
J. Appl. Numer. Optim. 8 (2026), No. 3, pp. 465-473
Available online at http://jano.biemdas.com
https://doi.org/10.23952/jano.8.2026.3.08

APPROXIMATE SOLUTIONS IN LINEAR FRACTIONAL VECTOR
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Abstract. This paper studies approximate solutions of a linear fractional vector optimization problem
without requiring boundedness of the constraint set. We establish necessary and sufficient conditions for
approximating weakly efficient points of such a problem via some properties of the objective function
and a technical lemma related to the intersection of the topological closure of the cone generated by a
subset of the Euclidean space and the interior of the negative orthant. We obtain necessary conditions
and sufficient conditions for approximate efficient solutions of our problem. Applications of these results
to linear vector optimization are also considered.
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1. INTRODUCTION

Linear fractional vector optimization problems (LFVOPs) are specific nonconvex vector op-
timization problems, which have been studied intensively due to their noteworthy properties and
theoretical importance; see, e.g., [1, 2, 4, 5, 6, 8, 9, 10, 12, 13, 14, 16, 28, 31] and the references
therein.

Connections of LFVOPs with monotone affine vector variational inequalities were firstly
recognized by Yen and Phuong [29]. Topological properties of the solution sets of LFVOPs
and monotone affine vector variational inequalities were studied by Choo and Atkins [5, 6],
Benoist [1, 2], Huy and Yen [14], Hoa et al. [8, 9, 10], Huong et al. [12, 13] and other authors.
By a fundamental theorem on stability of monotone affine variational inequalities, Yen and
Yao [31] derived several results on solution stability and topological properties of the solution
sets of LFVOPs. In [30], Yen and Yang initiated a study on infinite-dimensional LFVOPs via
affine variational inequalities on normed spaces. Numerical methods for solving LFVOPs can
be found in Malivert [22] and Steuer [24]. Interested readers are referred to the survey paper
[28] for more results on linear fractional vector optimization problems.

The notions of efficient solutions and weakly efficient solutions are crucial for analyzing
vector optimization problems (see, e.g., [20, 24]). But, sometimes the corresponding solution
sets are empty. In that case, one may wish to find approximate solutions, which satisfy some
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requirements of the decision maker. In addition, note that some algorithms such as iterative
algorithms and search algorithms often provide approximate solutions. Therefore, considering
approximate solutions and studying their necessary and sufficient conditions is an important
question from both theoretical and practical points of view. Based on the Kutateladze’s con-
cept [15] of approximate points, Loridan [19] introduced the notion of ε-efficient solutions to
vector optimization and obtained some similar results as in [15]. Then, several authors (see, e.g.,
[7, 11, 17, 19, 25, 27] and the references therein) established further results in this direction.

In [17], Li and Wang proposed the concept of ε-proper efficiency in vector optimization and
obtained several necessary and sufficient conditions for ε-proper efficiency via scalarization and
an alternative theorem. Afterwards, Liu [18] obtained some scalarization results for the kind
of approximate properly efficient solutions for general vector optimization problems. Recently,
for a linear fractional vector optimization problem with a bounded constraint set, Tuyen [26,
Theorem 3.2] demonstrated that there exists no difference between the ε-properly efficient so-
lution set and the ε-efficient solution one. Later, in [11, Theorem 3.3], we presented necessary
and sufficient conditions for a ε-proper efficient solution of a general vector optimization prob-
lem via Benson’s approach [3]. Moreover, we also prove [11, Theorem 5.4] that, for any linear
vector optimization problem with a pointed polyhedral convex cone K, either the e-properly
efficient solution set is empty or it coincides with the e-efficient solution set, where e is any
nonzero vector taken from the closed pointed ordering cone. It is well known that for a general
vector optimization problem, the ε-properly efficient solution set is a subset of the ε-efficient
solution set and the ε-efficient solution set is a subset of the ε-weakly efficient solution set.

In this paper, we establish necessary and sufficient conditions for approximating weakly effi-
cient points of a linear fractional vector optimization problem without requiring the constraint
set’s boundedness. As a consequence, we obtain necessary conditions and sufficient conditions
for approximate efficient solutions to the considered problem. These results can be applied
to linear vector optimization problems. Next, Section 2 recalls some definitions and auxiliary
results. Section 3 presents the main results, while Section 4, the last section, describes some
applications of these results to linear vector optimization.

