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Abstract. In this paper, we develop approximate vector variational inequalities of both Stampacchia
and Minty types by using the concept of directional convexificators (DCs), and establish their connec-
tion to an interval-valued multiobjective optimization problem (IVMOP). Our method employs a form
of approximate convexity defined through DCs to derive necessary and sufficient conditions for a point
to qualify as an approximate Pareto efficient solution of the IVMOP. Additionally, we explore the weak
formulations of these approximate variational inequalities and present several results aimed at identify-
ing approximate weak Pareto efficient solutions. To illustrate our approach and highlight the limitations
of some existing work, we include some detailed examples. Our results demonstrate that DCs offer a
powerful and flexible approach for handling complex optimization problems with interval-valued objec-
tives.
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1. INTRODUCTION

Interval-valued multiobjective optimization problems (IVMOPs) represent an important ex-
tension of classical multiobjective optimization by incorporating uncertainty and imprecision
directly into the objective functions. In traditional multiobjective optimization, we aim to si-
multaneously optimize multiple conflicting objective functions. However, in many practical
scenarios, these objective values can only be estimated within certain ranges or intervals due
to measurement errors or noise in data collection, incomplete information about the system,
fluctuations in environmental or operational conditions, inherent variability in the processes
being modeled, etc. [IVMOPs formally acknowledge this uncertainty by representing each ob-
jective function as an interval rather than a single point value. This interval captures the range
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of possible outcomes for each objective under the given decision variables. IVMOPs find ap-
plications in diverse fields including generic algorithms [1], stock portfolio [2], transportation
problems [3], economic management [4], decision making theories [5] etc. A convexificator
is a mathematical tool used in optimization and variational analysis to approximate or replace
non-convex functions with convex ones. Convexification is essential in optimization because
convex problems are generally easier to solve than non-convex ones. Convexificators help in
transforming non-convex functions while preserving key properties, enabling the application of
powerful convex optimization techniques. In recent years, convexificators have been utilized
to generalize several results in nonsmooth analysis and optimization. They can be considered
as weaker form of subdifferentials, making them more adaptable for analysis and applications.
Unlike subdifferentials, which are well-known for being convex and compact, convexificators
are typically closed sets. For locally Lipschitz functions, most established subdifferentials serve
as convexificators and may also include the convex hull of a convexificators.

The notion of directional convexificators extends the concept of convexificators by incorpo-
rating directional information, focusing on directions where the given function remains contin-
uous. This approach is used to determine a convexificator for a lower semicontinuous (l.s.c.)
function at a specific point.

1.1. Literature survey. Ishibuchi and Tanaka [6] first introduced an ordering relation be-
tween two closed intervals by separately considering maximization and minimization problems.
Building on this, Wu [7] proposed two solution concepts for differentiable interval-valued scalar
optimization problems (IVOP) and established the corresponding Karush-Kuhn-Tucker (KKT)
conditions. Wu [8] extended this framework by formulating four types of differentiable IVOP
and deriving their KKT conditions to support duality results, while Wu [9] developed a dual
problem formulation using interval-valued Lagrangian functions. Further advancements were
made by Chalco-Cano et al. [10], who applied the generalized Hukuhara (gH) derivative to
interval-valued functions to derive KKT conditions. Singh et al. [11] addressed problems
where both objectives and constraints are differentiable interval-valued functions. Zhang et
al. [12] formulated KKT conditions for LU-preinvex and invex optimization problems under
weakly continuous and Hukuhara differentiable settings, and Ahmad et al. [13] investigated in-
vex interval-valued nonlinear programming using gH-derivatives. More recently, Guo et al. [14]
introduced concepts of interval-valued symmetric invexity, pseudo-invexity, and quasi-invexity,
examining optimality and duality in nonsmooth IVOP under generalized convexity. In the realm
of multiobjective optimization, Wu [15] and Osuna-Gémez et al. [16] explored optimality con-
ditions for interval-valued multiobjective optimization problems (IVMOP). Laha et al. [17]
studied approximate solutions of nonsmooth IVMOP using convexificators, while Tung [18]
and Tung [19] developed KKT conditions and duality results for semi-infinite programming
with multiple interval-valued objectives, including convex cases. Hung et al. [20] and Dwivedi
et al. [21] investigated optimality and duality for approximate solutions of nonsmooth interval-
valued multiobjective semi-infinite programs using limiting and Clarke subdifferentials. Addi-
tionally, Tuyen [22] and Singh et al. [23] contributed to the development of IVOP and IVMOP
by proposing new approaches, deriving optimality conditions, and highlighting practical appli-
cations. Demyanov [24] introduced the concept of convexificators as a generalization of the
notions of upper convex and lower concave approximations. Demyanov and Jeyakumar [25]
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studied convexificators for positively homogeneous and locally Lipschitz functions. Jeyaku-
mar and Luc [26] defined noncompact convexificators and presented several calculus rules for
calculating convexificators. Wang and Jeyakumar [27], Luc [28], Li and Zhang [29, 30] ex-
tended various results in nonsmooth analysis and optimization by using convexificators. Re-
cently, Golestani and Nobakhtian [31] and Luu [32] used convexificators to obtain optimality
conditions for efficiency. Laha and Mishra [33] introduced the vector variational inequalities
of the Stampacchia and Minty types through the concept of convexificators and utilized these
inequalities to establish necessary and sufficient conditions for identifying a vector minimal
point in a vector optimization problem (VOP). Dempe and Pilecka [34] introduced the notion of
directional convexificators based on the notion of continuity directions. Directional convexifi-
cators were utilised by Gadhi et al. [35] to solve set-valued optimization problems. Gadhi [36]
derived necessary and sufficient optimality conditions for a scalar optimization problem by us-
ing variational inequalities in terms of directional convexificators. For mathematical programs
with equilibrium constraints, Lathim and Kalmoun [37] obtained optimality conditions by us-
ing directional convexificators. Further, Gadhi and Odha [38] formulated the vector variational
inequalities of Stampacchia and Minty types in terms of directional convexificators, and related
them to a vector optimization problem. Sachan and Laha [39] employed higher-order vector
variational inequalities formulated with directional convexificators to characterize strict and
semi-strict minimizers in multiobjective optimization problems. Mohapatra et al. [40] derived
optimality conditions for mathematical programs with vanishing constraints by employing di-
rectional convexificators. Sachan et al. [41] introduced the Wolfe-dual problem for MPEC and
established weak and strong duality theorems using directional convexificators. Hartman and
Stampacchia [42] introduced the concept of Variational Inequalities (VIs), which were later de-
veloped into two well-known forms: Minty [43] and Stampacchia [44]. In 1980, Giannessi [45]
expanded this idea by introducing Vector Variational Inequalities (VVIs) in finite-dimensional
Euclidean space. VVIs have become an essential tool in modern research, particularly in fields
like optimal control, equilibrium problems, engineering, and economics [46, 47, 48]. They are
widely used to analyze vector optimization problems. Researchers explored the link between
VVIs and vector optimization, particularly for differentiable cases [49, 50, 51, 52]. For non-
smooth problems, Lee and Lee [53] formulated different VVIs by using subdifferentials for a
nondifferentiable convex vector optimization problem, while Mishra and Laha [54] worked on
approximate VVIs involving Fréchet subdifferentials and solved vector optimization problems
with approximately star-shaped functions. Further advancements were made in the field: Mishra
and Upadhyay [55] studied VVIs in nonsmooth multiobjective programming, Laha et al. [56]
applied VVIs to vector optimization problems involving nonsmooth V-invex functions, Mishra
and Laha [57] explored approximate VVIs by using Clarke subdifferentials. Al-Shamary et
al. [58], Laha and Singh [59] examined VVIs in relation to multiobjective optimization under
different convexity assumptions. Singh and Laha [60] investigated VVIs by using quasidif-
ferentials and their applications in multiobjective optimization. VVIs were also studied in the
context of interval-valued optimization problems. Zhang et al. [61] analyzed their role under
LU-convexity assumptions, while Treantad et al. [62] introduced geodesic LU-approximately
convex functions on Hadamard manifolds. More recently, Upadhyay et al. [63], Ciontescu
and Treantd [64] deepened the understanding of VVIs by linking them to LU-optimal solutions
and interval-valued optimization problems while Laha et al. [65] studied approximate VVIs
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by using quasidifferentials and connected them to approximate quasi Pareto optimal solutions
within the frame work of IVMOP. Overall, VVIs continue to be a powerful mathematical tool
in optimization and decision-making across multiple disciplines.

