤
(

1− (1−ϖ)c
nk

)
d2

k and

logd2
k+1 ≤ logd2

k + log
(

1− (1−ϖ)c
nk

)
≈ logd2

k −
(1−ϖ)c

nk
,

which implies

logd2
k ≤ logd2

k0
− (1−ϖ)c

k−1

∑
i=k0

1
ni
≈ logd2

k0
− c(1−ϖ) log

( k
k0

)
.

It follows that d2
k ≤ d2

k0

(
k0
k

)(1−ϖ)c
, which is a polynomial rate.

Case 3. αn =
c

np for 0 < p < 1. The sum Σ
1

np
k

diverges. The convergence rate here is typically

sublinear. We can expect a rate of the form ‖xnk− x̃‖2 = O
( 1

nq
k

)
for some q > 0.

5. NUMERICAL EXAMPLES

We illustrate the efficacy of our algorithm through two numerical examples in this section,
and provide a comparison with the methods proposed by Tian and Tong [30], and Tan and Cho
[29].
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Example 5.1. Let B : Rn→ Rn be defined by B(x) = Mx+q, where q ∈ Rn, M = NT N +U +
D, D is a n× n diagonal matrix whose diagonal terms are nonnegative (hence M is positive
symmetric definite), Nis a n×n matrix, and U is a n×n skew-symmetric matrix. The feasible
set C is given by C = {x ∈ Rn :−3≤ xi ≤ 3, i = 1, · · ·,n}. It is clear that B is pseudomonotone
and uniformly continuous. For q = 0, the solution set is V I(C,B) = {0}. We define the mapping
S(r) :Rn→Rn by S(r)x= 10−rx. Clearly, S(r) is a nonexpansive semigroup and Fix(Γa)= {0}.
In all the tests, the parameters are taken as follows:

• In our method, we choose λ1 = 0.9,χ = 0.4,θ = 0.5,τn =
1

(n+1)1.1 , tn = 4.5,r = 2,γ =

0.0001,εn =
1

(2n+1)3 ,ρn =
1

(n+1) ,αn =
1

2(n+10) ,βn =
n

2(n+10) ,δn =
(n+19)
2(n+10) , and ϖ = 0.5.

• In the method proposed by Tan and Cho [29], τ1 = 0.9,µ = 0.8,θ = 0.7, ξn =
1

(n+1)1.1 ,

εn =
1

(n+1)2 , αn =
1

n+1 , and βn = 0.9(1−αn).

• In the method proposed by Tian and Tong [30], λ0 = 0.15,µ = 0.4,αn = 0.25, and
βn = 0.5.

The convergence of the algorithm in Tong [30] was established under the assumption that map-
ping B is monotone and L-Lipschitz continuous, and mapping T is quasinonexpansive. How-
ever, in [29], convergence was proven under the assumption that mapping B is pseudomonotone
and L-Lipschitz continuous. It is easy to see that mapping B is monotone and L-Lipschitz con-
tinuous with L = ‖M‖. On the other hand, let T x = 1

2xsin‖x‖. Clearly, the unique fixed point of
T is 0, i.e., B(T )= {0} and mapping T is quasinonexpansive. For experiments, q is equal to zero
vector, all the entries of N,U,D are generated randomly. The initial values x0 = x1 are chosen at
random using randn(n,1) in MATLAB and take the stopping criterion as ‖xn+1− xn‖ < 10−8.
The iteration numbers, denoted by No. It., and the computational time with different dimensions
are given in tables 1-2. The result of this experiment is reported in the Table 1 with comparison
of the proposed method to the methods in [29] and [30].

Table 1: Numerical results for Example 5.1
The proposed method The method in [29] The method in [30]
No. It. CPU(Sec.) No. It. CPU(Sec.) No. It. CPU(Sec.)

n = 100 18 0.019 32 0.057 25 0.054
n = 300 19 0.024 35 0.062 27 0.059
n = 500 19 0.034 36 0.107 27 0.095
n = 800 19 0.0108 37 0.137 28 0.177

Example 5.2. Let H = {x = (x1,x2, · · ·,xi, · · ·) : ∑
∞
n=1 |xi|2 < ∞}. Let t1 and t2 be two positive

real numbers such that t2
k1+1 < t1

k1
< t1 < t2 for some k1 > 1. Let the feasible set be given by

C = {x ∈ H : ‖x‖ ≤ t1} and the operator B : H −→ H be defined by B(x) = (t2−‖x‖)x for all
x∈H. Now, we show that B is L-Lipschitz continuous on H and pseudomonotone on C. Indeed,
for any x,y ∈ H,

‖B(x)−B(y)‖ ≤ t2‖x− y‖+‖x‖‖x− y‖+ |‖x‖−‖y‖|‖y‖ ≤ (t2 +2t1)‖x− y‖.

Thus B is Lipschitz continuous with L = t2 + 2t1. Next, we show that B is pseudomonotone.
Indeed, if 〈B(x),y− x〉 ≥ 0 for all x,y ∈C, that is, 〈(t2−‖x‖)x,y− x〉 ≥ 0. Since ‖x‖ ≤ t2, we
have 〈x,y− x〉 ≥ 0. Therefore,

〈B(y),y−x〉= 〈(t2−‖y‖)y,y−x〉 ≥ (t2−‖y‖)(〈y,y−x〉−〈x,y−x〉) = (t2−‖y‖)‖x−y‖2 ≥ 0.
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For the experiment, we choose t1 = 3, t2 = 5, and k1 = 1.1. We take the stopping criterion as
‖xn+1− xn‖< 10−8. In addition, we continue to use the same control parameters and the same
mapping T for [30] as in Example 5.1. The result of this experiment is reported in the Table 2.

Table 2: Numerical results for Example 5.2
The proposed method The method in [29] The method in [30]
No. It. CPU(Sec.) No. It. CPU(Sec.) No. It. CPU(Sec.)

n = 100 24 0.013 51 0.057 34 0.043
n = 1000 24 0.028 71 0.065 73 0.079
n = 10000 26 0.037 78 0.118 132 0.172

n = 100000 28 0.281 102 0.825 309 2.73

6. CONCLUSIONS

In this paper, we presented an alternated inertial iterative algorithm for finding a common
solution to problem (1.1) and problem (1.3) in real Hilbert space. Our stepsize can be com-
puted easily by a simple closed formula and does not need neither linesearch computation nor
the information of the Lipschitz constant of B. We obtained a strong convergence theorem of
solutions under some mild conditions. Numerical results indicate that our proposed method
compared with other associated ones in the literature is efficient.
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