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A POSTERIORI ERROR CONTROL FOR VARIATIONAL INEQUALITIES WITH
LINEAR CONSTRAINTS IN AN ABSTRACT FRAMEWORK
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Abstract. This paper proposes a posteriori error control for the discretization of variational inequalities
with linear constraints in an abstract framework. The central aspect is the discussion of the error con-
tributions representing the non-penetration, non-conformity and complementarity conditions, which are
typically given by some cut-off functions. Replacing the standard cut-off functions with the minimizers
of a weighted functional enables the derivation of reliable and, in particular, efficient a posteriori error
estimates. The abstract findings are applied to the obstacle problem as well as to the simplified Sig-
norini problem, where higher-order finite elements are used to provide appropriate discretization spaces.
Numerical experiments show that the error estimates based on this new approach have (nearly) constant
efficiency indeces and reflect the expected order of convergence when uniform h-refinements are applied.
Moreover, they can be used to steer adaptive schemes in order to improve the order of convergence. The
numerical results are compared with estimates resulting from the standard cut-off functions.
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1. INTRODUCTION

Variational inequalities are an important tool for the mathematical modeling of problems in
mechanical engineering, in financial mathematics and in many other application areas. They are
used to model contact problems [1, 2, 3, 4], to characterize elastoplastic material behavior [5]
or to describe financial options [6]. In many cases (e.g. in the modeling of contact problems)
they are given by an elliptic bilinear form together with linear constraints which, for instance,
describe non-penetration conditions of the solution or its gradient. In order to discretize vari-
ational inequalities finite elements are usually applied. The control of the discretization error
in terms of the discretization solution is essential to measure the quality of the discretization
and, moreover, to steer adaptive schemes. This so-called a posteriori error control requires the
derivation of upper and lower bounds leading to reliable and efficent a posteriori error esti-
mates, respectively, [7, 8]. In the literature several approaches of a posteriori error control are
proposed in the context of the discretization of variational inequalities. They are often trans-
ferred from error control approaches for variational equations and are based, for instance, on
averaging techniques, e.g., [9], or residual-based approaches, e.g., [10, 11, 12, 13, 14, 15, 16],
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the hypercircle method [17], H(div)-conforming stress approximations [16] or dual weighted
residual approaches [18, 19, 20].

To derive a posteriori error estimates, one can use the fact that the discretization solution (or
an arbitrary function of the discretization space) defines a certain residuum which is associ-
ated with the constraints and which can be interpreted as a Lagrange multliplier. It specifies an
auxiliary problem which is just a variational equation and whose discretization is also solved
by the discretization solution (or by the arbitrary function of the discretization space). In [21],
this fundamental approach has been presented for the derivation of error estimates for the ob-
stacle problem. In particular, it is shown that the discretization error of the obstacle problem
can be bounded by the error resulting from the discretization of the auxiliary problem and by
some additional terms representing non-penetration and complementarity conditions. Standard
techniques to control the discretization error for variational equations can then be applied to es-
timate the discretization error of the auxiliary problem which is given by the Poisson equation
in the case of the (standard) obstacle problem.

In this paper, a posteriori error control for the discretization of variational inequalities with
linear constraints is proposed in an abstract framework. It extends the approaches introduced,
for instance, in [22, 23, 24, 25, 26] to a setting which is formulated in real Hilbert spaces and
which is, in particular, appropriate for discretizations with higher-order finite elements. The
central aspect of this paper consists in the discussion of the error contributions representing
the non-penetration, non-conformity and complementarity conditions, which are typically ex-
pressed by using some cut-off functions. In the previous works [24, 25, 26, 27, 28], it was
shown that the standard cut-off function max{ f ,0} for an L2-function f gives reliable esti-
mates, in particular, for higher-order and hp-adaptive finite elements. In several numerical
experiments, it is demonstrated that these estimates also seem to be efficient. Unfortunately,
it is not clear whether the use of the standard cut-off functions gives efficiency also in the-
ory. To overcome this problem, we propose a new approach that replaces the standard cut-off
functions by the minimizers of a weighted functional resulting from the non-penetration, the
non-conformity and the complementarity conditions. These minimizers can explicitly be deter-
mined by using general positive parts or, more precisely, appropriately approximated by some
finite element cut-off functions and lead to reliable and, in particular, efficient a posteriori error
estimates. Furthermore, they are strongly connected to the Lagrange multiplier and the non-
penetration condition. We apply the abstract findings to the obstacle problem as well as to the
simplified Signorini problem, where we use higher-order finite elements to provide suitable dis-
cretization spaces. We point out that this approach can also be applied to related variational
inequalities with linear constraints as, for instance, problems in linear elasticity. Indeed, in
[25, 27, 28, 29, 30, 31, 32] similar techniques have already been applied for the derivation of re-
liable a posteriori error estimates for various linear elastic contact problems discretized by finite
elements or boundary element methods. These approaches can be straightforwardly extended
by using the abstract findings of this paper. In numerical experiments we show that the error
estimates based on the finite element cut-off functions have (nearly) constant efficiency indeces
and reflect the expected order of convergence when uniform h-refinements and higher-order
finite elements are applied. Moreover, they can be used to steer adaptive schemes in order to
improve the order of convergence, which is, however, limited due to the reduced regularity of
the solution at the curved interface separating contact from non-contact and due to the use of
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isotropic refinements. We compare the results with estimates resulting from the standard cut-
off functions and observe that these results only slightly differ, which possibly implies that the
standard cut-off functions and the finite element cut-off functions are strongly related in some
sense.

The paper is organized as follows. In Section 2, we introduce the abstract framework in which
the error control for variational inequalities with linear constraints is presented in real Hilbert
spaces. A special emphasis lies on the introduction of the Lagrange multiplier associated with
the linear constraints. We derive error estimates including a weighted functional and, alterna-
tively a non-weighted functional, which, however, prevents the derivation of efficient estimates.
Within this abstract framework we discuss the minimizers of the weighted functional, their ap-
proximations and their relation to the Lagrange multiplier and the non-penetration condition.
In Section 3, we introduce the obstacle problem and the simplified Signorini problem as model
problems for variational inequalities with linear constraints and discuss some higher-order finite
element discretization spaces. Furthermore, we assemble all ingredients, which are necessary
for the derivation of the a posteriori error estimates based on the abstract framework. In partic-
ular, we present the residual error estimator from [33] in this section, which is appropriate for
higher-order finite elements. Eventually, the application of the abstract estimates gives reliable
and efficient a posteriori error estimates for the obstacle problem as well as for the simplified
Signorini problem. We note that the error estimates are applicable for an arbitrary function
of the discretization space and are not limited to discretization solutions of these model prob-
lems. Section 4 contains the numerical experiments and, in particular, the comparison of error
estimates resulting from the standard cut-off functions and the finite element cut-off functions.

2. THE ABSTRACT FRAMEWORK

2.1. Variational inequalities with linear constraints. Let Z be a real Hilbert space and let
` ∈ Z∗ and B : Z→ Z∗ be a linear, continuous and Z-coercive mapping, i.e.,

‖Bz‖Z∗ ≤ c‖z‖Z, 〈Bz,z〉 ≥ β‖z‖2
Z

for all z ∈ Z and some constants c,β > 0, where 〈·, ·〉 denotes the dual pairing of Z to Z∗. For a
further real Hilbert space Y , let G⊂Y be a closed and convex cone with 0 ∈G and G∗ := {µ ∈
Y ∗ | ∀w ∈ G : 〈µ,w〉 ≥ 0} be its dual cone. Furthermore, let γ : Z→ Y be a linear, continuous
and surjective operator with ‖γ(z)‖Y ≤ cγ‖z‖Z and define K := {z ∈ Z | γ(z)−ψ ∈G} for some
ψ ∈ Y . We consider the variational inequality: Find u ∈ K such that

〈Bu− `,z−u〉 ≥ 0 (2.1)

for all z ∈ K.

Theorem 2.1. The variational inequality (2.1) has a unique solution, which Lipschitz-conti-
nuously depends on the data `.

Proof. See, e.g., [34, Th. 2.1]. �

Lemma 2.1. Let µ : Y → R be linear. Then, µ ∈ Y ∗ if and only if µ ◦ γ ∈ Z∗. Moreover, there
exists a constant ĉγ > 0 such that

c−1
γ ‖µ ◦ γ‖Z∗ ≤ ‖µ‖Y ∗ ≤ ĉγ‖µ ◦ γ‖Z∗. (2.2)
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Proof. If µ ∈ Y ∗, then

sup
z∈Z\{0}

〈µ ◦ γ,z〉
‖z‖Z

= sup
z∈Z\{0}

〈µ,γ(z)〉
‖z‖Z

≤ cγ‖µ‖Y ∗,

which shows µ ◦ γ ∈ Z∗ and the first inequality in (2.2). Let µ ◦ γ ∈ Z∗. The isomorphism
theorem and the surjectivity of γ imply a continuous isomorphism γ̂ : Z/kerγ→Y with γ = γ̂ ◦φ

and ‖γ̂−1(y)‖Z/kerγ ≤ ĉγ‖y‖Y for all y∈Y , where φ : Z→ Z/kerγ denotes the natural projection.
Hence,

sup
y∈Y\{0}

〈µ,y〉
‖y‖Y

= sup
z∈Z\{0}

inf
v∈kerγ

〈µ ◦ γ,z+ v〉
‖γ(z)‖Y

≤ ‖µ ◦ γ‖Z∗ sup
z∈Z\{0}

inf
v∈kerγ

‖z+ v‖Z

‖γ(z)‖Y

≤ ‖µ ◦ γ‖Z∗ sup
z∈Z\{0}

‖φ(z)‖Z/kerγ

‖γ(z)‖Y
≤ ‖µ ◦ γ‖Z∗ sup

z∈Z\{0}

‖γ̂−1(γ(z))‖Z/kerγ

‖γ(z)‖Y
≤ ĉγ‖µ ◦ γ‖Z∗,

which implies µ ∈ Y ∗ and is the second inequality in (2.2). �

Theorem 2.2. There exists a unique λ ∈ G∗ such that

Bu−λ ◦ γ = `. (2.3)

Furthermore, it holds 〈λ ,γ(u)−ψ〉= 0 and

〈µ−λ ,γ(u)−ψ〉 ≥ 0 (2.4)

for all µ ∈ G∗.

Proof. Since γ(u± z)−ψ = γ(u)−ψ ∈ G for z ∈ kerγ , we obtain from inserting u± z in
(2.1) that 〈Bu− `,z〉 = 0 and, thus, kerγ ⊂ ker(Bu− `). Hence, for y ∈ Y and z, z̃ ∈ Z with
y = γ(z) = γ(z̃) (note that γ is surjective) we conclude z− z̃ ∈ ker(Bu− `), which means that
the linear functional λ : Y → R with λ (y) := 〈Bu− `,z〉 is well-defined. Obviously, λ fulfills
(2.3) and does this uniquely due to the surjectivity of γ . Lemma 2.1 and (2.3) imply λ ∈ Y ∗.
For z ∈ Z with γ(z) ∈ G, we conclude from the convex cone property of G that

γ(u+ z)−ψ = 2
(

1
2
(γ(u)−ψ)+

1
2

γ(z)
)
∈ G

and, therefore, u+ z ∈ K. Due to (2.1), we get 〈λ ,γ(z)〉 = 〈Bu− `,(z+ u)− u〉 ≥ 0, which is
λ ∈ G∗, where the surjectivity of γ is exploited again. Since γ(u)−ψ ∈ G, we have 〈λ ,γ(u)−
ψ〉 ≥ 0. From 0 ∈ G and (2.1), we conclude

〈λ ,ψ− γ(u)〉= 〈Bu− `,w−u〉 ≥ 0

for some w ∈ K with γ(w) = ψ . This, eventually, gives 〈λ ,γ(u)−ψ〉= 0. Since γ(u)−ψ ∈G,
we have

〈µ−λ ,γ(u)−ψ〉= 〈µ,γ(u)−ψ〉 ≥ 0

for all µ ∈ G∗, which is (2.4). �

Corollary 2.1. The pair (u,λ ) ∈ Z×G∗ uniquely fulfills the system (2.3) and (2.4).
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Proof. Applying Theorem 2.2, we only have to show the uniqueness of the first component. To
this end, let (ū,λ ) ∈ Z×G∗ fulfill the system (2.3) and (2.4). Since 0,2λ ∈ G∗ ,we have from
(2.4) that 〈λ ,γ(ū)−ψ〉= 0. Thus, for z ∈ K, we have

〈Bū− `,z− ū〉= 〈λ ,γ(z− ū)〉= 〈λ ,γ(z)−ψ〉+ 〈λ ,ψ− γ(ū)〉 ≥ 0.

Since u ∈ K uniquely solves (2.1), we have ū = u. �

2.2. A posteriori error control. Let v ∈ Z and κ ∈ Y ∗ be arbitrarily chosen. Furthermore,
define Kv := {ζ ∈ Y | ζ + γ(v)−ψ ∈ G} and the weighted functional

Ξε(µ,ζ ) := ‖µ−κ‖2
Y ∗+‖ζ‖2

Y + ε〈κ,ζ 〉+ ε〈µ,γ(v)−ψ〉

for µ ∈ Y ∗, ζ ∈ Y and ε > 0.

Theorem 2.3. Let 0 < δ < β and 0 < ε < θ−1 and

E :=

(
1+2c2ĉ2

γ

4δ (β −δ )
+2ĉ2

γ

)
, F :=

1+2c2ĉ2
γ

β −δ
, θ :=

F max{1,c2
γ}

4
.

Then,

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤
E

1−θε
‖Bv− `−κ ◦ γ‖2

Z∗+
F

ε(1−θε)
Ξε(µ,ζ )

for all µ ∈ G∗ and ζ ∈ Kv.

Proof. Using (2.3) and Young’s inequality, we conclude

β‖u− v‖2
Z ≤ 〈B(u− v),u− v〉
= 〈`+λ ◦ γ−Bv,u− v〉
= 〈`+κ ◦ γ−Bv,u− v〉+ 〈λ −κ,γ(u− v)〉

≤ 1
4δ
‖Bv− `−κ ◦ γ‖2

Z∗+δ‖u− v‖2
Z + 〈λ −κ,γ(u− v)〉,

which gives

‖u− v‖2
Z ≤

1
4δ (β −δ )

‖Bv− `−κ ◦ γ‖2
Z∗+

1
β −δ

〈λ −κ,γ(u− v)〉

for some 0 < δ < β . Moreover, Lemma 2.1 and Theorem 2.2 imply

‖λ −κ‖Y ∗ ≤ ĉγ‖(λ −κ)◦ γ‖Z∗

= ĉγ‖Bu− `−κ ◦ γ‖Z∗

≤ ĉγ (‖B(u− v)‖Z∗+‖Bv− `−κ ◦ γ‖Z∗) .

Hence,

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤ ‖u− v‖2
Z +2ĉ2

γ‖B(u− v)‖2
Z∗+2ĉ2

γ‖Bv− `−κ ◦ γ‖2
Z∗

≤ (1+2c2ĉ2
γ)‖u− v‖2

Z +2ĉ2
γ‖Bv− `−κ ◦ γ‖2

Z∗

≤ E‖Bv− `−κ ◦ γ‖2
Z∗+F〈λ −κ,γ(u− v)〉.
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From Theorem 2.2, we obtain

〈λ −κ,γ(u− v)〉
= 〈µ−κ,γ(u− v)〉+ 〈λ −µ,γ(u)−ψ〉+ 〈λ −µ,ψ− γ(v)〉
≤ 〈µ−κ,γ(u− v)〉+ 〈λ −µ,ψ− γ(v)〉
= 〈µ−κ,γ(u− v)〉+ 〈λ ,ψ− γ(v)−ζ 〉+ 〈λ −κ,ζ 〉+ 〈κ,ζ 〉+ 〈µ,γ(v)−ψ〉

≤
max{1,c2

γ}ε
4

(‖u− v‖2
Z +‖λ −κ‖2

Y ∗)+
1
ε

(
‖µ−κ‖2

Y ∗+‖ζ‖2
Y
)
+ 〈κ,ζ 〉+ 〈µ,γ(v)−ψ〉.

Thus, we have

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤ E‖Bv− `−κ ◦ γ‖2
Z∗+θε(‖u− v‖2

Z +‖λ −κ‖2
Y ∗)+

F
ε

Ξε(µ,ζ ).

Subtracting θε(‖u− v‖2
Z +‖λ −κ‖2

Y ∗) and dividing by 1−θε > 0 give the assertion. �

The basic idea for the derivation of a posteriori error estimates is to transfer error estimates
for variational equations to variational inequalities. For this purpose, we consider the solution
v̂ ∈ Z of the auxiliary problem

Bv̂ = `+κ ◦ γ. (2.5)
Note that the unique existence of v̂ is guaranteed by the Lax-Milgram lemma. Furthermore, let
η̂ ≥ 0 such that

Ĉη̂
2 ≤ ‖v̂− v‖2

Z +osc2, (2.6)

‖v̂− v‖2
Z ≤ D̂(η̂2 +osc2) (2.7)

with some constants Ĉ, D̂ > 0 and some (data oscillations) osc≥ 0.

Lemma 2.2. It holds
1
c
‖Bv− `−κ ◦ γ‖Z∗ ≤ ‖v̂− v‖Z ≤

c
β
‖u− v‖Z +

cγ

β
‖λ −κ‖Y ∗.

Proof. We have

‖Bv− `−κ ◦ γ‖Z∗ = sup
z∈Z\{0}

〈Bv− `−κ ◦ γ,z〉
‖z‖Z

= sup
z∈Z\{0}

〈B(v− v̂),z〉
‖z‖Z

≤ c‖v̂− v‖Z,

which gives the first inequality. The second inequality follows from

β‖v̂− v‖2
Z ≤ 〈B(v̂− v), v̂− v〉
= 〈κ−λ ,γ(v̂− v)〉+ 〈B(u− v), v̂− v〉
≤ (cγ‖λ −κ‖Y ∗+ c‖u− v‖Z)‖v̂− v‖Z.

�

Theorem 2.4. Let 0 < ε < min{F(Ec2D̂)−1,θ−1} and

C := max

{
2c2Ĉ−1

β 2 +2c2
γ ,

2c2
γĈ−1

β 2 +1+
ε2

4
,Ĉ−1

}−1

, D :=
F

ε(1−θε)
.

Then,
C(η̂2 +Ξε(µ,ζ ))≤ ‖u− v‖2

Z +‖λ −κ‖2
Y ∗+osc2 (2.8)
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for all µ ∈ Y ∗ and ζ ∈ Y with

Ξε(µ,ζ )≤ Ξε(λ ,γ(u− v)). (2.9)

Furthermore, it holds

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤ D(η̂2 +Ξε(µ,ζ )+osc2) (2.10)

for all µ ∈ G∗ and ζ ∈ Kv.

Proof. From 〈λ ,γ(u)〉= 〈λ ,ψ〉, we conclude

Ξε(λ ,γ(u− v)) = ‖λ −κ‖2
Y ∗+‖γ(u− v)‖2

Y + ε〈λ ,γ(v)−ψ〉+ ε〈κ,γ(u− v)〉

= ‖λ −κ‖2
Y ∗+‖γ(u− v)‖2

Y + ε〈λ −κ,γ(v−u)〉

≤ ‖λ −κ‖2
Y ∗+‖γ(u− v)‖2

Y + ε‖λ −κ‖Y ∗‖γ(v−u)‖Y

≤
(

1+
ε2

4

)
‖λ −κ‖2

Y ∗+2c2
γ‖u− v‖2

Z.

Thus, applying Lemma 2.2, we obtain for µ ∈ Y ∗ and ζ ∈ Y with Ξε(µ,ζ )≤ Ξε(λ ,γ(u− v))

η̂
2 +Ξε(µ,ζ )≤ Ĉ−1 (‖v̂− v‖2

Z +osc2)+(1+
ε2

4

)
‖λ −κ‖2

Y ∗+2c2
γ‖u− v‖2

Z

≤
(

2c2Ĉ−1

β 2 +2c2
γ

)
‖u− v‖2

Z +

(
2c2

γĈ−1

β 2 +1+
ε2

4

)
‖λ −κ‖Y ∗+Ĉ−1 osc2,

which gives the lower bound (2.8). Applying Theorem 2.3 and Lemma 2.2, we get for µ ∈ G∗

and ζ ∈ Kv

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤
Ec2

1−θε
‖v̂− v‖2

Z +
F

ε(1−θε)
Ξε(µ,ζ )

≤ Ec2D̂
1−θε

(η̂2 +osc2)+
F

ε(1−θε)
Ξε(µ,ζ )

≤ F
ε(1−θε)

(η̂2 +Ξε(µ,ζ )+osc2)

due to the assumption on ε . This is the upper bound (2.10). �

Alternatively, we may use the non-weighted functional

Ξ(µ,ζ ) := ‖µ−κ‖2
Y ∗+‖ζ‖2

Y + |〈µ,γ(v)−ψ〉+ 〈κ,ζ 〉|
for µ ∈ Y ∗ and ζ ∈ Y instead of Ξε(µ,ζ ).

Theorem 2.5. Let 0 < ε < min{θ−1,1} and

C̃ := max

{
2c2Ĉ−1

β 2 +2c2
γ ,

2c2
γĈ−1

β 2 +
5
4
,Ĉ−1

}−1

, D̃ := max
{

Ec2D̂
1−θε

,
F

ε(1−θε)

}
.

Then,
C̃(η̂2 +Ξ(µ,ζ ))≤ ‖u− v‖2

Z +‖λ −κ‖2
Y ∗+osc2 (2.11)

for all µ ∈ Y ∗ and ζ ∈ Y with

Ξ(µ,ζ )≤ Ξ(λ ,γ(u− v)). (2.12)
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Furthermore, it holds

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤ D̃(η̂2 +Ξ(µ,ζ )+osc2) (2.13)

for all µ ∈ G∗ and ζ ∈ Kv.

Proof. We conclude from 〈λ ,γ(u)〉= 〈λ ,ψ〉 that

Ξ(λ ,γ(u− v)) = ‖λ −κ‖2
Y ∗+‖γ(u− v)‖2

Y + |〈λ ,γ(v)−ψ〉+ 〈κ,γ(u− v)〉|

= ‖λ −κ‖2
Y ∗+‖γ(u− v)‖2

Y + |〈λ −κ,γ(v−u)〉|

≤ ‖λ −κ‖2
Y ∗+‖γ(u− v)‖2

Y +‖λ −κ‖Y ∗‖γ(v−u)‖Y

≤ 5
4
‖λ −κ‖2

Y ∗+2c2
γ‖u− v‖2

Z.

Thus, applying Lemma 2.2 we obtain for all µ ∈ Y ∗ and ζ ∈ Y with Ξ(µ,ζ )≤ Ξ(λ ,γ(u− v))

η̂
2 +Ξ(µ,ζ )≤ Ĉ−1 (‖v̂− v‖2

Z +osc2)+ 5
4
‖λ −κ‖2

Y ∗+2c2
γ‖u− v‖2

Z

≤
(

2c2Ĉ−1

β 2 +2c2
γ

)
‖u− v‖2

Z +

(
2c2

γĈ−1

β 2 +
5
4

)
‖λ −κ‖Y ∗+Ĉ−1 osc2,

which gives the lower bound (2.11). Note that

Ξε(µ,ζ )≤ Ξ(µ,ζ )

for all µ ∈G∗ and ζ ∈Kv due to the assumption ε ≤ 1. Thus, from Theorem 2.3 and Lemma 2.2,
we get for all µ ∈ G∗ and ζ ∈ Kv

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤
Ec2

1−θε
‖v̂− v‖2

Z +
F

ε(1−θε)
Ξε(µ,ζ )

≤ Ec2D̂
1−θε

(η̂2 +osc2)+
F

ε(1−θε)
Ξ(µ,ζ ),

which gives the upper bound (2.13). �

Remark 2.1. The availability of η̂ fulfilling (2.6) and (2.7) depends on the choice of κ with
respect to v. To this end, let Zhp ⊂ Z be a finite dimensional discretization space and determine
κ such that

〈κ,γ(zhp)〉= 〈Bv,zhp〉−〈`,zhp〉 (2.14)

for all zhp ∈ Zhp. Assuming v ∈ Zhp we observe that v serves as a discretization solution of the
variational equation (2.5). Thus, a reliable and efficient a posteriori error estimator η̂ for the
discretization error ‖v̂− v‖Z may be available so that (2.6) and (2.7) are fulfilled. For such an
error estimator the quantity κ must possibly be assumed to be in a certain subspace of Y ∗ (e.g. in
an L2-space when Y is chosen as an H1- or H1/2-space). Indeed, in Section 3 we determine κ

in some discretization spaces in L2 by solving local problems or, alternatively, by means of the
solution (v,κ) of a mixed discretization.
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2.3. How to choose µ and ζ ? In order to apply Theorem 2.4 (or Theorem 2.5) for the deriva-
tion of efficient and reliable error estimates we have to choose µ and ζ such that, first, µ ∈ G∗

and ζ ∈ Kv, second, Ξε(µ,ζ )≤ Ξε(λ ,γ(u−v)) (or Ξ(µ,ζ )≤ Ξ(λ ,γ(u−v))) and, third, µ and
ζ are only determined by the known variables v and κ , but not by the unknowns u and λ . Then,
η̂2 +Ξε(µ,ζ ) (or η̂2 +Ξ(µ,ζ )) gives an efficient and reliable error estimator in this abstract
framework of a posteriori error control.

To this end, we introduce the mapping ι :Y ∗→Y as the isometric isomorphism resulting from
the Riesz representation theorem, i.e., (ι(µ),y)Y = 〈µ,y〉 uniquely holds for all y ∈ Y , where
(·, ·)Y denotes the inner product of Y . Note that Y ∗ is also a Hilbert space with the canonical
inner product (µ,ν)Y ∗ := (ι(µ), ι(ν))Y , where

‖µ‖Y ∗ = (µ,µ)
1/2
Y ∗ = ‖ι(µ)‖Y .

Using the positive part with respect to G∗ and G (see Appendix A for the general definition of
the positive part), we define

µ
∗ :=

(
κ− ε

2
ι
−1(γ(v)−ψ)

)+
G∗

, (2.15)

ζ
∗ := ψ− γ(v)+

(
−ε

2
ι(κ)−ψ + γ(v)

)+
G
. (2.16)

Remark 2.2. It may be convenient to avoid the determination of the positive part with respect
to G∗. It is easy to see that ι(G∗) = G∗ := {y ∈ Y | ∀w ∈ G : (y,w)Y ≥ 0}, and hence

µ
∗ = ι

−1((ι(κ)− ε

2
(γ(v)−ψ))+G∗).

In particular, if the cone G is selfdual, i.e., G = G∗, the positive part is determined with respect
to G.

Lemma 2.3. It holds µ∗ ∈ G∗, ζ ∗ ∈ Kv and

Ξε(µ
∗,ζ ∗)≤ Ξε(λ ,γ(u− v)). (2.17)

If µ∗ 6= λ or ζ ∗ 6= γ(u− v), then

Ξε(µ
∗,ζ ∗)< Ξε(λ ,γ(u− v)). (2.18)

Proof. It is clear that µ∗ ∈ G∗. Moreover, we have

ζ
∗+ γ(v)−ψ =

(
−ε

2
ι(κ)−ψ + γ(v)

)+
G
∈ G,

which shows ζ ∗ ∈ Kv. Defining

M(µ) := ‖µ−κ‖2
Y ∗+ ε〈µ,γ(v)−ψ〉= ‖µ−κ‖2

Y ∗+(µ,ει
−1(γ(v)−ψ))Y ∗

and

N(ζ ) := ‖ζ‖2
Y + ε〈κ,ζ 〉= ‖ζ‖2

Y +(ει(κ),ζ )Y
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we conclude from Lemma A.1 that M(µ∗) = infµ∈G∗M(µ) and N(ζ ∗) = infζ∈Kv N(ζ ). This
together with λ ∈ G∗ and γ(u− v) ∈ Kv immediately gives

Ξε(µ
∗,ζ ∗) = M(µ∗)+N(ζ ∗)

= inf
µ∈G∗

M(µ)+ inf
ζ∈Kv

N(ζ )

= inf
µ∈G∗, ζ∈Kv

Ξε(µ,ζ )

≤ Ξε(λ ,γ(u− v)),

which shows (2.17). Since µ 7→ M(µ) and ζ 7→ N(ζ ) are strictly convex, this inequality is
strict, when we assume µ∗ 6= λ or ζ ∗ 6= γ(u− v), which is (2.18). �

Theorem 2.6. Let 0 < ε < min{F(Ec2D̂)−1,θ−1} and η2 := η̂2 +Ξε(µ
∗,ζ ∗). Then,

Cη
2 ≤ ‖u− v‖2

Z +‖λ −κ‖2
Y ∗+osc2,

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤ D(η2 +osc2).

Proof. The assertion directly follows from Theorem 2.4 and Lemma 2.3. �

Remark 2.3. The error estimator η as defined in Theorem 2.6 may have the disadvantage
that it depends on the (probably unknown) parameter ε so that the application of Theorem 2.5
seems to be more appropriate. However, it is unclear how to choose µ ∈ G∗ and ζ ∈ Kv with
Ξ(µ,ζ )≤ Ξ(λ ,γ(u− v)) in order to achieve a similar result as in Theorem 2.6.