1.2. Motivation and contribution. This paper builds on the work of Laha and Mishra [33]
and Gadhi and Odha [38] by extending their results to the interval-valued case and addressing
the IVMOP in the context of 1.s.c. functions involving solutions that are approximate rather than
exact. The results from Laha and Mishra [33] focus on multiobjective optimization problems
(MOPs) with locally Lipschitz functions, but they did not apply to interval-valued discontinu-
ous functions with nonempty sets of continuity directions at optimal points. On the other hand,
Gadhi and Ohda [38] investigated directional convexificators for discontinuous functions, and
it is limited to efficient solutions in MOPs only. This paper aims to fill this gap by establish-
ing connections between interval-valued multiobjective optimization problems (IVMOPs) and
vector variational inequalities (VVIs) and &-vector variational inequalities. These relations, for-
mulated using directional convexificators, can address discontinuous functions with nonempty
continuity direction sets. To our knowledge, no previous research has explored vector vari-
ational inequalities with directional convexificators for solving interval-valued multiobjective
optimization problems involving discontinuous functions and having approximate solutions.
Thus, this study makes a unique contribution to this area.

1.3. Framework. This paper is structured as follows. Section 2 introduces the key definitions
and preliminary concepts that form the foundation of our study. In Section 3, we develop
the approximate Minty and Stampacchia vector variational inequalities for IVMOP by using
directional convexificators. We then establish necessary and sufficient conditions for a point to
be an approximate solution of IVMOP, and support our findings with relevant examples. Finally,
Section 4 summarizes the main results and outlines potential directions for future research.

2. PRELIMINARIES

Let R" denote the standard n-dimensional Euclidean space equipped with a norm ||-||. For any
nonempty subset 2" C R”, ¢/ 2" and conv.Z represent its closure and convex hull, respectively.
We write R’} for the non-negative orthant, [-,-] for the closed line segment connecting any two
points ¥ and 6 in R”, and (-,-) for the inner product of any ¥,0 € R". Let R := RU {+o0} and
assume f3: R” — R is an extended real-valued function.

For vectors ¥ := (Y1,.--,%),0 := (61,...,0,) € R" define the componentwise ordering as
follows:

YS0&7y<6,Vi=1,...,n
Y<0&9%<6,Vi=1,...,nand y # 6.
Y<0&7v%<6,Vi=1,...,n.

The definitions of the upper and lower Dini directional derivatives [26] are given as:

Definition 2.1. [26] Let 8 € R” be such that 3(0) is finite. The upper and lower Dini derivatives
of B at § in a direction ¥ € R” are defined by

BH(5.0) = limsup PO TP =B(O).

t0 !
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and
- . B(o+18)—-B(6)
B (0,0):= hrtri(l)nf ; )

respectively.

Dempe and Pilecka [34] introduced a new approach by defining a directional convexificator,
which helps to construct a potentially unbounded convexificator. This innovative tool is devel-
oped by restricting the conditions that define a convexificator to only those directions where the
given function remains continuous. The concept of continuity directions plays a crucial role in
the following analysis.

Definition 2.2. [34] A vector d € R" is a continuity direction (CD) of B at 0 € R" iff, for all
sequences {ny } CJ0,+oo[ with {n} 0, limy . (6 +md) = B(5). The symbol Zg () stands
for the collection of all CDs of 3 at §.

The notion of directional convexificator (DC) is based on the notion of the CD.

Definition 2.3. [34] Let 0 # Z be a cone of R". Let Z5(3) be the collection of all CDs of 3 at
0. The function 3 admits

(a) a directional upper convexificator (DUC) at §, denoted by d;,8(6) C R”, iff ¥ C
P (0), the set d;,B(6) is closed, and, foreachd € &, f7(5,d) < sup (67,d);
5+€d; B(8)
(b) adirectional lower convexificator (DLC) at §, denoted by d7,8(5) C R", iff 2 C Zp(6),

the set d;,(6) is closed, and, for each d € 2, Bt(8,d) > 5 (i;m;(s)(é*,d%
(¢) adirectional convexificator (DC) at §, denoted by d,(5) C R”, iff it is both a DUC
and a DLC of  at 8.

Remark 2.1. If 2 = R”, then the concept of convexificators and DCs merge.

Dempe and Pilecka [34] introduced the concept of convexity for a function 8 by considering

its behavior along all continuity directions (d € Z5(8)). The key idea is that even if the func-
tion is discontinuous, it should still maintain convexity along the directions where it remains
continuous at a given reference point.

Definition 2.4. [34] Let § € R”, and let 0 # & C .@3(5 ) be a convex cone. The function f is
said to be
(a) convex in all directions d € Z at §, iff, for any dy,d, € 2 and 1 € [0, 1],

B+ (1—1)8) <nB(1)+(1-n)B(8),
Wher651:5+d1 and5225+d2; )
(b) strictly convex in all directions d € 2 at 9, iff, for all d;,d, € 2, d; # dp, and ) €]0, 1],
B(Mdi+(1-1)&) <nB(81)+(1-1)B(S).
Gadhi [36] introduced the concepts of convexity and monotonicity for real-valued functions
in terms of directional convexificators which is defined as follows:
Definition 2.5. [36] Let @ # Z be a cone of R" and let @ # Q C R". Let a real-valued function
Bbelsc.atd Qg :={6€Q:2C P5(6)} Suppose that § admits a bounded directional
convexificator (BDC) 8;[3(5 ) at §. Then, 3 is said to be
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(a) dZ,-convex at S¢c Qg on Qg iff, for any d € 597[3’5 and 6* € 8%[5(5), B(6+d)—
B(8) = (8",d), where G5 :={d€ 7:8+d € Q) for cach § € Quyy;

(b) stri_ctly 8§—c0nl/ex at_S € Qg on Qg iff, forany 0 7 d € 59’/3’5 and 6* ¢ 8;[3(5),
B(6+d)—p(8) > (6%,d).

Definition 2.6. [36] The DC d;, is said to be

(a) monotone on Qg , iff, for any RS Qg,,de @Qﬁ’g, 0" €d;B(8) and p* € 9B (5 +
d), (p*—96%,d) > 0;

(b) strictly monotone on Qg iff, for any 0 € Qg 0 #de 59,[;75, 0" € d;B(8) and
p* € dyB(8+4d), (p*—6*,d) >0.

Gadhi [36] derived a proposition that establishes a necessary condition for a function to be
both d7;-convex and strictly d;,-convex.

Proposition 2.1. [36] Let & be a subspace of R" and let 0 # Q C R". Let  be a l.s.c. function
at d € Qg,. Suppose that Qg, # 0 is a convex set, and that, for any o€ Qg,, the function B
admits a DC 9;,3(0) at 6.

(a) If B is d5,-convex on Q@ﬁ, then B is convex in all directions d € @Qﬁﬁ at every 8 €
Qg,.
B
(b) If B is strictly d;;-convex on Q@ﬁ, then B is strictly convex in all directions d € 597 B.5
at every 8 € Qg,.

The following theorem gives the mean value theorem (MVT) using the DCs.

Theorem 2.1. [36, Theorem 3.1] Let O # & be a cone of R" and let ay,a; € R". Assume that
-9 C 9, that a; — ay € 9, and that, for each 8 € [ay,a3), a real-valued function B admits
a BDC 9;,3(0) at 0. Then, there exist a €lay,az| and a* € conv(9d;,p(a)) satisfying B(az) —
B(ay) = (a*,ap —ay).

The following theorem specifies the condition in which d7,-convexity of a given function may
be characterized by the monotonicity of its DC.

Theorem 2.2. [36] Let Z be a subspace of R" and let 0 #= Q C R". Let B be a l.s.c. function at
o€ Q@ﬁ. Suppose that — %9 C 9, that Q% =+ 0 is a convex set, and that, for any 6 € Q@B, the
function B admits a BDC 9;,3(8) at 6. Then, the function

(a) B is d2,-convex on Qg, iff 95, B is monotone on Qg
(b) B is strictly d5,-convex on Q 7 iff 95, B is strictly monotone on Q. P

Now, we recall some fundamental notations from interval-valued analysis, as detailed in
[66, 67, 68].

Let . := {[y*, Y] : ¥", Y € R, 7" < Y} be the class of all closed and bounded intervals in
R. Let T := [y*,7Y] and ©® := [6L,8Y] be in .#,. Then,

) T+0:={y+0:ycT,0 O} =y +6L /Y +0Y];
() Fr-0@:={y—-0:ycl,0 c0}=[yr—0oY -6l
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(iii) for each a € R, one has

[ay", ay’], if o >0,

al:={ay:ycl}= {[aw,ayﬂ, if o0 <0.

Ifyt =y’ =y thenT=[y,7]={7}.
The various LU —ordering methods for comparing two intervals are defined as follows.
Definition 2.7. [69, Definition 3] Let I' = [y, V],® = [8%, 8Y] € .#.. We say that:
() I <y Oiff y¥* < 0L and y¥ < Y,
() I'<py Oiff <y ®and I' # O,
or, equivalently,
I' <y Oiff

vk < oF vk < ot yb < ot
{}/UgeU o {y”<9U o {y”<6U

(iii) T <3, @iff Y- < 6L and Y < 6Y.

3. APPROXIMATE STAMPACCHIA AND MINTY VECTOR VARIATIONAL INEQUALITIES

Let 0 # Q CR”", and let @ # & be a cone of R". Let §; : R” — R be the objective functions
forany i € .# :={1,2,...,m}, where every function f; is defined as an interval §; := [f*,§V]. For
each function i, let Z;1(8), Zju () be the collections of all CDs of i, fY at § € Q, respectively.

We define the sets Qg o := {0eQ:9C @fL( )} and Qg v = {0eQ:2C @fu( )} for
any i € ./ . The set Qg ; is defined as Qg ; := (N, Qy fL) (N,Qy fu) Finally, for each

0 € Qg 5, we define the set of feasible directions as 59 556 ={d€Z:6+d€Qgy;}.
Now, for any & € Q, a IVMOP is given as follows:
minf(8) := (f1(8),....fm(0)) s.t. § € Qg5 (IVMOP, 5)

where Qg ; 5 := Qg ;N ({8} +2).
Based on the definition presented by Hung et al. [70] in Definition 3.1, we write the concept
of approximate Pareto efficient solutions for the problem /VMOP,, 5.

