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Abstract. This paper studies directional optimality conditions for mathematical programs with equilib-
rium constraints (MPECs), a class of optimization problems with constraints of equilibrium type such as
complementarity conditions. Due to the non-smooth and non-convex nature of MPECs, classical opti-
mality conditions are usually not applicable. To overcome these difficulties, we introduce a directional
analysis framework that provides a more accurate characterization of stationarity and optimality. We first
present the basic building blocks of variational analysis, which are needed for directional analysis. We
next derive general directional necessary optimality conditions for a non-linear optimization problem.
Building on this foundation, we develop and compare several notions of directional stationarity, namely
DW-, DM-, DC-, and DS-stationarity, emphasizing their theoretical distinctions and practical implica-
tions. Finally, we provide directional sufficient conditions that ensure global optimality, thus finishing a
full optimality framework for MPECs. The findings present an insightful view of the solution structure
of MPECs and provide a theoretical basis for future algorithmic developments.
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1. INTRODUCTION

This study is devoted to the analysis of a class of optimization problems characterized by the
following structure:

f (x) → min
g(x) ≤ 0 h(x) = 0
G(x) ≥ 0 H(x) ≥ 0

G(x)>H(x) = 0,

(MPEC)
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where f : Rn→R, g : Rn→Rp, h : Rn→Rq, G : Rn→Rm, and H : Rn→Rm. The superscript
> denotes the transpose operator. Due to the presence of the last constraint, this problem is
called a mathematical program with equilibrium constraints (MPEC for short).

An MPEC is an optimization problem with equilibrium constraints and is usually described
as a variational inequality problem with equilibrium constraints. This is the more general set-
ting, but most of the literature has considered the case where these constraints are given in
the form of complementarity conditions. Therefore, one often uses the term MPEC to denote
the class of problems with complementarity constraints. Due to their structure, MPECs are
also closely related to bilevel programming problems and are often referred to as generalized
bilevel programs, where the equilibrium conditions are the lower-level problem, as discussed in
[1, 2, 3, 4, 5]. For more theoretical and applied developments, we refer to [6, 7, 8, 9, 10] and
the list of references given there.

In a recent contribution, Gfrerer [11] introduced a directional variant of the Karush-Kuhn-
Tucker (KKT) necessary optimality condition for mathematical programs with generalized
equation constraints, formulated via set-valued mappings. This framework is based on the
notion of directional metric subregularity, a constraint qualification that is generally weaker
than its non-directional counterpart. A notable advantage of the directional approach lies in its
capacity to yield sharper and more informative optimality conditions by more precisely reflect-
ing the local geometric structure of the feasible set. This offers a significant advantage over
classical methods, where the non-directional nature of the constraint qualifications can lead to
weaker and less refined characterizations of optimality.

Motivated by this approach, the present work develops a comprehensive methodology for
analyzing MPECs through the perspective of directional optimality conditions. To this end,
we begin by reviewing the foundational tools from variational analysis needed for this study,
including directional derivatives, tangent cones, regular and limiting normal cones, and direc-
tional subdifferentials; see [12, 13, 14, 15, 16]. These constructs are essential for formulating
optimality conditions in non-smooth optimization problems, thereby providing a rigorous ana-
lytical foundation. A crucial element of our methodology is the adoption of suitable constraint
qualifications to guarantee the validity and robustness of the derived conditions. In particu-
lar, we employ the no non-zero abnormal multiplier constraint qualification, a well-established
condition that plays a critical role in eliminating degenerate multipliers and facilitating mean-
ingful stationarity characterizations. This ensures that the optimality conditions obtained are
applicable under broad and practically relevant assumptions.

Our analysis begins with the formulation of directional necessary optimality conditions within
a general framework that avoids imposing restrictive structural assumptions; see Section 3.
These broad and flexible conditions provide a unified foundation for analyzing various forms
of stationarity in MPECs. Building on this foundation, we systematically develop a hierar-
chy of directional stationarity concepts that capture varying degrees of constraint activity and
regularity. This hierarchy begins with directional W-stationarity, a weak form of stationarity
that holds under minimal assumptions. It then progresses to directional M-stationarity, which
strengthens the conditions by incorporating specific multiplier requirements. Next is directional
C-stationarity, which depends on the presence of generalized derivatives or suitable constraint
qualifications. At the top of the hierarchy is directional S-stationarity, the most stringent and
comprehensive of these conditions.
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By systematically comparing the proposed directional stationarity concepts with their clas-
sical counterparts, see Figure 1, we reveal a clear hierarchical progression in the strength and
analytical depth of the associated optimality conditions. Each successive level in this hierar-
chy offers increasingly precise and mathematically rigorous characterizations of stationarity,
thereby enriching the theoretical understanding of equilibrium constraints in MPECs. This re-
fined framework facilitates a more nuanced interpretation of constraint activity and optimality
behaviour, particularly in complex and non-smooth optimization settings, where classical ap-
proaches may fall short in capturing the underlying structural subtleties.

Finally, we extend our analysis to the derivation of sufficient optimality conditions for MPECs.
These results typically necessitate the use of generalized convexity frameworks. In this context,
we focus on a class of generalized convex functions characterized by pseudoconvex sublevel
sets. We establish that directional M-stationarity ensures strong global optimality when the the
objective and the constraint functions possess pseudoconvex sublevel sets. This result consti-
tutes a significant advancement in the theory of optimality conditions for MPECs, enhancing
both the theoretical depth and practical relevance of the proposed framework.

The structure of the paper is as follows. Section 2 introduces the notations, essential pre-
liminaries, and fundamental concepts from directional analysis that will be used in the subse-
quent developments. In Section 3, we establish the directional KKT conditions within a general
framework for non-linear optimization problems. Section 4 extends this framework to prob-
lem (MPEC), wherein we formulate directional stationarity conditions and present the associ-
ated theoretical results. Section 5 is devoted to the derivation of sufficient optimality conditions
for problem (MPEC), under generalized convexity assumptions. Finally, Section 6 summarizes
the principal contributions of the study and provides concluding remarks.

2. BASIC TOOLS

Initially, we present the notations employed in the paper. We denote Rn as the n-dimensional
Euclidean space, equipped with the standard inner product 〈·, ·〉 and norm ‖·‖. For ε > 0 and
x ∈ Rn, we define the closed ε-ball around x as B(x,ε) = {x ∈ Rn : ‖x− x‖ ≤ ε}. To make
things simple, we denote by B the closed unit ball of Rn. Let A be an arbitrary set of Rn,
d ∈ Rn. We denote by convA , coneA , and |A | the convex hull, the conic hull, and the
cardinal of A , respectively. We define d+ = (max{d1,0}, . . . ,max{dn,0})> and dist(A ,x) =
inf{‖x− x‖ : x ∈A }. The set of perpendicular vectors to A in Rn is given by

A ⊥ = {x∗ ∈ Rn : x∗ ⊥ x ∀x ∈A } .

We also define the notation o(t) to indicate that limt→0
o(t)

t
= 0. For a set-valued mapping

Y : Rn ⇒Rm, the graph and domain of Y are denoted by gphY and domY , respectively, i.e.,
gphY = {(z,v) ∈ Rn×Rm : v ∈ Y (z)} and domY = {z ∈ Rn : Y (z) 6= /0}. Additionally,
we are interested in what are referred to as directional neighborhoods of specified directions
[14]. They represent the sets of form

D(x,u;ε,δ ) = B(x,ε)∩ (x+ cone(u+δB)) ,

with x ∈ Rn, u ∈ Rn a direction vector, and ε,δ > 0.
Recently, Gfrerer [11] proposed the following equivalent notion of a directional neighbor-

hood. Given a direction u ∈ Rn and positive numbers ε,ρ > 0, the directional neighborhood of
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direction u is a set defined by

Uε,ρ (u) =
{

v ∈ εB :
∥∥∥∥‖u‖v−‖v‖u

∥∥∥∥≤ ρ ‖u‖‖v‖
}
.

It is obvious that the directional neighborhood of a nonzero direction u 6= 0 is a smaller subset
of εB and that the directional neighborhood of the direction u = 0 is just the open ball εB. In
the following, we say that a set U ⊂Rn is a directional neighborhood of u if there exist ε,ρ > 0
such that Uε,ρ (u)⊂U .

Remark 2.1. Note that the two directional neighborhood concepts mentioned above are related
in the sense that one implies the other. Indeed, let 0 6= u ∈ Rn.

• Suppose that a property P (x) holds in D(x,u;ε,δ ). Pick 0 < ρ ‖u‖< δ , ε > 0, and let
x ∈ x+Uε,ρ (u). Then

x ∈ B(x,ε) and
∥∥∥∥‖u‖(x− x)−‖x− x‖u

∥∥∥∥≤ ρ ‖u‖‖x− x‖ .

Consequently, x ∈ B(x,ε) and x− x ∈ ‖x− x‖
‖u‖

(u+ρ ‖u‖B). Thus, x ∈ D(x,u;ε,δ ).

This implies that P (x) holds in x+Uε,ρ (u).
• Suppose that a property P (x) holds in x+Uε,ρ (u). Pick 0 < δ < ‖u‖, ε > 0, and

x ∈ D(x,u;ε,δ ). Then x ∈ B(x,ε) and x− x = α (u+δa), where a ∈ B and α ≥ 0. We
possess the approximations ‖u‖−δ ≤ ‖u+δa‖ ≤ ‖u‖+δ which leads to

α =
‖x− x‖
‖u+δa‖

=
‖x− x‖
‖u‖+ζ

, −δ ≤ ζ ≤ δ .

Finally, putting all above argument, we see for x 6= x that
x− x
‖x− x‖

− u
‖u‖

=

(
1

‖u‖+ζ
− 1
‖u‖

)
u+

δ

‖u‖+ζ
a.

Letting δ → 0+, we obtain x−x
‖x−x‖ −

u
‖u‖ → 0. Using the definition of the limit, we

conclude
∥∥∥ x−x
‖x−x‖ −

u
‖u‖

∥∥∥ ≤ ρ . Hence, x ∈ x+Uε,ρ (u), which implies that P (x) holds
in D(x,u;ε,δ ).

Definition 2.1. We say that a sequence {xk}⊂Rn converges to some x∈Rn from a direction u∈
Rn, which is denoted as xk

u→ x, if there exist tk ↓ 0 and uk→ u with xk = x+tkuk, or, equivalently,
if, for every directional neighborhood Uε,ρ (u) of u, xk ∈ x+Uε,ρ (u) for sufficiently large k.

We now explore some basic ideas and results in variational analysis that will be used later on.
Let us fix a closed subset A ⊂ Rn and a point x ∈A . We employ

TA (x) = {ζ ∈ Rn : ∃tk ↓ 0, ζk→ ζ s.t. x+ tkζk ∈A ∀k}
to indicate the tangent cone to A at x. Moreover, we employ

N̂A (x) = {η ∈ Rn : 〈η ,x− x〉 ≤ o(‖x− x‖) ∀x ∈A } ,
NA (x) =

{
η ∈ Rn : ∃xk

A→ x, ηk→ η such that ηk ∈ N̂A (xk) ∀k
}
,

the regular (or Fréchet) and limiting (or Mordukhovich) normal cone to A at x, where xk
A→ x

means that xk → x and xk ∈ A . If x /∈ A , we set TA (x) = /0, N̂A (x) = /0 and NA (x) = /0. In
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[11, 13], directional versions of the above limiting constructions were presented for Banach
spaces and repeated in an analogous manner for finite dimensional spaces.

Definition 2.2. Given a direction u ∈ Rn, the limiting normal cone to A at x in direction u is
defined by

NA (x,u) =

{
η ∈ Rn :

∃tk ↓ 0, ∃uk→ u, ηk→ η

such that ηk ∈ N̂A (x+ tkuk) ∀k

}
.

It is worth noting that NA (x,u) is empty if u does not belong to TA (x). If A is convex, then

NA (x,u) = NTA (x) (u) = NA (x)∩{u}⊥ , ∀u ∈ TA (x) . (2.1)

Throughout this work, the notion of complementarity constraints is significant. However, any
formulation of complementarity constraints leads to the following vector complementarity set:

X =
{
(a,b) ∈ R2 : a≥ 0, b≥ 0, ab = 0

}
, (2.2)

which is a union of the two polyhedral sets R+×{0} and {0}×R+.
The following result covers basic properties of vector complementarity set X in (2.2) which

are derived from [17, Theorem 6.1] and [7, Lemma 4.1].

Proposition 2.1. Consider the set X in (2.2). Let (a,b) ∈X and (u,v) ∈ TX (a,b).
(1) The directional normal cone to X at (a,b) in direction (u,v) is given by:

(i) if a = 0, b > 0, then NX ((a,b),(u,v)) = NX (a,b) = R×{0},
(ii) if a > 0, b = 0, then NX ((a,b),(u,v)) = NX (a,b) = {0}×R,
(iii) if a = 0, b = 0, then NX ((a,b),(u,v)) = NX (u,v).

(2) The contingent cone to X at (a,b) is given by

TX (a,b) =

(x,y) ∈ R2 :
x = 0 if a = 0, b > 0
x≥ 0, y≥ 0, xy = 0 if a = b = 0
y = 0 if a > 0, b = 0

 .

Remark 2.2. Observe that Proposition 2.1 remains valid with the opposite sign when the vector
complementarity set has the following structure: X = {(a,b) ∈ R2 : a≤ 0, b≤ 0, ab = 0}.

Let Y : Rn ⇒Rm be a set-valued mapping with a closed graph locally around (x,y)∈ gphY .
The graphical derivative of Y at (x,y) is the mapping DY (x,y) : Rn ⇒ Rm given by

gphDY (x,y) = TgphY (x,y) .

The coderivative of Y at (x,y) is a multifunction D∗Y (x,y) : Rm ⇒ Rn, with the value

D∗Y (x,y)(v) =
{

u ∈ Rn : (u,−v) ∈ NgphY (x,y)
}
, for v ∈ Rm.

Furthermore, for direction (u,v) ∈ Rn×Rm, the coderivative of Y in direction (u,v) at (x,y) ∈
gphY is defined as the multifunction D∗Y ((x,y) ,(u,v)) : Rm ⇒ Rn given by

D∗Y ((x,y) ,(u,v))(κ) = {ζ ∈ Rn : (ζ ,−κ) ∈ NgphY ((x,y),(u,v))}, for κ ∈ Rm.

Clearly, one has D∗Y ((x,y),(0,0)) = D∗Y (x,y). In the case where Y is single-valued at x,
with Y (x) = {y}, we use the notation DY (x) : Rn ⇒ Rm and D∗Y (x) : Rm ⇒ Rn for brevity.

Remark 2.3. Let Y : Rn→ Rm be a single-valued function at x.
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(1) The graphical derivative of Y at (x,y), with Y (x) = y, is reduced to

DY (x)(u) =
{

v ∈ Rm : ∃tk ↓ 0, ∃uk→ u,
Y (x+ tkuk)− y

tk
→ v

}
.

(2) In the case that Y is continuously differentiable, with the jacobian ∇Y (x). we have
DY (x)(u) = ∇Y (x)u and consequently, D∗Y (x,(u,v))(κ) 6= /0 if and only if v =
∇Y (x)u. This implies

D∗Y (x,(u,v))(κ) = D∗Y (x)(κ) = (∇Y (x))>κ, for κ ∈ Rm.

Definition 2.3. A multifunction Φ :Rn ⇒Rm is said to be directionally inner semicontinuous at
(x,y) ∈ gphΦ in a direction u ∈ Rn if, for any sequences tk ↓ 0, uk→ u, there exists a sequence
yk ∈Φ(x+ tkuk) converging to y.

Next, we review directional variants of the Lipschitzian properties and the differentiability
of mappings that will be employed in the subsequent analysis [15]. First, recall that a function
ϕ : Rn→ Rm is directionally differentiable at x in direction u if

ϕ
′ (x,u) = lim

t↓0

ϕ (x+ tu)−ϕ (x)
t

exists.

Definition 2.4. Let ϕ : Rn→ Rm and x, u ∈ Rn.
(1) We say that ϕ is directionally Lipschitz continuous around x in the direction u with

constant l ≥ 0, if there exist ε,δ > 0 such that

‖ϕ(y)−ϕ(x)‖ ≤ l ‖y− x‖ , for all x,y ∈ D(x,u;ε,δ ) .

If, in the above definition, y = x, we say that ϕ is directionally calm at x in direction
u ∈ Rn.

(2) ϕ is directionally strictly Fréchet differentiable at x in the direction u if there exists a
linear operator G : Rn→ Rm such that, for any σ > 0, there exist ε > 0 and δ > 0 such
that, for all x, y ∈ D(x,u;ε,δ ),

‖ϕ(y)−ϕ(x)−G (y− x)‖ ≤ σ ‖y− x‖ .

When u = 0, the directional Lipschitz continuous property reduces to the usual Lipschitz
continuous property. In this case, D(x,u;ε,δ ) reduces to B(x,ε). Also, it can be observed that
the concept of directional strict Fréchet differentiability simplifies to the standard strict Fréchet
differentiability when u = 0.

Our main concern throughout the study is the directionally strict differentiability. We collect
some corresponding properties in the following lemma.

Lemma 2.1. Let ϕ : Rn→ Rm and x, u ∈ Rn.

• If ϕ is directionally strictly Fréchet differentiable at x in the direction u, then the linear
operator G in Definition 2.4 is unique.
• If ϕ is directionally strictly Fréchet differentiable at x in the direction u, then ϕ is

directionally Lipschitz continuous around x in the direction u.

Remark 2.4. If the operator G in Definition 2.4 exists, we call it the directional strict Fréchet
derivative of ϕ at x in the direction u, and we denote it by ∇ϕ (x,u).
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Lemma 2.2. Let ϕ : Rn→ R be strictly differentiable at x ∈ Rn in direction u ∈ Rn. Then, the
directional derivative ϕ ′(x,u) exists and is computed by ϕ ′(x,u) = ∇ϕ(x,u)>u.

Proof. Set ζ = ∇ϕ(x,u). Let σ > 0. Then we can find ε > 0 and δ > 0 such that, for all x,
y ∈ D(x,u;ε,δ ),

‖ϕ(y)−ϕ(x)−〈ζ ,y− x〉‖ ≤ σ‖y− x‖.
For x = x and y = x+ tu with 0 < t < ε

‖u‖+δ
, y ∈ D(x,u;ε,δ ),∥∥∥∥ϕ(x+ tu)−ϕ(x)

t
−〈ζ ,u〉

∥∥∥∥≤ σ‖u‖.

which implies that the directional derivative ϕ ′(x,u) exists and is computed by ϕ ′(x,u) =
∇ϕ(x,u)>u. �

After a brief introduction to regular and limiting subdifferentials, we define the so-called di-
rectional subdifferential of a function [11, 12, 13, 15]. Remarkably, the limiting subdifferential
is known for being smaller than other often-used subdifferentials.

Definition 2.5. Let ϕ : Rn→R be extended-real valued function and x ∈ domϕ . