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1. INTRODUCTION

Multiple objective functions are simultaneously minimized in a multi-objective optimization
problem. Scalarization techniques, which convert the original problem to a single objective
optimization problem using a set of predetermined parameters, are traditional approaches for
tackling multi-objective optimization problems [1, 2]. To discover the approximate Pareto front
in various engineering issues, heuristic techniques such as evolutionary algorithms [3, 4] were
frequently employed. However, heuristic algorithms do not provide convergence to the solu-
tion, and scalarization techniques involve some user-dependent parameter or ordering informa-
tion of objective functions. Researchers introduced gradient/subgradient-based approaches for
multi-objective optimization problems as a result of the drawbacks of traditional approaches.
Gradient/subgradient-based methods for single-objective optimization were extended to multi-
objective cases recently. For nonsmooth multi-objective optimization problems, researchers
developed various strategies. Line search techniques [5, 6, 7, 8, 9, 10] or trust region methods
[11, 12, 13, 14, 15] were gradient-based approaches for multi-objective optimization issues.
Proximal point methods [16, 17], proximal gradient methods [18, 19, 20], and single objective
subgradient methods [21, 22, 23] have been extended to multi-objective cases by using these
techniques. In [24, 25, 26, 27], descent methods were developed for uncertain multi-objective
optimization problems with finite uncertainty. Proximal gradient methods is now treated as an
effective way to handle composite single objective optimization problems [28, 29, 30]. This
method uses a linear approximation of a smooth function to choose an appropriate descent di-
rection at each iteration. According to Lee et al. [31], every iteration of the proximal gradient
method employs a quadratic approximation of a smooth function. This method quadratically
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converges under a few minor assumptions. Recently, a proximal gradient approach for multi-
objective optimizations was developed by Tanabe et al. [20]. For multi-objective optimization
problems, this approach combines the concepts of the proximal point method and the steep-
est descent technique, as developed in [5] and [17], respectively. This method has a modest
convergence rate, similar to the single-objective proximal gradient method. The methodology
proposed in [20] is further modified in different directions [18, 19, 32]. The steepest descent
approach is replaced by the Newton method in [18] and the quasi-Newton method in [19]. The
Newton-type proximal gradient approach ([18]) employs a quadratic approximation of each
smooth function and solves a subproblem at each iteration. The quasi-Newton approach in
[19] substitutes a positive definite matrix for each smooth function’s Hessian. The subproblems
employed in [18, 19] fail to produce bounded solutions if the Hessian or approximate-Hessian
matrices are ill-conditioned, just like Newton and quasi-Newton methods for smooth problems.
Additionally, in [18, 19], certain inexact line search methods were employed to determine an
appropriate step length, which raises the computational expenses. Using the concepts of trust
region approaches in composite multi-objective optimization problems is one potential strategy
to avoid these restrictions. This has inspired us to make this scientific contribution. In this
study, we introduce the concept of the trust region method and develop a trust region proximal
gradient strategy for composite multi-objective optimization problems.

The following is the outline of this paper. Section 2 discusses definitions and lemmas. Section
3 develops a proximal gradient for the trust region. An algorithm is proposed in this section,
which is a trust region variant proximal gradient method for composite multi-objective opti-
mization problems. Global convergence of the proposed method is analyzed under some mild
assumptions in Section 4. The suggested approach is validated and compared with some recent
methods via a set of problems in Section 5. Section 6 ends this paper with some concluding
remarks.

2. PRELIMINARIES

This paper considers the following multi-objective function:

(MOP) : min
x∈Rn

F(x) = (F1(x),F2(x), ...,Fm(x)).

Assume that, for j = 1,2, ...,m, Fj : Rn → R is defined by Fj(x) = f j(x)+ g j(x), where f j is
a convex and continuously differentiable function and g j is a convex and continuous function
which is not necessarily differentiable. It is assumed that int(dom g j) 6= /0 holds for every g j.
Denote Λn = {1,2, ...,n} for any n ∈N. Usually, inequalities in Rm are understood component-
wise. A feasible solution of (MOP) is treated as an ideal solution if it minimizes all objective
functions simultaneously. However, in practice, lowering one function could lead to an increase
in another function. Therefore, efficiency takes the place of optimality in the multi-objective
optimization theory. It is claimed that x∗ is an efficient solution of (MOP) if there is not any
x ∈ Rn such that F(x)≤ F(x∗) and F(x) 6= F(x∗) hold. We declare x∗ ∈ Rn as a weak efficient
solution of (MOP) if there is not any x∈Rn such that F(x)<F(x∗) holds. Any efficient solution
is a weak efficient solution, but the opposite is not true. However, if every objective function
is strictly convex, then every weak efficient solution is efficient. If X∗ is the set of all efficient
solutions of the (MOP), then the Pareto front of the (MOP) is F(X∗), which falls on the bound-
ary of F(Rn). Assume that (MOP) has a weak efficient solution x∗. Then, for every u ∈ Rn, x∗
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must fulfill the following first-order necessary condition of weak efficiency, max
j∈Λm

F
′
j(x
∗;u)≥ 0.

Any feasible point satisfying the above inequality is a critical point of (MOP). If Fj is convex
for every j, then every critical point of (MOP) is a weak efficient solution. Further, the criti-
cal point of (MOP) is an efficient solution if each Fj, j ∈ Λm, is a strictly or strongly convex
function.

The subdifferential is used in nonsmooth optimization in place of the gradient, which is used
in smooth optimization. When it comes to nonsmooth optimization, it is crucial. The definition
of the subdifferential of a convex continuous function is as follows.

Definition 2.1. [33] Let h : Rn→ (−∞,∞] be proper function and x ∈ dom(h). The subdiffer-
ential of h at x, represented by ∂h(x), is defined by ∂h(x) := {ξ ∈ Rn|h(y) ≥ h(x)+ ξ T (y−
x), ∀ y ∈ Rn}.

The following subdifferential characteristic is also needed in our proof.

Lemma 2.1. [18] Let 0 ∈Co ∪
j∈Λm

∂Fj(x∗) for some x∗ ∈ Rn. Then x∗ is a critical point of the

(MOP).

3. A TRUST REGION PROXIMAL GRADIENT METHOD FOR (MOP)

The concept of the trust region approach for composite multi-objective optimization problems
is presented in this section. Using the concepts of trust region approaches, a variation of the
proximal gradient method is shown for (MOP). The following procedures are used to perform
this derivation:

• derivation of a sub-problem to determine the direction of (MOP) at iterating point x ∈
Rn;
• adjust the radius of the trust region;
• lastly, an algorithm for (MOP) is suggested.

3.1. Derivation of sub-problem. We create a sub-problem to choose an appropriate descent
direction. A good approximation of each objective function is used for this sub-problem. This
sub-problem meets certain favorable convex optimization criteria to make it easier to solve. Our
method makes use of the following gradient-based estimate of f j at x with a positive definite
approximation of ∇2 f j(x)

T Rx, j(u) :=
1
2

uTC j(x)u+g j(x+u)−g j(x),

where C j(x) is a positive definite approximation of ∇2 f j(x). There is no doubt that the compu-
tational cost is decreased by using C j(x) instead of ∇2 f j(x). Let us define

T Rx(u) := max
j∈Λm

∇ f j(x)T u+
1
2

uTC j(x)u+g j(x+u)−g j(x).

Since T Rx, j is continuous in u for any fixed x, it follows that T R is also continuous in u. So
∂uT Rx, j(u) is nonempty and bounded according to [18, Theorem 2.1]. Denote

Ix(u) := { j ∈ Λm|T Rx(u) = T Rx, j(u)}.
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From [33, Theorems 2.91 and 2.96], we obtain

∂uT Rx, j(u) =
{

∇ f j(x)+C j(x)u
}
+∂ug j(x+u), ∂uT Rx(u) =Co

⋃
j∈Ix(u)

∂uT Rx, j(u).

Finally, we solve the sub-problem to determine an appropriate descent direction of (MOP) for
any x ∈ Rn

SP(x;∆) : min
u∈Rn

T Rx(u)

s. t. ‖u‖2 ≤ ∆
2,

where ∆ > 0 is the radius of the trust region. The set of feasible solutions of SP(x,∆) is

X(∆) = {u ∈ Rn| ‖u‖2 ≤ ∆
2}.

Note 3.1. If g j = 0 for all j ∈ Λm, then SP(x) coincides with the sub-problem in [11].

If C j(x) is positive definite for every x, then T Rx, j(u) is strictly convex function in u for every
j ∈ Λm and x ∈ Rn. Hence T Rx(u) is a strictly convex function in u for every x ∈ Rn. This
implies that SP(x;∆) has a unique finite minimizer. Denote u(x,∆) = argminu∈X(∆)T Rx(u) and
t(x,∆) = T Rx(u(x,∆)). Clearly, for every x ∈ Rn, t(x,∆) = T Rx(u(x,∆)) ≤ T Rx(0) = 0. Since
u(x,∆) is the solution of SP(x,∆), from [33, Theorem 3.1], 0∈ ∂uT Rx(u(x,∆))+NX(∆)(u(x,∆)).
From [33, proposition 3.3], one has

NX(∆)(u(x,∆)) =
{
{0} i f u(x,∆) ∈ int(X(∆))
Cone(u(x,∆)) otherwise

Suppose u(x,∆) ∈ bd(NX(∆)(u(x,∆))). From [33, Theorem 2.96], there exists λ ∈ R|I(x,u(x,∆))|+ ,
ξ j ∈ ∂ug j(x,u(x,∆)) j ∈ I(x,u(x,∆)) and µ ≥ 0 such that ∑ j∈I(x,u(x,∆))λ j = 1 and

∑
j∈I(x,u(x,∆))

λ j
(
∇ f j(x)+C j(x)u(x,∆)+ξ j

)
+µu(x,∆) = 0.

Next, we consider any ξ j ∈ ∂ug j(x + u(x,∆)) and substitute λ j = 0 for all j /∈ I(x,u(x,∆)).
Further, substituting µ = 0 if u(x,∆) ∈ int(X(∆)), we have the following first order necessary
conditions:

∑
j∈Λm

λ j = 1, (3.1)

∑
j∈Λm

λ j
(
∇ f j(x)+C j(x)u(x,∆)+ξ j

)
+µu(x,∆) = 0, (3.2)

λ j

(
∇ f j(x)T u(x,∆)+

1
2

u(x,∆)TC j(x)u(x,∆)+g j(x+u(x,∆))−g j(x)− t(x)
)
= 0, (3.3)

λ j ≥ 0, j ∈ Λm,

µ ≥ 0 µ(‖u(x,∆)‖2−∆
2) = 0, (3.4)

∇ f j(x)T u(x,∆)+
1
2

u(x,∆)TC j(x)u(x,∆)+g j(x+u(x,∆))−g j(x)≤ t(x) j ∈ Λm, (3.5)

‖u(x,∆)‖2−∆
2 ≤ 0. (3.6)
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If u(x,∆) is the solution of SP(x,∆) and t(x,∆) = T Rx(u(x,∆)), then there exists λ ∈Rm
+, µ ≥ 0

such that (u(x,∆), t(x,∆);λ ,µ) satisfies (3.1)-(3.6).

Lemma 3.1. Let C j(x) be positive definite for every j and x. Then u(x,∆) = 0 for any ∆ > 0
implies that x ∈ Rn is a critical point of (MOP) and the vice versa.

Proof. If u(x;∆) = 0 holds for any ∆ > 0, then the constraint in SP(x) is an inactive one. Then
SP(x) coincides with the sub-problem Φ(x) of [19]. Thus the result follows from [19, Lemma
3.4] immediately. �

Theorem 3.1. Assume that, for any x,u ∈ Rn and j ∈ Λm, there exists a σ > 0 such that
uTC j(x)u ≥ σ‖u‖2 holds. Suppose that u(x,∆) is the optimal solution of SP(x,∆). Then
t(x,∆)≤−(σ

2 +µ)‖u(x,∆)‖2. If u(x,∆) 6= 0 then u(x,∆) is a descent direction for every Fj.

Proof. Let t(x,∆) = Q(x,u(x,∆)), where u(x,∆) is the solution of SP(x,∆). Then there exist
λ ∈ Rm

+ and µ ≥ 0 such that (u(x,∆), t(x,∆);λ ,µ) satisfies (3.1)-(3.6). Since g j is convex and
ξ j ∈ ∂ug j(x+u(x,∆)),

g j(x+u(x,∆))−g j(x)≤ ξ
T
j u(x,∆). (3.7)

Multiplying both sides of (3.2) by u(x,∆) yields

∑
j∈Λm

λ j
[
∇ f j(x)T u(x,∆)+u(x,∆)TC j(x)u(x,∆)+ξ

T
j u(x,∆)

]
+µu(x,∆)T u(x,∆) = 0

From (3.7), one has

∑
j∈Λm

λ j
{

∇ f j(x)T u(x,∆)+u(x,∆)TC j(x)u(x,∆)+g j(x+u(x,∆))−g j(x)
}
+µu(x,∆)T u(x,∆)

≤ 0.
(3.8)

Taking sum over j ∈ Λm in (3.3) and using (3.1) yield

∑
j∈Λm

λ j
{

∇ f j(x)T u(x,∆)+u(x,∆)TC j(x)u(x,∆)+g j(x+u(x,∆))−g j(x)
}

= ∑
j∈Λm

λ j
1
2

u(x,∆)TC j(x)u(x,∆)+ t(x,∆). (3.9)

Substituting (3.8) into (3.9), one has

t(x,∆)≤− ∑
j∈Λm

λ j
1
2

u(x,∆)TC j(x)u(x,∆)−µu(x,∆)T u(x,∆). (3.10)

Since u(x,∆)TC j(x)u(x,∆)≥ σ‖u(x,∆)‖2 holds for every j, one see from (3.10) and (3.1) that
t(x,∆)≤−(σ

2 +µ)‖u(x,∆)‖2. If u(x,∆) 6= 0, then t(,∆)< 0. From (3.5),

∇ f j(x)T u(x,∆)+g j(x+u(x,∆))−g j(x) ≤ t(x,∆)− 1
2

u(x,∆)TC j(x)u(x,∆)

≤ −(σ +µ)‖u(x,∆)‖2

< 0

holds for every j ∈ Λm. This implies u(x,∆) is a descent direction for every Fj at x. �
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3.2. Trust region radius update. Radius of the trust region (∆) is crucial to the convergence of
the trust region method. This approach requires that trust region radius (∆k) is chosen correctly
because any line search technique is not used. We derive new update formulae for the trust
region radius in this subsection. For the sake of simplicity, u(xk,∆k) and t(xk,∆k) are represented
by uk and tk, respectively, in the remainder of the paper, including this subsection. At xk,

Ared(uk) = min
j∈Λm
{Fj(xk)−Fj(xk +uk)}

defines the actual reduction with the aid of uk. The predicted reduction based on uk is defined
by

Pred(uk) := −max
j∈Λm
{∇ f j(xk)

T
uk +

1
2

ukT
C j(xk)uk +g j(xk +uk)−g j(xk)}

= −tk.

Define

ρ(uk) :=
Ared(uk)

Pred(uk)
=

min
j∈Λm
{Fj(xk)−Fj(xk +uk)}

−tk .

With the use of scalars 0 < σ3 < 1 < σ1, 0 < σ0 < σ2 < 1, ∆k+1 is either enlarged, shrunk, or
left untouched in the subsequent iteration under the following conditions

• ρ(uk) ≥ σ2 indicates that Ared(uk) and Pred(uk) are in good agreement. The trust re-
gion radius can be expanded for the following iteration in this situation. In the proposed
method, ∆k+1 = max{σ1∆k,∆min} is used to update the trust region radius, where ∆min
is prespecified.
• It is implied that uk is descent for every j by σ0 ≤ ρ(uk) < σ2, however there is poor

agreement between Ared(uk) and Pred(uk). The trust region radius stays the same in
this instance.
• As implied by ρ(uk) < σ0, uk does not sufficiently decrease at least one j. Here, the

radius of the trust region is reduced by ∆k = σ3∆k trust region, and SP(xk,∆k) is solved
once more. Continue doing this until ρ(uk)≥ σ0 holds.

3.3. Algorithm. Now, we introduce an algorithm for (MOP) in this subsection. A sequence
is generated by using the update formula xk+1 = xk + uk, where uk is the optimal solution of
SP(xk,∆k), along with some initial approximation x0, initial positive definite matrices C j(x0),
and initial trust region radius ∆0. The modified BFGS updated formula in [34] is used to update
C j(xk+1) for xk+1, and the procedures outlined in the preceding subsections are followed to
update ∆k+1. Until we obtain an approximated critical point (MOP), this process is repeated.

Algorithm 3.1. (Trust region proximal gradient method for (MOP))
Step 1 Choose initial approximation x0, initial positive definite matrix C j(x0) for j∈Λm, scalars

0 < σ3 < 1 < σ1, 0 < σ0 < σ2 < 1, initial trust region radius ∆0 and ∆min > 0. Set k := 0.
Step 2 Solve the sub-problem SP(xk,∆k) to find uk. Then compute tk = T Rxk(uk).
Step 3 If ‖uk‖< ε , then stop. Else go to Step 4.
Step 4 Compute

ρ(uk) :=
min
j∈Λm
{Fj(xk)−Fj(xk +uk)}

−tk
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If ρ(uk)< σ0, we set ∆k = σ3∆k and go to Step 2. If ρ(uk)≥ σ0, then we update

xk+1 = xk +uk

∆k+1 =

{
max{σ1∆k,∆min} if ρ(uk)≥ σ2
∆k otherwise

and go to Step 5.
Step 5 Generate C j(xk+1) for every j ∈ Λm via the modified BFGS update formula in [34]. Set

k := k+1 and go to Step 2.

4. CONVERGENCE ANALYSIS

Under a few minor assumptions, the global convergence of Algorithm 3.1 is justified in this
section. θ(x;∆), defined as

θ(x;∆) := min
‖u‖≤∆

[
max
j∈Λm

{
∇ f j(x)T u+g j(x+u)−g j(x)

}]
(4.1)

is utilized to support the global convergence.

Lemma 4.1. Consider θ(x;∆) defined by (4.1). Then

(i) θ(x;∆)≤ 0 for every x ∈ Rn and ∆ > 0.
(ii) θ(x; ∆̄)≤ θ(x;∆) for any ∆̄≥ ∆.

(iii) x∗ is a critical point of (MOP) if and only if θ(x;∆) = 0 for some ∆ > 0.
(iv) θ(x;α∆)≤ αθ(x;∆) for any α ∈ [0,1].

Lemma 4.2. Suppose that there exists b> 0 such that uTC j(xk)u≤ b‖u‖2 holds for every j∈Λm
and u ∈ Rn. Then, for any ∆≥ ∆k,

tk ≤ θ(xk;∆)

2∆
min

{
∆k,
−θ(xk;∆)

b∆

}
(4.2)

Proof. Let ū be the minima of θ(xk,∆k) in (4.1). Then

t(xk;∆k) = min
‖u‖≤∆k

max
j∈Λm

{
∇ f j(xk)T u+

1
2

uTC j(xk)u+g j(xk +u)−g j(xk)

}
≤ min

0≤α≤1
max
j∈Λm

{
∇ f j(xk)T (α ū)+

α2

2
ūTC j(xk)ū+g j(xk +α ū)−g j(xk)

}
≤ min

0≤α≤1
max
j∈Λm

{
α

[
∇ f j(xk)T ū+g j(xk + ū)−g j(xk)

]
+

bα2

2
‖ū‖2

}
≤ min

0≤α≤1

{
αθ(xk;∆k)+

bα2

2
‖ū‖2

}
≤ max

{
θ(xk;∆k)

2
,
−θ(xk;∆k)

2

2b‖ū‖2

}
(4.3)

Now, for any ∆ > ∆k,

θ(xk;∆k) = θ(xk;
∆k

∆
∆)≤ ∆k

∆
θ(xk;∆). (4.4)
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The last inequality follows from Lemma 4.1(iv) since ∆k
∆

< 1. Further, both θ(xk;∆k) and
θ(xk;∆) are negative. From (4.4), we have

θ(xk;∆k)
2 ≥

∆2
k

∆2 θ(xk;∆)2 ≥ ‖ū‖
2

∆2 θ(xk;∆)2 (∵ ∆k ≥ ‖ū‖)

This implies

−θ(xk;∆k)
2

2b‖ū‖2 ≤ −θ(xk;∆)2

2b∆2 . (4.5)

Substituting (4.4) and (4.5) into (4.3) yields

t(xk;∆k)≤max
{

∆k

2∆
θ(xk;∆),

−θ(xk;∆)2

2b∆2

}
=

θ(xk;∆)

2∆
min

{
∆k,
−θ(xk;∆)

b∆

}
.

Last equality holds since θ(xk;∆)< 0. Hence, the lemma follows. �

In the following lemma, we show that the inner circle (Step 2- Step 4 -Step 2) is repeated
finitely.