2. PRELIMINARIES

The scalar product and the norm in the Euclidean space Rp are denoted, respectively, by
〈·, ·〉 and ‖ · ‖. Vectors in Rp are represented by columns of real numbers. If A is a matrix,
then AT denotes the transposed matrix of A. Thus, one has 〈x,y〉 = xT y for any x,y ∈ Rp. For
x = (x1, . . . ,xp) and y = (y1, . . . ,yp) from Rp, one writes x ≤ y (resp., x < y) whenever xi ≤ yi
(resp., xi < yi) for all i = 1, . . . , p. The nonnegative orthant in Rp and the set of positive integers
are denoted respectively by Rp

+ and N.
A nonempty set K ⊂ Rm is called a cone if tv ∈ K for all v ∈ K and t ≥ 0. One says that

K is pointed if K ∩ (−K) = {0}. The smallest cone containing a nonempty set D ⊂ Rm, i.e.,
the cone generated by D, is denoted by coneD. The topological closure of D is denoted by D
and coneD := coneD. A nonzero vector v ∈ Rn (see [23, p. 61]) is said to be a direction of
recession of a nonempty convex set D⊂ Rn if x+ tv ∈ D for every t ≥ 0 and every x ∈ D. The
set composed by 0 ∈Rn and all the directions v ∈Rn \{0} satisfying the last condition is called
the recession cone of D and denoted by 0+D. If D is closed and convex, then

0+D = {v ∈ Rn : ∃x ∈Ω s.t. x+ tv ∈ D for all t > 0}.
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Consider linear fractional functions fi : Rn→ R, i = 1, . . . ,m, of the form

fi(x) =
aT

i x+αi

bT
i x+βi

,

where ai ∈ Rn,bi ∈ Rn,αi ∈ R, and βi ∈ R. Let K be a polyhedral convex set, i.e., there ex-
ist p ∈ N, a matrix C ∈ Rp×n, and a vector d ∈ Rp such that K =

{
x ∈ Rn : Cx ≤ d

}
. Our

standing condition is that bT
i x + βi > 0 for all i ∈ I and x ∈ K, where I := {1, . . . ,m}. Put

f (x) = ( f1(x), . . . , fm(x)) and let

Ω =
{

x ∈ Rn : bT
i x+βi > 0, ∀i ∈ I

}
.

Clearly, Ω is open and convex, K ⊂ Ω, and f is continuously differentiable on Ω. The linear
fractional vector optimization problem (LFVOP) given by f , K, and the ordering cone Rm

+, is
formally written as

(VP) Minimize f (x) subject to x ∈ K.

Definition 2.1. A point x ∈ K is said to be an efficient solution (or a Pareto solution) of (VP) if(
f (K)− f (x)

)
∩
(
−Rm

+\{0}
)
= /0. One calls x∈K a weakly efficient solution (or a weak Pareto

solution) of (VP) if
(

f (K)− f (x)
)
∩
(
− intRm

+

)
= /0, where intRm

+ =
{

ξ = (ξ1, . . . ,ξm) ∈Rm :
ξi > 0 for i = 1, . . . ,m

}
denotes the interior of Rm

+.

The efficient solution set (resp., the weakly efficient solution set) of (VP) are denoted, re-
spectively, by E and Ew.

According to [5, 22] (see also [16, Theorem 8.1]), for any x ∈ K, one has x ∈ E (resp.,
x∈Ew) if and only if there exists a multiplier ξ =(ξ1, . . . ,ξm)∈ intRm

+ (resp., ξ =(ξ1, . . . ,ξm)∈
Rm
+ \{0}) such that〈 m

∑
i=1

ξi
[(

bT
i x+βi

)
ai−

(
aT

i x+αi)bi
]
,y− x

〉
≥ 0, ∀y ∈ K.

Let ε = (ε1, ...,εm) be a vector in Rm
+. Specializing the concept of ε-efficiency of general

vector optimization problems in [17, 18, 19] to (VP), we have the following definition.

Definition 2.2. A point x ∈ X is said to be an ε-efficient solution of (VP) if there exists no y∈K
such that f (y)≤ f (x)− ε and f (y) 6= f (x)− ε .

Slightly weakening the requirement of ε-efficiency, we get the following notion of ε-weak
efficiency.

Definition 2.3. A point x ∈ K is said to be an ε-weakly efficient solution of (VP) if there exists
no y ∈ K such that f (y)< f (x)− ε .

The ε-efficient solution set (resp., the ε-weakly efficient solution set) of (VP) are denoted,
respectively, by Eε and Ew

ε .

Remark 2.1. Let x̄∈K. Then, x̄ is an ε-efficient solution of (VP) if and only if
[

f (K)−( f (x̄)−
ε)
]
∩
(
−Rm

+ \ {0}
)
= /0. Similarly, x̄ is an ε-weakly efficient solution of (VP) if and only if[

f (K)− ( f (x̄)− ε)
]
∩
(
− intRm

+

)
= /0. Clearly, Eε ⊂ Ew

ε .
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When ε = 0, the notion of ε-efficient solution (resp., the notion of ε-weakly efficient solution)
reduces to the notion of efficient solution, respectively, the notion of weakly efficient solution,
i.e., E0 = E and Ew

0 = Ew.
In the sequel, to establish verifiable necessary sufficient conditions for a point x̄∈K to belong

to Ew
ε , we need the following two lemmas. The first one is a fact related to the intersection of

the topological closure of the cone generated by a subset of Rm and the interior of the negative
orthant.

Lemma 2.1. Let Ω be a nonempty subset of Rm. Then the following two properties are equiva-
lent:

: (i) Ω∩
(
− intRm

+

)
= /0;

: (ii) coneΩ∩
(
− intRm

+

)
= /0.

Proof. Since Ω⊂ coneΩ⊂ coneΩ by definition, (ii) implies (i). To prove the reverse implica-
tion, we can argue by contradiction. Suppose that (i) holds, but (ii) is invalid. Then, there exists
a vector v̄ = (v̄1, ..., v̄m) ∈−intRm

+ such that v̄ = lim
k→∞

vk with vk = tkxk, for xk ∈Ω and tk > 0 for

all k ∈N. As lim
k→∞

vk
i = v̄i < 0 for every i ∈ I, there exists k̄ ∈N such that vk

i < 0 for all k > k̄ and

i ∈ I. So,
xk ∈Ω∩

(
−intRm

+

)
∀k ≥ k̄,

a contradiction to (i). �

Lemma 2.2 (See, e.g., [16, Lemma 8.1] and [22]). Let ϕ(x) =
aT x+α

bT x+β
be a linear fractional

function defined by a,b ∈ Rn and α,β ∈ R. Suppose that bT x+β 6= 0 for every x ∈ K0, where
K0 ⊂ Rn is an arbitrary convex set. Then,

ϕ(y)−ϕ(x) =
bT x+β

bT y+β
〈∇ϕ(x),y− x〉,

for any x,y ∈ K0, where ∇ϕ(x) denotes the Fréchet derivative of ϕ at x.

3. MAIN RESULTS

First, necessary and sufficient conditions for a feasible point to be an ε-weakly efficient
solution of (VP), where ε ∈ Rm

+, are provided by the following theorem.

Theorem 3.1. Let ε ∈ Rm
+ and x̄ ∈ K. Then, x̄ is an ε-weakly efficient solution of (VP) if and

only if there exists a vector λ = (λ1, . . . ,λm) ∈ Rm
+ \{0} such that

m

∑
i=1

λi[(bT
i x̄+βi)〈∇ fi(x̄),y− x̄〉+ εi(bT

i y+βi)]≥ 0 (3.1)

for all y ∈ K.

Proof. By definition, x̄ is an ε-weakly efficient solution of (VP) if and only if the following
system has no y ∈ K such that

fi(y)< fi(x̄)− εi, ∀i ∈ I. (3.2)
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For every i ∈ I, by Lemma 2.2, one has

fi(y)− fi(x̄) =
bT

i x̄+βi

bT
i y+βi

〈∇ fi(x̄),y− x̄〉.

So, the system (3.2) of inequalities can be rewritten as follows:

bT
i x̄+βi

bT
i y+βi

〈∇ fi(x̄),y− x̄〉+ εi < 0, ∀i ∈ I.

Since bT
i y+βi > 0 for all i ∈ I and y ∈ K, the latter is equivalent to the condition

(bT
i x̄+βi)〈∇ fi(x̄),y− x̄〉+ εi(bT

i y+βi)< 0, ∀i ∈ I.

Let

A :=

 (bT
1 x̄+β1)∇ f1(x̄)T + ε1bT

1
...

(bT
mx̄+βm)∇ fm(x̄)T + εmbT

m

 , b :=

 −(b
T
1 x̄+β1)〈∇ f1(x̄), x̄〉+ ε1β1

...
−(bT

mx̄+βm)〈∇ fm(x̄), x̄〉+ εmβm

 .

Then, x̄ is an ε-weakly efficient solution of (VP) if and only if there is no y ∈ K such that
Ay+b ∈ (−intRm

+). The last condition means that

D∩ (−intRm
+) = /0, (3.3)

where D := {Ay+ b : y ∈ K}. Put P = coneD and observe that (3.3) can be rewritten as P∩
(−intRm

+) = /0. So, by Lemma 2.1, (3.3) is equivalent to the condition

P∩ (−intRm
+) = /0. (3.4)

Let P∗ := {z∗ ∈ Rm : 〈z∗,z〉 ≥ 0, ∀z ∈ P}. We claim that (3.4) holds if and only if

P∗∩
(
Rm
+ \{0}

)
6= /0. (3.5)

Indeed, arguing by contradiction, one can easily show that (3.5) implies (3.4). We now assume
that (3.4) holds. Then, applying the separation theorem [23, Theorem 11.3] to the convex sets
P and (−Rm

+) yields a vector ξ ∈ Rm \{0} such that

〈ξ ,u〉 ≤ 〈ξ ,v〉, ∀u ∈ −Rm
+, ∀v ∈ P. (3.6)

Fixing any v ∈ P, from (3.6) we can deduce that ξ ∈ Rm
+ \{0}. Moreover, substituting u = 0 to

the inequality in (3.6) shows that ξ ∈ P∗. So, (3.5) holds.

Clearly, (3.5) means there exists a vector λ = (λ1, . . . ,λm) ∈ Rm
+ \ {0} such that 〈λ ,v〉 ≥ 0

for all v ∈ P̄. Since the latter can be rewritten as 〈λ ,Ay+ b〉 ≥ 0 for all y ∈ K and, by the
constructions of A and b,

〈λ ,Ay+b〉=
m

∑
i=1

λi[(bT
i x̄+βi)〈∇ fi(x̄),y− x̄〉+ εi(bT

i y+βi)],

we have thus proved that x̄ is an ε-weakly efficient solution of (VP) if and only if there exists a
vector λ = (λ1, . . . ,λm) ∈ Rm

+ \{0} such that the inequality (3.1) is fulfilled for every y ∈ K.
The proof is complete. �

Then, for ε-efficient solutions of (VP), the following result holds.
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Theorem 3.2. Let ε ∈ Rm
+ and x̄ ∈ K. If x̄ is an ε-efficient solution of (VP), then there exists

a vector λ = (λ1, . . . ,λm) ∈ Rm
+ \ {0} such that (3.1) holds. Conversely, if (3.1) is fulfilled for

some λ = (λ1, . . . ,λm) ∈ intRm
+, then x̄ is an ε-efficient solution of (VP).

Proof. Since Eε ⊂ Ew
ε , the first assertion follows from Theorem 3.1. To prove the second asser-

tion, suppose to the contrary that there exists a vector λ = (λ1, . . . ,λm) with λi > 0 for all i ∈ I
such that condition (3.1) is satisfied for all y ∈ K, but x̄ /∈ Eε . Then, by Remark 2.1, there exists
a vector v ∈

[
f (K)− ( f (x̄)− ε)

]
, where v = (v1, ...,vm), vi ≤ 0 for all i ∈ I, and one has vi0 < 0

for some i0 ∈ I. So, there exists y ∈ K such that v = f (y)− ( f (x̄)− ε) and{
fi(y)−

(
fi(x̄)− εi

)
≤ 0 ∀i ∈ I \{i0},

fi0(y)−
(

fi0(x̄)− εi0
)

< 0.
(3.7)

By Lemma 2.2, for every i ∈ I, one has

fi(y)− fi(x̄) =
bT

i x̄+βi

bT
i y+βi

〈∇ fi(x̄),y− x̄〉.

Hence, system (3.7) can be rewritten as
bT

i x̄+βi

bT
i y+βi

〈∇ fi(x̄),y− x̄〉+ εi ≤ 0 ∀i ∈ I \{i0},
bT

i0 x̄+βi0

bT
i0y+βi0

〈∇ fi0(x̄),y− x̄〉+ εi0 < 0.

Since bT
i y+βi > 0 for all i ∈ I, the last system is equivalent to{

(bT
i x̄+βi)〈∇ fi(x̄),y− x̄〉+ εi(bT

i y+βi) ≤ 0 ∀i ∈ I \{i0},
(bT

i0 x̄+βi0)〈∇ fi0(x̄),y− x̄〉+ εi0(b
T
i0y+βi0) < 0.

