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1. INTRODUCTION

Vector optimization problems play a crucial role in many scientific and practical fields, as
multiple objectives often need to be achieved simultaneously in real-world problems. This
enables decision-makers to select solutions that best align with their specific priorities. The
applications of vector optimization problems are vast, ranging from economics and engineering
to management and artificial intelligence. Therefore, the research and development of meth-
ods for solving such problems are increasingly necessary and of great practical significance.
Optimization problem with uncertain data studies models in which input parameters are not
precisely known or may vary over time. Rather than assuming fixed data, this approach ac-
counts for uncertainties such as measurement errors, market volatility, or random noise. This
allows the model to better reflect reality and produce more stable solutions. Two common ap-
proaches are robust optimization and stochastic optimization, each addressing uncertainty in
different ways. As a result, the resulting decisions are more reliable in complex and unpre-
dictable environments. Robust optimization plays a crucial role in the study of optimization
problems with uncertain data, as it seeks solutions that remain feasible under various parameter
variations. This approach does not rely on a specific probability distribution but instead focuses
on worst-case scenarios to ensure the stability and reliability of the solutions. Therefore, ro-
bust optimization is one of the most effective tools to investigate optimization problems with
uncertain data. In the last decades, robust optimality conditions and robust duality theorems
for optimization problems with data uncertainty were studied by many researchers; see, e.g.,
[4, 5, 8, 9, 11, 16, 18, 25, 26, 27, 28, 29] and the cited references therein.
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In this paper, we consider the vector optimization problem involving intersection of closed
sets with uncertain data:

(UP)

min( f1(x,u1), . . . , fm(x,um)) ,

s.t. x ∈ S :=
{

x ∈
q⋂

j=1

C j | gi(x,vi)≤ 0, i = 1, . . . , p
}
,

where x is a decision variable, uk,k = 1, . . . ,m and vi, i = 1, . . . , p are uncertain parameters,
which reside in the uncertainty sets Uk and Vi, respectively, Uk ⊂ Rm,k = 1, . . . ,m and Vi ⊂
Rl, i = 1, . . . , p are nonempty compact sets and C j ⊂ Rn, j = 1, . . . ,q are nonempty closed sub-
sets and fk : Rn×Uk→ R,k = 1, . . . ,m, gi : Rn×Vi→ R, i = 1, . . . , p are functions.

To treat the uncertainty problem (UP), we associate with it the following robust counterpart:

(RP)

min
(

max
u1∈U1

f1(x,u1), . . . , max
um∈Um

fm(x,um)

)
,

s.t. x ∈ S :=
{

x ∈
q⋂

j=1

C j | gi(x,vi)≤ 0,∀vi ∈Vi, i = 1, . . . , p
}
,

where the uncertain objective functions and uncertain constraint functions are enforced for all
possible realizations within the corresponding uncertainty sets. In what follows, we use some-
times the notation F := (F1, . . . ,Fm) and G := (G1, . . . ,Gp), where Fk(x) :=maxuk∈Uk fk(x,uk)∈
R,k = 1, . . . ,m and Gi := maxvi∈Vi gi(x,vi) ∈ R, i = 1, . . . , p for x ∈ Rn.

Definition 1.1. Let ε := (ε1, . . . ,εm) ∈ Rm
+. A vector x̄ ∈ S is said to be

(i) a robust ε-quasi Pareto solution of problem (UP), written by x̄ ∈ ε-quasi-S (RP), if x̄ is
an ε-quasi Pareto solution of problem (RP), i.e., for any x ∈ S,

F(x)−F(x̄)+ ε‖x− x̄‖ /∈ −Rm
+\{0}.

(ii) a robust ε-quasi weakly Pareto solution of problem (UP), written by x̄∈ ε-quasi-S w(RP),
if x̄ is an ε−quasi weakly Pareto solution of problem (RP), i.e., for any x ∈ S,

F(x)−F(x̄)+ ε‖x− x̄‖ /∈ −intRm
+.

On the other hand, finding approximate solutions is always easier than finding exact solutions
in the complex optimization problems. Therefore, the study of approximate solutions is signifi-
cant from both the theoretical aspect and computational applications. Among many interesting
research for approximate efficient solutions, optimality conditions and duality for approximate
efficient solutions of optimization problems were considered numerously by researchers. Op-
timality conditions and duality for approximate solutions of optimization problems with finite
constraints were considered in [3, 6, 7, 17, 23] and the references therein. Optimality condi-
tions and duality for approximate solutions of optimization problems with infinite constraints
were given in [12, 19, 20, 21, 24] and the references therein. Up to our knowledge, only
few papers studied optimality conditions/duality theorems for approximate solutions of non-
smooth/nonconvex vector optimization problems with uncertain data on objective function and
constraints. Besides, to the best of our knowledge, there have not been any works on optimal-
ity conditions/duality theorems for ε-quasi Pareto solutions of nonsmooth/nonconvex vector
optimization problems involving intersection of closed sets with uncertain data on objective
function and constraints. Optimality conditions for an optimization problem of type (UP) with
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m = 1 without uncertain data on objective function and constraints were obtained in [1, 10].
Optimality conditions/duality theorems for robust Pareto efficient solutions of problem (UP)
(where m = 1) were investigated in [9]. Optimality conditions/duality theorems/saddle point
theorems for ε-quasi Pareto solutions of vector optimization problems involving intersection
of closed sets without uncertain data on objective function and constraints were obtained in
[22]. Moreover, many other common classes of programming problems with specific types of
constraints [2, 13] can be transformed into models involving intersection of closed sets. On
the other hand, studying vector optimization problems involving intersection of closed sets is
necessary and meaningful because a mathematical optimization model related to customer sat-
isfaction in the automotive industry whose mathematical model structure is suitable for the
optimization problems involving intersection of closed sets (see [10]).

In this paper, we modify the method from [9, 22] to obtain some new results on optimal-
ity conditions/duality theorems for ε-quasi Pareto solutions of nonsmooth/nonconvex vector
optimization problems involving intersection of closed sets with uncertain data on objective
function and constraints. The plan of the paper is organized as follows. Section 1, and Section
2 present introduction, notations and preliminaries. In Section 3, we investigate necessary and
sufficient conditions for robust ε-quasi Pareto solutions of problem (UP). In Section 4, we study
robust duality results between problem (UP) and its dual one in the sense of Mond-Weir type.
Finally, conclusions are given in Section 5.

2. PRELIMINARIES

Some basic concepts and tools from variational analysis [14, 15], which are needed in the
sequel, are recalled in this section. Throughout the paper, all spaces under consideration are
assumed to be Euclidean spaces Rn with n ∈ N := {1,2, . . .}. The inner product and the norm
in Rn are denoted by 〈·, ·〉 and ‖ · ‖, respectively. The symbol B stands for the closed unit ball
in Rn. The symbol B(x,r) stands for the open ball centered at x ∈ Rn with the radius r > 0.
Let Θ be a nonempty subset of Rn, the interior, the convex hull and boundary of Θ are denoted
respectively by intΘ,coΘ and bdΘ. The notation x Θ−→ x̄ means that x→ x̄ with x ∈Θ. The polar
cone of Θ is Θ◦ := {y ∈ Rn | 〈y,x〉 ≤ 0,∀x ∈Θ} . Besides, the nonnegative (resp., nonpositive)
orthant cone of Euclidean space Rn is denoted by Rn

+ = {(x1, . . . ,xn) | xi≥ 0, i= 1, . . . ,n} (resp.,
Rn
−) for n ∈ N := {1,2, . . .}, while intRn

+ is used to indicate the topological interior of Rn
+.

Let G : Θ⊂ Rn ⇒ Rm be a multivalued function/set-valued map. G is closed at x̄ ∈ Θ if, for
any sequence {xk} ⊂ Θ,xk → x̄ and any sequence {yk} ⊂ Rm,yk ∈ G(xk),yk → ȳ as k→ +∞,
ȳ∈G(x̄). Given a set-valued map G : Rn ⇒Rn, the sequential Painlevé-Kuratowski upper/outer
limit of G at x̄ ∈ domG is given by

Limsup
x

Θ−→x̄

G(x) := {y ∈ Rn | ∃ sequence xk
Θ−→ x̄ and yk→ y with yk ∈ G(xk),∀k ∈ N},

where domG := {x ∈ Rn | G(x) 6= /0}.
The Fréchet/regular normal cone to Θ at x̄ ∈Θ is defined by

N̂(x̄;Θ) :=

y ∈ Rn | limsup
x

Θ−→x̄

〈y,x− x̄〉
‖x− x̄‖

≤ 0

 .
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If x̄ ∈ Rn\Θ, we put N̂(x̄;Θ) := /0.
The Mordukhovich/limiting normal cone N(x̄;Θ) to Θ at x̄∈Θ is obtained from Fréchet/regular

normal cones by taking the sequential Painlevé Kuratowski upper limit as

N(x̄;Θ) := Limsup
x

Θ−→x̄

N̂(x;Θ).

If x̄ ∈ Rn\Θ, we put N(x̄;Θ) := /0.
Set Θ is convex if λa+(1−λ )b ∈Θ for all a,b ∈Θ and 0≤ λ ≤ 1. If set Θ is convex, then

N̂(x̄;Θ) = N(x̄;Θ) = {y ∈ Rn | 〈y,x− x̄〉 ≤ 0,∀x ∈Θ}.

Let ψ : Rn→ R̄ := [−∞,+∞] be an extended real-valued function. The domain and epigraph of
ψ are given by

domψ := {x ∈ Rn | |ψ(x)|<+∞},
epiψ := {(x,µ) ∈ Rn×R | µ ≥ ψ(x)}.

Let ψ : Rn→ R̄ be defined on Rn. Then ψ is convex if

ψ (λx+(1−λ )y)≤ λψ(x)+(1−λ )ψ(y), for all x,y ∈ Rn and 0 < λ < 1.