Lemma 4.3. Let the assumptions of Lemma 4.2 be true. Then, for any non critical point xk,
ρk ≥ σ0 holds after finite repetition of inner circle (Step 2- Step 4 -Step 2) in Algorithm 3.1.

Proof. We may suppose that the inner circle inner circle (Step 2- Step 4 -Step 2) is repeated
infinitely a non critical point xk. Then

ρk(uk,r)< σ0 and ∆k,r+1 = σ3∆k,r (4.6)

hold for r = 1,2, . . . , where index r denotes the number of repetition of inner circle and uk,r is
the solution of SP(xk,∆k,r) . Since 0 < σ3 < 1, (4.6) implies lim

r→∞
∆k,r = 0 and lim

r→∞
‖uk,r‖ = 0.

This together with (4.2) implies that there exist r̄ and ∆ > 0 such that, for all r≥ r̄ and ∆≥ ∆k,r,

tk,r ≤
θ(xk,∆))∆k,r

∆
≤−δ∆k,r (4.7)

where tk,r := t(xk,∆k,r). Since C j(xk)≈ ∇2 f j(xk), there exists ω j(xk;uk,r) such that

f j(xk +uk,r) = f j(xk)+∇ f j(xk)T uk,r +
1
2

uk,rT
C j(xk)uk,r +ω j(xk;uk,r)

and ω j(xk;uk,r)

‖uk,r‖2 −→ 0 as ‖uk,r‖2 −→ 0 for all j. The above equality implies

f j(xk +uk,r)+g j(xk +uk,r)− f j(xk)−g j(xk)

= ∇ f j(xk)T uk,r +
1
2

uk,rT
C j(xk,r)uk,r +g j(xk +uk,r)−g j(xk)+ω j(xk;uk,r)

Define ω(xk;uk,r) := max
j∈Λm

ω j(xk;uk,r). Then ω(xk;uk,r)
‖uk,r‖2 −→ 0 as ‖uk,r‖2 −→ 0. Further, we have

max
j∈Λm

{
Fj(xk +uk,r)−Fj(xk)

}
≤ max

j∈Λm

{
∇ f j(xk)T uk,r +

1
2

uk,rT
C j(xk)uk,r

+g j(xk +uk,r)−g j(xk)
}
+ω(xk;uk,r),
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which implies

−min
j∈Λm

{
Fj(xk)−Fj(xk +uk,r)

}
− t(xk,r)≤ ω(xk;uk,r) (4.8)

Note that ρ(uk,r)< 1 implies min
j∈Λm

{
Fj(xk)−Fj(xk +uk,r)

}
+t(xk,r)< 0. Hence, from (4.8), one

has |min
j∈Λm

Fj(xk)−Fj(xk +uk,r)+ t(xk,r)| ≤ ω(xk;uk,r). This along with (4.7) implies∣∣∣∣min
j∈Λm

{
Fj(xk)−Fj(xk +uk,r)

}
+ t(xk,r)

∣∣∣∣
−t(xk,r)

≤ ω(xk;uk,r)

δ∆k,r
. (4.9)

Since t(xk,r)< 0, one has∣∣∣∣min
j∈Λm

{
Fj(xk)−Fj(xk +uk,r)

}
+ t(xk,r)

∣∣∣∣
−t(xk,r)

=

∣∣∣∣∣∣
min
j∈Λm

{
Fj(xk)−Fj(xk +uk,r)

}
+ t(xk,r)

−t(xk,r)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
min
j∈Λm

{
Fj(xk)−Fj(xk +uk,r)

}
−t(xk,r)

−1

∣∣∣∣∣∣
=

∣∣∣ρ(uk,r)−1
∣∣∣ ,

which together with (4.9) yields∣∣∣ρ(uk,r)−1
∣∣∣≤ 1

δ

ω(xk;uk,r)

‖uk,r‖2
‖uk,r‖2

∆2
k,r

∆k,r ≤
1
δ

ω(xk;uk,r)

‖uk,r‖2 ∆k,r. (4.10)

The last inequality follows from ‖uk,r‖ ≤ ∆k,r. Since lim
r→∞

ω(xk;uk,r)
‖uk,r‖2 = 0 and lim

r→∞
∆k,r = 0, there

exists 0 < δ1 < 1 such that 1
δ

ω(xk;uk,r)
‖uk,r‖2 ∆k,r ≤ δ1 holds for every r sufficiently large. Then (4.10)

implies that ρ(uk,r) ≥ 1− δ1 holds for every r sufficiently large. This contradicts that inner
circle is repeated infinitely. �

Finally, we justify the global convergence of Algorithm 3.1 in the following theorem under
some mild assumptions.

Theorem 4.1. Let {xk} be defined by Algorithm 3.1. Let the assumptions of Lemma 4.2 hold
and level set L = {x : F(x) ≤ F(x0)} be bounded. Then either {xk} ends at a critical point of
(MOP) or any accumulation point of {xk} is a critical point of (MOP).

