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1. INTRODUCTION

Vector optimization problems play a crucial role in many scientific and practical fields, as
multiple objectives often need to be achieved simultaneously in real-world problems. This
enables decision-makers to select solutions that best align with their specific priorities. The
applications of vector optimization problems are vast, ranging from economics and engineering
to management and artificial intelligence. Therefore, the research and development of meth-
ods for solving such problems are increasingly necessary and of great practical significance.
Optimization problem with uncertain data studies models in which input parameters are not
precisely known or may vary over time. Rather than assuming fixed data, this approach ac-
counts for uncertainties such as measurement errors, market volatility, or random noise. This
allows the model to better reflect reality and produce more stable solutions. Two common ap-
proaches are robust optimization and stochastic optimization, each addressing uncertainty in
different ways. As a result, the resulting decisions are more reliable in complex and unpre-
dictable environments. Robust optimization plays a crucial role in the study of optimization
problems with uncertain data, as it seeks solutions that remain feasible under various parameter
variations. This approach does not rely on a specific probability distribution but instead focuses
on worst-case scenarios to ensure the stability and reliability of the solutions. Therefore, ro-
bust optimization is one of the most effective tools to investigate optimization problems with
uncertain data. In the last decades, robust optimality conditions and robust duality theorems
for optimization problems with data uncertainty were studied by many researchers; see, e.g.,
[4,5,8,9,11, 16, 18, 25, 26, 27, 28, 29] and the cited references therein.
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In this paper, we consider the vector optimization problem involving intersection of closed
sets with uncertain data:

min (f1(x,u1), ..., f(X,um)),

q
UP) . xeS:= {xe ﬂCj | gi(x,vi) <0,i= 1,...,p},
j=1
where x is a decision variable, uy,k = 1,...,m and v;,i = 1,..., p are uncertain parameters,
which reside in the uncertainty sets Uy and V;, respectively, Uy C R" k=1,...,m and V; C
R!,i=1,..., p are nonempty compact sets and C i CR", j=1,...,q are nonempty closed sub-

setsand f; :R"x U, - R,k=1,...,m, g :R*"xV; - R,i=1,..., p are functions.
To treat the uncertainty problem (UP), we associate with it the following robust counterpart:

min <;{1§g}1 filxur), ... ,urfggmfm(x,um)) :
(RP) q
st.xeS:= {x € ﬂ Cjlgi(x,vi) <0,y €Vi= 1,...,p},
j=1
where the uncertain objective functions and uncertain constraint functions are enforced for all
possible realizations within the corresponding uncertainty sets. In what follows, we use some-
times the notation F := (Fi,...,F,) and G := (Gy,...,G)), where Fi(x) := max,,cy, fi(x,ux) €
R,k=1,...,mand G; := max,.cy, gi(x,vi) e R,i=1,...,p forx € R".

Definition 1.1. Let £ := (¢1,...,€&,) € R’. A vector X € § is said to be

(i) a robust e-quasi Pareto solution of problem (UP), written by x € €-quasi--#(RP), if X is
an €-quasi Pareto solution of problem (RP), i.e., for any x € S,

F(x) = F(%) + glx— x| ¢ —RE\{0}.

(ii) arobust £-quasi weakly Pareto solution of problem (UP), written by ¥ € £-quasi-#"(RP),
if X is an €—quasi weakly Pareto solution of problem (RP), i.e., for any x € S,

F(x) — F(X) + €|jx — X|| ¢ —intR".

On the other hand, finding approximate solutions is always easier than finding exact solutions
in the complex optimization problems. Therefore, the study of approximate solutions is signifi-
cant from both the theoretical aspect and computational applications. Among many interesting
research for approximate efficient solutions, optimality conditions and duality for approximate
efficient solutions of optimization problems were considered numerously by researchers. Op-
timality conditions and duality for approximate solutions of optimization problems with finite
constraints were considered in [3, 6, 7, 17, 23] and the references therein. Optimality condi-
tions and duality for approximate solutions of optimization problems with infinite constraints
were given in [12, 19, 20, 21, 24] and the references therein. Up to our knowledge, only
few papers studied optimality conditions/duality theorems for approximate solutions of non-
smooth/nonconvex vector optimization problems with uncertain data on objective function and
constraints. Besides, to the best of our knowledge, there have not been any works on optimal-
ity conditions/duality theorems for £-quasi Pareto solutions of nonsmooth/nonconvex vector
optimization problems involving intersection of closed sets with uncertain data on objective
function and constraints. Optimality conditions for an optimization problem of type (UP) with
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m = 1 without uncertain data on objective function and constraints were obtained in [1, 10].
Optimality conditions/duality theorems for robust Pareto efficient solutions of problem (UP)
(where m = 1) were investigated in [9]. Optimality conditions/duality theorems/saddle point
theorems for €-quasi Pareto solutions of vector optimization problems involving intersection
of closed sets without uncertain data on objective function and constraints were obtained in
[22]. Moreover, many other common classes of programming problems with specific types of
constraints [2, 13] can be transformed into models involving intersection of closed sets. On
the other hand, studying vector optimization problems involving intersection of closed sets is
necessary and meaningful because a mathematical optimization model related to customer sat-
isfaction in the automotive industry whose mathematical model structure is suitable for the
optimization problems involving intersection of closed sets (see [10]).

In this paper, we modify the method from [9, 22] to obtain some new results on optimal-
ity conditions/duality theorems for £-quasi Pareto solutions of nonsmooth/nonconvex vector
optimization problems involving intersection of closed sets with uncertain data on objective
function and constraints. The plan of the paper is organized as follows. Section 1, and Section
2 present introduction, notations and preliminaries. In Section 3, we investigate necessary and
sufficient conditions for robust €-quasi Pareto solutions of problem (UP). In Section 4, we study
robust duality results between problem (UP) and its dual one in the sense of Mond-Weir type.
Finally, conclusions are given in Section 5.

2. PRELIMINARIES

Some basic concepts and tools from variational analysis [14, 15], which are needed in the
sequel, are recalled in this section. Throughout the paper, all spaces under consideration are
assumed to be Euclidean spaces R” with n € N :={1,2,...}. The inner product and the norm
in R" are denoted by (-,-) and || - ||, respectively. The symbol B stands for the closed unit ball
in R". The symbol B(x,r) stands for the open ball centered at x € R” with the radius r > 0.
Let ® be a nonempty subset of R”, the interior, the convex hull and boundary of ® are denoted

respectively by int®, co® and bd®. The notation x 9, % means that x — ¥ with x € ©. The polar
cone of ® is O° := {y € R"| (y,x) <0,Vx € ®}. Besides, the nonnegative (resp., nonpositive)
orthant cone of Euclidean space R” is denoted by R = {(x1,...,x,) |x; >0,i=1,...,n} (resp.,
R™) forn € N:={1,2,...}, while intR’, is used to indicate the topological interior of R’} .

Let G: ® C R" = R™ be a multivalued function/set-valued map. G is closed at ¥ € O if, for
any sequence {x;} C ®,x; — ¥ and any sequence {y;} C R",yr € G(x¢),yx — y as k — oo,
y € G(x). Given a set-valued map G : R” = R", the sequential Painlevé-Kuratowski upper/outer
limit of G at X € domG is given by

LimsupG(x) := {y € R" | 3 sequence x 9, %and yr — y with y; € G(xi),Vk € N},
xgb?
where domG := {x € R" | G(x) # 0}.
The Fréchet/regular normal cone to ® at X € ® is defined by

N(Fx0):={yeR"| lirnsupM <0

o =



418 T.H. PHAM

If ¥ € R"\®, we put N(;0) := 0.
The Mordukhovich/limiting normal cone N (X; ®) to ® at X € @ is obtained from Fréchet/regular
normal cones by taking the sequential Painlevé Kuratowski upper limit as
N(x;0) := LimsupN(x; ®).
xiﬁ
If ¥ € R"\®, we put N(x;0) := 0.
Set @ is convex if Aa+ (1 —A)b € O forall a,b € ® and 0 < A < 1. If set O is convex, then

~

N(x%0®)=N(x0)={ycR"| (y,x—x) <0,Vx € O}.
Let y : R” — R := [—oo, +o0| be an extended real-valued function. The domain and epigraph of
y are given by
domy := {x € R" | [y(x)] < +oo},
epiy :={(x,u) ER"XR [ p > y(x)}.
Let v : R” — R be defined on R”. Then V is convex if
Y(Ax+(1=2A)y) <Ay(x)+(1—2A)y(y), forall x,y e R"and 0 < A < 1.

If the inequality is strict for x # y, then y is strictly convex.
Let v : R” — R be defined on R”. Then  is concave if

Y(Ax+(1—=2A)y) > Ay(x)+ (1—2A)y(y), forall x,y e R"and 0 < A < 1.

If the inequality is strict for x # y, then y is strictly concave.
Let v : R” — R be finite at ¥ € domy, then the Fréchet subdifferential of y at ¥ is defined by

oy(@) = {y e R"| (3,~1) € N (& ()):epiv) }

If |y(X)| = oo, then one puts 51// (%) := 0. The Mordukhovich/limiting subdifferential of f at
X is defined by

dy(x) :={y e R"[ (y,—1) e N((x, y(%));epiy)}.
If |y(X)| = +-oo, then one puts d () := 0. If y is a convex function with ¥ € domy, then

Iy () =dy(®) ={yeR"|(y.—1) € N((%,y(7)):epiy)}
={yeR"[y(x) —y(¥) > (yx— %), Vx e R"}.

Let w : R" — R be finite at X € domy, then y is lower semi-continuous at £ if liminf,_,z y(x) >
y(x). Given ® C R”, consider the indicator function §(-;®) defined by

0, ifxe 0,
0(x:0) := { +oo, otherwise.

Furthermore, we have a relation between the Mordukhovich/limiting normal cone and the Mor-
dukhovich/limiting subdifferential of the indicator function as follows

N(%;0) =d4(x;0),Vx € O.

We say that y is locally Lipschitz at x € R” if there exist a positive constant L > 0 and a
neighborhood U of , such that, for all x;,x, € U, |y(x1) — y(x2)| < L|y; —x2||. For a function
y is locally Lipschitz at ¥ with L > 0, it implies that (see [14, Corollary 1.81]), for all x* €
oy (%), x| < L.
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Lemma 2.1. (See [14, Proposition 1.114]) Let v : R" — R be finite at ¥ € R". If % is a local
minimizer of Y, then 0 € dy(X).

Lemma 2.2. (See [14, Therorem 3.36]) Suppose that y; : R" = R k=1,...,m (withm > 2)
are lower semi-continuous around x € R", and let all but one of these functions be Lipschitz
continuous around X. Then (Y1 + - -+ 4 Wy ) (%) C Y1 (X) + -+ - 4+ I Y ().

Lemma 2.3. (See [14, Therorem 3.36 and Therorem 3.46]) Let the functions y : R" — R,
k=1,...,m(withm > 2) be locally Lipschitz around x € R" and denote the maximum function
by ¢(x) ;= max{y(x) | k=1,...,m} for any x € R". Then

m

amacu{zmwmﬂmhw%mmﬂf%:n

k=1 k=1
VA0~ 9()] =0k = 1,...m

3. ROBUST APPROXIMATE OPTIMALITY CONDITIONS

In this section, we establish optimality conditions for €-quasi (weakly) Pareto solutions of for
nonsmooth vector optimization problems involving intersection of closed sets under uncertain
data. In what follows, we assume that the functions fi,..., f;, together with the constraint
functions g1,...,g, of problem (UP) satisfy the following assumptions:

(A1) Given a fixed x € R" there exist &y > 0,k=1,...,mand n; > 0,i=1,..., p such that the
functions uy € Uy — fi(x,u;) € Rand v; € V; — gi(x,v;) € R are upper semicontinuous for each
x € B(x,6;) and x € B(X, 1;), respectively, and the functions fi (-, uy),u; € Uy and g;(-,v;),vi € V;
are uniformly Lipschitz of given ranks Ly > 0,k=1,...,mand L; > 0,i=1,...,p on B(X, &)
and B(x,n;), respectively, i.e.,

]fk(xl,uk) —fk()Q,uk)’ < Lkal —sz,Vxl,xz S B()f, 6k),Vuk ceUnk=1,...,m.

|gi(x1,vi) — gi(x2,vi)| < Lillx1 —x2[,Vx1,x2 € B(X, M), Vv € Visi=1,..., p.

(A2) For the above x € R”, the multivalued functions (x,u;) € B(X,0) X Uy = 9y fy(x,u) C
R" k=1,...,m are closed at (%, i) for each ity € U(%) and the multivalued functions (x,v;) €
B(x,n;) x V; = dygi(x,v;) CR"i=1,...,p are closed at (¥,V;) for each v; € V;(x), where the
symbol d, stands for the Mordukhovich/limiting subdifferential operation with respect to the
first variable x and

Ur(x) == {ux € Ur | fie(%,ux) = Fi(¥) }, 3.1)
Vi) := {vi € Vi | gi(¥%,vi) = Gi(X)} '
with
Fi (%) := max fi(%,ug),k=1,...,m,
et (3.2)
Gi(%) := ma&;gi(x,vi),l =1,...,p.

Definition 3.1. (See [9]) Let X € S. We say that the following constraint qualification (CQ) is
satisfied at ¥ if there does not exist (iy,...,H,) € A(X) such that

p q
0€ ) pico{digi(%,vi) | vi € Vi(®)} + Y N(%C)),
i=1 Jj=1
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where V;(x) is defined by (3.1) and

p
A(x) := {(/FL],...,)LP) ERi | Z;Li: 1, max A;g;(x,v;) = 0,i = l,...,p}.

i=1 viVi

Now, we propose a necessary optimality condition for a robust €-quasi weakly Pareto solution
of problem (UP) under the condition (CQ).

Theorem 3.1. Ler € := (g1,...,&,) € RT\{0},% € e—quasi— " (RP) and the assumptions
(Al) and (A2) hold at X. Suppose that the equation vi +---+v, =0, where v; € N(%,Cj), j =
L,...,q, has only the trivial solution v; =0, j=1,...,q. Then, there exist o > 0,k =1,...,m,

m p
and w; > 0,i=1,...,p, with Zak—f—z,u,-: 1 such that
k=1 i=1

m 14
0e Z OCkCO{axfk(f, uk) | up € Uk(f)} + ,u,-co{&,cg,-(x, vi) ’ v; € Vl(f)}
k=1 i=1
m q (3.3)
+ o & B+ ZN(X;CJ')
=1 =
and
uimaxgi(f,vi):O,i:L...,p. (3.4)

v;€V;
If condition (CQ) holds at x, then o,k = 1,...,m in the relation of (3.3) can be chosen not all
equal zero.

Proof. Since x € e—quasi—."(RP), one has x € § and
F(x)—F(x)+€|x—x|| ¢ —intR™,Vx € S, (3.5)
where F := (Fy,...,F,) and F(x) := max fi(x,ux) € Ryk=1,...,m. Putting
up €Uk
d(x) = Fi(x) — F(x —x||, G; R”
():= | max {F(x) = (D) + ellv—3]. Gilo)} e € B,

where Fi,k=1,...,mand G;,i = 1,..., p are defined by (3.2).
We prove that

q
P(x) > 0=D(x),vx € (| Cj. (3.6)
j=1
It is easy to see that the equality in (3.6) holds due to X € S. Indeed, from X € S, one sees that
G;(x) <0,i=1,...,p. Therefore, one has

D)= max  {A()~ R +eli—.Gi(x)} = max {0.Gi(5)} =0

If x € S, then ®(x) > 0. Otherwise, ®(x) < 0 implies that
max  {F(x) — Fe(X) + &llx — x|, Gi(x)} <0,

1<k<m,1<i<p

which implies Fi(x) — F(X) + &llx — X|| < 0,k = 1,...,m, which contradicts (3.5). If x €

Nf—; C;\S, then there exists io € {1,..., p} such that G;,(x) > 0, which deduces that ®(x) > 0.