Definition 3.1. Let éaiL, do‘jU, i € ./ be real-numbers satisfying 0 < é”iL < (g’iU with & := [(g’lL , @(‘;U]
foralli € .# andlet & := (&1,...,&,). Then, 6 € Qg ; 5issaidtobea
(i) type-1 &-quasi Pareto solution of the IVMOP, denoted by § € & —Q éqf S(IVM OP), iff
there isno 0 € Qg ; 5 such that
fl(é) +éal”5 - 5” <LU fi(5)7Vi S %7
and
f1(8) + &6 — 8| <rv fi(8),for at least one k € . ;

(ii) type-2 &-quasi Pareto solution of the IVMOP, denoted by & € & — Q>4
there is no 6 € Q,, ; 5 such that

f(8)+ &6 =8| <py §i(8),Vie #,

o5 sUVMoP),iff
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and
f1(8) + &k||6 — 8| <3y x(8), for at least one k € .

(iii) type-1 &-quasi weakly Pareto solution of the IVMOP, denoted by € & — ng’qfw 5(IVMOP),
iff there isno 8 € Q@.f 5 such that /

1(8) + &8 — 8| <wu i(8),Vie 4.

Following the concept of approximate convexity introduced by Gupta et al. [71] and Bhatia
et al. [72] in terms of Clarke subdifferentials, we now extend this idea by defining approximate
convexity by using directional convexificators.

Definition 3.2. Let € 2_0. Let @ £ 2 be a cone of R" and let @ # Q C R”. Let a real-valued
function B be Ls.c. at § € Qg = {6 €Q: 9 C Pgs5)}- Suppose that B admits a bounded

directional convexificator (BDC) 9;,8(5) at . Then, f3 is said to be

(a) €—dj,—convex at Se Q@ﬁ on Q_@B iff, for any d € 597[3?5 and 8* € 8_2}13(5),
B(5+d)—B(8) > (5",d) —eld|;

(b) & — 3} — strictly convex at § € Q, on Qo iff, for any d € F, 5 5 and §* € 93 B(5),
B(6+d)—B(5) > (5".d) —e|d].

Remark 3.1. e If the involved function is Lipschitz continuous, the above concepts re-
duce to the approximate convexity in terms of Clarke subdifferentials (see, e.g., [71,
Theorem 1]).

e If the involved function is continuous, the above concepts reduce to the approximate
convexity in terms of convexificators (see, e.g., [73, Definition 2.4]).

e For € =0, the above concepts reduce to the convexity in terms of directional convexifi-
cators (see, e.g., [36, Definition 3.1]).

e For € =0, and the involved function is Lipschitz continuous, the above concepts reduce
to the convexity in terms of Clarke subdifferentials (see, e.g., [74, Definition 4.1]).

e For € = 0, and the involved function is continuous, the above concepts reduce to the
convexity in terms of convexificators (see, e.g., [33, Definition 2.4]).

To solve (IVMOP,, 5), we introduce approximate vector variational inequalities of the Stam-
pacchia and Minty types. They are formulated by using directional convexificators, building on
the VVIs proposed by Laha and Mishra [33], Khan et al. [73], and Gadhi and Odha [38].

Definition 3.3. Let &, &V, i € ./ be real numbers satisfying 0 < &F < &Y with & .= [6F,&Y]
foralli € ./ andlet & := (&1,...,6n). A vector 6 € Qg ; solves

(a) &— Stampacchia dz,—VVI (in short & —SVVI) iff, for any d € 59. P5 there exists 6*L €
95 L(8) and 5*U € 92U (6) such that

{ <<§*L,d>m+é"L||d|| = (<51*L,d) +&Hd, ..., (S,;‘;_L,d> +&L||d]|) ¢ —R™\ {0},
(V. )+ &V d|| := ((5Y,d) + &V ||, ..., (§:V,d) + &Y ||d]|) ¢ —R™\ {0}
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where
8= (8i%,.. 6,0) € 951(8) 1= 95 f1(8) X ... X 95 1m(8);
5 :=(51 s O ) € 9557 (8) 1= 05F] (8) X .. X Ifi(8);
&hd|| = (&7l ... & l1d]):
¢YNd|| = (&7 d]], ... &, lld]));

(b) &— weak Stampacchia dz,—VVI (in short £&—SWVVI) iff, for any d € ?Q 75 there
exists 8*L € 9§(8) and §*V € 92,V () such that

(67t ) + & d]| = (817, d) + &N, ... (85, d) + Elld]|) & —inrRY,
(6", d)m + &V dl| == ((8;Y,d) + &V [ld]], ... (8,7, d) + & |ldl]) & —inrRY:

(¢) &— Minty 93,—VVI (in short £—MVVI) iff, for any d € ég 4.5 and 5L e 9z - (5 +d)
and 6"V € 95V (5 +4),

{ (8, d)m + & d]| '=(<5fL,d>+51L|!d!|,---,<5;}2f,d>+éan’;HdH)GE—M\{O},
(6°V,d)+ &Y d[| == ((8;Y,d) + &7 [Id]l, .. (857, ) + & [1dl]) & —R%\ {0}
where

5= (8%, 85 € 9571 (8 +d) = 957 (8 +d) x ... x A% (8 +d),

5V = (8§Y,..,6:0) € 951V (6 +d) = 955V (8 +d) x ... x 95 (8 +d),

EHld] = (&Il - Ealld]),

EVN|d| = (&[]l & 1dl))

(d) &— weak Minty d2,—VVI (in short £—MWVVI) iff, for any d € §Qf3 and 6* €
95 fE(8 +d) and 8*Y € 95V (6 +d),

(6°F, d)m+ &M d|| == (67", d) + &L, .., (85, d) + S |dl]) & —ineRY,
(8, d),, +&Y|d| := ((6:Y,d) + &V, -, (827, Ay + EY||d]) & —intR™.

Remark 3.2. e For é"L é"U = 0, the above concepts reduce to the vector variational
ineqaulities in terms of d1rect10na1 convexificators.

e If the involved functions are Lipschitz continuous, the above concepts reduce to the
approximate vector variational inequalities in terms of Clarke subdifferentials (see, e.g.,
[75D).

o If flL = flU = f; and the involved functions are Lipschitz continuous, the above concepts
reduce to the approximate vector variational inequalities in terms of Clarke subdifferen-
tials (see, e.g., [76]).

o If the involved functions are continuous, the above concepts reduce to the approximate
vector variational inequalities in terms of convexificators.

o If fF = ffj = f; and the involved functions are continuous, the above concepts reduce
to the approximate vector variational inequalities in terms of convexificators (see, e.g.,
[73, Definition 2.4]).
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e For £L & U =0, and the involved functions are Lipschitz continuous, the above con-
cepts reduce to the vector variational inequalities in terms of Clarke subdifferentials
(see, e.g., [61]).

e For é"L 5’ U— = 0, and the involved function is continuous, the above concepts reduce
to the vector variational inequalities in terms of convexificators (see, e.g., [77]).

e For co‘"L & U =0, and fZL = fll-] = f; the above concepts reduce to the vector variational
1neqauht1es in terms of directional convexificators (see, e.g., [38]).

e For & L— =& U=o, fL = fU = §; and the involved functions are Lipschitz continuous, the
above concepts reduce to the vector variational ineqaulities in terms of clarke subdiffer-
entials (see, e.g., [78]).

e For & =& V=0, = flU = {; and involved functions are continuous, the above con-
cepts reduce to the vector variational ineqaulities in terms of convexificators (see, e.g.,
[33D).

e For & L — =& U = 0, and the involved functions are continuously differentiable, the above
concepts reduce to the vector variational inequalities in terms of Clarke subdifferentials
(see, e.g., [61]).