If the inequality is strict for x 6= y, then ψ is strictly convex.
Let ψ : Rn→ R̄ be defined on Rn. Then ψ is concave if

ψ (λx+(1−λ )y)≥ λψ(x)+(1−λ )ψ(y), for all x,y ∈ Rn and 0 < λ < 1.

If the inequality is strict for x 6= y, then ψ is strictly concave.
Let ψ : Rn→ R̄ be finite at x̄ ∈ domψ , then the Fréchet subdifferential of ψ at x̄ is defined by

∂̂ψ(x̄) :=
{

y ∈ Rn | (y,−1) ∈ N̂ ((x̄,ψ(x̄)); epiψ)
}
.

If |ψ(x̄)| = +∞, then one puts ∂̂ψ(x̄) := /0. The Mordukhovich/limiting subdifferential of f at
x̄ is defined by

∂ψ(x̄) := {y ∈ Rn | (y,−1) ∈ N ((x̄,ψ(x̄)); epiψ)} .
If |ψ(x̄)|=+∞, then one puts ∂ψ(x̄) := /0. If ψ is a convex function with x̄ ∈ domψ , then

∂̂ψ(x̄) = ∂ψ(x̄) = {y ∈ Rn | (y,−1) ∈ N ((x̄,ψ(x̄)); epiψ)}
= {y ∈ Rn | ψ(x)−ψ(x̄)≥ 〈y,x− x̄〉 ,∀x ∈ Rn} .

Let ψ : Rn→ R̄ be finite at x̄∈ domψ , then ψ is lower semi-continuous at x̄ if liminfx→x̄ ψ(x)≥
ψ(x̄). Given Θ⊂ Rn, consider the indicator function δ (·;Θ) defined by

δ (x;Θ) :=
{

0, if x ∈Θ,
+∞, otherwise.

Furthermore, we have a relation between the Mordukhovich/limiting normal cone and the Mor-
dukhovich/limiting subdifferential of the indicator function as follows

N(x̄;Θ) = ∂δ (x̄;Θ),∀x̄ ∈Θ.

We say that ψ is locally Lipschitz at x̄ ∈ Rn if there exist a positive constant L > 0 and a
neighborhood U of x̄, such that, for all x1,x2 ∈U , |ψ(x1)−ψ(x2)| ≤ L‖ψ1−x2‖. For a function
ψ is locally Lipschitz at x̄ with L > 0, it implies that (see [14, Corollary 1.81]), for all x∗ ∈
∂ψ(x̄), ‖x∗‖ ≤ L.
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Lemma 2.1. (See [14, Proposition 1.114]) Let ψ : Rn→ R̄ be finite at x̄ ∈ Rn. If x̄ is a local
minimizer of ψ , then 0 ∈ ∂ψ(x̄).

Lemma 2.2. (See [14, Therorem 3.36]) Suppose that ψk : Rn→ R̄,k = 1, . . . ,m (with m ≥ 2)
are lower semi-continuous around x̄ ∈ Rn, and let all but one of these functions be Lipschitz
continuous around x̄. Then ∂ (ψ1 + · · ·+ψm)(x̄)⊂ ∂ψ1(x̄)+ · · ·+∂ψm(x̄).

Lemma 2.3. (See [14, Therorem 3.36 and Therorem 3.46]) Let the functions ψk : Rn → R̄,
k = 1, . . . ,m (with m≥ 2) be locally Lipschitz around x̄ ∈Rn and denote the maximum function
by φ(x) := max{ψk(x) | k = 1, . . . ,m} for any x ∈ Rn. Then

∂φ(x̄)⊂
⋃{ m

∑
k=1

αk∂ψk(x̄) | (α1, . . . ,αm) ∈ Rm
+,

m

∑
k=1

αm = 1,

αk[ψk(x̄)−φ(x̄)] = 0,k = 1, . . . ,m
}
.

3. ROBUST APPROXIMATE OPTIMALITY CONDITIONS

In this section, we establish optimality conditions for ε-quasi (weakly) Pareto solutions of for
nonsmooth vector optimization problems involving intersection of closed sets under uncertain
data. In what follows, we assume that the functions f1, . . . , fm together with the constraint
functions g1, . . . ,gp of problem (UP) satisfy the following assumptions:

(A1) Given a fixed x̄∈Rn there exist δk > 0,k = 1, . . . ,m and ηi > 0, i = 1, . . . , p such that the
functions uk ∈Uk 7→ fk(x,uk)∈R and vi ∈Vi 7→ gi(x,vi)∈R are upper semicontinuous for each
x∈ B(x̄,δk) and x∈ B(x̄,ηi), respectively, and the functions fk(·,uk),uk ∈Uk and gi(·,vi),vi ∈Vi
are uniformly Lipschitz of given ranks Lk > 0,k = 1, . . . ,m and Li > 0, i = 1, . . . , p on B(x̄,δk)
and B(x̄,ηi), respectively, i.e.,

| fk(x1,uk)− fk(x2,uk)| ≤ Lk‖x1− x2‖,∀x1,x2 ∈ B(x̄,δk),∀uk ∈Uk,k = 1, . . . ,m.

|gi(x1,vi)−gi(x2,vi)| ≤ Li‖x1− x2‖,∀x1,x2 ∈ B(x̄,ηi),∀vi ∈Vi, i = 1, . . . , p.

(A2) For the above x̄ ∈ Rn, the multivalued functions (x,uk) ∈ B(x̄,δk)×Uk ⇒ ∂x fk(x,uk)⊂
Rn,k = 1, . . . ,m are closed at (x̄, ūk) for each ūk ∈Uk(x̄) and the multivalued functions (x,vi) ∈
B(x̄,ηi)×Vi ⇒ ∂xgi(x,vi) ⊂ Rn, i = 1, . . . , p are closed at (x̄, v̄i) for each v̄i ∈ Vi(x̄), where the
symbol ∂x stands for the Mordukhovich/limiting subdifferential operation with respect to the
first variable x and

Uk(x̄) := {uk ∈Uk | fk(x̄,uk) = Fk(x̄)},
Vi(x̄) := {vi ∈Vi | gi(x̄,vi) = Gi(x̄)}

(3.1)

with
Fk(x̄) := max

uk∈Uk
fk(x̄,uk),k = 1, . . . ,m,

Gi(x̄) := max
vi∈Vi

gi(x̄,vi), i = 1, . . . , p.
(3.2)

Definition 3.1. (See [9]) Let x̄ ∈ S. We say that the following constraint qualification (CQ) is
satisfied at x̄ if there does not exist (µ1, . . . ,µp) ∈ Λ(x̄) such that

0 ∈
p

∑
i=1

µico{∂xgi(x̄,vi) | vi ∈Vi(x̄)}+
q

∑
j=1

N(x̄;C j),
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where Vi(x̄) is defined by (3.1) and

Λ(x̄) :=

{
(λ1, . . . ,λp) ∈ Rp

+ |
p

∑
i=1

λi = 1,max
vi∈Vi

λigi(x̄,vi) = 0, i = 1, . . . , p

}
.

Now, we propose a necessary optimality condition for a robust ε-quasi weakly Pareto solution
of problem (UP) under the condition (CQ).

Theorem 3.1. Let ε := (ε1, . . . ,εm) ∈ Rm
+\{0}, x̄ ∈ ε−quasi−S w(RP) and the assumptions

(A1) and (A2) hold at x̄. Suppose that the equation v1 + · · ·+ vq = 0, where v j ∈ N(x̄;C j), j =
1, . . . ,q, has only the trivial solution v j = 0, j = 1, . . . ,q. Then, there exist αk ≥ 0,k = 1, . . . ,m,

and µi ≥ 0, i = 1, . . . , p, with
m

∑
k=1

αk +
p

∑
i=1

µi = 1 such that

0 ∈
m

∑
k=1

αkco
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
+

p

∑
i=1

µico
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}

+
m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j)
(3.3)

and
µi max

vi∈Vi
gi(x̄,vi) = 0, i = 1, . . . , p. (3.4)

If condition (CQ) holds at x̄, then αk,k = 1, . . . ,m in the relation of (3.3) can be chosen not all
equal zero.

Proof. Since x̄ ∈ ε−quasi−S w(RP), one has x̄ ∈ S and

F(x)−F(x̄)+ ε‖x− x̄‖ /∈ −intRm,∀x ∈ S, (3.5)

where F := (F1, . . . ,Fm) and Fk(x) := max
uk∈Uk

fk(x,uk) ∈ R,k = 1, . . . ,m. Putting

Φ(x) := max
1≤k≤m,1≤i≤p

{Fk(x)−Fk(x̄)+ εk‖x− x̄‖,Gi(x)} ,x ∈ Rn,

where Fk,k = 1, . . . ,m and Gi, i = 1, . . . , p are defined by (3.2).
We prove that

Φ(x)≥ 0 = Φ(x̄),∀x ∈
q⋂

j=1

C j. (3.6)

It is easy to see that the equality in (3.6) holds due to x̄ ∈ S. Indeed, from x̄ ∈ S, one sees that
Gi(x̄)≤ 0, i = 1, . . . , p. Therefore, one has

Φ(x̄) = max
1≤k≤m,1≤i≤p

{Fk(x̄)−Fk(x̄)+ εk‖x̄− x̄‖,Gi(x)}= max
1≤i≤p

{0,Gi(x̄)}= 0.

If x ∈ S, then Φ(x)≥ 0. Otherwise, Φ(x)< 0 implies that

max
1≤k≤m,1≤i≤p

{Fk(x)−Fk(x̄)+ εk‖x− x̄‖,Gi(x)}< 0,

which implies Fk(x)− Fk(x̄) + εk‖x− x̄‖ < 0,k = 1, . . . ,m, which contradicts (3.5). If x ∈⋂q
j=1C j\S, then there exists i0 ∈ {1, . . . , p} such that Gi0(x)> 0, which deduces that Φ(x)> 0.