As λi > 0 for all i ∈ I, one has{
λi
[
(bT

i x̄+βi)〈∇ fi(x̄),y− x̄〉+ εi(bT
i y+βi)

]
≤ 0 ∀i ∈ I \{i0},

λi0
[
(bT

i0 x̄+βi0)〈∇ fi0(x̄),y− x̄〉+ εi0(b
T
i0y+βi0)

]
< 0.

Therefore, summing up the last inequalities yields
m

∑
i=1

λi[(bT
i x̄+βi)〈∇ fi(x̄),y− x̄〉+ εi(bT

i y+βi)]< 0.

This obviously contradicts the condition (3.1). The proof is complete. �

4. APPLICATIONS TO LINEAR VECTOR OPTIMIZATION

Consider the problem (VP) as in Section 2. If bi = 0 and βi = 1 for all i ∈ I, then (VP)
coincides with the classical linear vector optimization problem (LVOP) (see Luc [21] and the
references therein).

From Theorem 3.1, we can easily obtain necessary and sufficient conditions for ε-weakly
efficient solutions of a linear vector optimization problem as follows.
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Theorem 4.1. Let ε ∈Rm
+ and x̄ ∈ K. Then, x̄ is an ε-weakly efficient solution of (LVOP) if and

only if there exists a vector λ = (λ1, . . . ,λm) ∈ Rm
+ \{0} such that

m

∑
i=1

λi
(
〈ai,y− x̄〉+ εi

)
≥ 0 (4.1)

for all y ∈ K.

On account of Theorem 3.2, we have the following result for ε-efficient solutions of (LVOP)

Theorem 4.2. Let ε ∈ Rm
+ and x̄ ∈ K. If x̄ is an ε-efficient solution of (LVOP), then there exists

a vector λ = (λ1, . . . ,λm) ∈ Rm
+ \ {0} such that (4.1) holds. Conversely, if (4.1) is fulfilled for

some λ = (λ1, . . . ,λm) ∈ intRm
+, then x̄ is an ε-efficient solution of (LVOP).

The linear vector optimization problem in the next example has no weakly efficient solution,
while both approximate efficient solution set and approximate weakly efficient solution set are
nonempty.

Example 4.1. Consider problem (VP) with n = m = 2,

K = {x = (x1,x2) ∈ R2 : x1 ≥ 0},
and f (x) = (x1,x2). One has Ew = E = /0. Let ε = (ε1,ε2) ∈ R2

+ be such that ε1 > 0. Using
Remark 2.1, we see that

Eε = {x = (x1,x2) ∈ R2 : 0≤ x1 < ε1}
and

Ew
ε = {x = (x1,x2) ∈ R2 : 0≤ x1 ≤ ε1}.

-3

-2

-1

1

2

3

O

−R2
+

f(x̄)

−(f(x̄)− ε)

Eε

f(K)
ε y1

y2

-5 -4 -3 -2 -1 1 2 3 4 5

FIGURE 1. The set Eε in Example 4.1.

We can check that x̄ = (0,0), ε1 > 0 is an ε-weakly efficient solution by using Theorem 4.1.
Indeed, choosing λ = (λ1,0) ∈ R2

+ \{0}, λ1 > 0, we see that condition (4.1) is satisfied. Now,
we assume that there exist some λ = (λ1,λ2) ∈ intR2

+ such that the condition (4.1) holds. This
means that

λ1
(
〈a1,y− x̄〉+ ε1

)
+λ2

(
〈a2,y− x̄〉+ ε2

)
≥ 0
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-3

-2

-1

1

2

3

O

−intR2
+

f(x̄)

−(f(x̄)− ε)

Ew
ε

f(K)
ε y1

y2

-5 -4 -3 -2 -1 1 2 3 4 5

FIGURE 2. The set Ew
ε in Example 4.1.

for all y ∈ K. As a1 = (1.0) and a1 = (0.1), one has

λ1
(
y1 + ε1

)
+λ2

(
y2 + ε2

)
≥ 0 (4.2)

for all y ∈ K. Since λ = (λ1,λ2) ∈ intR2
+, we can rewrite (4.2) equivalently as

− y2 ≤
λ1
(
y1 + ε1

)
+λ2ε2

λ2
(4.3)

for all y ∈ K. We observer that (4.3) does not hold for all y = (y1,y2) ∈ K,y2 < 0 and for any
λ ∈ intR2

+. This means that there is no any λ = (λ1,λ2) ∈ intR2
+ such that (4.2) is satisfied.

But (0,0) is sill an ε-efficient solution by Remark 2.1. Thus, Theorem 4.2 cannot be used to
assure that x̄ ∈ Eε .
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