Therefore, (3.6) holds. Moreover, by (3.6), we see that X is a minimizer of min, ¢ lCjCI)(x).
=
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It is easy to deduce that X is a minimizer of the following unconstrained scalar optimization

problem
q
min {Cb(x) +6 <x; N cj) } : (3.7)
X =1

Applying Lemma 2.1 to problem (3.7), one obtains

OEa(ma(x;ﬁcj)) @
j=1

Since @ is Lipschitz continuous around £, Cj, ...,C, are closed sets, and §(-;C) is lower semi-
continuous around %, we deduce from 99 (x; ﬂle C j> =N ()Z; ﬂ?zl C j) and Lemma 2.2 that

0 € dP(x ( ﬂc) (3.8)

Besides, since vi +--- 4+ v, = 0, where v; € N(%;C}),j = 1,...,¢, has only one solution v; =
0,j=1,...,q, we apply the formula of normal cones to finite set intersections (See [15, Corol-
lary 2.17]) to arrive at

( ﬁ )CNXC1)+ -+ N (%C,). (3.9)

Note that d (|| - —x]|) (¥) = B. According to Lemma 2.3 and Lemma 2.2, we have

max  {F()—Ful®) + el x||,G,~<x>})<x>

1<k<m, 1<i<p

=0
C{Zak JF(X) +&B) +Zul8G %) | (..., 0m) €ERY, (3.10)

l

dD(x)

(‘ulva.u'p) €R+>Z‘Xk+ZNz: 17“1Gl()€) =0,i= 1a7p}
k=1 i=1

Following the proof of [4, Theorem 3.3], we see from assumptions (A1) and (A2) that
dF (%) =0 (max fi(%, uk)) C co{axfk(i,uk) | uy € Uk()?)},k =1,....m

uelUy

8Gi(;€) =0 (maxg,-(i,vi)) C CO{axgi(f,vi) ‘ v; € Vi(f)},i: 1,...,p,

vieV;

(3.11)

where Uy (X) and V;(X) are given as in (3.1). It yields from (3.8), (3.9), (3.10) and (3.11) that

m p
there exist oy > 0,k=1,...,m,and u; > 0,i=1,...,p, with Z ock+2u,- = 1 such that
k=1 i=1

0e 3 awcof itz s € ) |+ Y- o B | e i) |

k=1 i=1

m q
+ Z o B+ ZN(X C
=1 =1

and y; max,,cy, gi(X,v;) =0,i=1,...,p. So, (3.3) and (3.4) have been justified.



422 T.H. PHAM

Now, let condition (CQ) be satisfied at X. We obtain from (3.3) that } ;" | o # 0. Otherwise,
we assume on the contrary that o =0 for all k = 1,...,m. Then there exist ; > 0,i=1,...,p,
with Y7, ; = 1 such that

P q
0e Zuico{axgi(i,vi) |vi € Vi(f)} + ZN(}E;Cj),
=1 j=1

=

which contradicts the fulfilment of the condition (CQ) at x. The proof is complete. [

Remark 3.1. In Theorem 3.1,ifg=1and f;,k=1,...,m,g;,i =1,..., p do not have uncertain
data, then we obtain [3, Theorem 3.7]. Besides, if & =0,k=1,...,mand fi,k=1,...,m do
not have uncertain data, then we have [4, Theorem 3.3]. On the other hand, if m = 1 and & =
0,k=1,...,m, then we have [9, Theorem 3.1]. Furthermore, if f,k=1,...,m,g;,i=1,....p
do not have uncertain data, then we obtain [22, Theorem 3.3].

Now, we provide a type necessary optimality condition for problem (UP) under the smooth-
ness of related functions and the convexity of uncertainty sets. In this case, both the hypotheses
(A1) and (A2) are automatically satisfied. In what follows, we use V, h (%, i),k =1,...,m
to denote the derivative of the differentiable functions A,k = 1,...,m with respect to the first
variable at the given points (X, i), k=1,...,m.

Corollary 3.1. Let € := (g1,...,&,) € RY\{0},X € e—quasi—"(RP), where U,k =1,...,m
and V;,i = 1, p are convex sets. Suppose that there exist & > 0,k=1,...,mand n; > 0,i =
1,...,p such that the functions fi(x,-) and g;(x,-) are concave functions on Uy and V;, for each
x € B(x,0;) and x € B(x,n;), respectively. Assume that fi,k =1,... mand g;,i =1,....p
are strictly differentiable with respect to the first variable on B(x,8;) X Uy and B(X,M;) X
Vi, respectively. Assume further that maps (x,uy) — Vifi(x,u;) and (x,v;) — Vygi(x,v;) are
continuous on B(%,0) x Uy and B(X,1n;) x V;, respectively. If the system vi+---+v, =0,
where v; € N(x;Cj),j =1,...,q, has only one solution vi =0,j =1,...,q, then there exist
i € Up(x),k=1,....mv; €V(X),i=1,....,pand (oy,...,0) € R, (U1,..., 1) € RE with
Yl 0% —I—):f;l W; = 1 such that

m

m )4 q
0e Z (kaxfk()f, I/_lk) + Z ,I,L,'ngi()f, \7,‘) + Z o & B+ Z N(X;Cj) (3.12)
k=1 i=1 k=1 =

and
,u,-gi(i,\?l-) =0,i=1,...,p. (3.13)

If condition (CQ) holds at x, then o,k =1,...,m in the relation of (3.12) can be chosen not all
equal zero.

Proof. 1t is easy to see that hypothesis (A2) is automatically satisfied at x for our setting as the
maps (x,u;) — Vifi(x,ug),k=1,....mand (x,v;) — V,gi(x,v;),i = 1,..., p are continuous on
B(X, &) x Uy and B(x,n;) x V;, respectively. To verify hypothesis (A1), we only justify for the
function fi,k = 1,...,m as the similarities go for the functions g;,i =1,..., p. To see this, we
first claim that, for each € > 0, there exists y > 0 satisfying

||fok(x,l/tk) _fok(y7 Mk)” < é7vx7y € B<i7 Y)uvuk € Ukuk = 17 -e.,m, (314)
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where B(X,y) can be chosen such that B(x,y) C B(X,0),k =1,...,m and it is a convex set. To
prove (3.14), we suppose on the contrary that there exist & > 0 and a sequence {(x,,yn, Uz, )}
in B(X, &) X< B(X, 0, ) x Uy, such that (x,,y,) — (X,%) as n — oo and

Hvxfk,,(xmukn) - fokn()’n;”k,,)n > &),Vn € N. (3.15)
In view of the compactness of U,k = 1,...,m, passing to a subsequence if necessary, we may
assume that {k,} converges to some k,k = 1,...,m and {u, } converges to some ii; € Uj. Be-

sides, due to the continuity of (x,uy) — V. fi(x,ux) on B(%,8;) x Uy, it follows that
fok,, (xru ukn) — fok(-fa I/_t]_() and Vkan (ym uk,,) — fok(f, L_t]_{) as n — +oo,

which contradicts (3.15). Let € > 0 be such that (3.14) holds for a given ¥ > 0. For any
x,y € B(x,7y) with x # y and for any u; € U,k = 1,...,m. Using the mean value theorem, we
find z € (x,y) C B(X, ) satisfying the condition

fk(X,uk) _fk(yvuk) = <fok(zauk)7x_y> 5k: 1;"'7m7

where (x,y) := co{x,y}\{x,y}. This, together with (3.14) and the Cauchy—Schwarz inequality,
gives us

| (VS un) s x = y) — fre(e, uie) + fie (v, )|

= ‘<fok(y7uk)_fok(zauk)7x_y>| (3 16)
<\ Vafie(yyu) — Ve fi(z,ue) || - lx =yl '
< Ellx—yl.