Therefore, (3.6) holds. Moreover, by (3.6), we see that x̄ is a minimizer of minx∈
⋂q

j=1 C j
Φ(x).
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It is easy to deduce that x̄ is a minimizer of the following unconstrained scalar optimization
problem

min
x∈Rn

{
Φ(x)+δ

(
x;

q⋂
j=1

C j

)}
. (3.7)

Applying Lemma 2.1 to problem (3.7), one obtains

0 ∈ ∂

(
Φ+δ

(
x;

q⋂
j=1

C j

))
(x̄).

Since Φ is Lipschitz continuous around x̄, C1, ...,Cq are closed sets, and δ (·;C) is lower semi-

continuous around x̄, we deduce from ∂δ

(
x;
⋂q

j=1C j

)
= N

(
x̄;
⋂q

j=1C j

)
and Lemma 2.2 that

0 ∈ ∂Φ(x̄)+N

(
x̄;

q⋂
j=1

C j

)
. (3.8)

Besides, since v1 + · · ·+ vq = 0, where v j ∈ N(x̄;C j), j = 1, . . . ,q, has only one solution v j =
0, j = 1, . . . ,q, we apply the formula of normal cones to finite set intersections (See [15, Corol-
lary 2.17]) to arrive at

N

(
x̄;

q⋂
j=1

C j

)
⊂ N (x̄;C1)+ · · ·+N

(
x̄;Cq

)
. (3.9)

Note that ∂ (‖ ·−x̄‖)(x̄) = B. According to Lemma 2.3 and Lemma 2.2, we have

∂Φ(x̄) = ∂

(
max

1≤k≤m,1≤i≤p
{Fk(·)−Fk(x̄)+ εk‖ ·−x̄‖,Gi(x)}

)
(x̄)

⊂
{ m

∑
k=1

αk (∂Fk(x̄)+ εkB)+
p

∑
i=1

µi∂Gi(x̄) | (α1, . . . ,αm) ∈ Rm
+,

(µ1, . . . ,µp) ∈ Rp
+,

m

∑
k=1

αk +
p

∑
i=1

µi = 1,µiGi(x̄) = 0, i = 1, . . . , p
}
.

(3.10)

Following the proof of [4, Theorem 3.3], we see from assumptions (A1) and (A2) that

∂Fk(x̄) = ∂

(
max
uk∈Uk

fk(x̄,uk)

)
⊂ co

{
∂x fk(x̄,uk) | uk ∈Uk(x̄)

}
,k = 1, . . . ,m,

∂Gi(x̄) = ∂

(
max
vi∈Vi

gi(x̄,vi)

)
⊂ co

{
∂xgi(x̄,vi) | vi ∈Vi(x̄)

}
, i = 1, . . . , p,

(3.11)

where Uk(x̄) and Vi(x̄) are given as in (3.1). It yields from (3.8), (3.9), (3.10) and (3.11) that

there exist αk ≥ 0,k = 1, . . . ,m, and µi ≥ 0, i = 1, . . . , p, with
m

∑
k=1

αk +
p

∑
i=1

µi = 1 such that

0 ∈
m

∑
k=1

αkco
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
+

p

∑
i=1

µico
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}

+
m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j)

and µi maxvi∈Vi gi(x̄,vi) = 0, i = 1, . . . , p. So, (3.3) and (3.4) have been justified.
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Now, let condition (CQ) be satisfied at x̄. We obtain from (3.3) that ∑
m
k=1 αk 6= 0. Otherwise,

we assume on the contrary that αk = 0 for all k = 1, . . . ,m. Then there exist µi ≥ 0, i = 1, . . . , p,
with ∑

p
i=1 µi = 1 such that

0 ∈
p

∑
i=1

µico
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}
+

q

∑
j=1

N(x̄;C j),

which contradicts the fulfilment of the condition (CQ) at x̄. The proof is complete. �

Remark 3.1. In Theorem 3.1, if q = 1 and fk,k = 1, . . . ,m,gi, i = 1, . . . , p do not have uncertain
data, then we obtain [3, Theorem 3.7]. Besides, if εk = 0,k = 1, . . . ,m and fk,k = 1, . . . ,m do
not have uncertain data, then we have [4, Theorem 3.3]. On the other hand, if m = 1 and εk =
0,k = 1, . . . ,m, then we have [9, Theorem 3.1]. Furthermore, if fk,k = 1, . . . ,m,gi, i = 1, . . . , p
do not have uncertain data, then we obtain [22, Theorem 3.3].

Now, we provide a type necessary optimality condition for problem (UP) under the smooth-
ness of related functions and the convexity of uncertainty sets. In this case, both the hypotheses
(A1) and (A2) are automatically satisfied. In what follows, we use ∇xhk(x̄, ūk),k = 1, . . . ,m
to denote the derivative of the differentiable functions hk,k = 1, . . . ,m with respect to the first
variable at the given points (x̄, ūk),k = 1, . . . ,m.

Corollary 3.1. Let ε := (ε1, . . . ,εm) ∈Rm
+\{0}, x̄ ∈ ε−quasi−S w(RP), where Uk,k = 1, . . . ,m

and Vi, i = 1, p are convex sets. Suppose that there exist δk > 0,k = 1, . . . ,m and ηi > 0, i =
1, . . . , p such that the functions fk(x, ·) and gi(x, ·) are concave functions on Uk and Vi, for each
x ∈ B(x̄,δk) and x ∈ B(x̄,ηi), respectively. Assume that fk,k = 1, . . . ,m and gi, i = 1, . . . , p
are strictly differentiable with respect to the first variable on B(x̄,δk)×Uk and B(x̄,ηi)×
Vi, respectively. Assume further that maps (x,uk) 7→ ∇x fk(x,uk) and (x,vi) 7→ ∇xgi(x,vi) are
continuous on B(x̄,δk)×Uk and B(x̄,ηi)×Vi, respectively. If the system v1 + · · ·+ vq = 0,
where v j ∈ N(x;C j), j = 1, . . . ,q, has only one solution v j = 0, j = 1, . . . ,q, then there exist
ūk ∈Uk(x̄),k = 1, . . . ,m, v̄i ∈ V (x̄), i = 1, . . . , p and (α1, . . . ,αm) ∈ Rm

+,(µ1, . . . ,µp) ∈ Rp
+ with

∑
m
k=1 αk +∑

p
i=1 µi = 1 such that

0 ∈
m

∑
k=1

αk∇x fk(x̄, ūk)+
p

∑
i=1

µi∇xgi(x̄, v̄i)+
m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j) (3.12)

and

µigi(x̄, v̄i) = 0, i = 1, . . . , p. (3.13)

If condition (CQ) holds at x̄, then αk,k = 1, . . . ,m in the relation of (3.12) can be chosen not all
equal zero.

Proof. It is easy to see that hypothesis (A2) is automatically satisfied at x̄ for our setting as the
maps (x,uk) 7→∇x fk(x,uk),k = 1, . . . ,m and (x,vi) 7→∇xgi(x,vi), i = 1, . . . , p are continuous on
B(x̄,δk)×Uk and B(x̄,ηi)×Vi, respectively. To verify hypothesis (A1), we only justify for the
function fk,k = 1, . . . ,m as the similarities go for the functions gi, i = 1, . . . , p. To see this, we
first claim that, for each ε̄ > 0, there exists γ > 0 satisfying

‖∇x fk(x,uk)−∇x fk(y,uk)‖ ≤ ε̄,∀x,y ∈ B(x̄,γ),∀uk ∈Uk,k = 1, . . . ,m, (3.14)
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where B(x̄,γ) can be chosen such that B(x̄,γ)⊂ B(x̄,δk),k = 1, . . . ,m and it is a convex set. To
prove (3.14), we suppose on the contrary that there exist ε̄0 > 0 and a sequence {(xn,yn,ukn)}
in B(x̄,δkn)×B(x̄,δkn)×Ukn such that (xn,yn)→ (x̄, x̄) as n→+∞ and

‖∇x fkn(xn,ukn)−∇x fkn(yn,ukn)‖> ε̄0,∀n ∈ N. (3.15)

In view of the compactness of Uk,k = 1, . . . ,m, passing to a subsequence if necessary, we may
assume that {kn} converges to some k̄, k̄ = 1, . . . ,m and {ukn} converges to some ūk̄ ∈Uk̄. Be-
sides, due to the continuity of (x,uk) 7→ ∇x fk(x,uk) on B(x̄,δk)×Uk, it follows that

∇x fkn(xn,ukn)→ ∇x fk(x̄, ūk̄) and ∇x fkn(yn,ukn)→ ∇x fk(x̄, ūk̄) as n→+∞,

which contradicts (3.15). Let ε̄ > 0 be such that (3.14) holds for a given γ > 0. For any
x,y ∈ B(x̄,γ) with x 6= y and for any uk ∈Uk,k = 1, . . . ,m. Using the mean value theorem, we
find z ∈ (x,y)⊂ B(x̄,γ) satisfying the condition

fk(x,uk)− fk(y,uk) = 〈∇x fk(z,uk),x− y〉 ,k = 1, . . . ,m,

where (x,y) := co{x,y}\{x,y}. This, together with (3.14) and the Cauchy–Schwarz inequality,
gives us

| 〈∇x fk(y,uk),x− y〉− fk(x,uk)+ fk(y,uk)|
= | 〈∇x fk(y,uk)−∇x fk(z,uk),x− y〉 |
≤ ‖∇x fk(y,uk)−∇x fk(z,uk)‖ · ‖x− y‖
≤ ε̄‖x− y‖.