Now we derive the relations among the different solution concepts in terms of directional
convexificators.

Theorem 3.1. Let § € Qg ; and let each {+,§Y (i € .#) admits a BDC, 9%§(8),05iV () at
8, respectively. Assume that 9 # {Ogn}, that Qg s is convex, and that each §%,§ (i € M) is
& — 9}y —convex at § over Qg . If § solves 3},—SVVI, then § € & — Q;qf S(IVMOP)

Proof. Contrarily, assume that § € Q 245 is not a type-1 & — quasi pareto solution of IVMOP,, 5.
Then, there exists 6 # 6 € Q, i5 such that

1i(8) + &6 — 8|l <ru §:(5), Vie 4,
f1(8) 4+ & |6 — 8| <ru fx(8), for at least one k € /.
or equivalently,

7r(8)+ &6 8| <7 (8) and 7 (8) + & 16 — 8| < 7' (8), Vie .4 3.1

are satisfied and one of the following is satisfied for at least one index k € .#

() §£(8)+ 6113 3] < 7(3) and {/(8) +-4¢ 18 3] < f/(8): or
() FL(8) + L3 -8 < §£(8) and §(8) + 618 3] < 1/ (3): or (3.2)
Qi) L(8)+&L|S — 8| < fL(8) and fU (&) + £V |5 — 8| < §U(8).

Since § € Q@fg, then there exists d € 2 such that § = § +d. Hence, d € ggfé' By the
— dp—convexity of j{(i € .#) and &' — d;—convexity of j (i € .#) at § over Qg 5, it
follows that

El

c~1> (8) —
d) <§7(8) -

| A

(8

+ & ||d||, V8L € 0555(6), Vie A,
d]] fi (6), Vi } (3.3)

5)
i (8)+ &7 1dll, Ve € 0557 (8), Vie 4.

a.
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Using inequalities (3.1) and (3.2), together with the (fiL — djy—convexity of flL(l € .#) and the
&Y — 9} —convexity of §¥ (i € .#) at § over Q,, ; 5 given in (3.3), one has

5+F,d) < 0,8 € 9555(5), Vie A,

8),
(5,~*U, d) <0, V5*U € 89fl (5) Vie A,
and for at least one index k € .4

(i) (&F,d) <0,v8:" € 95t (5) and ( :,j ,d) <0,v5;Y € 9; fk( ),or
(i) (&*,d) <o, vs*L € d,f£(8) and (§;Y,d) <0, vs*U ca; fk (8):0 (3.5)

i (§F,d) <0, vs*Lea;fL and 5,:’1, ><ovs*Uea i (8).

Combining inequalities (3.4) with inequalities (3.5)(1), (3.5)(i1), and (3.5)(ii1), we obtain
@ ((67%.d),.... (5", d)) € —RY\ {0}, ((6;V.d),...,(8;”,d)) € —R%\ {0};0r

i) ((5%.d)...., (G- D) € —RY,  ((5V.d).....(5.d) € ~R7\ {0}:0r
(i) ((87%.d).....(5;1.d) € ~R7\ {0}, ((§V.d).....(8;Y.4)) € ~RT.,
respectively. This contradicts our assumption that & solves Stampacchia d5,—VVL 0

Remark 3.3. If &L = &Y = 0 and §- = §¥ = §;, then Theorem 3.1 reduces to [38, Proposition
3.1].

Theorem 3.2. Let § € Qg s and let each £,§Y (i € ) admits a BDC, 8;%(5),8;%/(5) at
8, respectively. Assume that 9 # {Ogn}, that Qg ; is convex, and that each §%,i¥ (i € .4 ) is

dp,—convex at § over Qe ;. If 8 solves & — d},—SVVI, then § € & — Q@fs(IVMOP)

Proof. Contrarily, assume that § € Q 24,8 is not a type-1 & — quasi pareto solution of [VMOP,, 5.
Then, there exists 6 # 6 € Q, i such that

1i(8)+&i|6 — 8|l <ww §i(8), Vie A,
£ (8) + &6 — 8| <ru f1(8), foratleastone k € .. |
or equivalently,
7r(8)+ &6 8| < fi(8) and 7 (8) + & 16 — 8| < 7' (8), Vie .4 (3.6)

are satisfied and one of the following is satisfied for at least one index k € .#

() FE(8)+ &6 — 8] <fE(8) and 1 (8) + &Y (16 — 8| < §Y(8); or
) FE(3) +-6£18 3] < £(3) and §{ (8) + 6118 3] < { (3): o 67
(i) FL(8)+&H|8 — &) < f£(5) and ¥ (8) + &V||5 — 8| < fU(5).