Remark 2.4. The proof of Lemma 2.3 relies on the observation that minimizing the weighted
functional Ξε yields some µ and ζ with the desired properties as discussed in the beginning of
this subsection. This minimizing is done with the help of the general results of Appendix A for
minimizing quadratic functionals.

The use of the abstract error estimator η in the context of a concrete problem requires that
µ∗ and ζ ∗ are computable. Unfortunately, this is not the case for the variational inequalities
discussed in Section 3. But, due to the strict inequality in (2.18) it is possible to use some
approximations of µ∗ and ζ ∗.

Theorem 2.7. Let µ∗ 6= λ or ζ ∗ 6= γ(u−v). Furthermore, let {µ∗n}n∈N ⊂G∗ with µ∗n → µ∗ and
{ζ ∗n }n∈N ⊂ Kv with ζ ∗n → ζ ∗ as n→ ∞. Furthermore, let 0 < ε < min{F(Ec2D̂)−1,θ−1} and
η2

n := η̂2 +Ξε(µ
∗
n ,ζ

∗
n ). Then,

Cη
2
n ≤ ‖u− v‖2

Z +‖λ −κ‖2
Y ∗+osc2,

‖u− v‖2
Z +‖λ −κ‖2

Y ∗ ≤ D(η2
n +osc2)

for a sufficiently large n ∈ N.

Proof. Due to Lemma 2.3 and the continuity of (µ,ζ ) 7→ Ξε(µ,ζ ) there exists an n0 ∈ N such
that

Ξε(µ
∗
n ,ζ

∗
n )−Ξε(µ

∗,ζ ∗)< Ξε(λ ,γ(u− v))−Ξε(µ
∗,ζ ∗)

for all n≥ n0. This immediately gives Ξε(µ
∗
n ,ζ

∗
n )< Ξε(λ ,γ(u− v)). Eventually, Theorem 2.4

gives the assertion. �

We note some properties of µ∗ and ζ ∗.
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Theorem 2.8. The pair (y∗,µ∗) ∈ Y ×G∗ with y∗ := ι(µ∗−κ) uniquely solves the system

(y∗,y)Y = 〈µ∗−κ,y〉, (2.19a)

〈µ∗−µ,y∗+
ε

2
(γ(v)−ψ)〉 ≤ 0 (2.19b)

for all (y,µ) ∈ Y ×G∗. Moreover,

‖λ −µ
∗‖Y ∗ ≤ ‖λ −κ‖Y ∗+

εcγ

2
‖u− v‖Z.

Proof. Clearly, (y∗,µ∗) solves (2.19a). Furthermore, the positive part in the definition of µ∗

gives

0≤ (µ∗−κ +
ε

2
ι
−1(γ(v)−ψ),µ−µ

∗)Y ∗

= (y∗+
ε

2
(γ(v)−ψ), ι(µ−µ

∗))Y

= 〈µ−µ
∗,y∗+

ε

2
(γ(v)−ψ)〉,

which means that (y∗,µ∗) also solves (2.19b). Let (ỹ∗, µ̃∗) ∈ Y ×G∗ solve the system (2.19).
We immediately get ỹ∗ = ι(µ̃∗−κ). Hence, (2.19b) implies

0≥ 〈µ̃∗−µ, ι(µ̃∗−κ +
ε

2
ι
−1(γ(v)−ψ))〉

= (ι(µ̃∗−µ), ι(µ̃∗−κ +
ε

2
ι
−1(γ(v)−ψ)))Y

= (µ̃∗− (κ− ε

2
ι
−1(γ(v)−ψ)),µ− µ̃

∗)Y ∗.

Due to the uniqueness of the positive part, we obtain µ̃∗ = µ∗ and, thus, ỹ∗ = y∗. From (2.4),
(2.19b) and Theorem 2.2, we conclude

‖λ −µ
∗‖2

Y ∗ = (λ ,λ −µ
∗)Y ∗− (µ∗,λ −µ

∗)Y ∗

≤ (λ ,λ −µ
∗)Y ∗− (κ +

ε

2
ι
−1(γ(v)−ψ),λ −µ

∗)Y ∗

= (λ −κ,λ −µ
∗)Y ∗+

ε

2
(γ(v)−ψ, ι(λ −µ

∗))Y

= (λ −κ,λ −µ
∗)Y ∗+

ε

2
〈λ −µ

∗,γ(v)−ψ〉

≤ (λ −κ,λ −µ
∗)Y ∗+

ε

2
〈λ −µ

∗,γ(v−u)〉

≤
(
‖λ −κ‖Y ∗+

εcγ

2
‖u− v‖Z

)
‖λ −µ

∗‖Y ∗.

�

Theorem 2.9. It holds that ζ ∗ ∈ Kv uniquely solves

(ζ ∗,y−ζ
∗)Y ≥ 〈−

ε

2
κ,y−ζ

∗〉 (2.20)

for all y ∈ Kv. Moreover,

‖ζ ∗‖Y ≤
√

5
8

ε‖λ −κ‖Y ∗+2cγ‖u− v‖Z.
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Proof. The positive part in the definition of ζ ∗ implies

(ζ ∗+
ε

2
ι(κ),w−ζ

∗+ψ− γ(v))Y ≥ 0

for all w ∈ G. Hence, ζ ∗ solves (2.20). Let ζ̃ ∗ ∈ Kv also solve (2.20). Then,

(ζ̃ ∗,ζ ∗− ζ̃
∗)Y ≥ 〈−

ε

2
κ,ζ ∗− ζ̃

∗〉. (2.21)

Inserting ζ̃ ∗ in (2.20) and adding to (2.21) give (ζ̃ ∗−ζ ∗,ζ ∗− ζ̃ ∗)Y ≥ 0, which shows ζ̃ ∗ = ζ ∗.
Inserting γ(u− v) ∈ Kv in (2.20) and exploiting

〈λ ,γ(u− v)−ζ
∗〉= 〈λ ,ψ− γ(v)−ζ

∗〉 ≤ 0

yield

‖ζ ∗‖2
Y ≤ (ζ ∗,γ(v−u))Y +

ε

2
〈κ,γ(u− v)−ζ

∗〉

= (ζ ∗,γ(v−u))Y +
ε

2
〈κ−λ ,γ(u− v)−ζ

∗〉+ ε

2
〈λ ,γ(u− v)−ζ

∗〉

≤ 1
2
‖ζ ∗‖2

Y +2c2
γ‖u− v‖2

Z +
5ε2

16
‖κ−λ‖2

Y ∗,

which gives the assertion. �

Remark 2.5. There is a strong connection between µ∗ and λ as well as ζ ∗ and 0. In order to see
this, let {κn}n∈N ⊂Y ∗ with κn→ λ and {vn}n∈N ⊂ Z with vn→ u as n→∞ (for instance, some
discretization solutions vn of (2.1) where κn is computed by (2.14) or discretization solutions
(vn,κn) of a mixed discretization so that (2.14) is fulfilled, see Remark (2.1)). Theorem 2.8 and
Theorem 2.9 show that µ∗n and ζ ∗n as defined in (2.15) and (2.16) with κn and vn for κ and v
tend to λ and 0 as n→ ∞, respectively.

Remark 2.6. The sequences {µ∗n}n∈N ⊂G∗ with µ∗n → µ∗ and {ζ ∗n }n∈N ⊂ Kv with ζ ∗n → ζ ∗ as
n→∞ in Theorem 2.7 may result from some discretization of (2.19) as well as (2.20). We refer
to Section 3 for more details.

3. A POSTERIORI ERROR ESTIMATES FOR THE OBSTACLE PROBLEM AND THE SIMPLIFIED

SIGNORINI PROBLEM

3.1. Notations. Let Ω⊂ R2 be a bounded, polygonal Lipschitz domain and L2(Ω), H1/2(∂Ω)
and H1(Ω) denote the usual Sobolev spaces. Furthermore, let H1

D(Ω) := {z∈H1(Ω) | γ(z)|ΓD =

0} with a closed subset ΓD ⊂ ∂Ω with positive measure and the trace operator γ : H1(Ω)→
H1/2(∂Ω). We denote its dual space by H−1

D (Ω) :=
(
H1

D(Ω)
)∗. In the case that ΓD 6= ∂Ω

let ΓC ⊂ ΓN := ∂Ω\ΓD be a (relatively) open subset with ΓC ( ΓN . Note that γC : H1(Ω)→
H1/2(ΓC) with γC(v) := γ(v)|ΓC is surjective, see [4, Ch.5].

Let B : H1
D(Ω)→ H−1

D (Ω) and ` ∈ (L2(Ω))∗ defined as

(Bu)(z) := (∇u,∇z)L2(Ω), `(z) := ( f ,z)L2(Ω) (3.1)

for u,z ∈ H1
D(Ω) and f ∈ L2(Ω), where (·, ·)L2(Ω) denotes the L2-scalar product for scalar or

vector-valued L2-functions. Due to Cauchy’s and Poincare’s inequalities we have

‖Bz‖H−1
D (Ω) ≤ ‖z‖H1(Ω), 〈Bz,z〉 ≥ β‖z‖H1(Ω)
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for some constant β > 0 and all z ∈ H1
D(Ω).