(3.16)

From the Cauchy–Schwarz inequality, one has

| 〈∇x fk(y,uk),x− y〉− fk(x,uk)+ fk(y,uk)|
= | fk(x,uk)− f (y,uk)−〈∇x fk(y,uk),x− y〉 |
≥ | fk(x,uk)− fk(y,uk)|− |〈∇x fk(y,uk),x− y〉 |
≥ | fk(x,uk)− fk(y,uk)|−‖∇x fk(y,uk)‖ · ‖x− y‖

(3.17)

Besides, by (3.14), one has

‖∇x fk(y,uk)‖−‖∇x fk(x,uk)‖ ≤ ‖∇x fk(x,uk)−∇x fk(y,uk)‖ ≤ ε̄,

which implies that ‖∇x fk(y,uk)‖ ≤ ‖∇x fk(x̄,uk)‖+ ε̄. Combining (3.16) and (3.17) gives us

| fk(x,uk)− fk(y,uk)| ≤ ‖∇x fk(y,uk)‖ · ‖x− y‖+ ε̄‖x− y‖
≤ (‖∇x fk(x̄,uk)‖+2ε̄) · ‖x− y‖. (3.18)

We conclude that (3.18) holds for every x,y ∈ B(x̄,γ) and uk ∈Uk,k = 1, . . . ,m as the case of
x = y also holds trivially. By the continuity of functions uk 7→ ‖∇x fk(x̄,uk)‖ on the compact
sets Uk,k = 1, . . . ,m, it admits the maximum value over Uk,k = 1, . . . ,m, and so we can take

Lk ≥ max
uk∈Uk

{
‖∇x fk(x̄,uk)‖+2ε̄

}
,k = 1, . . . ,m. Consequently, hypothesis (A1) is satisfied.

In this setting, we can verify that (see, e.g., similar arguments as in [5, Corollary 3.4]), the

sets
{

∇x fk(x̄,uk) | uk ∈ Uk(x̄)
}
,k = 1, . . . ,m and

{
∇xgi(x̄,vi) | vi ∈ Vi(x̄)

}
, i = 1, . . . , p are

convex. Applying Theorem 3.1, we find (α1, . . . ,αm) ∈ Rm
+ and (µ1, . . . ,µp) ∈ Rp

+ with such
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that ∑
m
k=1 αk +∑

p
i=1 µi = 1 such that

0 ∈
m

∑
k=1

αk

{
∇x fk(x̄,uk) | uk ∈Uk(x̄)

}
+

p

∑
i=1

µi

{
∇xgi(x̄,vi) | vi ∈Vi(x̄)

}
+

m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j),µi max
vi∈Vi

,gi(x̄,vi) = 0, i = 1, . . . , p,

which imply the assertions in (3.12) and (3.13).
Now, let (CQ) be satisfied at x̄. We obtain from (3.12) that ∑

m
k=1 αk 6= 0. Otherwise, we

assume on the contrary that αk = 0 for all k = 1, . . . ,m. Then there exist µi ≥ 0, i = 1, . . . , p,
with ∑

p
i=1 µi = 1 such that

0 ∈
p

∑
i=1

µi

{
∇xgi(x̄, v̄i) | v̄i ∈Vi(x̄)

}
+

q

∑
j=1

N(x̄;C j),

which contradicts the fulfilment of the condition (CQ) at x̄. The proof is complete. �

Remark 3.2. In Corollary 3.1, if εk = 0,k = 1, . . . ,m and fk,k = 1, . . . ,m do not have uncertain
data, we obtain [4, Corollary 3.4]. Besides, if εk = 0,k = 1, . . . ,m and m = 1, we obtain [9,
Corollary 3.1].

Now, we give an example to illustrate the necessary conditions obtained in Theorem 3.1.

Example 3.1. Let fk : R2×Uk→ R,k = 1,2, be defined by

f1(x,u1) = |x1|+u1x2
2,x = (x1,x2) ∈ R2,u1 ∈U1 = [0,1],

f2(x,u2) = x2
1 + |x2|+u2,x = (x1,x2) ∈ R2,u2 ∈U2 = [−1,0],

and let gi : R2×Vi→ R, i = 1,2, be given by

g1(x,v1) =−x2
1−|x2|+ v1,x = (x1,x2) ∈ R2,v1 ∈V1 = [−1,0],

g2(x,v2) =−x2
1−|x2|− v2,x = (x1,x2) ∈ R2,v2 ∈V2 = [0,1].

We consider problem (UP) with m = 2, p = 2,q = 1 and C = {x = (x1,x2) ∈R2 | x2 ≥ |x1|}. We
have S = {x ∈C | gi(x,vi) ≤ 0,∀vi ∈ Vi, i = 1,2}. By simple computation, one has S = C and
F1(x) = |x1|+ x2

2,F2(x) = x2
1 + |x2|,Gi(x) = −x2

1− |x2|, i = 1,2. Now, take x̄ = (0,0) ∈ S and

ε1 = ε2 =
1
2

. Then, it is easy to show that x̄ ∈ ε−quasi−S w(RP). Indeed, we have

F1(x)+ ε1||x− x̄||= |x1|+ x2
2 +

1
2

√
x2

1 + x2
2 ≥ 0 = F1(x̄),∀x ∈ S,

F2(x)+ ε1||x− x̄||= x2
1 + |x2|+

1
2

√
x2

1 + x2
2 ≥ 0 = F2(x̄),∀x ∈ S.

Besides, we have U1(x̄) = {1},U2(x̄) = {0},Vi(x̄) = {0}, i = 1,2,N(x̄;C) = {(x∗,y∗) ∈ R2 |
|x∗| ≤ −y∗} and {

∂x f1(x̄,u1) | u1 ∈U1(x̄)
}
= [−1,1]×{0},{

∂x f2(x̄,u2) | u2 ∈U2(x̄)
}
= {0}× [−1,1],{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}
= {(0,−1),(0,1)}, i = 1,2.
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On the other hand, taking α1 = α2 =
1
4
,µ1 = µ2 =

1
4
,B= {x = (x1,x2) ∈ R2 | x2

1 + x2
2 ≤ 1},

we see that ∑
m
k=1 αk +∑

p
i=1 µi = 1 and

(0,0) ∈
m

∑
k=1

αkco
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
+

p

∑
i=1

µico
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}

+
m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j)

and µi maxvi∈Vi gi(x̄,vi) = 0, i = 1,2. Thus, the necessary optimality conditions in Theorem 3.1
hold for problem (UP).

Now, we introduce a concept of the robust ε-quasi approximate (KKT) condition for problem
(UP).

Definition 3.2. Let ε := (ε1, . . . ,εm) ∈ Rm
+. A point x̄ ∈ S is said to satisfy the robust ε-quasi

approximate (KKT) condition with respect to problem (UP) if there exist αk ≥ 0,k = 1, . . . ,m,
and µi ≥ 0, i = 1, . . . , p such that αk,k = 1, . . . ,m can be chosen not all equal zero and

0 ∈
m

∑
k=1

αkco
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
+

p

∑
i=1

µico
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}

+
m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j)

and µi maxvi∈Vi gi(x̄,vi) = 0, i = 1, . . . , p.

The following simple example proves that, in general, a feasible point of problem (UP) sati-
fying the robust ε-quasi approximate (KKT) condition is not necessarily to be a robust ε-quasi
weakly Pareto solution of problem (UP).

Example 3.2. Let fk : R×Uk→ R,k = 1,2, be defined by

f1(x,u1) =−u1|x|+ x5,x ∈ R,u1 ∈U1 = [1,2],

f2(x,u2) =−|x|+ x5−u2,x ∈ R,u2 ∈U2 = [0,1],

and let gi : R×Vi→ R, i = 1,2, be given by

g1(x,v1) = v1x2− x−2,x ∈ R,v1 ∈V1 = [0,1],

g2(x,v2) = x2− x−2+ v2,x ∈ R,v2 ∈V2 = [−1,0].

We consider problem (UP) with m = 2, p = 2,q = 1 and C = R. We have S = {x ∈ C |
gi(x,vi) ≤ 0,∀vi ∈ Vi, i = 1,2} = [−1,2] and F1(x) = −|x|+ x5,F2(x) = −|x|+ x5,G1(x) =
x2− x− 2,G2(x) = x2− x− 2. Take x̄ = 0 ∈ S. By direct computation, one has N(x̄;C) =
{0},U1(x̄) = {1},U2(x̄) = {0},V1(x̄) = {1},V2(x̄) = {0},{

∂x f1(x̄,u1) | u1 ∈U1(x̄)
}
= {−1,1},

{
∂x f2(x̄,u2) | u2 ∈U2(x̄)

}
= {−1,1},

and {
∂xgi(x̄,vi) | vi ∈Vi(x̄)

}
= {−1}, i = 1,2.
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On the other hand, taking α1 = α2 =
1
4

, µ1 = µ2 =
1
4
,ε1 = ε2 =

1
2
,B = [−1,1], we see that

∑
m
k=1 αk +∑

p
i=1 µi = 1 and

0 ∈
m

∑
k=1

αkco
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
+

p

∑
i=1

µico
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}

+
m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j)

and µi maxvi∈Vi gi(x̄,vi) = 0, i = 1,2. Thus, the robust ε-quasi approximate (KKT) condition is
satisfied at x̄ = 0. However, x̄ = 0 is not a robust ε-quasi weakly Pareto solution of problem
(UP). To see this, we can choose x =−1 ∈ S, it is easy to see that

F1(x)+ ε1||x− x̄||=−|x|+ x5 + ε1|x|=−1−1+
1
2
=−3

2
< 0 = F1(x̄),

F2(x)+ ε2||x− x̄||=−|x|+ x5 + ε2|x|=−1−1+
1
2
=−3

2
< 0 = F2(x̄).

Recall here the notations F := (F1, . . . ,Fm) and G := (G1, . . . ,Gp), where, k = 1, . . . ,m,
Fk(x) := maxuk∈Uk fk(x,uk) ∈ R and, i = 1, . . . , p, Gi(x) := maxvi∈Vi gi(x,vi) ∈ R for x ∈ Rn.
Motivated by the definition of generalized convexity due to [9], we introduce a concept of gen-
eralized convexity as follows.

Definition 3.3. (i) We say that (F,G) is generalized convex at x̄ ∈
⋂q

j=1C j if, for any x ∈⋂q
j=1C j, there exists w ∈

(
∑

q
j=1 N(x̄;C j)

)◦
such that

fk(x,uk)− fk(x̄,uk)≥ 〈x∗k ,w〉 ,∀x∗k ∈ ∂x fk(x̄,uk),∀uk ∈Uk(x̄),k = 1, . . . ,m,

gi(x,vi)−gi(x̄,vi)≥ 〈x∗i ,w〉 ,∀x∗i ∈ ∂xgi(x̄,vi),∀vi ∈Vi(x̄), i = 1, . . . , p,
and 〈b∗,w〉 ≤ ||x− x̄||,∀b∗ ∈ B, where Uk(x̄),k = 1, . . . ,m,Vi(x̄), i = 1, . . . , p are defined
as in (3.1).