Proof. Since inner circle (Step 2- Step 4 -Step 2) is repeated finitely, Algorithm 3.1 terminates
at xk if and only if uk = 0. From (3.4), µk = 0. Substituting uk = 0 and µk = 0 into (3.1) and
(3.2), we have

∑
j∈Λm

λ
k
j

(
∇ f k

j +ξ
k
j

)
= 0,

where ξ k
j ∈ ∂g j(xk), λ k

j ≥ 0, and ∑
j∈Λm

λ j = 1. This implies 0 ∈Co
( ⋃

j∈Λm

∂Fj(xk)
)
. Hence from

Lemma 2.1, xk is a critical point of (MOP).
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Next, we suppose that Algorithm 3.1 generates an infinite sequence. Since ρ(uk)≥ σ0 holds
for every k, we have

−σ0tk ≤ min
j∈Λm

{
Fk

j −Fk+1
j

}
≤ min

j∈Λm

{
Fk−1

j −Fk+1
j

}
− min

j∈Λm

{
Fk−1

j −Fk
j

}
≤ min

j∈Λm

{
Fk−1

j −Fk+1
j

}
+σ0tk−1,

which implies −σ0tk−σ0tk−1 ≤ min
j∈Λm

{
Fk−1

j −Fk+1
j

}
. Proceeding in a similar way, we have

σ0

k

∑
i=0

(−t i)≤ min
j∈Λm

{
F0

j −Fk+1
j

}
.

Note that xk is bounded. There exists F∗j >−∞ for all j such that

σ0

∞

∑
i=0

(−t i)≤ min
j∈Λm

{
F0

j −F∗j
}
< ∞,

which implies tk→ 0 as k→ ∞ as −tk > 0 for all k. Then ‖uk‖→ 0 as k→ ∞, since µk ≥ 0 for
all k. Note that there exists at least one convergent subsequence. Let {xk}k∈K0 be a converging
subsequence of xk, converging to x∗. Next, we show that x∗ is a critical point of (MOP). Since
(t(xk,∆k),u(xk,∆k)) is the solution of SP(xk,∆k), there exists (λ k,µk) satisfying (3.1)-(3.6).
From (3.1), one sees that {λ k} is bounded. So there exists a subsequence of {λ k} converging
to λ ∗. Without loss of generality, we may assume λ k→ λ ∗ as k→∞. Then λ ∗j ≥ 0 for all j and
∑ j∈Λm λ ∗j = 1 (from (3.1)). Now u(xk)→ 0 and ∆k ≥ ∆ > 0 imply µk = 0 for large k. Similarly,
‖C j(xk)‖ ≤ b implies ‖C j(xk)uk‖ ≤ ‖C j(xk)‖‖uk‖ ≤ b‖uk‖. This along with uk→ ∞ as k→ ∞

implies C j(xk)uk→ 0 as k→ ∞. Taking limit k→ ∞ in (3.1) and (3.2), we have

∑
j∈Λm

λ
∗
j = 1, ∑

j∈Λm

λ
∗
j (∇ f j(x∗)+ξ

∗
j ) = 0,

which implies 0 ∈Co
( ⋃

j∈Λm

∂Fj(x∗)
)
. From Lemma 2.1, one concludes that x∗ is a critical point

of (MOP). Since {xk}k∈K0 is an arbitrary convergent subsequence of {xk}, then any accumula-
tion point of {xk} is a critical point of (MOP). �

5. NUMERICAL EXAMPLES

This section uses a series of problems to verify and compare the proximal gradient method for
(MOP) proposed in [18] (MONPG) and [20] (MOPG) with Algorithm 3.1 (MOTRPG). Below
is an explanation of how these algorithms are implemented.

• For every technique, MATLAB (2024a) code is created using the ‘CVX’ extension. Each
technique uses ‘CVX’ programming with solver ‘SeDuMi’ to solve the sub-problems.
• σ0 = 0.01, σ1 = 1.5, σ2 = 0.5, σ3 = 0.5, and ∆min =max{min

j∈Λm
‖ f j(x0)‖,1}were utilised

in (MOTRPG).
• The terminating criterion is ‖uk‖< 10−5 or a maximum of 2000 iterations.
• Solution of a multi-objective optimization problem is not isolated optimum points but

a set of efficient solutions. We have taken into consideration the multi-start technique
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to produce an approximate set of efficient solutions. For each technique, the following
actions are taken.

– With lb,ub ∈Rn and lb < ub, a set of 100 uniformly distributed random beginning
points between lb and ub are taken into consideration.

– The Algorithm of each method is executed individually.
– Assume that the set of approximation critical points is W X ∗. An approximate set

of efficient solutions is the non-dominated set of W X ∗.
Next, we demonstrate the steps of Algorithm 3.1 using the following example.

Example 5.1. Consider the bi-objective optimization problem:

(E1) : min
x∈R2

( f1(x)+g1(x), f2(x)+g2(x))

where

f1(x) := x2
1 + x2

2, f2(x) := (x1−5)2 +(x2−5)2,

g1(x) := max
{
(x1−2)2 +(x2 +2)2,x2

1 +8x2
}
, g2(x) := max

{
5x1 + x2,x2

1 + x2
2
}
.

Here f1, f2 : R2→ R follows from test problem BK1 [35] and f1, f2 : R2→ R follows from the
example from [22].