Since & € Q, 7.5 then there exists d € 2 such that = § +d and hence d € 59 75 By the
d;;—convexity of f¥(i € .#) and {Y (i € .4) at § over Qg ; 5, it follows that

L L& R *L ;
(&7",d) < 11(8) —1(8),V8" € 9,(8), Vie 4, } (3.8)

)=
(6:7,d) <7(8) — 17 (8),v8Y € 953 (5), Vie 4.
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Using inequalities (3.6) and (3.7), together with the dj; —convexity of f(i € .#') and the 9};,—convexity
of f¥(i € ) at & over Q ; 5 given in (3.8), one has
(&7F,d) + &F||d|| <0,V8E € d555(5), Vie #,
(6:Y,d) +&Y|d|| <0,¥6:Y € 9557 (8), Vie/[,} G2
and for at least one index k € .#

(i) (&L d)+&F(d]| < 0,v8:E € 95,75(6) and (§;Y,d) + &Y ||d|| < 0,V € 95 fk (6);
Gi) (5:L,d )+(5°‘L|]d]| <0, va*L €a; fL 5 and 5*U d>+@@Uud|y <0, vs*U X fk (8):0
5 (),

(3.10)
Combining inequalities (3.9) with inequalities (3.10)(1), (3.10)(i1), and (3.10)(ii1), we obtain
)

(<<f1* ) +&FYdl), +&,ldll) € —RY\ {0},

Oy d)
((6;7,d) + &I, (8,7, d) + &5 d]l) € R\ {0};0r

(i1)
(67", d) + &1 Ndll,...., (8", d) + &y 1ld]) € —RY,
(6%, )+ &7 dll,.... (8,7,d) + &, [ld]}) € —R%\ {0};r
(iii)
(61", d) + & dll, -, (85" d) + &y l1d]]) € —RE\ {0},
(67, d) +&UIldl,-. (8,7, d) + &/ [ldll) € —RY,
respectively. This contradicts our assumption that § solves &—Stampacchia d5,—VVL U

Remark 3.4. The main difference between Theorem 3.1 and Theorem 3.2 is in the assumptions
and the type of variational inequalities used. In Theorem 3.1, the functions are only approx-
imately convex, but even the usual (non-approximate) variational inequalities are enough to
get an approximate solution of the IVMOP. On the other hand, in Theorem 3.2, the functions
are convex, but we need to use approximate variational inequalities to obtain an approximate
solution. So, one result uses weaker assumptions on functions with stronger conditions on
variational inequalities, while the other uses stronger assumptions on functions with weaker
conditions on variational inequalities.

Theorem 3.3. Let5€Q@fandleteachfo i € A admits a BDC 9;f;(0 )at5€§2jf5

Assume that —9 C 9, that Qg 5 # 0 is convex, and that each f-,f¢ i € .4 is 0}, —convex at
over Qg ;. If 8 solves & — 9)5—SVVI, then 8 also solves & — d5,—MVVI

Proof. Since § solves & — d;,—SVVI, then, for any d € @Q 1,5 there exist 5L c o fL ) and
§*V € 93V (8), such that
<§*L>d>m+5LHd|| = ((SfL7d>+<§1LHd||,---,<5§iL,d>+@%Hd||) ¢ —RY\{0}, } G3.11)
(6 dym+ &Vl = (81, d) + &7 d]], .. (6,7, d) + &/ [ldl]) & —RE\ {0}
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Since each f&,§¥,i € .4 is dj,—convex on Qg ;, by Theorem 2.2, each 9§, d%fk,i € A
is monotone on Qg s, which implies that, for any d € 59 P8 §*L € 93§L(8 +d) and §*V ¢
35V (8 +d), one has

(8" —§*F d) > 0and (8*Y — 6*V d) >0,
which implies that
(8*L,d) > (6*L,d) and (8*Y,d) > (5*Y,d). (3.12)
From equations (3.11) and (3.12), we obtain
(0", d)m + &1 d|| = (87, d) + & [dll, ... (87, d) + & [ld]]) & R\ {0},
(6", dy+ &Y [d] = (87, d) + & ]I, ... (8,7, d) + & [ld]]) ¢ —RT\{O}-}
Hence, 6 also solves & — d5,—MVVL O

Theorem 3.4. Let 6 € Qg ;. Assume that —9 C 9, that Q@f # 0 is convex, and that for
any 6 € Qg 5, the function 4,59 i € .4 admits a BDC 9 fL aéfU , respectively, at §.

Suppose that each {-,§V i € A is 8; convex on Qg ;. Then, Se&—0H (IVMOP) if and
only if § solves Minty & — d5—

24,8

Proof. Contrarily, assume that § € Q ; 5 does not solve Minty & — d2,—VVL Then, there exist
de §Qf5 and &1 € 93 fH(5+d),5;V € 93 (5 +d) such that

(6:F,d)+&Hdl| <0, Vie .#,
(&;F,d) + &F||d|| < 0, for at least onekE//l} G139
and
(6:Y,dy+&Y|d|| <0, Vie .,
(8;Y,d) +&Y||d|| <0, for at least one k € ///} G149
Since each fl-L, flU,i € M is 8§—convex on Qg , it follows that
fE(8) —fE(8 +d) > (87, —d), Vie., (3.15)
f7(8) -7 (8 +d) > (§Y,—d), Vie.#. (3.16)
From inclusions (3.13) and (3.15), we obtain
Fr(8+d)—7i(8)+&1(ld] <0, Vie 4,
fE(8 +d) —£(8) + &F||d|| < 0, for at least one k € . . }

From inclusions (3.14) and (3.16), we conclude
i (6 +d) =i (8) +&"|ld] <0, Vie .,
96 +d) —Y(8)+&Y|d| <0, for at least one k € .,

which is a contradiction that § € & — Q gflf 8(1 VMOP) and hence the result.
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Conversely, assume that & ¢ & — Q>4
such that
(8 +d)—§7(8) + &1 dl| <0, §7 (5 +d) — 7 (8) + &7 ||| <0, Vie .,
RS +d) —fE(8) +&L|d| <0, Y (5 +d) — Y (8) + &Y ||| < 0 for at least one k € .,
(3.17)
Since 6 € Q, 5,87 then there exists d € Z such that § =8 +d € Qg ; and hence de @Q .6 Since

Qg is a convex set, then 6(n) := né+(1—-m)8=5+nde Qgjand §(n)—6=ndez
for every n € [0, 1]. Since each fL fU i € M is dz—convex on Qg 5, one sees by Proposition

2.1 that each f£ §5,i € .4 is convex in all directions d € @Q 5.6 atevery 8 € Qg , ie., for any
i€/ andn € (0,1), one has

L8 +1(8—8)) —fF(8) < n(fF(8) — - (5)),
7 (6+n(56—8))—fY(8) <n(fY (8) -V (6)).

By the mean value Theorem 2.1 involving DCs, for any i € .# and N € (0,1), there exist
fli € (0,m), &L € convdlfH(8(f;)) and §;U € comvd§¥ (8(f;)) such that

ni
(8 +n(8—8))—1(8) = (& n(8-96)),
i (8+n(6-8)—1(8) = (57,n(6-9)),
which implies from (3.17) that
(67 (8- 8) + &t Ind]| <0, (5, n(8-8))+&"nd| <0, Vie .,
(8eE (8- 8) + &HInd] <0, (§:Y.n(8 &)+ &Y Ind|l <o, foratleastoneke///}

25, 5({VMOP). Then, there exist Sc Q, ;5 with §+#6

or equivalently,
<3i*L7 S - S> +éazL||a” < 07 <Si>kU7S - S> +éalU||a|| < O’ Vie jf’

(6L, 6 —8)+&F||d]| <0, (§Y,6 —8)+&Y||d] < 0, for at least one k € . .