Let Th be a locally quasi-uniform and α-shape regular decomposition of Ω into triangles
and/or parallelograms with global mesh size h := maxT∈Th hT with hT := diam(T ). Further-
more, let p be a polynomial degree distribution on Th with comparable polynomial degrees
of neighboring elements. We refer to [33, Section 1.2] for a definition of locally uniform and
α-shape regular decompositions and comparable polynomial degrees. Using the polynomial
spaces

Pp(T ) :=

{
span{xiy j | 0≤ i+ j ≤ p}, T is a triangle,
span{xiy j | 0≤ i, j ≤ p}, T is a parallelogram,

we define the finite element discretization spaces

Zhp :=Whp∩H1
D(Ω), Whp :=

{
whp ∈ L2(Ω) | ∀T ∈Th : whp|T ◦FT ∈ PpT (T )

}
, (3.2)

where FT : T̂ → T is an affine map for T ∈Th with T̂ := {(x,y) | 0 < x < 1,0 < y <
√

3(1/2−
|1/2− x|)} if T is a triangle and T̂ := (0,1)2 if T is a parallelogram. We assume that ΓD and
ΓC are compatible with Th, i.e. ΓD and ΓC are assumed to be unions of edges of Th. In the
following, he denotes the length of the edge e ∈ Eh and pe is the polynomial degree on e (e.g.
obtained by the minimum rule), where Eh is the set of edges in the interior of Ω induced by the
mesh Th. Moreover, we set E C

h := {e ∈ Eh | e⊂ ΓC}.
Note that we identify L2(Ω) and L2(ΓC) with their dual spaces such that H1

D(Ω)⊂ L2(Ω)⊂
H−1

D (Ω) and H1/2(ΓC)⊂ L2(ΓC)⊂ H−1/2(ΓC), i.e. a function g ∈ L2(Ω) or g ∈ L2(ΓC) is also
in (L2(Ω))∗ or in (L2(ΓC))

∗, respectively, if and only if L2(Ω) 3 w 7→ (g,w)L2(Ω) or L2(ΓC) 3
w 7→ (g,w)L2(ΓC)

is in the corresponding dual space.

3.2. A posteriori error estimates for the obstacle problem. The variational formulation of
the obstacle problem (see, e.g., [2]) is given by (2.1) with Z := H1

D(Ω), B and ` as in (3.1),
K := {v ∈ H1

D(Ω) | v−ψ ≥ 0 a.e. in Ω} and ψ ∈ H1
D(Ω). Note that K is described by linear

constraints with Y := H1
D(Ω),

G := {v ∈ H1
D(Ω) | v≥ 0 a.e. in Ω}, (3.3)

G∗ := {µ ∈ H−1
D (Ω) | ∀w ∈ H1

D(Ω) : 〈µ,w〉 ≥ 0}

and γ(v) := v. From Theorem 2.1, we conclude the unique existence of u ∈ H1
D(Ω) of the

obstacle problem.
We derive a posteriori error estimates for an arbitrary v ∈ Zhp. For this purpose, we choose

some κ ∈ H−1
D (Ω) such that

〈κ,zhp〉= (∇v,∇zhp)L2(Ω)− ( f ,zhp)L2(Ω) (3.4)

for all zhp ∈ Zhp, see Remark 2.1. If κ is further assumed to be in Whp, this can, for instance, be
done by solving (3.4) locally, i.e.,

(κ|T ,w)L2(T ) = (∇v,∇w)L2(T )− ( f ,w)L2(T )

for all T ∈ Th and all w ∈ PpT . Alternatively as mentioned in Remark 2.1, (v,κ) may be the
solution of a mixed discretization. For instance, (v,κ) is assumed to be in Zhp×ΛHq and to
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fulfill
(∇v,∇zhp)L2(Ω) = ( f +κ,zhp)L2(Ω)

(µHq−κ,v−ψ)L2(Ω) ≥ 0
(3.5)

for all (zhp,µHq) ∈ Zhp×ΛHq with a closed and convex cone ΛHq ⊂WHq with 0 ∈ ΛHq and a
discretization space WHq as in (3.2), see [35] for more details of such mixed discretizations. In
both cases we assume v ∈ Zhp and κ ∈ L2(Ω) and, thus, we can apply an error estimator for the
auxiliary problem: find v̂ ∈ H1

D(Ω) such that

(∇v̂,∇z) = ( f +κ,z)L2(Ω) (3.6)

for all z ∈ H1
D(Ω), which corresponds to (2.5) and for which v is a discretization solution with

respect to Zhp, see Remark 2.1. Here, we apply the residual-based error estimator

η̂
2 := ∑

T∈Th

η̂
2
T ,

η̂
2
T :=

h2
T

p2
T
‖ΠT,pT ( f +κ)+∆v‖2

L2(T )+ ∑
e∈ET

he

2pe
‖J∂nvK‖2

L2(e)+ ∑
e∈E N

T

he

2pe
‖∂nv‖2

L2(e),
(3.7)

where ΠT,pT is the L2(T )-projection onto the space of polynomials of degree not greater than
pT −1 and ET and E N

T denote the set of edges of T in the interior of Ω or on ΓN , respectively.
From [33, Thm. 3.6], we ascertain that this estimator is reliable up to some oscillations, i.e.,
there exists a constant D̂ > 0 such that

‖v̂− v‖2
H1(Ω) ≤ D̂

(
η̂

2 +osc2)
where the oscillation term is defined as

osc2
T :=

h2
T

p2
T
‖ f +κ−ΠT,pT ( f +κ)‖2

L2(T ), osc2 := osc2(Th) := ∑
T∈Th

osc2
T .

Moreover, the estimator is locally efficient (up to oscillations and some p-depending efficiency
constants), i.e., there exists a constant ρ(s) such that

η̂
2
T ≤ ρ(s)p1+2s

T

(
pT‖v̂− v‖2

H1(
⋃

ωT )
+ p2s

T osc2(ωT )
)
,

for s > 0 and T ∈Th and ωT := {T̂ ∈Th|T̂ and T share at least one edge}. Hence, we have

∑
T∈Th

η̂
2
T ≤ ρ(s) ∑

T∈Th

p1+2s
T

(
pT‖v̂− v‖2

H1(
⋃

ωT )
+ p2s

T osc2(ωT )
)

≤ ρ(s) max
T∈Th

(
p1+2s+max{1,2s}

T

)
∑

T∈Th

(
‖v̂− v‖2

H1(
⋃

ωT )
+osc2(ωT )

)
≤ ρ(s)k max

T∈Th

(
p1+2s+max{1,2s}

T

)(
‖v̂− v‖2

H1(Ω)+osc2
)

where we exploit that #{ωT̃ | T ∈ ωT̃ , T̃ ∈ Th} is bounded for T ∈ Th by some k ∈ N indepen-
dent of h. Hence,

Ĉη̂
2 ≤ ‖v̂− v‖2

H1(Ω)+osc2 (3.8)

with
Ĉ := (ρ(s)p1+2s+max{1,2s}

T k)−1 (3.9)
and, thus, η̂ fulfills the conditions (2.6) and (2.7).
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We note that the positive part with respect to G̃ := {z ∈ L2(Ω) | z ≥ 0 a.e. in Ω} is given by
the cut-off function

w+ := w+
G̃ = max{w,0} (3.10)

for w ∈ L2(Ω) and provides a continuous mapping w 7→ w+ in L2(Ω) (see (A.2)), but also in
H1(Ω), see [2, Ch.I, Cor.2.1]. Thus, we observe that κ+ ∈ G∗ due to (κ+,v) ≥ 0 for all v ∈ G
and (v−ψ)+ ∈ Kv := {ζ ∈H1

D(Ω) | ζ +v−ψ ∈G} as (v−ψ)+ ∈H1(Ω). Thus, Theorem 2.4
and Theorem 2.5 give the reliable error estimates

‖u− v‖2
H1(Ω)+‖λ −κ‖2

H−1
D (Ω)

≤ D(η̂2 +Ξε(κ
+,(v−ψ)+)+osc2) (3.11)

for some 0 < ε < min{F(Ec2D̂)−1,θ−1} with

Ξε(µ,ζ ) := ‖µ−κ‖2
H−1

D (Ω)
+‖ζ‖2

H1(Ω)+ ε(µ,v−ψ)L2(Ω)+ ε(κ,ζ )L2(Ω)

and
‖u− v‖2

H1(Ω)+‖λ −κ‖2
H−1

D (Ω)
≤ D̃(η̂2 +Ξ(κ+,(v−ψ)+)+osc2)

with
Ξ(µ,ζ ) := ‖µ−κ‖2

H−1
D (Ω)

+‖ζ‖2
H1(Ω)+ |(µ,v−ψ)L2(Ω)+(κ,ζ )L2(Ω)|.

Unfortunately, the choice of the cut-off functions κ+ and (v−ψ)+ (for µ and ζ , see Section 2.3)
may not lead to efficient error estimates as the conditions (2.9) and (2.12) may not be ensured
for λ ∈ H−1

D (Ω) uniquely fulfilling

〈λ ,z〉= (∇u,∇z)+( f ,z)L2(Ω)

for all z ∈ H1
D(Ω). The use of µ∗ and ζ ∗ as defined in (2.15) and (2.16) together Theorem 2.6

gives the reliable and efficient estimates

Cη
2 ≤ ‖u− v‖2

H1(Ω)+‖λ −κ‖2
H−1

D (Ω)
+osc2

‖u− v‖2
H1(Ω)+‖λ −κ‖2

H−1
D (Ω)

≤ D(η2 +osc2)

with η defined in this theorem, but µ∗ and ζ ∗ are not computable (in contrast to κ+ and (v−
ψ)+). Theorem 2.8 and Theorem 2.9 imply that they (uniquely) fulfill

a(y∗,y) = 〈µ∗,y〉− (κ,y)L2(Ω)

〈µ∗−µ,y∗+
ε

2
(v−ψ)〉 ≤ 0

(3.12)

for all (y,µ) ∈ H1
D(Ω)×G∗ and some unique y∗ ∈ H1

D(Ω) and

a(ζ ∗,y−ζ
∗)≥ (−ε

2
κ,y−ζ

∗)L2(Ω) (3.13)

for all y ∈ Kv. Here, the bilinear form a is defined as

a(ζ ,y) := (∇ζ ,∇y)L2(Ω)+(ζ ,y)L2(Ω) (3.14)

for ζ ,y ∈ H1
D(Ω). In order to get computable efficient and reliable error estimates we apply

Theorem 2.7 and consider discretizations of (3.12) and (3.13), i.e. find (y∗h̄p̄,µ
∗
H̄q̄) ∈ Zh̄ p̄×ΛH̄q̄
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such that
a(y∗h̄ p̄,yh̄ p̄)L2(Ω) = (µ∗H̄q̄−κ,yh̄ p̄)L2(Ω)

(µ∗H̄q̄−µH̄q̄,y
∗
h̄ p̄ +

ε

2
(v−ψ))L2(Ω) ≤ 0

(3.15)

for all (yh̄ p̄,µH̄q̄) ∈ Zh̄p̄×ΛH̄q̄ where Zh̄ p̄ and WH̄q̄ are some discretization spaces as defined in
(3.2) and ΛH̄q̄ ⊂WH̄q̄ is a closed and convex cone with 0 ∈ ΛH̄q̄. Furthermore, find ζ ∗h̄q̄ ∈ Kv,h̄ p̄
such that

a(ζ ∗h̄ p̄,yh̄ p̄−ζ
∗
h̄p̄)≥ (−ε

2
κ,yh̄p̄−ζ

∗
h̄ p̄)L2(Ω) (3.16)

for all yh̄ p̄ ∈ Kv,h̄ p̄, where Kv,h̄ p̄ is a closed and convex subset of Zhp. We refer to [3, 35, 36] on
convergence results and on the existence of discretization solutions and the specific construction
of ΛH̄q̄ and Kv,h̄ p̄.