Considering x0 = (−4.5,6.5)T , one has F(x0) = (177,155)T . Using

∆0 = min{‖∇ f1(x0)‖2,‖∇ f1(x0)‖2}= 15.8114,

the solution of SP(x0;∆0) is obtained as u0 = (3.4524,−1.9728)T and t0 = −104.5165. Then
ρ(u0)= 0.9244>σ2. So we calculate next iterating point as x1 = x0+u0 =(1.1667,−1.8333)T

and expand the trust region for next iteration as ∆1 = max{σ3∆0,∆min} = 18.9737. One can
observe that F(x1) = (73.4843,58.3892)T < F(x0). Using the stopping criteria ‖uk‖ < 10−4,
the approximate solution is obtained as x3 = (2.0077,3.0015)T ≈ (2,3)T . We justify that x∗ =
(2,3)T is a critical (MOP) point. One can observe that both x2

1+8x2 is active function in g1(x∗)
and both 5x1+x2 and x2

1+x2
2 are active functions in g2(x∗). From [33, Theorem 2.96], one sees

that ∂g1(x∗) = {(4,8)T} and ∂g2(x∗) =Co{(5,1)T ,(4,6)T}. This implies

∂F1(x∗) = {∇ f1(x∗)}+∂g1(x∗) = {(8,14)T}
∂F2(x∗) = {∇ f2(x∗)}+∂g2(x∗) =Co{(−1,−3)T ,(−2,2)T}.

Then convex hull of {∂F1(x∗),∂F2(x∗)} is the triangle formed by (8,14), (−1,−3), and (−2,2).
From Figure 1, we can see that (0,0) lies inside the triangle. Hence, 0 ∈Co{∂F1(x∗),∂F2(x∗)}.
This implies that x∗= (2,3)T is a critical point of Example 1. Approximate Pareto front of (E1)
obtained by using multi-start technique with MONPG and MOPG is provided in Figure 2. One
can observe that F(x∗) belongs to this approximate Pareto front.

In many areas of data science, least squares problems are crucial.

Example 5.2. l1-regularized multi-objective least square problem (MOLS):

min
x∈Rn

(
1
2
‖A1x−b1‖2,

1
2
‖A2x−b2‖2, . . . ,

1
2
‖Amx−bm‖2

)
is the form of a multi-objective least square problem, where, for every j ∈ Λm, A j ∈ Rm×n

and C j ∈Rm. Nonetheless, a sparse solution is sought in many least squares situations. In these
situations, the main objective is increased by a multiple of the l1 norm of x to solve a regularised
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FIGURE 1. Convex hull of {∂F1(x∗),∂F2(x∗)}
.

FIGURE 2. Approximate Pareto fronts of P1

form of the least squares problem. The regularized multi-objective least squares problem may
be expressed as follows:

min
x∈Rn

(
1
2
‖A1x−b1‖2 +

ν1

2
‖x‖1,

1
2
‖A2x−b2‖2 +

ν2

2
‖x‖1, . . . ,

1
2
‖Amx−bm‖2 +

νm

2
‖x‖1

)
,

where regularized parameters are µ j > 0; see [36] for more information. Multi-objective least
square problems can be solved via Algorithm 3.1 using

f j(x) =
1
2
‖A jx−b j‖2 (5.1)

g j(x) =
ν j

2
‖x‖1. (5.2)
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We have constructed a three objective optimization problem

min
x∈R3

(
1
2
‖A1x−b1‖2 +

ν1

2
‖x‖1,

1
2
‖A2x−b2‖2 +

ν2

2
‖x‖1,

1
2
‖A2x−b2‖2 +

ν3

2
‖x‖1

)
,

where entries of (A j) ∈ R10×3 and b j ∈ R10 are generated using uniform distribution in [0,5]
and [0,10] respectively. For nonsmooth functions, we consider ν1 = 0.30, ν2 = 1.06, and ν3 =
1.84. A set of 100 initial approximation uniformly distributed in (−1,−1,−1)T and (1,1,1)T

is used to find approximate Pareto front. Approximate Pareto front generated by (MOT RPG)
and (MOPG) if provided in Figure 3.

FIGURE 3. Approximate Pareto fronts of (MOLS)

MOTRPG is compared with MONPG and MOPG. Each algorithm is executed on a set of test
problems. Smooth functions ( f j) of the test problems are gathered from different sources. In
some problems, nonsmooth functions (g j) are gathered from [18] (gA, gB, gC, and gF are from
[18, Section 5]). Rest problems use l1 regularization in (5.2) with ν ∈ Rm uniformly generated
in 0m and 2m. Details of test problems are provided in Table 1. In this table, m and n denote the
number of objective functions and the dimension of x, respectively. A set of 100 initial points
uniformly distributed between lb and ub is considered to generate an approximate Pareto front.

Performance profiles using ‘purity metric’, ‘∆ and Γ spread metrics’, ‘hypervolome metric’,
and ’total function evaluations’ are used to compare different methods. Detailed explanation
of performance profile as well as ‘purity metric’, ‘∆ and Γ spread metrics’, and ‘hypervolome
metric’ are provided in [8, 9, 10, 18]. Total function evaluation of an algorithm for a test
problem is based on total function, gradient, and Hessian (if required) evaluations. Let # f ,
#∇ f , and #∇2 f denote the number of functions, gradient, and Hessian evaluations required to
solve a test problem. We use the forward difference formula to compute the approximate ∇ f (x)
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Sl. No (m,n) f g lbT ubT

1 (2,2) Ansary1 ([18]) gA (−3,−3) (7,7)
2 (2,2) Ansary1 ([18]) gB (−3,−3) (7,7)
3 (2,2) AP2 ([7]) gA (−5,−5) (5,5)
4 (2,2) AP2 ([7]) gB (−5,−5) (5,5)
5 (2,2) BK1 ([35]) gA (−5,−5) (7.5,7.5)
6 (2,2) BK1 ([35]) gB (−5,−5) (7.5,7.5)
7 (3,3) FDS ([6]) gC (−2,−2,−2) (4,4,4)
8 (3,5) FDS ([6]) (5.2) (−2, . . . ,−2) (2, . . . ,2)
9 (3,8) FDS ([6]) (5.2) (−2, . . . ,−2) (2, . . . ,2)
10 (3,2) IKK1 ([35]) (5.2) (−2,−2) (3,3)
11 (2,2) Jin1 ([37]) gA (−3,−3) (5,5)
12 (2,2) Jin1 ([37]) gB (−3,−3) (5,5)
13 (2,4) Jin1 ([37]) gF (−5, . . . ,−5) (10, . . . ,10)
14 (2,10) Jin1 ([37]) (5.2) (−5, . . . ,−5)T (5, . . . ,5)T

15 (2,2) Lovison1 ([38]) gA (−3,−3) (5,5)
16 (2,2) Lovison1 ([38]) gB (−3,−3) (5,5)
17 (2,2) Lovison4 ([38]) gB (−10,−5) (5,5)
18 (2,2) LRS1 ([35]) gB (−50,−50) (50,50)
19 (2,2) LRS1 ([35]) gA (−50,−50) (50,50)
20 (3,3) MOLS1 (5.1) (5.2) (−1,−1,−1) (1,1,1)
21 (3,1) MHHM1 ([35]) (5.2) −4 4
22 (3,2) MHHM2 ([35]) (5.2) (−4,−4) (4,4)
23 (2,1) MOP1 ([35]) (5.2) −100 100
24 (3,2) MOP7 ([35]) (5.2) (−4,−4) (4,4)
25 (2,2) MS1([39]) gA (−2,−2) (2,2)
26 (2,2) MS1 ([39]) gB (−2,−2) (2,2)
27 (2,4) MS2([39]) gG (−2, . . . ,−2) (2, . . . ,2)
28 (2,10) MS2 ([39]) (5.2) (−2, . . . ,−2) (2, . . . ,2)
29 (3,3) SDD1 ([40]) gC (−2,−2,−2) (2,2,2)
30 (3,10) SDD1 ([40]) (5.2) (−2, . . . ,−2) (2, . . . ,2)
31 (2,2) SP1 ([35]) gA (−1,−1) (5,5)
32 (2,2) SP1 ([35]) gB (−1,−1) (5,5)
33 (2,2) SSFY1 ([35]) gA (−50,−50) (50,50)
34 (2,2) SSFY1 ([35]) gB (−50,−50) (50,50)
35 (3,2) VFM1 ([35]) (5.2) (−2,−2) (2,2)
36 (2,2) VU1 ([35]) gA (−3,−3) (3,3)
37 (2,2) VU1 ([35]) gB (−3,−3) (3,3)
38 (2,2) VU2 ([35]) gA (−3,−3) (3,3)
39 (2,2) VU2([35]) gB (−3,−3) (3,3)
40 (3,3) ZLT1 ([35]) gC (−100,−100,−100) (100,100,100)
41 (3,10) ZLT1 ([35]) (5.2) (−5, . . . ,−5) (5, . . . ,5)

TABLE 1. Details of test problems

and ∇2 f (x). For MOTRPG and MOPG, total function evaluations are # f un= # f +n∗#∇ f . For
MONPG, total function evaluation is # f un= # f +n∗#∇ f + n∗(n+1)

2 ∗∇2 f . Performance profile
between MOTRPG and MONPG using purity matrix is provided in Figure 4a. Performance
profile between MOTRPG and MOPG using purity matrix is provided in Figure 4b. Figure 5a
and 5b represent the performance profiles using the Γ-spread metric. Similarly, performance
profiles using ∆-spread metric are provided in Figure 6a and 6b. Figure 7a and 7b represent
the performance profiles using the hypervolume metric. Performance profiles using function
evaluations are provided in Figures 8a and 8b.
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(A) Between MOTRPG and MONPG (B) Between MOTRPG and MOPG

FIGURE 4. Performance profiles using purity metric

(A) Between MOTRPG and MONPG (B) Between MOTRPG and MOPG

FIGURE 5. Performance profiles using Γ-spread metric

(A) Between MOTRPG and MONPG (B) Between MOTRPG and MOPG

FIGURE 6. Performance profiles using ∆-spread metric
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(A) Between MOTRPG and MONPG (B) Between MOTRPG and MOPG

FIGURE 7. Performance profiles using hypervolume metric

(A) Between MOTRPG and MONPG (B) Between MOTRPG and MOPG

FIGURE 8. Performance profiles using # fun

From the performance profile figures (Figures 4a-8b), MONPG typically outperforms MOPG
and MONPG in terms of purity, Γ-spread metric, and total function evaluations. In terms of
other measures, MOTRPG’s performance is mediocre.

6. CONCLUSION

This work develops a trust region proximal gradient approach for multi-objective optimiza-
tion problems that are nonlinear and convex. There are no predetermined parameters or objec-
tive function ordering information in this approach. Under a few minor assumptions, the global
convergence is justified. Nevertheless, only convex multi-objective optimization problems can
be solved by using our approach. We intend to apply our findings to nonconvex multi-objective
optimization issues in the future research. To create approximate Pareto fronts, we employed
the multi-start technique, which occasionally fails to produce a well-distributed approximate
Pareto front. As a future extension of our approach, a well-distributed approximate Pareto front
can be generated by developing some beginning point selection techniques.
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