(ii) We say that (F,G) is strictly generalized convex at x̄∈
⋂q

j=1C j, if for any x∈
⋂q

j=1C j\{x̄},

there exists w ∈
(

∑
q
j=1 N(x̄;C j)

)◦
such that

fk(x,uk)− fk(x̄,uk)> 〈x∗k ,w〉 ,∀x∗k ∈ ∂x fk(x̄,uk),∀uk ∈Uk(x̄),k = 1, . . . ,m,

gi(x,vi)−gi(x̄,vi)≥ 〈x∗i ,w〉 ,∀x∗i ∈ ∂xgi(x̄,vi),∀vi ∈Vi(x̄), i = 1, . . . , p,
and 〈b∗,w〉 ≤ ||x− x̄||,∀b∗ ∈ B.

Remark 3.3. Note that, if C j, j = 1, . . . ,q are convex and fk,k = 1, . . . ,m,gi, i= 1, . . . , p are con-
vex (resp., strictly convex), then (F,G) is generalized convex (resp., strictly generalized convex)
at any x̄ ∈

⋂q
j=1C j with w := x− x̄ for each x ∈

⋂q
j=1C j. In addition, by minor modifications of

[9, Example 3.3], we can prove that the class of generalized convex functions can contain some
nonconvex functions.

Now, we give a sufficient condition for robust ε-quasi (weakly) Pareto solutions of problem
(UP).

Theorem 3.2. Let ε := (ε1, . . . ,εm) ∈ Rm
+\{0}. Assume that x̄ ∈ S satisfies the robust ε-quasi

approximate (KKT) condition.
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(i) If (F,G) is generalized convex at x̄, then x̄ ∈ ε−quasi−S w(RP).
(ii) If (F,G) is strictly generalized convex at x̄, then x̄ ∈ ε−quasi−S (RP).

Proof. Since x̄ ∈ S satisfies the robust ε-quasi approximate (KKT) condition, we see that there
exist (α1, . . . ,αm) ∈ Rm

+,(µ1, . . . ,µp) ∈ Rp
+ with ∑

m
k=1 αk 6= 0 and

x∗k ∈ co
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
,k = 1, . . . ,m,

x∗i ∈ co
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}
, i = 1, . . . , p,

(3.19)

as well as b∗ ∈ B such that

−

(
m

∑
k=1

αkx∗k +
p

∑
i=1

µix∗i +
m

∑
k=1

αkεkb∗
)
∈

q

∑
j=1

N
(
x̄;C j

)
(3.20)

and

µi max
vi∈Vi

gi(x̄,vi) = 0, i = 1, . . . , p. (3.21)

It is clear from (3.19) that there exist αkl ≥ 0,x∗kl ∈ ∂x fk(x̄,ukl),ukl ∈ Uk(x̄), l = 1, . . . , lk, lk ∈
N such that ∑

lk
l=1 αkl = 1, µir ≥ 0,x∗ir ∈ ∂xgi(x̄,vir),vir ∈ Vi(x̄),r = 1, . . . ,ri,ri ∈ N such that

∑
ri
r=1 µir = 1 and

x∗k =
lk

∑
l=1

αklx∗kl,k = 1, . . . ,m, x∗i =
ri

∑
r=1

µirx∗ir, i = 1, . . . , p.

Thus, we deduce from (3.20) that

−

(
m

∑
k=1

αk

lk

∑
l=1

αklx∗kl +
p

∑
i=1

µi

ri

∑
r=1

µirx∗ir +
m

∑
k=1

αkεkb∗
)
∈

q

∑
j=1

N
(
x̄;C j

)
. (3.22)

We first prove (i). Suppose on contrary that x̄ /∈ ε−quasi−S w(RP). It then follows that there
exists x̂ ∈ S such that

F(x̂)−F(x̄)+ ε||x̂− x̄|| ∈ −intRm
+, (3.23)

where Fk(x) := maxuk∈Uk fk(x,uk),k = 1, . . . ,m, for each x ∈
⋂q

j=1C j. By the generalized con-
vexity of (F,G) at x̄ and the definition of polar cone, we deduce from (3.22) that, for such x̂

above, there exists w ∈
(

∑
q
j=1 N

(
x̄;C j

))◦
such that

0 ≤
m

∑
k=1

αk

(
lk

∑
l=1

αkl 〈x∗kl,w〉
)
+

p

∑
i=1

µi

(
ri

∑
r=1

µir 〈x∗ir,w〉
)
+

m

∑
k=1

αkεk 〈b∗,w〉

≤
m

∑
k=1

αk

(
lk

∑
l=1

αkl ( fk(x̂,ukl)− fk(x̄,ukl))

)

+
p

∑
i=1

µi

(
ri

∑
r=1

µir (gi(x̂,uir)−gi(x̄,uir))

)
+

m

∑
k=1

αkεk||x̂− x̄||,
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or equivalently,

m

∑
k=1

αk

(
lk

∑
l=1

αkl fk(x̄,ukl)

)
+

p

∑
i=1

µi

(
ri

∑
r=1

µirgi(x̄,uir)

)

≤
m

∑
k=1

αk

(
lk

∑
l=1

αkl fk(x̂,ukl)

)
+

p

∑
i=1

µi

(
ri

∑
r=1

µirgi(x̂,uir)

)
+

m

∑
k=1

αkεk||x̂− x̄||.
(3.24)

It is easy to imply that from the definition of max functions Fk(x),k = 1, . . . ,m and Gi(x), i =
1, . . . , p, one has fk(x̂,ukl)≤Fk(x̂), fk(x̄,ukl)=Fk(x̄), l = 1, . . . , lk, lk ∈N,ukl ∈Uk(x̄) and gi(x̂,vir)
≤ Gi(x̂), gi(x̄,vir) = Gi(x̄), r = 1, . . . ,ri,ri ∈ N,vir ∈Vi(x̄). Hence, we deduce from (3.24) that

m

∑
k=1

αk

(
lk

∑
l=1

αklFk(x̄)

)
+

p

∑
i=1

µi

(
ri

∑
r=1

µirGi(x̄)

)
≤

m

∑
k=1

αk

(
lk

∑
l=1

αklFk(x̂)

)

+
p

∑
i=1

µi

(
ri

∑
r=1

µirGi(x̂)

)
+

m

∑
k=1

αkεk||x̂− x̄||.

or equivalently,

m

∑
k=1

lk

∑
l=1

αkαklFk(x̄)+
p

∑
i=1

ri

∑
r=1

µiµirGi(x̄)≤
m

∑
k=1

lk

∑
l=1

αkαklFk(x̂)

+
p

∑
i=1

ri

∑
r=1

µiµirGi(x̂)+
m

∑
k=1

αkεk||x̂− x̄||.
(3.25)

Note that, for any x̂ ∈ S and by (3.21), µiGi(x̂) ≤ 0, i = 1, . . . , p and µiGi(x̄) = 0, i = 1, . . . , p.
Thus, it follows from (3.25) that

m

∑
k=1

lk

∑
l=1

αkαklFk(x̄)≤
m

∑
k=1

lk

∑
l=1

αkαklFk(x̂)+
m

∑
k=1

αkεk||x̂− x̄||,

or equivalently, ∑
m
k=1 αkFk(x̄) ≤ ∑

m
k=1 αkFk(x̂) +∑

m
k=1 αkεk||x̂− x̄||. This, along with the fact

that αk ≥ 0,k = 1, . . . ,m with ∑
m
k=1 αk 6= 0, it follows that there exists k0 ∈ {1, . . . ,m} such that

Fk0(x̄)≤ Fk0(x̂)+ εk0||x̂− x̄||, which contradicts (3.23). The proof of (i) is complete.
We now prove (ii). Suppose on contrary that x̄ /∈ ε-quasi-S (RP). It then follows that there

exists x̃ ∈ S such that
F(x̂)−F(x̄)+ ε||x̂− x̄|| ∈ −Rm

+\{0}, (3.26)

where Fk(x) := maxuk∈Uk fk(x,uk),k = 1, . . . ,m, for each x ∈
⋂q

j=1C j. By the strictly gener-
alized convexity of (F,G) at x̄, we deduce from (3.22) that, for such x̃ above, there exists

w ∈
(

∑
q
j=1 N

(
x̄;C j

))◦
such that

0 ≤
m

∑
k=1

αk

(
lk

∑
l=1

αkl 〈x∗kl,w〉
)
+

p

∑
i=1

µi

(
ri

∑
r=1

µir 〈x∗ir,w〉
)
+

m

∑
k=1

αkεk 〈b∗,w〉

<
m

∑
k=1

αk

(
lk

∑
l=1

αkl ( fk(x̂,ukl)− fk(x̄,ukl))

)

+
p

∑
i=1

µi

(
ri

∑
r=1

µir (gi(x̂,uir)−gi(x̄,uir))

)
+

m

∑
k=1

αkεk||x̂− x̄||,
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By a similar procedure as in the proof of (i), one has
m

∑
k=1

αkFk(x̄)<
m

∑
k=1

αkFk(x̂)+
m

∑
k=1

αkεk||x̂− x̄||,

This, along with the fact that αk ≥ 0,k = 1, . . . ,m with ∑
m
k=1 αk 6= 0, it follows that there exists

k0 ∈ {1, . . . ,m} such that Fk0(x̄) < Fk0(x̂)+ εk0||x̂− x̄||, which contradicts (3.26). The proof of
(ii) is complete. �

Remark 3.4. In Theorem 3.2, if q = 1 and fk,k = 1, . . . ,m,gi, i = 1, . . . , p do not contain un-
certain data, we obtain [3, Theorem 3.13]. Besides, if εk = 0,k = 1, . . . ,m and fk,k = 1, . . . ,m
do not contain uncertain data, we have [4, Theorem 3.11]. On the other hand, if m = 1 and
εk = 0,k = 1, . . . ,m, we obtain [9, Theorem 3.2]. Furthermore, if fk,k = 1, . . . ,m,gi, i = 1, . . . , p
do not have uncertain data, we get [22, Theorem 3.9].