Theorem 3.1. Let µ∗ 6= λ or ζ ∗ 6= u− v. Furthermore, let ‖µ∗− µ∗H̄q̄‖L2(Ω)→ 0 as H̄/q̄→ 0
and ‖ζ ∗h̄ p̄−ζ ∗‖H1(Ω)→ 0 as h̄/p̄→ 0 and define

η̄
2 := η̂

2 +Ξε((µ
∗
H̄q̄)

+,max{ζ ∗h̄p̄,ψ− v}).

Then,

Cη̄
2 ≤ ‖u− v‖2

H1(Ω)+‖λ −κ‖2
H−1

D (Ω)
+osc2

‖u− v‖2
H1(Ω)+‖λ −κ‖2

H−1
D (Ω)

≤ D(η̄2 +osc2),

for sufficiently small H̄/q̄ and h̄/p̄.

Proof. From (A.2) and µ∗ ∈ G̃, we conclude

‖µ∗− (µ∗H̄q̄)
+‖H−1

D (Ω) ≤ ‖(µ
∗)+− (µ∗H̄q̄)

+‖L2(Ω) ≤ ‖µ∗−µ
∗
H̄q̄‖L2(Ω)→ 0

as H̄/q̄→ 0. Obviously, we have

‖(ζ ∗−ψ + v)− (ζ ∗h̄ p̄ + v−ψ)‖H1(Ω) = ‖ζ ∗−ζ
∗
h̄ p̄‖H1(Ω)→ 0

as h̄/p̄→ 0. Thus, from the continuity of the positive part in H1(Ω) and ζ ∗−ψ + v ∈ G̃, we
conclude that

‖ζ ∗−max{ζ ∗h̄ p̄,ψ− v}‖H1(Ω) = ‖ζ ∗− ((ζ ∗h̄p̄ + v−ψ)+− v+ψ)‖H1(Ω)

= ‖(ζ ∗+ v−ψ)− (ζ ∗h̄ p̄ + v−ψ)+‖H1(Ω)

= ‖(ζ ∗−ψ + v)+− (ζ ∗h̄ p̄ + v−ψ)+‖H1(Ω)→ 0

as h̄/p̄→ 0. Since (µ∗H̄q̄)
+ ∈ G∗ and max{ζ ∗h̄p̄,ψ− v} ∈ Kv, Theorem 2.7 yields the assertion.

�

Remark 3.1. We use the positive part (·)+ with respect G̃ in L2(Ω) as it is computable. In
principle, using the positive parts (·)+G and (·)+G∗ would lead to similar results, but these positive
parts are not directly evaluable.
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Remark 3.2. Instead of the ‖·‖H1(Ω)-norm we may equip H1(Ω) with a norm, which is induced
by the operator B or a part of this operator. For instance, in the case of the obstacle problem
we may equip H1(Ω) with the norm | · |H1(Ω) := ‖∇ · ‖L2(Ω) (which is indeed a norm as ΓD

has a positive measure). In this case the bilinear form a(·, ·) in (3.14) reduces to a(ζ ,y) :=
(∇ζ ,∇y)L2(Ω) which possibly has the advantange that the stiffness matrix resulting from the
computation of a discretization solution can be reused to compute µ∗H̄q̄ and ζ ∗h̄ p̄. Using the same
arguments as in Theorem 3.1 we obtain the same error estimates as in this theorem, but for
the | · |H1(Ω)-norm and the corresponding dual norm. Due to its equivalence to the ‖ · ‖H1(Ω)-
norm we can transfer these estimates again to the ‖ · ‖H1(Ω)-norm by taking into account the
equivalence constants.

Remark 3.3. It is easy to see that (y∗h̄ p̄,µ
∗
H̄q̄) := (0,κ) fulfills (3.15) provided that (v,κ) is

the solution of the mixed discretization (3.5) and that the corresponding discretization spaces
coincide, i.e. Zhp = Zh̄ p̄ and ΛHq = ΛH̄q̄. Moreover, it is also easy to see that ζh̄ p̄ := 0 fulfills
(3.16) if Kv,h̄ p̄ = v+Khp and if v ∈ Khp is the solution of the primal discretization

(∇v,∇(v− zhp))L2(Ω) ≥ ( f ,v− zhp)L2(Ω) (3.17)

for all zhp ∈ Khp, where Khp is a closed and convex subset of Zhp. These observations can be
exploited for a practical determination of µ∗H̄q̄ and ζ ∗h̄ p̄: If v results from a mixed discretization
of the form (3.5) we may take µ∗H̄q̄ := κ . If v results from a primal discretization of the form
(3.17) we may take ζ ∗H̄q̄ := 0. Here, we have to assume that H/q or h/p is small enough so that
Theorem 3.1 yields an efficient error estimator. In any case, these choices seem to be reasonable
at least as initial guesses for an iterative solving of (3.15) and (3.16), see also Remark 2.5. In the
numerical experiments of Section 4 only few (2 to 5) iterations of an active set solution scheme
were neccessary for the computation of µ∗H̄q̄ or ζ ∗h̄ p̄. Note that if the mixed discretization (3.5)
is equivalent to the primal discretization (3.17) (in the sense that they have the same unique
primal solution), we may take both µ∗H̄q̄ := κ and ζ ∗H̄q̄ := 0 (which incidently gives the reliable
error estimate (3.11)) and may avoid any additional computations. We refer to [24] where a
mixed discretization of the obstacle problem with biorthogonal basis functions is discussed.
This discretization has the form (3.5) and is, indeed, equivalent to a primal discretization of the
form (3.17).

3.3. A posteriori error estimates for the simplified Signorini problem. The variational for-
mulation of the simplified Signorini problem (see, e.g., [2]) is given by (2.1) with Z := H1

D(Ω),
B and ` as in (3.1), K := {v ∈ H1

D(Ω) | γC(v)−ψ ≥ 0 a.e. on ΓC} and ψ ∈ H1/2(ΓC). Note that
K is described by linear constraints with Y := H1/2(ΓC),

G := {v ∈ H1/2(ΓC) | v≥ 0 a.e. on ΓC},

G∗ := {µ ∈ H−1/2(ΓC) | ∀w ∈ H1/2(ΓC) : 〈µ,w〉 ≥ 0}

and γ := γC. Again, from Theorem 2.1, we conclude the unique existence of u ∈ H1
D(Ω) of the

simplified Signorini problem.
The application of the abstract framework of Section 2 to the simplied Signorini problem is

very similar to Section 3.2. Therefore, we repeat this section with some small modifications for
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the derivation of a posteriori error estimates. Let v ∈ Zhp and κ ∈ H−1/2(ΓC) such that

〈κ,γC(zhp)〉= (∇v,∇zhp)L2(Ω)− ( f ,zhp)L2(Ω) (3.18)

for all zhp ∈ Zhp, see Remark 2.1. Further assuming κ in

WC,hp := {whp|ΓC | whp ∈Whp} (3.19)

we can solve (3.18) in a local sense, i.e.,

(κ|e,γC(w))L2(e) = (∇v,∇w)L2(T )− ( f ,w)L2(T )

for all T ∈ Th, all e ∈ E C
h with e ⊂ ∂T and all w ∈ PpT . Alternatively (see Remark 2.1), (v,κ)

may be the solution of a mixed discretization and may fulfill

(∇v,∇zhp)L2(Ω) = ( f ,zhp)L2(Ω)+(κ,γC(zhp))L2(ΓC)

(µHq−κ,γC(v)−ψ)L2(ΓC)
≥ 0

for all (zhp,µHq) ∈ Zhp×ΛHq with a closed and convex cone ΛHq ⊂WC,Hq with 0 ∈ ΛHq and a
discretization space WC,Hq as in (3.19). In both cases we have v ∈ Zhp and κ ∈ L2(ΓC) and can
apply an error estimator for the auxiliary problem: find v̂ ∈ H1

D(Ω) such that

(∇v̂,∇z) = ( f ,z)L2(Ω)+(κ,γC(z))L2(ΓC)
(3.20)

for all z ∈ H1
D(Ω). Note that (3.20) corresponds to (2.5) and v is a discretization solution with

respect to Zhp, see Remark 2.1. The residual-based error estimator has the form

η̂
2 := ∑

T∈Th

η̂
2
T ,

η̂
2
T :=

h2
T

p2
T
‖ΠT,pT ( f )+∆v‖2

L2(T )+ ∑
e∈ET

he

2pe
‖J∂nvK‖2

L2(e)+ ∑
e∈E N

T \E C
T

he

pe
‖∂nv‖2

L2(e)

+ ∑
e∈E C

T

he

pe
‖κ−∂nv‖2

L2(e),

where E C
T denotes the set of edges of T on ΓC. This estimator is reliable up to some oscillations

(see [33, Thm. 3.6]), i.e., there exists a constant D̂ > 0 such that

‖v̂− v‖2
H1(Ω) ≤ D̂

(
η̂

2 +osc2)
with

osc2
T :=

h2
T

p2
T
‖ f −ΠT,pT ( f )‖2

L2(T ), osc2 := osc2(Th) := ∑
T∈Th

osc2
T .