From the Cauchy—Schwarz inequality, one has

(VS vy ur) s x —y) — fi b ui) + fie (v, ue)|

= |fk(x7uk)_f(yvuk)_<fok(yauk)7x_y>| (3 17)
> | fr G u) = fie v u) [ = 1 (Vafi (v, ), x = y) | '

> | fiCeur) = fivsu) | = (Vi) || - [|lx =yl

Besides, by (3.14), one has
[Vafie s wi)[| = [ Vafi e w) || < N VafiCe,ue) — Viefi (v ue) || < €,

which implies that ||V fi (v, ur)|| < ||Vifi(X, ux)|| + €. Combining (3.16) and (3.17) gives us

| fi(xue) = fr )| < (|Vafi(ywe) || - [|x = y|| + E[Jx =y (3.18)
< ([ Vafi(F, ug) || +28) - [|x = y]|. '

We conclude that (3.18) holds for every x,y € B(x,y) and u; € U,k = 1,...,m as the case of
x =y also holds trivially. By the continuity of functions u; — ||V, fx(X,u)|| on the compact

sets U,k = 1,...,m, it admits the maximum value over U,k = 1,...,m, and so we can take
Ly > max {Hfok(i, ug) || +2£‘},k =1,...,m. Consequently, hypothesis (A1) is satisfied.
up €Uy

In this setting, we can verify that (see, e.g., similar arguments as in [5, Corollary 3.4]), the
sets {fok(i,uk) | uy € Uk()?)},k =1,...,m and {ngi(f,v,-) | vi € V,-()E)},i =1,...,p are
convex. Applying Theorem 3.1, we find (a,...,0,) € R and (uy,...,1,) € RE with such
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that Y7 | o+ Y0, w; = 1 such that

0e Z(Xk{ xkauk)]ukEUk }+ZH;{ xg,xv, ‘V,EV( )}

+ Z o &B + ZN(X;Cj)7“im€3-‘§7gi(fuvi) =0,i=1,....p,
k=1 j=1 Vi€V
which imply the assertions in (3.12) and (3.13).
Now, let (CQ) be satisfied at x. We obtain from (3.12) that }7" , g # 0. Otherwise, we
assume on the contrary that o = 0 for all k = 1,...,m. Then there exist y; > 0,i =1,...,p,
with Y7, ; = 1 such that

OEZ/.L,{ «&i(%,7;) | vi € Vi(x } ZN

which contradicts the fulfilment of the condition (CQ) at x. The proof is complete. [

Remark 3.2. In Corollary 3.1,if & =0,k=1,...,mand f;,k=1,...,m do not have uncertain
data, we obtain [4, Corollary 3.4]. Besides, if & =0,k =1,...,m and m = 1, we obtain [9,
Corollary 3.1].

Now, we give an example to illustrate the necessary conditions obtained in Theorem 3.1.
Example 3.1. Let f; : R? x Uy — R,k = 1,2, be defined by
filx,uy) = |y |+ upnd,x = (x1,x) € R% uy € Uy =0, 1],

fr(x,u2) = 57 + [ra| + 1z, x = (x1,%2) € R uy € Uy = [—1,0],
andletgi:szViéR,i: 1,2, be given by

g1(x,v1) = —x7 — x| +vi,x = (x1,%2) €R% vy € V) = [-1,0],

g2(x, ) = —xl |x2| — vo,x = (x1,x2) € Rz,vz eV, =10,1].

We consider problem (UP) withm =2, p=2,g=1and C = {x = (x1,x2) € R? | x2 > |x1|}. We
have S = {x € C| gi(x,v;) < 0,Vv; € V;;i =1 2} By simple computation, one has S = C and
Fi(x) = |x1] 4+ 23, F(x) = x] + |x2|, Gi(x) = —x — |xa],i = 1,2. Now, take £ = (0,0) € S and

§ =6 = X Then, it is easy to show that X € e—quasi—.""(RP). Indeed, we have
1
Fi(x)+e|lx—x|| = |x1]+x%—|—§\/x%+x >0=F(x),Vx €S,

1
Fz(x)—i-sle—)EH:x%—i—|x2|—|—§\/x1+x >0=F(x),VxeS.

Besides, we have U (%) = {1},U,(%) = {0}, Vi(%) = {0},i = 1,2,N(%;C) = {(x*,y") € R? |
x| < =y} and

{8xf1(x,u1) | up € Ul()f)} = [—1,1] X {O},
{ostrie) e 020} = 0} < -1,
{axgi(xﬂ’i) ’ Vi € Vl()?)} = {(07_1)7(07 1)}7i: 1,2.
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1 1
On the other hand, taking a; = o = g == —B={x=(x1,x) € R? | x}+x5 <1},

4
we see that } ;" | o + Zf’zl w; =1 and
m p
(0,0)€ Y, OﬂkCO{f)xfk(f; uy) | ux € Uk(f)} +

k=1

.UiCO{axgi(f» vi) | vi € Vi(f)}
1

1=

m q

+ o & B+ ZN()E;CJ')

k=1 j=1

and p;max,,cy, gi(X,vi) = 0,i = 1,2. Thus, the necessary optimality conditions in Theorem 3.1

hold for problem (UP).

Now, we introduce a concept of the robust £-quasi approximate (KKT) condition for problem
(UP).

Definition 3.2. Let € := (&1,...,&,) € R. A point X € S is said to satisfy the robust &-quasi
approximate (KKT) condition with respect to problem (UP) if there exist o > 0,k =1,...,m,
and ; > 0,i=1,...,p such that o,k = 1,...,m can be chosen not all equal zero and

0e i (XkCO{axfk()f, l/tk) ’ Uy € Uk(f)} + u,-co{axgi(i, vi) | v; € Vl()f)}
k=1

m q
o & B+ Z N()f; Cj)
=1 =1

P
i=1

+
k

and u;max,,ey, gi(%,vi) =0,i=1,...,p.

The following simple example proves that, in general, a feasible point of problem (UP) sati-
fying the robust €-quasi approximate (KKT) condition is not necessarily to be a robust €-quasi
weakly Pareto solution of problem (UP).

Example 3.2. Let f; : Rx Uy — R,k = 1,2, be defined by
fi(xu) = —u|x|+x°,x e Ryuy € Uy = [1,2],
fr(x,un) = —|x| +x° —us,x € Roup € Uy = [0, 1],
andlet g; : RxV; — R,i=1,2, be given by
g1(x,vy) = Xl —x—2.xeR, v €V = [0, 1],
gz(x,vz) :xz—x—2+vz,x ER eV, = [—1,0].
We consider problem (UP) with m =2,p =2,g =1 and C =R. We have S = {x € C |
gi(x,v) <0,Wv; € Viyi = 1,2} = [~1,2] and F(x) = —|x| + 2, B (x) = —|x| + x°,G1(x) =
x? —x—2,Gy(x) = x> —x—2. Take ¥ =0 € S. By direct computation, one has N(%;C) =

{0},U1(f) = {1},U2(f) = {0}7‘/1()2) = {1}7‘/2()2) = {0}’
{8)6]“1()2;“1) ’ up € U](f)} = {_171}a {afo(XaMZ) ’ uy € UZ(X)} = {_171}a

and

{9xgi(f,vi) |vi € Vi(f)} ={-1}i=12
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1 1
On the other hand, taking o = 0p = 7 Uy =t = 7 &L =6 =

Z;{n:] Otk—i—zg:l Hi= 1 and

0¢ Zockco{ O fre(X,u) | uy € Up(x }+ZH:CO{ 0xgi(¥,vi) | vi € Vi(% )}

k—l i=1

,B =[—1,1], we see that

l\)l'~

+ Z OCkEkB—‘r ZN()E C
=1 =1

and p;max,,cy, gi(X,v;) = 0,i = 1,2. Thus, the robust £-quasi approximate (KKT) condition is
satisfied at ¥ = 0. However, ¥ = 0 is not a robust €-quasi weakly Pareto solution of problem

(UP). To see this, we can choose x = —1 € S, it is easy to see that
1 3
Fi(x)+e||x—x|| = —|x| +x5 + €1]x| = —1 —1+§ =—5< 0=F (%),
_ 1 3 i,
F(x)+&llx—x|| = —|x| +xs+&lx|=—1—-1 +§ =—5< 0= F(x).