Now, we present an example to show the importance of the generalized convexity of (F,G)
in Theorem 3.2.

Example 3.3. Let fk : R×Uk→ R,k = 1,2, be defined by

f1(x,u1) =

{
x2 sin

1
x
−u1, if x 6= 0,

0, if x = 0,
,x ∈ R,u1 ∈U1 = [0,1],

f2(x,u2) =

{
x2 sin

1
x
+u2, if x 6= 0,

0, if x = 0,
,x ∈ R,u2 ∈U2 = [−1,0],

and let gi : R×Vi→ R, i = 1,2, be given by

g1(x,v1) = x2− x+ v1,x = (x1,x2) ∈ R2,v1 ∈V1 = [−1,0],

g2(x,v2) = x2− x− v2,x = (x1,x2) ∈ R2,v2 ∈V2 = [0,1].

We consider problem (UP) with m = 2, p = 2,q = 1 and C =R. We have S = {x∈C | gi(x,vi)≤
0,∀vi ∈Vi, i = 1,2}= [0,1] and F1(x) = x2 sin

1
x
,F2(x) = x2 sin

1
x
,G1(x) = x2− x,G2(x) = x2−

x. Take x̄ = 0 ∈ S. By direct computation, one has N(x̄;C) = {0},U1(x̄) = {0},U1(x̄) =
{0},V1(x̄) = {0},V2(x̄) = {0} and{

∂x f1(x̄,u1) | u1 ∈U1(x̄)
}
= [−1,1],

{
∂x f2(x̄,u2) | u2 ∈U2(x̄)

}
= [−1,1],{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}
= {−1}, i = 1,2.

On the other hand, taking α1 = α2 =
1
4

, µ1 = µ2 =
1
4
,ε1 = ε2 =

1
3π

,B = [−1,1], we see that

∑
m
k=1 αk +∑

p
i=1 µi = 1 and

0 ∈
m

∑
k=1

αkco
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
+

p

∑
i=1

µico
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}

+
m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j)
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and µi maxvi∈Vi gi(x̄,vi) = 0, i = 1,2. Thus, the robust ε-quasi approximate (KKT) condition is
satisfied at x̄ = 0. However, x̄ = 0 is not a robust ε-quasi weakly Pareto solution of problem

(UP). To see this, we can choose x =
2

3π
∈ S, it is easy to see that

F1(x)+ ε1||x− x̄||=− 4
9π2 +

2
9π2 =− 2

9π2 < 0 = F1(x̄),

F2(x)+ ε2||x− x̄||=− 4
9π2 +

2
9π2 =− 2

9π2 < 0 = F2(x̄),

The reason is that (F,G) is not generalized convex at x̄ = 0. Indeed, take x = − 2
5π
∈C,x∗k =

0 ∈
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
= [−1,1],k = 1,2. Then, it is easy to see that N(x̄;C)◦ = R and

fk(x,uk)− fk(x̄,uk) =−
4

25π2 < 0 =
〈
x∗k ,w

〉
,∀w ∈ N(x̄;C)◦ = R,

∀uk ∈Uk(x̄),k = 1,2.

4. ROBUST APPROXIMATE DUALITY THEOREMS

In this section, we consider dual problem of robust problem (UP) in a Mond–Weir type. For
convenience’s sake, we recall here the notation F := (F1, . . . ,Fm) and G := (G1, . . . ,Gp), with

Fk(y) := max
uk∈Uk

fk(y,uk) ∈ R,k = 1, . . . ,m,

Gi(y) := max
vi∈Vi

gi(y,vi) ∈ R, i = 1, . . . , p,

and
Uk(y) := {uk ∈Uk | fk(y,uk) = Fk(y)},k = 1, . . . ,m,
Vi(y) := {vi ∈Vi | gi(y,vi) = Gi(y)}, i = 1, . . . , p,

where y ∈Rn. Denote α := (α1, . . . ,αm) ∈Rm
+\{0} with ∑

m
k=1 αk = 1, µ := (µ1, . . . ,µp) ∈Rp

+,
C j ⊂Rn, j = 1, . . . ,q are nonempty closed subsets. We consider Mond–Weir type uncertain dual
problem (UMWD) with respect to problem (UP) as follows:

(UMWD) max
{

f1(y,u1), . . . , fm(y,um) | (y,α,µ) ∈ SMWD

}
.

For ε := (ε1, . . . ,εm) ∈ Rm
+, the feasible set of problem (UMWD) is defined by

SMWD :=
{
(y,α,µ) ∈

q⋂
j=1

C j×
(
Rm
+\{0}

)
×Rp

+ |

0 ∈
m

∑
k=1

αkco
{

∂x fk(y,uk) | uk ∈Uk(y)
}
+

p

∑
i=1

µico
{

∂xgi(y,vi) | vi ∈Vi(y)
}

+
m

∑
k=1

αkεkB+
q

∑
j=1

N(y;C j),
p

∑
i=1

µiGi(y)≥ 0,
m

∑
k=1

αk = 1
}
.

(4.1)

The robust counterpart of problem (UMWD) can be captured by the following problem:

(RMWD) max
{

max
u1∈U1

f1(y,u1), . . . , max
um∈Um

fm(y,um) | (y,α,µ) ∈ SMWD

}
,

where SMWD is given as in (4.1).
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In what follows, we use the following notation for convenience:

u≺ v⇔ u− v ∈ −intRm
+, u 6≺ v is the negation of u≺ v,

u� v⇔ u− v ∈ −Rm
+\{0}, u 6� v is the negation of u� v.

Now, we introduce definition of ε-quasi (weakly) Pareto solutions for problem (UMWD).

Definition 4.1. Let ε := (ε1, . . . ,εm) ∈ Rm
+. A vector (ȳ, ᾱ, µ̄) ∈ SMWD is said to be

(i) a robust ε-quasi Pareto solution of problem (UMWD), written by (ȳ, ᾱ, µ̄) ∈ ε-quasi-
S (RMWD), if (ȳ, ᾱ, µ̄) is an ε-quasi Pareto solution of problem (RMWD), i.e., for any
(y,α,µ) ∈ SMWD, F(y)−F(ȳ)− ε||ȳ− y|| /∈ Rm

+\{0}.
(ii) a robust ε-quasi weakly Pareto solution of problem (UMWD), written by (ȳ, ᾱ, µ̄) ∈ ε-

quasi-S w(RMWD), if (ȳ, ᾱ, µ̄) is an ε-quasi weakly Pareto solution of problem (RMWD),
i.e., for any (y,α,µ) ∈ SMWD, F(y)−F(ȳ)− ε||ȳ− y|| /∈ intRm

+.

Theorem 4.1. (Robust ε-quasi weak duality) Let ε := (ε1, . . . ,εm) ∈ Rm
+. Suppose that x ∈ S

and (y,α,µ) ∈ SMWD.
(i) If (F,G) is generalized convex at y, then F(x) 6≺ F(y)− ε||x− y||.

(ii) If (F,G) is strictly generalized convex at y, then F(x) 6� F(y)− ε||x− y||.

Proof. Since (y,α,µ) ∈ SMWD, we see that there exist (α1, . . . ,αm) ∈ Rm
+\{0} with ∑

m
k=1 αk =

1,µ := (µ1, . . . ,µp) ∈ Rp
+ and

x∗k ∈ co
{

∂x fk(y,uk) | uk ∈Uk(y)
}
,k = 1, . . . ,m, (4.2)

x∗i ∈ co
{

∂xgi(y,vi) | vi ∈Vi(y)
}
, i = 1, . . . , p, (4.3)

as well as b∗ ∈ B such that

−

(
m

∑
k=1

αkx∗k +
p

∑
i=1

µix∗i +
m

∑
k=1

αkεkb∗
)
∈

q

∑
j=1

N
(
y;C j

)
(4.4)

and
p

∑
i=1

µiGi(y)≥ 0. (4.5)

We first prove (i). Let x ∈ S. we suppose on contrary that F(x)≺ F(y)−ε||x−y||. It follows
that

F(x)−F(y)+ ε||x− y|| ∈ −intRm
+. (4.6)

By the generalized convexity of (F,G) at y, for such x∈
q⋂

j=1

C j, there exists w∈

(
q

∑
j=1

N
(
y;C j

))◦
such that

fk(x,uk)− fk(y,uk)≥ 〈u∗,w〉 ,∀u∗ ∈ ∂x fk(y,uk),∀uk ∈Uk(y),k = 1, . . . ,m, (4.7)

gi(x,vi)−gi(y,vi)≥ 〈v∗,w〉 ,∀v∗ ∈ ∂xgi(y,vi),∀vi ∈Vi(y), i = 1, . . . , p (4.8)

and
〈b∗,w〉 ≤ ||x− y||,∀b∗ ∈ B. (4.9)
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It is clear from (4.2) that there exist αkl ≥ 0,x∗kl ∈ ∂x fk(y,ukl),ukl ∈Uk(y), l = 1, . . . , lk, lk ∈ N
such that ∑

lk
l=1 αkl = 1 and x∗k = ∑

lk
l=1 αklx∗kl,k = 1, . . . ,m. Thus, from (4.7), one has

〈x∗k ,w〉=
lk

∑
l=1

αkl 〈x∗kl,w〉 ≤
lk

∑
l=1

αkl ( fk(x,ukl)− fk(y,ukl)) .