As in the derivation of (3.8) we conclude from the local efficiency of η̂

Ĉη̂
2 ≤ ‖v̂− v‖2

H1(Ω)+osc2 (3.21)

with Ĉ defined in (3.9). Thus, η̂ fulfills the conditions (2.6) and (2.7).
We use the positive part with respect to G̃C := {z ∈ L2(ΓC) | z ≥ 0 a.e. on ΓC} in L2(ΓC),

which is given by the cut-off function

w+ := w+
G̃C

= max{w,0}
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for w ∈ L2(ΓC) and which provides a continuous mapping w 7→ w± in L2(ΓC) (see (A.2)), but
also in H1(ΓC), see [2, Ch.I, Cor.2.1]. Observing κ+ ∈ G∗ as (κ+,w)L2(ΓC)

≥ 0 for all w ∈ G
and (γC(v)−ψ)+ ∈ Kv := {ζ ∈ H1/2(ΓC) | ζ + γC(v)−ψ ∈ G} as (γC(v)−ψ)+ ∈ H1(ΓC)
(provided that ψ ∈ H1(ΓC)) and applying Theorem 2.4 and Theorem 2.5 we obtain the reliable
error estimates

‖u− v‖2
H1(Ω)+‖λ −κ‖2

H−1/2(ΓC)
≤ D(η̂2 +Ξε(κ

+,(v−ψ)+)+osc2)

for some 0 < ε < min{F(Ec2D̂)−1,θ−1} with

Ξε(µ,ζ ) := ‖µ−κ‖2
H−1/2(ΓC)

+‖ζ‖2
H1/2(ΓC)

+ ε(µ,v−ψ)L2(ΓC)
+ ε(κ,ζ )L2(ΓC)

and

‖u− v‖2
H1(ΓC)

+‖λ −κ‖2
H−1/2(ΓC)

≤ D̃(η̂2 +Ξ(κ+,(v−ψ)+)+osc2)

with

Ξ(µ,ζ ) := ‖µ−κ‖2
H−1

D (Ω)
+‖ζ‖2

H1/2(ΓC)
+ |(µ,v−ψ)L2(ΓC)

+(κ,ζ )L2(ΓC)
|.

Again, we note that the choice κ+ and (v−ψ)+ (for µ and ζ , see Section 2.3) may not lead
to efficient error estimates as the conditions (2.9) and (2.12) may not be guaranteed for λ ∈
H−1/2(ΓC) uniquely fulfilling

〈λ ,z〉= (∇u,∇z)+( f ,z)L2(Ω)

for all z ∈ H1
D(Ω). Again, the use of µ∗ and ζ ∗ as defined in (2.15) and (2.16) together with

Theorem 2.6 would give the reliable and efficient estimates

Cη
2 ≤ ‖u− v‖2

H1(Ω)+‖λ −κ‖2
H−1/2(ΓC)

+osc2

‖u− v‖2
H1(Ω)+‖λ −κ‖2

H−1/2(ΓC)
≤ D(η2 +osc2),

where η is defined as in Theorem 2.6. We note, however, that µ∗ and ζ ∗ are not computable.
Theorem 2.8 and Theorem 2.9 imply that they (uniquely) fulfill

a(y∗,y) = 〈µ∗,γC(y)〉− (κ,γC(y))L2(ΓC)

〈µ∗−µ,γC(y∗)+
ε

2
(γC(v)−ψ)〉 ≤ 0

(3.22)

for all (y,µ) ∈ H1
D(Ω)×G∗ and some unique y∗ ∈ H1

D(Ω) and

a(ζ ∗,y−ζ
∗)≥ (−ε

2
κ,γC(y)−ζ

∗)L2(ΓC)
(3.23)

for all y∈Kv, where the bilinear form a is defined in (3.14). In order to get computable efficient
and reliable error estimates we apply Theorem 2.7 and consider discretizations of (3.22) and
(3.23), i.e. find (y∗h̄ p̄,µ

∗
H̄q̄) ∈ Zh̄p̄×ΛH̄q̄ such that

a(y∗h̄p̄,yh̄ p̄)L2(Ω) = (µ∗H̄q̄−κ,γC(yh̄ p̄))L2(ΓC)

(µ∗H̄q̄−µH̄q̄,γC(y∗h̄ p̄)+
ε

2
(γC(v)−ψ))L2(ΓC)

≤ 0
(3.24)
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for all (yh̄ p̄,µH̄q̄) ∈ Zh̄p̄×ΛH̄q̄ where Zh̄p̄ and WC,H̄q̄ are some discretization spaces as defined
in (3.2) and (3.19) and ΛH̄q̄ ⊂WC,H̄q̄ is a closed and convex cone with 0 ∈ ΛH̄q̄. Furthermore,
find ζ ∗h̄q̄ ∈ Kv,h̄p̄ such that

a(ζ ∗h̄ p̄,yh̄ p̄−ζ
∗
h̄p̄)≥ (−ε

2
κ,γC(yh̄ p̄)−ζ

∗
h̄ p̄)L2(Ω) (3.25)

for all yh̄ p̄ ∈ Kv,h̄ p̄, where Kv,h̄ p̄ is a closed and convex subset of Zhp. We refer to [3, 35, 37]
on convergence results, the existence of discretization solutions and the specific construction of
ΛH̄q̄ and Kv,h̄ p̄. See Remark 3.3 for some comments on how to solve (3.24) and (3.25).

Theorem 3.2. Let µ∗ 6= λ or ζ ∗ 6= γC(u−v) and let zψ ∈C0(Ω)∩H1
D(Ω) with γC(zψ) = ψ and

γC(ζ
∗+ v− zψ)

+ = γC((ζ
∗+ v− zψ)

+). Furthermore, let ‖µ∗− µ∗H̄q̄‖L2(ΓC)
→ 0 as H̄/q̄→ 0

and ‖ζ ∗h̄p̄−ζ ∗‖H1Ω)→ 0 as h̄/p̄→ 0 and define

η̄
2 := η̂

2 +Ξε((µ
∗
H̄q̄)

+,max{γC(ζ
∗
h̄ p̄),ψ− γC(v)}).

Then,

Cη̄
2 ≤ ‖u− v‖2

H1(Ω)+‖λ −κ‖2
H−1

D (Ω)
+osc2

‖u− v‖2
H1(Ω)+‖λ −κ‖2

H−1
D (Ω)

≤ D(η̄2 +osc2)

for sufficiently small H̄/q̄ and h̄/ p̄.

Proof. From (A.2) and µ∗ ∈ G̃C, we conclude

‖µ∗− (µ∗H̄q̄)
+‖H−1/2(ΓC)

≤ ‖(µ∗)+− (µ∗H̄q̄)
+‖L2(ΓC)

≤ ‖µ∗−µ
∗
H̄q̄‖L2(ΓC)

→ 0

as H̄/q̄→ 0. Obviously, we have

‖(ζ ∗+ v− zψ)− (ζ ∗h̄ p̄ + v− zψ)‖H1(Ω) = ‖ζ ∗−ζ
∗
h̄p̄‖H1(Ω)→ 0

as h̄/p̄→ 0. Thus, from the continuity of the positive part in H1(Ω), ζ ∗h̄ p̄ + v− zψ ∈C0(Ω)∩
H1

D(Ω) and γC(ζ
∗)+ γC(v)−ψ ∈ G̃C, we conclude that

‖γC(ζ
∗)−max{γC(ζ

∗
h̄ p̄),ψ− γC(v)}‖H1/2(ΓC)

= ‖γC(ζ
∗)− ((γC(ζ

∗
h̄ p̄)+ γC(v)−ψ)+− γC(v)+ψ)‖H1/2(ΓC)

= ‖(γC(ζ
∗)+ γC(v)−ψ)− (γC(ζ

∗
h̄ p̄)+ γC(v)−ψ)+‖H1/2(ΓC)

= ‖(γC(ζ
∗)+ γC(v)−ψ)+− (γC(ζ

∗
h̄ p̄)+ γC(v)−ψ)+‖H1/2(ΓC)

= ‖(γC((ζ
∗+ v− zψ)

+)− γC((ζ
∗
h̄p̄ + v− zψ)

+)‖H1/2(ΓC)

≤ cγC‖(ζ
∗+ v− zψ)

+− (ζ ∗h̄ p̄ + v− zψ)
+)‖H1(Ω)→ 0

as h̄/p̄→ 0, where cγC > 0 is the continuity constant of γC. As (µ∗H̄q̄)
+ ∈ G∗ and max{ζ ∗h̄p̄,ψ−

v} ∈ Kv, Theorem 2.7 yields the assertion. �
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FIGURE 1. Discretization error and efficiency index with the degrees of freedom
at the x-axis. Standard cut-off functions are used to steer adaptive schemes.
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FIGURE 2. Discretization error and efficiency index with the degrees of free-
dom at the x-axis. Standard cut-off functions (SCO) and finite element cut-off
functions (FECO) are used to steer adaptive schemes.