Recall here the notations F := (Fj,...,F,) and G := (Gjy,...,Gp), where, k = 1,...,m,
Fi(x) := maxy ey, fr(x,ux) € R and, i = 1,...,p, Gi(x) := max,cv, gi(x,v;) € R for x € R".
Motivated by the definition of generalized convexity due to [9], we introduce a concept of gen-
eralized convexity as follows.

Definition 3.3. (i) We say that (F,G) is generalized convex at X € 031-21 C; if, for any x €
;]:1 C;, there exists w € (Zq-zl N(x;C j)> such that

fk(xauk) _fk(xauk) > <xk7 > vxk S 8xfk(x Ltk) Vi € Uk( ) =1,...,m,
gi(x7vi)_gl'(x?vi) > <xivw>7vxi E&;@’j(X,Vi),VV,‘EV( ) i= -5 Ds
and (b*,w) < ||x —x||,VD* € B, where Uy(%),k=1,...,m,Vi(x),i=1,..., p are defined
asin (3.1).

(ii) We say that (F, G) is strictly generalized convex at X € ﬂ?: ,Cj,if forany x € ﬂ?zl Ci\{x},
there exists w € (Z?: (N(x:C ])> such that

fk(xauk) _fk()zauk) > <xz’w> 7vxlt S aka<X7uk)7vuk € Uk(X)J(: lL,....,m,

gi(xvvi) _gi(x7vi) > <X;-’<,W> 7vx;'k < axgi(javi)avvi S Vl(x)al =1,... D5
and (b*,w) < ||x—x||,Vb* € B.

Remark 3.3. Note that, if Cj, j=1,...,qare convex and f;,k=1,...,m,g;,i=1,..., p are con-
vex (resp., strictly convex), then (F, G) is generalized convex (resp., strictly generalized convex)
atany x € ﬂ?zl Cjwithw :=x—x foreachx € ﬂjl':l C;. In addition, by minor modifications of
[9, Example 3.3], we can prove that the class of generalized convex functions can contain some
nonconvex functions.

Now, we give a sufficient condition for robust €-quasi (weakly) Pareto solutions of problem
(UP).

Theorem 3.2. Let € := (€y,...,&,) € RY\{0}. Assume that X € S satisfies the robust €-quasi
approximate (KKT) condition.
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(i) If (F,G) is generalized convex at X, then X € €—quasi—. " (RP).
(ii) If (F,G) is strictly generalized convex at X, then X € e—quasi—.7 (RP).

Proof. Since X € S satisfies the robust £-quasi approximate (KKT) condition, we see that there
exist (@, ..., 0n) € R™, (U1,...,1p) € RE with ¥}" | oy # 0 and

x,t € co 8xfk(32,uk) | Ui € Uk()f)},k: 1,...,m,
(3.19)

x; € coq digi(X,vi) | vi € Vi(f)},iZ l,....p,

as well as b* € B such that

m )4 m q
— (Z X+ Y Xy + ) ockekb*> €Y N(xCj) (3.20)
k=1 i=1 k=1

j=1
and

wimaxg;(x,v;) =0,i=1,...,p. (3.21)

v;€V;
It is clear from (3.19) that there exist 0y > 0,x}; € O fi(X,up),urs € Up(X),1 = 1,... . [, Iy €
Nrguch that Zé’;l o =1, Wwir > 0,x}. € okgi(X,vir),vir € Vi(X),r =1,...,ri,r; € N such that
Y, Mir=1and

k i
* * E
xk:Z oyxy, k=1,...,m, xi:Z,uirxl—r,lzl,...,p.
=1 r=1

Thus, we deduce from (3.20) that

m Iy q
(Z oy Z aklxkl + Z Wi Z u,,xl, + Z o b* ) € Z N (X;Cj) . (3.22)
j=1

k=1 =1 i=1 r=1 k=
We first prove (i). Suppose on contrary that X ¢ e—quasi—."(RP). It then follows that there
exists £ € S such that
F(£) — F (%) +€|[£ — %|| € —intR", (3.23)
where Fj(x) := maxy, ey, fe(x,ux),k=1,...,m, for each x € ﬂ?zl C;. By the generalized con-
vexity of (F,G) at X and the definition of polar cone, we deduce from (3.22) that, for such £
above, there exists w € ( ?: N (%€ ])) such that

o
A
1=

I p i m
o | Y ow (le,w>> + ) (Z Hir (X?r,W>> + ) oueg (b, w)
=1 i=1 r=1

k=1

~
I
—_

IA
[-1s
8

I
Y o (fi(®un) — fie(%, Mkl)))
i=1

T
I

+
.M"B
=

~
—_

Ti m
Y i (gi(R,uir) — gi(%,uir)) | 4 Y o] 12—,
=1

r=1
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or equivalently,

m I T
Y o (Z Ot fi (%, Mkl)) + i Hi <Z Hirgi(X, Mir))
i=1 —1

=1

m I )4 Ti m
<Y o (Z O fi (X, ukl)) +Y W (Z Hirgi()?,uir)> + Y oye1£— x|
=1 =t \/= =1

>~

(3.24)

It is easy to imply that from the definition of max functions Fy(x),k = 1,...,m and G;(x),i =

1,...,p,onehas fi (£, ) < Fi(%), fi(¥up) = Fr(%),0=1,.... I, lk € N, uy EUk( ¥) and g;(£, Vlr)
< Gi(R), gi(x,vir) = Gi(x), r=1,...,ri,ri € N,v; € Vi(X). Hence, we deduce from (3.24) that

m lk ri m lk
Y o (Z Oflek(f)> + fﬂi (Z ,LlirGi(i)) <Y o (Z Oﬂksz()?)>
i=1 \r=1 =1 \U=l
+ i‘ui Z uirGi(ﬁ) + i ockekH)E—XH.
i=1

r=1 k=1

or equivalently,

m I m I
Z Z 0y Ot Fie (%) + Z Z Wil Gi(%) < )" Z 04 Ot Fie (%
=11=1 k=11=1

i= “ (3.25)
Zz.uz.utr )—l—Z(XkSkH)?—XH.
i=1r=1 k=1

Note that, for any £ € S and by (3.21), w;G;(%) <0,i=1,...,p and @;G;(x) =0,i=1,...,p.
Thus, it follows from (3.25) that

m m
Z Z Ot Oty Fe (% Z Z 0 Oy Fie () + Z g || £ — x|

k=1

or equivalently, Y'7" | o F (%) < Y7, owFi(X) + X701 | ox&||% — X||. This, along with the fact
that o > 0,k =1,...,m with Y.7' | o # 0, it follows that there exists ko € {1,...,m} such that
Fi, (X) < Fy, (%) + &,||% — x||, which contradicts (3.23). The proof of (i) is complete.

We now prove (ii). Suppose on contrary that X ¢ €-quasi-.%(RP). It then follows that there
exists X € S such that

F (%) — F(X)+€||x —x|| € —RT\{0}, (3.26)

where Fj(x) := max,, ey, fi(x,ux),k =1,...,m, for each x € ﬂjlej. By the strictly gener-
alized convexity of (F,G) at X, we deduce from (3.22) that, for such ¥ above, there exists
we ( ?ZIN(X;C]-)> such that

P T m
Z Oty (X, W ) +) (Z Hir (X?r,W>> + ) oueg (b, w)
i=1 —1

k=1

o
IN

Ms TTME

lk
ZOCkz S ug) — fi(, ”kl)))

T
I

+
.M’m

~
—_

m
Z i (8i(&,uir) — gi(%,uir)) | + Y oucer| 12— %],
=1

r=1
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By a similar procedure as in the proof of (i), one has

m m m
Z OCka()E) < Z OCka(xA) + Z akskH)E—)ZH,
k=1 k=1 k=1
This, along with the fact that o, > 0,k =1,...,m with } /' , o # 0, it follows that there exists
ko € {1,...,m} such that Fy (X) < Fy, (%) + &,||X — X||, which contradicts (3.26). The proof of
(i1) is complete. ]

Remark 3.4. In Theorem 3.2, if g =1 and fi,k=1,...,m,g;,;i=1,..., p do not contain un-
certain data, we obtain [3, Theorem 3.13]. Besides, if & =0,k=1,...,mand fi,k=1,...,m
do not contain uncertain data, we have [4, Theorem 3.11]. On the other hand, if m = 1 and
&g =0,k=1,...,m, we obtain [9, Theorem 3.2]. Furthermore, if fi,k=1,....m,g;,i=1,...,p
do not have uncertain data, we get [22, Theorem 3.9].

Now, we present an example to show the importance of the generalized convexity of (F,G)
in Theorem 3.2.

Example 3.3. Let f; : R x Uy — R,k = 1,2, be defined by

fl(xvul) = { *

1
2sin— —uy, ifx#0,
X

0, ifx =0,

XERu el = [0,1],

1

2 . - .

Flru) = X smx—l—uz, if x #£0, X ER,uy € Up = [—1,0],
0, ifx=0,

andlet g; : RxV; — R,i=1,2, be given by

g1(x,v)) = x> —x+vi,x = (x,x) € R%,v; €V = [-1,0],

g2(x,v7) =X’ —x—vy,x= (x1,x2) € R%, v, €Vy = [0, 1].
We consider problem (UP) withm =2,p=2,g=1and C =R. We have S = {x € C | gi(x,v;) <
0,Vv; € V;,i=1,2} =[0,1] and Fj (x) :xzsin}c,Fz(x) :xzsin)lc,Gl(x) = x> —x,Gy(x) = x* —

x. Take ¥ =0 € S. By direct computation, one has N(x;C) = {0},U;(x) = {0},U;(X) =
{0}, Vi(x) = {0}, V1(x) = {0} and

{oiman) L € v} = 1,11 {austre) Lo € Oa(a) | = [-1.1]

{axgi(f,vi) |vi € Vi(f)} ={-1}i=12.

1 1 1
On the other hand, taking oy = oy = 7 U= =—-,6=86=-—,B=[-1,1], we see that

4 3n
Y& o+ YY  wi=1and

o f el e <o)

P
k=1 j—=

uico{axgi(i, vi) | vi€ Vi(f)}
| . i=1
+ ) aEB+ ) N(x:C))

k=1 j=1
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and p;max,,cy, i(X,v;) = 0,i = 1,2. Thus, the robust £-quasi approximate (KKT) condition is
satisfied at ¥ = 0. However, X = 0 is not a robust €-quasi weakly Pareto solution of problem

. 2 .
(UP). To see this, we can choose x = Iz € §, it is easy to see that

_ 4 2 2 _
_ 4 2 2 _
Bx) &l =il =~ + 55 = —5 < 0= (%),
2
The reason is that (F,G) is not generalized convex at ¥ = 0. Indeed, take x = 31 €C,x; =

0e {8xfk(x,uk) | uy € Uk(f)} = [—1,1],k = 1,2. Then, it is easy to see that N(x;C)° = R and

Jie(x,ug) — fr (% u) = —%

p= <0= <x,’§,w> ,\YweN(x;,C)° =R,
Vug € Up(x),k=1,2.
4. ROBUST APPROXIMATE DUALITY THEOREMS

In this section, we consider dual problem of robust problem (UP) in a Mond—Weir type. For
convenience’s sake, we recall here the notation F := (Fi,...,F,) and G := (Gy,...,Gp), with

Fi(y) := max fi(v,ux) €ER,k=1,...,m,
u €Uy
Gi()’) = ?S&g"(y’v") cR,i=1,...,p,

and

Uc(y) :=Aur € Ur | firyup) = F(y) },k=1,....m,

Viy) :=={vi € Vil giyvi) = G:(y) },i=1,....p,
where y € R". Denote o := (q,...,0,) € R"\{0} with ¥}, o = 1, := (Wy,..., 1) €RE,
C;CR",j=1,...,qare nonempty closed subsets. We consider Mond—Weir type uncertain dual
problem (UMWD) with respect to problem (UP) as follows:

(UMWD) max {fl(y7ul)7"'7fm<y7um) ‘ (y,Ot,,u) € SMWD}

For € := (g,...,&,) € R, the feasible set of problem (UMWD) is defined by

q
SMwD = {(Y»anu) € ﬂ Cjx (RT\{0}) x RY |

j=1
m P
0ey akco{axfk@, we) | g € Uk<y>} ; Zuico{axg,-@, w) e w} .1
k=1 i=1
m q p m
+Y waB+ Y N»C)), Y wGi(y) >0,) o = 1}-
k=1 =1 i=1 =1

The robust counterpart of problem (UMWD) can be captured by the following problem:

RMWD)  mx { i ). s o) | 00001) € S

u1€l un€Uy

where Sywp 1s given as in (4.1).
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In what follows, we use the following notation for convenience:
u<veu—ve —intRY, u Avis the negation of u < v,

u=veu—ve—-RY\{0}, uAvis the negation of u < v.
Now, we introduce definition of &-quasi (weakly) Pareto solutions for problem (UMWD).

Definition 4.1. Let € := (&1,...,&,) € R7. A vector (7,0, L) € Smwp is said to be
(i) a robust g-quasi Pareto solution of problem (UMWD), written by (¥, &, i) € €-quasi-
< (RMWD), if (7, @, 1) is an €-quasi Pareto solution of problem (RMWD), i.e., for any

(y, @, 1) € Smwp, F(y) — F(7) — €[y — yl| ¢ RT\{0}.
(ii) a robust e-quasi weakly Pareto solution of problem (UMWD), written by (7, &, fl) € €-
quasi--""(RMWD), if (7, @, [1 ) is an £-quasi weakly Pareto solution of problem (RMWD),

i.e., for any (y, @, it) € Smwp, F(y) = F(§) — €|[y — || ¢ intR"}.

Theorem 4.1. (Robust e-quasi weak duality) Let € := (€,...,&,) € R7. Suppose that x € S
and (y, 0, L) € SMWD-

(i) If (F,G) is generalized convex at y, then F (x) A F(y) — €||x —y||.

(i) If (F,G) is strictly generalized convex aty, then F(x) A F(y) — €||x —y||.