From the definition of max functions Fk(x),k = 1, . . . ,m, one has fk(x,ukl)≤ Fk(x), fk(y,ukl) =
Fk(y), l = 1, . . . , lk, lk ∈ N,ukl ∈Uk(x̄) and

〈x∗k ,w〉 ≤
lk

∑
l=1

αkl (Fk(x)−Fk(y)) = Fk(x)−Fk(y). (4.10)

Similarly, from (4.3) and (4.8), we can verify that, for each i = 1, . . . , p, there exist µir ≥ 0,x∗ir ∈
∂xgi(y,vir),vir ∈Vi(y),r = 1, . . . ,ri,ri ∈ N such that ∑

ri
r=1 µir = 1 and

〈x∗i ,w〉=
ri

∑
r=1

µir 〈x∗ir,w〉 ≤
ri

∑
r=1

µir (gi(x,vir)−gi(y,vir)) .

From the definition of max functions Gi(x), i = 1, . . . , p, one has gi(x,vir) ≤ Gi(x),gi(y,vir) =
Gi(y),r = 1, . . . ,ri,ri ∈ N,vir ∈Vi(x̄) and

〈x∗i ,w〉 ≤
ri

∑
r=1

µir (Gi(x)−Gi(y)) = Gi(x)−Gi(y). (4.11)

Hence, we deduce from (4.10), (4.11), (4.4), the definition of polar cones, and (4.9) that

0 ≤
m

∑
k=1

αk 〈x∗k ,w〉+
p

∑
i=1

µi 〈x∗i ,w〉+
m

∑
k=1

αkεk 〈b∗,w〉

≤
m

∑
k=1

αk [Fk(x)−Fk(y)]+
p

∑
i=1

µi [Gi(x)−Gi(y)]+
m

∑
k=1

αkεk||x− y||.

or equivalently,
m

∑
k=1

αkFk(y)+
p

∑
i=1

µiGi(y)≤
m

∑
k=1

αkFk(x)+
p

∑
i=1

µiGi(x)+
m

∑
k=1

αkεk||x− y||. (4.12)

By x ∈ S, it is obvious that Gi(x)≤ 0, i = 1, . . . , p. Thus ∑
p
i=1 µiGi(x)≤ 0. From (4.12), we can

assert that
m

∑
k=1

αkFk(y)+
p

∑
i=1

µiGi(y)≤
m

∑
k=1

αkFk(x)+
m

∑
k=1

αkεk||x− y||. (4.13)

From (4.5) and (4.13), it is easy to follow that
m

∑
k=1

αkFk(y)≤
m

∑
k=1

αkFk(x)+
m

∑
k=1

αkεk||x− y||.

This, along with the fact that α := (α1, . . . ,αm) ∈ Rm
+\{0} with ∑

m
k=1 αk = 1, it follows that

there exists k0 ∈ {1, . . . ,m} such that Fk0(y) ≤ Fk0(x)+ εk0||x− y||. This implies that Fk0(x)−
Fk0(y)+ εk0||x− y|| ≥ 0, which contradicts (4.6). The proof of (i) is complete.

We now prove (ii). Let x ∈ S. We suppose on contrary that F(x)� F(y)−ε||x−y||, which is
equivalent to the following inequality

F(x)−F(y)+ ε||x− y|| ∈ −Rm
+\{0}. (4.14)
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By the strictly generalized convexity of (F,G) at y, for such x ∈
⋂q

j=1C j above, there exists

w ∈
(

sumq
j=1N

(
y;C j

))◦
such that

fk(x,uk)− fk(y,uk)> 〈u∗,w〉 ,∀u∗ ∈ ∂x fk(y,uk),∀uk ∈Uk(y),k = 1, . . . ,m,

gi(x,vi)−gi(y,vi)≥ 〈v∗,w〉 ,∀v∗ ∈ ∂xgi(y,vi),∀vi ∈Vi(y), i = 1, . . . , p
and 〈b∗,w〉 ≤ ||x− y||,∀b∗ ∈ B. By a similar procedure as in the proof of (i), we arrive at

0 ≤
m

∑
k=1

αk 〈x∗k ,w〉+
p

∑
i=1

µi 〈x∗i ,w〉+
m

∑
k=1

αkεk 〈b∗,w〉

<
m

∑
k=1

αk (Fk(x)−Fk(y))+
p

∑
i=1

µi (Gi(x)−Gi(y))+
m

∑
k=1

αkεk||x− y||,

or equivalently,
m

∑
k=1

αkFk(y)+
p

∑
i=1

µiGi(y)<
m

∑
k=1

Fk(x)+
p

∑
i=1

µiGi(x)+
m

∑
k=1

αkεk||x− y||. (4.15)

By x ∈ S it is obvious that Gi(x)≤ 0, i = 1, . . . , p. Thus ∑
p
i=1 µiGi(x)≤ 0. From (4.15), we can

assert that
m

∑
k=1

αk fk(y)+
p

∑
i=1

µigi(y)<
m

∑
k=1

αk fk(x)+
m

∑
k=1

αkεk||x− y||. (4.16)

From (4.5) and (4.16), it is easy to follow that
m

∑
k=1

αkFk(y)<
m

∑
k=1

αkFk(x)+
m

∑
k=1

αkεk||x− y||.

This, along with the fact that α := (α1, . . . ,αm) ∈ Rm
+\{0} with ∑

m
k=1 αk = 1, it follows that

there exists k0 ∈ {1, . . . ,m} such that Fk0(y) < Fk0(x)+ εk0||x− y||. This implies that Fk0(x)−
Fk0(y)+ εk0||x− y||> 0, which contradicts (4.14). The proof of (ii) is complete. �

Remark 4.1. In Theorem 4.1, if m = 1 and εk = 0,k = 1, . . . ,m, we obtain [9, Theorem 4.1].
Furthermore, if fk,k = 1, . . . ,m,gi, i= 1, . . . , p do not have uncertain data, we have [22, Theorem
4.6].

Theorem 4.2. (Robust ε-quasi strong duality) Let ε :=(ε1, . . . ,εm)∈Rm
+, x̄∈ ε−quasi−S w(RP)

and assumptions (A1) and (A2) hold. Suppose that the condition (CQ) is satisfied at x̄ and that
the equation v1 + · · ·+ vq = 0, where v j ∈ N(x̄;C j), j = 1, . . . ,q, has only the trivial solution
v j = 0, j = 1, . . . ,q. Then there exists (ᾱ, µ̄) ∈

(
Rm
+\{0}

)
×Rp

+ such that (x̄, ᾱ, µ̄) ∈ SMWD.
(i) If (F,G) is generalized convex at any y∈

⋂q
j=1C j, then (ȳ, ᾱ, µ̄)∈ ε-quasi-S w(RMWD).

(ii) If (F,G) is strictly generalized convex at any y ∈
⋂q

j=1C j, then (ȳ, ᾱ, µ̄) ∈ ε-quasi-
S (RMWD).

Proof. Let x̄∈ ε-quasi-S w(RP). It follows from Theorem 3.1 that there exist α :=(α1, . . . ,αm)∈
Rm
+ with ∑

m
k=1 αk 6= 0,µ := (µ1, . . . ,µp) ∈ Rp

+ such that

0 ∈
m

∑
k=1

αkco
{

∂x fk(x̄, ūk) | ūk ∈Uk(x̄)
}
+

p

∑
i=1

µico
{

∂xgi(x̄, v̄i) | v̄i ∈Vi(x̄)
}

+
m

∑
k=1

αkεkB+
q

∑
j=1

N(x̄;C j)
(4.17)
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and µi maxvi∈Vi gi(x̄, v̄i) = 0, i = 1, . . . , p. Putting

ᾱk :=
αk

m

∑
k=1

αk

,k = 1, . . . ,m, µ̄i :=
µi

m

∑
k=1

αk

, i = 1, . . . , p,

one has ᾱ := (ᾱ1, . . . , ᾱm) ∈ Rm
+\{0} with ∑

m
k=1 ᾱk = 1 and µ̄ := (µ̄1, . . . , µ̄p) ∈ Rp

+. Further-
more, the assertion in (4.17) is also valid when αk’s and µi’s are replaced by ᾱk’s and µ̄i’s,
respectively. So, (x̄, ᾱ, µ̄) ∈ SMWD.

(i) If (F,G) is generalized convex at any y ∈
⋂q

j=1C j, we find by invoking (i) of Theo-
rem 4.1 that F(x̄) 6≺ F(y)− ε||x̄− y||, for any (y,α,µ) ∈ SMWD. This implies that (ȳ, ᾱ, µ̄) ∈
ε−quasi−S w(RMWD). The proof of (i) is complete.

(ii) If (F,G) is strictly generalized convex at any y ∈
⋂q

j=1C j, we obtain by invoking (ii) of
Theorem 4.1 that F(x̄) 6� F(y)− ε||x̄− y||, for any (y,α,µ) ∈ SMWD. Therefore, (ȳ, ᾱ, µ̄) ∈ ε-
quasi-S (RMWD). The proof of (ii) is complete. �

Remark 4.2. In Theorem 4.2, if m = 1 and εk = 0,k = 1, . . . ,m, we have [9, Theorem 4.2].
Furthermore, if fk,k = 1, . . . ,m,gi, i = 1, . . . , p do not have uncertain data, we see [22, Theorem
4.7].

Since C j, j = 1, . . . ,q are convex and fk,k = 1, . . . ,m,gi, i = 1, . . . , p are convex, then (F,G)
is generalized convex at any x̄ ∈

⋂q
j=1C j with w := x− x̄ for each x ∈

⋂q
j=1C j. Therefore, the

next corollary is a direct consequence of Theorem 4.2.

Corollary 4.1. Let ε := (ε1, . . . ,εm) ∈ Rm
+, x̄ ∈ ε−quasi−S w(RP) and assumptions (A1) and

(A2) hold. Suppose that the condition (CQ) is satisfied at x̄ and that the equation v1+ · · ·+vq =
0, where v j ∈ N(x̄;C j), j = 1, . . . ,q, has only the trivial solution v j = 0, j = 1, . . . ,q. Then there
exists (ᾱ, µ̄) ∈

(
Rm
+\{0}

)
×Rp

+ such that (x̄, ᾱ, µ̄) ∈ SMWD. Let C j, j = 1, . . . ,q be convex. If
fk(·,uk),k = 1, . . . ,m and gi(·,vi), i = 1, . . . , p are convex at any y ∈

⋂q
j=1C j, then (ȳ, ᾱ, µ̄) ∈ ε-

quasi-S w(RMWD).