4. NUMERICAL RESULTS

In this section we report some numerical experiments regarding the a posteriori error esti-
mates of the previous sections, in particular on the effect of the standard cut-off functions κ+

and (v−ψ)+ from (3.10) and the finite element cut-off functions (µ∗H̄q̄)
+ and max{ζ ∗h̄ p̄,ψ− v}

proposed in Theorem 3.1. For this purpose, we consider the obstacle problem as introduced in
Section 3.2 with Ω as the disc of radius 1.5 and midpoint 0. We set ΓD := ∂Ω, f := −2 and
ψ :=−(1.52− log(1.52)−1)/2 such that the solution u of the obstacle problem becomes

u(x,y) =

{
ψ, x2 + y2 ≤ 1,
x2+y2−log(x2+y2)−1

2 +ψ, otherwise

with

λ (x,y) =

{
2, x2 + y2 ≤ 1,
0, otherwise.
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(A) Mesh nr. 18 for p = 1 (B) Mesh nr. 25 for p = 2 (C) Mesh nr. 25 for p = 3

FIGURE 3. h-adaptively generated meshes

(A) max{0,ψ− v} (B) max{ζ ∗hp,ψ− v} (C) Difference of cut-off
functions

FIGURE 4. Cut-off functions for uniform h-version with p = 3 and 80 elements

Note that u is at most in H5/2(Ω) and that the free boundary, a circle of radius 1 and center in
0, is the location of the singularity. Thus the order of convergence resulting from finite element
discretizations with uniform refinements is bounded by 0.75 with respect to the degrees of
freedom and also adaptive refinements with isotropic divisions of the mesh elements cannot
exhibit arbitrarily large convergence rates.

For the decomposition of the domain Ω we use quadrilaterals with straight and curved edges,
i.e. mesh elements T with ∂T ∩∂Ω = /0 result from bilinear maps with translation FT : (0,1)2→
T , whereas the maps FT are polynomials of degree r in each direction for the remaining elements
touching the boundary. This slightly differs from the decomposition Ω with parallelograms and
affine maps FT as introduced in Section 3.1, which is needed for the reliability and efficiency
results of the a posteriori error estimator η̂ given in (3.7). But, this is not essential for the
evaluation of the error estimates. The domain approximation errors Ω

−
h := |Ω\Ωh| and Ω

+
h :=

|Ωh \Ω| with Ωh :=
⋃

T∈Th
T behave like O(h2r) with Ω

+
h almost always being zero if the

transformation mappings for the curved elements are based on nodal interpolation in some
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FIGURE 5. Error contributions vs. degrees of freedom, when uniform refine-
ments are applied.
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FIGURE 6. Error contributions vs. degrees of freedom, when h-adaptive refine-
ments with the standard cut-off functions are applied.

Gauss-Lobatto points. We set r := 6 in the experiments. For the initial mesh consisting of 5
elements we already have Ω

−
h0
≈ 3 ·10−10, Ω

−
h0/2 ≈ 5 ·10−14 and Ω

+
h = 0, so that we can neglect

the domain approximation errors.
In our experiments we choose (v,κ) as the solution of the mixed problem (3.5) with

ΛHq := {µHq ∈WHq | ∀T ∈TH , ∀x ∈ GT : µHq(x)≥ 0},

where TH is a further decomposition of Ω and GT a set of transformed Gauss points. To satisfy
the discrete inf-sup condition we reduce the polynomial degree for κ by one compared to v and
the mesh for v is obtained by one time uniformly refining the mesh for κ , i.e. we take q := p−1
and h := H/2, see [35]. As λ ∈ L2(Ω) (due to the regularity of u) we can compute lower and
upper bounds for ‖λ−κ‖H−1

D (Ω) by using the Riesz representation theorem yet with the discrete

variational equation: find whp ∈ Zhp ⊂ H1
D(Ω) such that

(∇whp,∇zhp)L2(Ω) = (λ −κ,zhp)L2(Ω)
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for all zhp ∈ Zhp. We estimate

β‖whp‖H1(Ω) ≤ ‖λ −κ‖H−1
D (Ω) = sup

z∈H1
D(Ω)\{0}

〈λ −κ,z〉
‖z‖H1(Ω)

≤ čχ(whp)

with χ(whp) := ‖whp‖H1(Ω)+‖h · (λ −κ)‖L2(Ω) and a constant č > 0, see [24] for more details
on the estimation given by the last inequality. Thus, it is justified to take χ(whp) instead of
‖λ−κ‖H−1

D (Ω) when, for instance, convergence rates are discussed. Note that the only challenge
in the evaluation of χ(whp) is the quadrature due to the (potential) non-smoothness of λ . One
may use an adaptive quadrature rule or as in our case an overkill Gauss quadrature rule with
e.g. p+15 points per dimension. As λ is essentially a Heaviside function the Gauss quadrature
converges towards the exact integral value with some algebraic (but small) convergence rates.

Figure 1 and Figure 2 show the reduction of the error for different discretization methods,
where the error estimates from (3.11) and Theorem 3.1 with ε := 1 are applied to steer the
adaptive schemes. We consider discretizations with uniform h-refinements and p = 1,2,3 and
corresponding h-adaptive refinements based on Dörfler marking with bulk parameter θ = 0.5.
In particular, Figure 2 shows that estimates (3.11) with the standard cut-off functions κ+ and
(v−ψ)+ and the estimates as stated in Theorem 3.1 with the finite element cut-off functions
(µ∗H̄q̄)

+ and max{ζ ∗h̄ p̄,ψ − v} do not siginificantly differ. To compute the finite element cut-
off functions, we use the same discretization spaces as for v and κ , i.e. H̄ = H, q̄ = q, h̄ = h
and p̄ = p and apply the slight simplification of the discretization systems (3.15) and (3.16)
as proposed in Remark 3.2. As expected the experimental order of convergence (eoc) with
respect to the degrees of freedom for the uniform h-versions are 0.5, 0.75 and 0.75 for p =
1,2,3, respectively. It is noteworthy that the error in the Lagrange multiplier λ converges at
an increased rate of 0.75 for p = 1 and both uniform and adaptive meshes. The eocs for the
adaptive refinements are optimal 0.5 for p = 1, increased 1.2 for p = 2 which should tend to
one, and 1.38 for p = 3. All adaptive schemes identify the contact zone in which the solution is
constant and thus no mesh refinements need to be carried out, see Figure 3. We observe that the
higher the polynomial degree p the stronger the concentration of the mesh refinements to the
free boundary. In Figure 4, a standard cut-off function, the corresponding finite element cut-off
function and their difference are depicted. Both graphs are very similar with the finite element
cut-off function appearing to be less angular and sometimes also being negative where v is not
in contact with the obstacle ψ .

As in the previous works [24, 25, 26, 27] we observe that the standard cut-off functions yield
reliable a posteriori error estimates in theory, which also seems to be efficient in the numer-
ical experiments. Surprisingly, the finite element cut-off functions have only small positive
effect on the efficiency index (error divided by error estimate), see Figure 2, and almost no
effect on the adaptive schemes in comparison to the use of the standard cut-off functions. The
seemingly worsening efficiency constant for the discretization schemes with p = 1 is due to the
higher-order converging error in the dual variable λ which for coarse and moderate meshes is
the dominant contribution in the combined H1- and H−1-error, see Figure 5. Looking at the
individual contributions of the a posteriori error estimates with η̂ as the residual error estimator
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of the auxiliary problem (3.6) and

ξSCO := (Ξε(κ
+,(v−ψ)+))1/2

cSCO := ((κ+,v−ψ)L2(Ω)+(κ,(v−ψ)+)L2(Ω))
1/2

ξFECO :=
(

Ξε((µ
∗
Hq)

+,max
{

ζ
∗
h̄ p̄,ψ− v

})1/2

cFECO := (((µ∗Hq)
+,v−ψ)L2(Ω)+(κ,max

{
ζ
∗
hp,ψ− v

}
)L2(Ω))

1/2

e := ‖u− v‖H1(Ω)

b := χ(whp)

we observe that η̂ is by far the dominant contribution, see Figures 5 and 6. We also observe that
the complementary contributions are always positive in our experiments. Thus, in the figures
we plot the square root cSCO and cFECO of these contributions. The quotient (ξSCO/ξFE)

1/2 is
about 1.4, 1.2, 1.1 for p = 1,2,3, respectively.

APPENDIX A. THE POSITIVE PART AND THE MINIMIZATION OF QUADRATIC

FUNCTIONALS

Let H be a real Hilbert space and C ⊂ H be a closed and convex cone with 0 ∈C. We define
the positive part v+C ∈C for v ∈ H as the unique projection of v onto C, i.e.

(v+C − v,w− v+C )H ≥ 0

for all w ∈ C, where (·, ·)H denotes the inner product of H. The negative part is defined by
v−C := v− v+C . It can easily be verified that

(v+C ,v
−
C )H = 0, (w,v−C )H ≤ 0 (A.1)

for arbitrary v ∈ H and w ∈C and that

‖v+C − ṽ+C ‖H ≤ ‖v− ṽ‖H (A.2)

for all v, ṽ ∈ H.

Lemma A.1. Let ρ,σ ,τ ∈ Y and F(v) := ‖v−ρ‖2
H +(v,σ)H . With v∗ := τ +(ρ− 1

2σ − τ)+C it
holds

F(v∗) = min
v−τ∈C

F(v)

Proof. Let v ∈ Y with v− τ ∈C. Obviously, we have v∗− τ ∈C. It holds

F(v) = ‖v− τ− (ρ− τ)‖2
H +(v− τ,σ)H +(τ,σ)H

= (v− τ,v− τ)H−2(v− τ,(ρ− 1
2

σ − τ)+C )H−2(v− τ,(ρ− 1
2

σ − τ)−C )H

+‖ρ− τ‖2
H +(τ,σ)H

= ‖v− v∗‖2
H−2(v− τ,(ρ− 1

2
σ − τ)−C )H +‖ρ− τ‖2

H +(τ,σ)H−‖(ρ−
1
2

σ − τ)+C ‖
2
H .

From (A.1) we conclude

F(v)≥ ‖ρ− τ‖2
H +(τ,σ)H−‖(ρ− τ− 1

2
σ)+C ‖

2
H ,
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where equality holds if and only if v = v∗. �
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