Proof. Since (y, @, i1) € Smwp, we see that there exist (i, ..., 0,) € R7\{0} with Y.7' | o =
L= (u,...,1p) € RE and

xzeco{axfk(%uk) |l/lk€Uk(y)},k:1,...,m, (42)

17 € ol i) [ € Vi) b= 1o @3)

as well as b* € B such that

m p m q
_ (Z oxg + Y x4+ ) ockekb*> €Y N(»Cj) (4.4)
k=1 i=1 k=1 =1

J
and

)4
Y wGi(y) > 0. (4.5)
i=1

We first prove (i). Let x € S. we suppose on contrary that F(x) < F(y) — &||x —y||. It follows
that

F(x)—F(y)+¢€||x—y|| € —intR?. (4.6)

:N(y;cj)>o

q
By the generalized convexity of (F,G) aty, for suchx € ﬂ Cj, there exists w € (
J

j=1
such that

fk(x7uk) _fk(y7uk) Z <I/£*,W> 7vu* € axfk(y7uk)7vuk S Uk(y)ak: 15-- ., m, (47)

gi(x,vi) — gi(y,vi) = (v, w) ,W* € degi(y,vi), VWi € Vi(y),i=1,...,p (4.8)
and
(b*,w) <|lx—yl|,Vb* € B. (4.9)
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It is clear from (4.2) that there exist o > 0,x}; € A fi(y, uks), ug € Ur(y),l = 1,..., Ik, [y € N
such that Z;"Zl o =1 and xj = Zﬁ"_l O3k =1,...,m. Thus, from (4.7), one has

Iy

(xg,w Z oy (g w) <Y o (i, i) — fre(yy ) -
I=1
From the definition of max functions Fi(x),k = 1,...,m, one has fi(x,ux;) < Fi(x), fi(y,up) =
Fr(y),l=1,.... i, Ik € N,uy € Up(X) and

Iy

(xew) < Y o (Fe(x) — Fi(y)) = Fi(x) — Fe(y). (4.10)
=1

Similarly, from (4.3) and (4.8), we can verify that, foreachi=1,..., p, there exist y;, > 0,x}. €
axgi(y7vir)>vir S Vi(y),r: 1,...,ri,ri € Nsuch that Zrl 1 Hir = 1 and

x5 w) = Z Wir (x5, w) < Z Wir (i (X, vir) — &i(¥,Vir)) -
r=1

r=1
From the definition of max functions G;(x),i = 1,..., p, one has g;(x,vi;) < Gi(x),gi(y,vir) =
Gi(y),r =1,...,ri,ri € Nyv;, € V,()f) and

w) < Y i (Gi(x) — Gi(y)) = Gi(x) — Gi(y). (4.11)
r=1
Hence, we deduce from (4.10), (4.11), (4.4), the definition of polar cones, and (4.9) that
m m
0 < Z xk, —f-Z[,Ll >+Z(Xk8k<b*,w>
k=1 k=1
<Y o [F(x) +Zuz Gi(y)]+ Y owerllx—yll.
k=1 k=1
or equivalently,
m p m m
Y owFi(y)+ Y mGi(y) < ) ouFi(x) + Z 1Gi(x)+ Y ogel|x—yl|. (4.12)
k=1 i=1 k=1 k=1

By x € S, it is obvious that G;(x) < 0,i =1,..., p. Thus Zi:l wiGi(x) <0. From (4.12), we can
assert that
m p m
Y owFi(y)+ Y wGi(y) < Y ouFi(x) + Z oy [x — vl (4.13)
k=1 i=1 k=1

From (4.5) and (4.13), it is easy to follow that

m

Y aF(y) < Z oy Fy(x) + Z o] lx — .

= k=1 k=1
This, along with the fact that o := (o,..., ) € RP\{0} with ¥'}' , o = 1, it follows that
there exists ko € {1,...,m} such that F,(y) < Fy,(x) + &,||x —y||. This implies that Fy (x) —
Fi,(v) + €, ||x —y|| > 0, which contradicts (4.6). The proof of (i) is complete.

We now prove (ii). Let x € S. We suppose on contrary that F'(x) < F(y)

equivalent to the following inequality

F(x) = F(y) +&llx—yl|| € -RT\{0}. (4.14)

, which is
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. . . q .
By the strictly generalized convexity of (F,G) at y, for such x € i1Cj above, there exists
(¢}
q .
we (sumjle (y,Cj)> such that

e ue) = fi(yu) > (™, w) ,Vu" € O fi (v, ux), Yuy € Up(y), k= 1,.

gi(x,vi) — gi(y,vi) = (v, w) ,W" € dgi(y,vi), Vvi € Vi(y),i = 17---,19
and (b*,w) < ||x—y||,Vb* € B. By a similar procedure as in the proof of (i), we arrive at

m p m
0 < Z oy (xz,w) + Z/.Li (x7,w) + Z o€ (b, w)

k_l k=1
m
<ZOC1< Fi(x) — Fi(y) +Zlvlz ))"‘Zakngx_YHa
or equivalently,
m p m p m
Y aF () + Y wGi(y) < Y F(x)+ Y wGi(x) + ) ouerl[x—yl|. (4.15)
k=1 i=1 k=1 i=1 k=1

By x € S it is obvious that G;(x) <0,i=1,...,p. Thus Y7, 11;G;(x) < 0. From (4.15), we can
assert that
Z o fi(y) + Zuzgz < Z O fie () + Z 0| |x — . (4.16)
k=1
From (4.5) and (4. 16), it is easy to follow that

m
ZOCka <Zaka —I—ZOCkEkHX y||
= k=1 k=1

This, along with the fact that o := (e, ..., a,) € RT\{0} with ¥}" ; o = 1, it follows that
there exists kg € {1,...,m} such that Fi (y) < Fy,(x) + &,||x — y||.- This implies that Fj (x) —
Fi,(v) + €, ||x —y|| > 0, which contradicts (4.14). The proof of (ii) is complete. O

Remark 4.1. In Theorem 4.1, if m =1 and & = 0,k = 1,...,m, we obtain [9, Theorem 4.1].
Furthermore, if fi.,k=1,...,m,g;,i=1,..., p do not have uncertain data, we have [22, Theorem
4.6].

Theorem 4.2. (Robust e-quasi strong duality) Let € := (&1,...,&,) € R, X € e—quasi—"(RP)
and assumptions (A1) and (A2) hold. Suppose that the condition (CQ) is satisfied at X and that
the equation vi +---+vy = 0, where v; € N(%;C;),j = 1,...,q, has only the trivial solution
vi=0,j=1,...,q. Then there exists (&, 1) € (RT\{0}) x R such that (,&, ft) € Smwp.
(i) If (F,G) is generalized convex at any y € ﬂ?zl Cj, then (y,a, 1) € €-quasi-" (RMWD).
(ii) If (F,G) is strictly generalized convex at any y € ﬂ?le i, then (y,Q,[1) € €-quasi-
< (RMWD).

Proof. Let X € g-quasi--"(RP). It follows from Theorem 3.1 that there exist & := (&1, ..., 0y) €
R™ with Y7°, o # 0, pt := (Wy,..., 1p) € RE such that

0e Z ockco{ O fre(X, i) | iy € U (X }+Z[.L,CO{ 0vgi(X,v;) | v € Vi(x )}
=1 =1 (4.17)

m q
+ Z o B+ ZN()? Cj)
=1 =
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and y; max,,cy, gi(X,v;) =0,i=1,..., p. Putting

a .
oy = k Jhk=1,....om0; := Hi Jd=1,...,p,

T om m
2 % ) %
k=1 k=1

one has & := (ay,...,0y) € R7\{0} with ¥}, & = 1 and ft := (fly,...,fl,) € RY. Further-
more, the assertion in (4.17) is also valid when oy’s and u;’s are replaced by &;’s and [i;’s,
respectively. So, (X, 0, 1) € SMwD-

(i) If (F,G) is generalized convex at any y € ﬂ?ZIC ;» we find by invoking (i) of Theo-
rem 4.1 that F(X) £ F(y) — €||x—y||, for any (y,a, 1) € Sywp. This implies that (¥, &, fi) €
e—quasi— " (RMWD). The proof of (i) is complete.

(ii) If (F,G) is strictly generalized convex at any y € ﬂ;l.zl C;, we obtain by invoking (ii) of
Theorem 4.1 that F(x) A F(y) — €||x—y||, for any (y, @, 1) € Sywp. Therefore, (¥, @, fi) € €-

quasi--(RMWD). The proof of (ii) is complete. O
Remark 4.2. In Theorem 4.2, if m =1 and & = 0,k = 1,...,m, we have [9, Theorem 4.2].
Furthermore, if fi,k=1,...,m,g;,i=1,..., p do not have uncertain data, we see [22, Theorem
4.7].