Theorem 4.3. (Robust ε-quasi converse duality) Let ε := (ε1, . . . ,εm) ∈ Rm
+. Suppose that

(x̄, ᾱ, µ̄) ∈ SMWD.

(i) If x̄ ∈ S and (F,G) is generalized convex at x̄, then x̄ ∈ ε-quasi-S w(RP).
(ii) If x̄ ∈ S and (F,G) is strictly generalized convex at x̄, then x̄ ∈ ε-quasi-S (RP).

Proof. Since (x̄, ᾱ, µ̄)∈ SMWD, we see tgat there exist ᾱ :=(ᾱ1, . . . , ᾱm)∈Rm
+\{0}with ∑

m
k=1 ᾱk =

1, µ̄ := (µ̄1, . . . , µ̄p) ∈ Rp
+ and

x∗k ∈ co
{

∂x fk(x̄,uk) | uk ∈Uk(x̄)
}
,k = 1, . . . ,m, (4.18)

x∗i ∈ co
{

∂xgi(x̄,vi) | vi ∈Vi(x̄)
}
, i = 1, . . . , p, (4.19)

as well as b∗ ∈ B such that

−

(
m

∑
k=1

ᾱkx∗k +
p

∑
i=1

µ̄ix∗i +
m

∑
k=1

ᾱkεkb∗
)
∈

q

∑
j=1

N
(
x̄;C j

)
(4.20)
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and
p

∑
i=1

µ̄iGi(x̄)≥ 0. (4.21)

We first prove (i). Suppose on contrary that x̄ /∈ ε−quasi−S w(RP). It then follows that there
exists x̃ ∈ S satisfying

Fk(x̃)< Fk(x̄)− εk||x̃− x̄||,k = 1, . . . ,m. (4.22)

By the generalized convexity of (F,G) at x̄, for such x̃∈
q⋂

j=1

C j, there exists w∈
(

∑
q
j=1 N(x̄;C j)

)◦
such that

fk(x̃,uk)− fk(x̄,uk)≥ 〈u∗,w〉 ,∀u∗ ∈ ∂x fk(x̄,uk),∀uk ∈Uk(x̄),k = 1, . . . ,m, (4.23)

gi(x̃,vi)−gi(x̄,vi)≥ 〈v∗,w〉 ,∀v∗ ∈ ∂xgi(x̄,vi),∀vi ∈Vi(x̄), i = 1, . . . , p, (4.24)

and
〈b∗,w〉 ≤ ||x̃− x̄||,∀b∗ ∈ B. (4.25)

It is clear from (4.18) that there exist αkl ≥ 0,x∗kl ∈ ∂x fk(x̄,ukl),ukl ∈Uk(x̄), l = 1, . . . , lk, lk ∈ N
such that ∑

lk
l=1 αkl = 1 and x∗k = ∑

lk
l=1 αklx∗kl,k = 1, . . . ,m. Thus, from (4.23), one has

〈x∗k ,w〉=
lk

∑
l=1

αkl 〈x∗kl,w〉 ≤
lk

∑
l=1

αkl ( fk(x̃,ukl)− fk(x̄,ukl)) .

From the definition of max functions Fk(x̃),k = 1, . . . ,m, one has fk(x̃,ukl)≤ Fk(x̃), fk(x̄,ukl) =
Fk(x̄), l = 1, . . . , lk, lk ∈ N,ukl ∈Uk(x̄) and

〈x∗k ,w〉 ≤
lk

∑
l=1

αkl (Fk(x̃)−Fk(x̄)) = Fk(x̃)−Fk(x̄). (4.26)

From (4.19) and (4.24), we can verify that, for each i = 1, . . . , p, there exist µir ≥ 0,x∗ir ∈
∂xgi(x̄,vir),vir ∈Vi(x̄),r = 1, . . . ,ri,ri ∈ N such that ∑

ri
r=1 µir = 1 and

〈x∗i ,w〉=
ri

∑
r=1

µir 〈x∗ir,w〉 ≤
ri

∑
r=1

µir (gi(x̃,vir)−gi(x̄,vir)) .

From the definition of max functions Gi(x̃), i = 1, . . . , p, one has gi(x̃,vir) ≤ Gi(x̃),gi(x̄,vir) =
Gi(x̄),r = 1, . . . ,ri,ri ∈ N,vir ∈Vi(x̄) and

〈x∗i ,w〉 ≤
ri

∑
r=1

µir (Gi(x̃)−Gi(x̄)) = Gi(x̃)−Gi(x̄). (4.27)

From the definition of polar cones, (4.20), (4.25), (4.26), and (4.27), it is easy to deduce that

0 ≤
m

∑
k=1

ᾱk 〈u∗k ,w〉+
p

∑
i=1

µ̄i 〈x∗i ,w〉+
m

∑
k=1

ᾱkεk 〈b∗,w〉

≤
m

∑
k=1

ᾱk (Fk(x̃)−Fk(x̄))+
p

∑
i=1

µ̄i (Gi(x̃)−Gi(x̄))+
m

∑
k=1

ᾱkεk||x̃− x̄||.
(4.28)
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By x̃ ∈ S, it is obvious that Gi(x̃) ≤ 0, i = 1, . . . , p. Thus ∑
p
i=1 µ̄iGi(x̃) ≤ 0. From (4.21) and

(4.28), it is easy to see
m

∑
k=1

ᾱkFk(x̃)+
m

∑
k=1

ᾱkεk||x̃− x̄|| ≥
m

∑
k=1

ᾱkFk(x̄).

This, along with the fact that ᾱ := (ᾱ1, . . . , ᾱm) ∈ Rm
+\{0} with ∑

m
k=1 ᾱk = 1, it follows that

there exists k0 ∈ {1, . . . ,m} such that Fk0(x̃)+ εk0||x̃− x̄|| ≥ Fk0(x̄), which contradicts (4.22).
The proof of (i) is complete.

We now prove (ii). Suppose on contrary that x̄ /∈ ε-quasi-S (RP). It then follows that there
exists x̂ ∈ S satisfying

Fk(x̂)+ εk||x̂− x|| ≤ Fk(x̄),k = 1, . . . ,m, (4.29)

where at least one inequality is strict. By the strictly generalized convexity of (F,G) at x̄, for

such x̂ ∈
⋂q

j=1C j, there exists w ∈

(
q

∑
j=1

N
(
x̄;C j

))◦
such that

fk(x̂,uk)− fk(x̄,uk)> 〈u∗,w〉 ,∀u∗ ∈ ∂x fk(x̄,uk),∀uk ∈Uk(x̄),k = 1, . . . ,m,

gi(x̂,vi)−gi(x̄,vi)≥ 〈v∗,w〉 ,∀v∗ ∈ ∂xgi(x̄,vi),∀vi ∈Vi(x̄), i = 1, . . . , p,

and 〈b∗,w〉 ≤ ||x̂− x̄||,∀b∗ ∈ B. By a similar procedure as in the proof of (i), we arrive at

0 ≤
m

∑
k=1

ᾱk 〈x∗k ,w〉+
p

∑
i=1

µ̄i 〈x∗i ,w〉+
m

∑
k=1

ᾱkεk 〈b∗,w〉

<
m

∑
k=1

ᾱk [Fk(x̂)−Fk(x̄)]+
p

∑
i=1

µ̄i (Gi(x̂)−Gi(x̄))+
m

∑
k=1

ᾱkεk||x̂− x̄||.
(4.30)

By x̂ ∈ S it is obvious that Gi(x̂)≤ 0, i = 1, . . . , p. Thus, one implies that
p

∑
i=1

µ̄iGi(x̂)≤ 0. (4.31)

From (4.21), (4.30) and (4.31), it is easy to follow that
m

∑
k=1

ᾱkFk(x̂)+
m

∑
k=1

ᾱkεk||x̂− x̄||>
m

∑
k=1

ᾱkFk(x̄).

This, along with the fact that ᾱ := (ᾱ1, . . . , ᾱm) ∈ Rm
+\{0} with ∑

m
k=1 ᾱk = 1, it follows that

there exists k0 ∈ {1, . . . ,m} such that Fk0(x̂)+ εk0||x̂− x̄|| > Fk0(x̄), which contradicts (4.29).
The proof of (ii) is complete. �

Remark 4.3. In Theorem 4.3, if m = 1 and εk = 0,k = 1, . . . ,m, we see n [9, Theorem 4.2].
Furthermore, if fk,k = 1, . . . ,m,gi, i = 1, . . . , p do not have uncertain data, we see [22, Theorem
4.8].

Since C j, j = 1, . . . ,q are convex and fk,k = 1, . . . ,m,gi, i = 1, . . . , p are convex, then (F,G)
is generalized convex at any x̄ ∈

⋂q
j=1C j with w := x− x̄ for each x ∈

⋂q
j=1C j. Therefore, the

next corollary is a direct consequence of Theorem 4.3.

Corollary 4.2. Let ε := (ε1, . . . ,εm)∈Rm
+ and C j, j = 1, . . . ,q be convex. Let (x̄, ᾱ, µ̄)∈ SMWD.

If x̄∈ S, fk(·,uk),k= 1, . . . ,m and gi(·,vi), i= 1, . . . , p are convex at x̄, then x̄∈ ε-quasi-S w(RP).
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5. CONCLUSION

In this paper, we first obtained necessary optimality conditions for ε-quasi Pareto solutions of
problem (UP) in terms of the Mordukhovich/limiting subdifferentials. We next introduced the
new definition of generalized (strictly) convex via the Mordukhovich/limiting subdifferentials
of locally Lipschitz functions. We then established sufficient optimality conditions and duality
theorems for ε-quasi Pareto solutions of the considered problem under the assumption of gen-
eralized (strictly) convexity. The obtained results in this paper are new and different from the
results presented in [3, 4, 9, 22].
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