Suppose that f); = 1] for all i € .# . After both sides of the above inequality are multiplied by 7,
one has

(674,8(7) — &)+ &HAd| <0,(5Y,8(7) - 8) + &Y |Ad| <0, Vie .4,
(§:L,8(7) = 8) + &LAd| <0,(8Y,8(7) —8) + &V ||1Ad|| <0, for at least one k € ..

Since §(A)—8=1d e @Q ; 5» it contradicts that 8 solves Minty & — d2,—VVL Suppose that

fli,i € A are not all equal. Since §&,f,i € .4 are 9}, —convex on Qg , by Theorem 2.2,
convdl k. convd} Y i € .4 are monotone on Qg ; and by setting 7 := min{f);,..., A}, we
can find ;L € convd}§(5(71)),8;V € convazi¥ (5(i)) such that

(8.8(0) — 8) + EHnd] <0, (8. 8(n) ~ &) + &V [d] <0, Vie ..

with strict inequality for at least one i € .. Since §(f) —& = fjd € 59 7.5 it contradicts that
S solves Minty & — dZ,—VVL Hence, the result is obtained. U
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Theorem 3.5. Let § € Qg ; and let each {+,fY (i € .#) admits a BDC, 9,§-(8),05iV () at
0, respectively. Assume that 9 # {Orn}, that Qg ; is convex, and that each fL iY(ie.)is

& — 3}~ strictly convex at § over Qg . If 8 solves d;,—WSVVI, then § € & — Q@’qfwa (IVMOP).

Proof. Contrarily, assume that & € Q, 5.5 is not a type-1 &— quasi weak pareto solution of

IVMOPy, 5. Then, there exists S#6b¢ Qg ; 5 such that f;(5 5)+ &6 -6 < §i(S), Vie .,
or equivalently, Vi € .4

7(8) + &I — 8l < (), and §f (8) + &V (16 — 8]l < 1/ (8);0
1(8) + &6 — 8l < 1(8), and §f (8) + &V (16 — 8]l < 1/ (8):0 (3.18)
7(8) + &I — 8l < (), and §7/ (8) + &6 — 8| < 7' (5).
Since § € Q»@,ﬁg’ then there exists d € & such that = § +d and hence d € ﬁg’ﬁg. By the
— 9}~ strictly convexity of f-(i € .#) and &Y — 9},— strictly convexity of {¥ (i € .#) at §
over Q 24,5 it follows that
(671,d) <§1(8) —f(8) + &M 1dII, V8™ € 9571(5), Vie 4,
(6:7,d) <17 (8) =17 (8) + &7 d||, v&¥ € 9577 (5), Vle///}
From equation (3.18) and (3.19), we have
(5L, d) < 0,57 € 55H(8), Vie A, }

(3.19)

(S,.*U,a> < (),VS{"U € 8;ffj(5), Vie /.
which contradicts that § solves weak Stampacchia d5,—VVL 0
The following example illustrates the above results.
Example 3.1. Let ff,{¥ 5, : R? — R be given by

f1(8) =8 +6&
f]( )= { 1—|—(61+52) + 01, if 6, >0& & >0,

82 +6818,+ 67+ 61+ &, otherwise,
and
2 T 82+687-6, otherwise,

respectively. The collection of all CDs of £,V §5, and {5’ at any & := (8y,8,) € R? are given
by
.@f%(S) = .@%(5) = R?,
R xR, if& =0& & >0,
RxR-, if& >0& & =0,
P(0g), if 6 =0& & =0,
R?, otherwise,

P (8) =Ty (8) =



310 A. DWIVEDI, P. SACHAN, V. LAHA

&
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(0,0)

0|

(95}

FIGURE 1. Q5 for § = Op: in the Example 3.1

where
P(0g2) = {d:=(d;,d2) € R?:d; <0 or dy <0}.

We consider nonempty cone & = (R xRT)U(ZT xR™) such that —9 C 9 as shown by the
gridded region in Fig. 1 and nonconvex feasible region given by

Q:={(8,6,) ER*: 58 =0and 8 >0,86,>0}U{(5,86) €R*: & < —|8}.
Then,
Qjpi={8 €Q:9C Iu(8)}=Q,
Qg ={8eQ: 9 < Zp(8)y={(81,8) eR*: & < |1}
and
Qjp=1{8 €eQ:9C Zu(8)} =Q,
Qg ={8eQ: 9C Zy(8)y={(81,8) eR*: & < |61}
which gives
'Q@,f = Q@ﬁﬂﬂﬁﬁj ﬂQ@’%ﬁQ@’fzu ={(8;,%,) € R?: 8, < —|61]}
which is a convex set. For & = Op2,
Qp:5= N(G+2)={(8,8)cR?: 8 < —§; and & >0}

as represented by the intersection of the gridded and the shaded region in Fig. 1. Since there
exists some § € Q¢ 5 (take & = (+,—35)) such that f+(8) < §£(8) and ¥ () < {¥(5) for all
i={12},6#6¢ Qg ; 5 is not a type-1 quasi Pareto solutzon of the (MOPy, 5). If we choose
(&L, &V] = [2,3] and [6F,6Y] = [2,3], & is a type-1 &-quasi Pareto solution of the (MOP, 5).
Now, for § = Op2 € Q@j, one has 7

2
@QfS:{(dladZ) e€R?:dy < —d; and d, >0}
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= _
The sets Qg ; 5 and Y ; 5 are convex. For 6 = (0,0) € Q; ;, the functions fi. Y, §5 and 1Y
admit

05F1(8) = {((1,1)}, 955 (8) ={(1,1)}
and

512(8) ={(1,1)}, 955 (8) = {(0,0)}

—>

A

as directional convexificators. Letd € Zq ; 5 and 6% ¢ 8;)“(5' ). Note that

F£(8 +d) — £(8) — (8;*,d) =dy +da — ((1,1),(dy,d>))
=d;+dy—d; —dy; =0,
/(8 +d)—fY(8) — (6;V,d) = df +d3 +ddy

d 3d?
= (d] +?2)2+ Tz,
f5(8+d) —F5(8) — (8, d) =dy +da — ((1,1),(dy,d2))