Since Cj,j=1,...,q are convex and fi,k=1,...,m,g;,i =1,...,p are convex, then (F,G)
is generalized convex at any X € ﬂ?zl C; with w := x — x for each x € ﬂ?zl C;. Therefore, the
next corollary is a direct consequence of Theorem 4.2.

Corollary 4.1. Let € := (&1,...,&,) € R, X € e—quasi— " (RP) and assumptions (Al) and
(A2) hold. Suppose that the condition (CQ) is satisfied at X and that the equation vi + -+ +vy =
0, where v; € N(x;C;),j=1,...,q, has only the trivial solution v;j =0, j=1,...,q. Then there
exists (0, i) € (RT\{0}) x RY such that (%,0, i) € Smwp. Let Cj,j=1,...,q be convex. If
fiGyup),k=1,....mand g;i(-,v;),i=1,...,p are convex at any y € m3:1Ci’ then (y,0, 1) € €-
quasi--"(RMWD).
Theorem 4.3. (Robust &-quasi converse duality) Let € := (€1,...,&,) € RY. Suppose that
(X,0, i) € SMwD.

(i) If x € S and (F,G) is generalized convex at X, then X € €-quasi-"(RP).

(ii) If x € S and (F,G) is strictly generalized convex at X, then X € €-quasi-.(RP).

,[1) € Smwbp, we see tgat there exist & := (&, ..., 0,) € RT\{0} with 1} | &

Proof. Since (X,
. fpy) €RE and

1,‘[._1 = (.alv"

X e co{axfk(x,uk) | ug € Uk(x)},k: 1,...,m, (4.18)

x; € Co{axgi(iyvi) |vi € V,-(f)},i =1,...,p, (4.19)

as well as b* € B such that

m 14 m q
— (Z éckx,t + Zﬂix}k + Z dkekb*> € Z N ()f; Cj) (4.20)
k=1 i=1 =1

k=1 bi
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and
P
Y wGi(x) > 0. (4.21)
i=1

We first prove (i). Suppose on contrary that ¥ ¢ € —quasi—."(RP). It then follows that there
exists X € S satisfying

Fk()f)<Fk(f)—8k||f—f||,k:1,...,m. 4.22)
q [0
By the generalized convexity of (F,G) at X, for such X € ﬂ C;, there exists w € ():?: (NxC ])>
j=1
such that
fk(f, uk) —fk()f, uk) > (u*,w) Nut e axfk(f, uk),wk € Uk()f),k =1,...,m, (4.23)
8i(%,vi) — gi(%,vi) > (v, w) ,W* € dhgi(X,vi), Vv € Vi(X),i=1,...,p, (4.24)
and
(b*,w) <||x—x||,Vb" € B. (4.25)

It is clear from (4.18) that there exist oy > 0,x;; € I fic(X,upr),upg € Up(X),1 =1,... [, [k €N
such that Zg’;l o =1 and xj = Zﬁ’;l 01X}k =1,...,m. Thus, from (4.23), one has

I

(X, w Z ot (5 w) < Y o (el Funr) — Sl %y g )) -

=1

From the definition of max functions F(%),k = 1,...,m, one has f;(%,uy) < Fi(X), fr (X, ur) =
Fk()f),l:L Sl lk €N ukIGUk( )and

Iy

(i w) <Y o (Fe(%) — Fi(X)) = Fe(%) — F(%). (4.26)
i=1

From (4.19) and (4.24), we can verify that, for each i = 1,..., p, there exist w;, > 0,x. €
0x&i(%,vir),vir € Vi(X),r=1,...,r;,ri € Nsuch that })* | u;» = 1 and

W> = Z Wir <x;'kryw> < Z iy (gi(f, Vir) _gi(f, Vir)) .
r=1

r=1

From the definition of max functions G;(%),i = 1,..., p, one has g;(%,v;;) < G;(%),gi(X,vir) =
Gi(x),r=1,...,ri,r; € N,v; € V;(%) and

ri
w) < Y pir (Gi(%) — Gi(%)) = Gi(%) — Gi(%). (4.27)
r=1
From the definition of polar cones, (4.20), (4.25), (4.26), and (4.27), it is easy to deduce that

(U, w +Zu, w)+ Y oye (b w)

IA
Ms

0
kn:11 , k= . (4.28)
<Y & (Fu(®) - R(9) + anu—wm+gmMWWL
k=1 i=1 =
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By % € S, it is obvious that G;(¥) < 0,i=1,...,p. Thus Y7 1;G;(¥) < 0. From (4.21) and
(4.28), it is easy to see

Z O Fie(% Z o Ex || % — x| > Z O Fie(%

This, along with the fact that & := (&,...,&,) € R?\{0} with ¥}" , & = 1, it follows that
there exists ko € {1,...,m} such that Fi (%) + &,||X — X|| > Fy, (%), which contradicts (4.22).
The proof of (i) is complete.
We now prove (ii). Suppose on contrary that X ¢ €-quasi-'(RP). It then follows that there
exists X € S satisfying
Fk( )—|—8k||x x||<Fk( ) k=1,....,m, (4.29)

where at least one inequality is strict. By the strlc'gly generalized convexity of (F,G) at &, for
such £ € ﬂ?zl C;, there exists w € (Zq: N (% Cj)> such that
j=1
Jie(®ug) — fie(Zyug) > (u,w) ,Yu™ € o fie(%,ui),Yug € Up(X),k=1,...,m,
gi(%,vi) — gi(X,vi) > (V" w) ,W* € dugi(X,vi),Vvi € Vi(X),i=1,...,p,

and (b*,w) < ||X —x||,Vb* € B. By a similar procedure as in the proof of (i), we arrive at

Ms

0 < 3 (X, w +Zu, w)+ Y oyer (b w)
k;} k=l . (4.30)
<Y oy [Fi(%) +ZH: —Gi(®)+ Y onee] 12— x[.
k=1 k=1

By £ € S it is obvious that G;(%) < 0,i = 1,..., p. Thus, one implies that

Z iGi(%) < 0. (4.31)
i=1
From (4.21), (4.30) and (4.31), it is easy to follow that

ZOCka +Zak8k||x x||>Zaka
k=1 i=1

This, along with the fact that & := (&, ..., &,) € R?\{0} with ¥}' , & = 1, it follows that
there exists ko € {1,...,m} such that Fi (%) + &,||X — X|| > Fy, (%), which contradicts (4.29).

The proof of (i) is complete. 0
Remark 4.3. In Theorem 4.3, if m =1 and & =0,k =1,...,m, we see n [9, Theorem 4.2].
Furthermore, if fi,k=1,...,m,g;,i =1,..., p do not have uncertain data, we see [22, Theorem
4.8].

Since Cj,j=1,...,q are convex and fi,k =1,...,m,g;,i =1,..., p are convex, then (F,G)
is generalized convex at any X € ﬂ?zl C; with w := x — X for each x € ﬂ?;l C;. Therefore, the
next corollary is a direct consequence of Theorem 4.3.

Corollary 4.2. Let € := (&1,...,&,) €ERY and Cj, j=1,...,q be convex. Let (X,0, 1) € SMwD.
IfxesS, fi(-,ux),k=1,... . mand g(-,v;),i=1,..., p are convex at X, then X € €-quasi- " (RP).
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5. CONCLUSION

In this paper, we first obtained necessary optimality conditions for £-quasi Pareto solutions of
problem (UP) in terms of the Mordukhovich/limiting subdifferentials. We next introduced the
new definition of generalized (strictly) convex via the Mordukhovich/limiting subdifferentials
of locally Lipschitz functions. We then established sufficient optimality conditions and duality
theorems for £-quasi Pareto solutions of the considered problem under the assumption of gen-
eralized (strictly) convexity. The obtained results in this paper are new and different from the
results presented in [3, 4, 9, 22].
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