=dy+dy—d; —d, =0,

and
75 (6 +d) =15 (8) — (&Y, d) = dj +d3 —di — ((—1,0), (d1,da))

=d} +di.
Consequently, ff,fL, 11], and fg are 8;—convex on Q@’f. For any d € @ng, [é"lL,é"lU] = [2,3]
and [&F,&Y] = [2,3], one has
(6°F,d)o+ &F|d]| = ((8,d) + &1 (|d]|, (657, d) + &5 [1d]])

= ({(1,1),(d1,do)) + &F1/dF +d3,((1,1), (d1,d)) + &5/ dF + d3)
= (di +d2 +21/dB + 3, dy +dp +21/d? + &3) ¢ —R2 \ {0},

V&t € 95 1h(8), V8 € 95 15(6),
and
(8", )y +&Y(|d| = ((6;Y,d) + & ||d||, (857 ,d) + & [|d]|)

= (((1,1),(d1,d2)) + &7\ /d? +d3,((0,0), (d1,da)) + & 1/ d? +d3)

= (di+da+31/B + 83,3,/ + ) ¢ —R3\ {0},
VoY € 9511 (8), ¥8;Y € 9515 (8).

Therefore § is a solution to & — Stampacchia 25, —VVI.
e By Theorem 3.2, 6 is a type-1 &-quasi Pareto solution of IVMOP.
e By Theorem 3.3, § also solves &— Minty d;, — VVI.

In the example below, we consider that all the functions are discontinuous and the feasible
region is convex.
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Example 3.2. Let ff,{¥ 5,15 : R — R be given by

01, 01 >0

1(8) = {51—1 8 <0,
(8) = 52+52 o1, 6,>0,
i 52+1 8 <0,

-6 4, >0
L o 1 1 Z
f2<5)_{ 5 +1, & <0,

and

-8 +67, 86 >0

Ursy _ 1 ; 12>

f2(5)_{ 52 +1, 5 <0,
respectively. The collection of all CDs of f&,§V, %, and §¥ at any & := (8,8,) € R? are given
by

B B B [ RTYxR, if8=08& &€ER,
‘@f?(é) - @%(5) - ‘@fﬁ/(a) o .@zu(S) - { R?, otherwise,

where
.@(ORZ) = R+ x R.
We consider nonempty cone & = {0} x R such that —9 C 9 and feasible region given by
Q:={(5,8)cR*: 8 >8]}

Then,

Q@,ﬁ ={0eQ:9C -@f{(S)} =Q,

Q@,ﬁ/ ={6eQ:9C .@ﬁ/(t‘i)} =Q
and

Q‘@fL ={0e€eQ:9C .@fL(5)}:.Q,

Q, oy = {6€Q: 9C .@fu(S)} Q,
which gives

'Q'@,f = Q@Aﬁ ﬂQ@’lej N Q@v% ﬂ.Q_@JZ = Q.
which is a convex set. For 6 = Opa,
Qpi5=Q5N(6+2)={(81,%) €R*: & =0 and & >0}

as represented by the red line in Fig. 2. Since there exists some 6 € Q ¥ (take 0 = (%, 0)) such
that f#(8) < f5(8) and {¥ (§) < §¥(5), forall i = {1,2}. Hence § # & € Qg ; 5 is not a type-1
quasi Pareto solunon of the (MOP;, 5). Butif we choose [&], 6] = [1,2] and [£F, 7] = [1,2],
S is a type-1 &-quasi Pareto solution of the (M OP 5). Now, for 8 =0p € Qg ;, one has

—
P oz5={(d1,dy) €R*:d; =0 and d; > 0}.

= _
The sets Qg ¢ 5 and 7 ; 5 are convex. For 0=(0,0) € Qg ;, the functions fE. 59,55 and 1Y
admit

951 (6)

{((-1,0)}, a%ﬁ](s) ={(-1,0)}
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FIGURE 2. The shaded region represents the feasible region €2 and the red line
represents Q ¥ for 6 = Op2 in Example 3.2.

and
953(8) = {(~1,0)}, 9575 (8) = {(~1,0)}
as directional convexificators. Let d € 59 4.6 and 6% ¢ 8;)“(5 ). Note that
FI(8+d) —f1(8) — (6/%,d) =0~ ((~1,0),(0,d2)) =0,
i (8+d) 17 (8) ~ (51*U»d> d3+((~1,0),(0,d2)) = d3,
i5(8

f5(8+d) —f5(8) — (85%,d) = 0—((—1,0),(0,d2)) =0,
and

75 (8+d)— 13 (8) —(85Y.d) = d3 — ((~1,0),(0,d2)) = d3.

Consequently, f{, 5, 7], and {3 are d%-convex on Q ;. For any d € 59 16 165,671 =11,2]
and [&F,&Y] = [1,2], one has

(8, dys + EHd] = (5. d) + SEIIdlL (55, d) + & d])
= (((~1,0),(0,d2)) + 6 /&3 ((~1,0),(0,d)) + &F/3)

= (&, /&) ¢ —R2\ {0},

V&It € 9551(5), V85" € 95§5(6),
and
(6, d)z+&Y|d| = ((6Y,d) + & ||d], (65Y . d) + & ||d]|)

= (((~1,0),(0,d2)) + &7 &3, ((~1,0), (0,02) + & \/&d)

= (2\/d3.2\/dd) ¢ —R2\ {0},

V8V € a5fY (5), V8 € a5 1Y ().
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Therefore § is a solution of &— Stampacchia d5,—VVI.

e By Theorem 3.2, 6 is a type-1 &-quasi Pareto solution of IVMOP.
e By Theorem 3.3, § also solves &— Minty d;, —VVI.

4. CONCLUSION

This research establishes a unified theoretical framework that connects approximate vector
variational inequalities with interval-valued multiobjective optimization problems through the
innovative use of directional convexificators (DCs). By developing Stampacchia and Minty-
type formulations within this framework, we provided both necessary and sufficient conditions
for characterizing approximate Pareto and weak Pareto efficient solutions. The use of DCs
introduces a flexible alternative to traditional convexity assumptions, enabling the treatment of a
wider class of optimization problems where standard methods may fail. We provided illustrative
examples to demonstrate the practical effectiveness of the approach and highlight limitations of
existing methods. Overall, the DC-based framework offers both theoretical depth and practical
adaptability, paving the way for further advancements in interval-valued optimization.
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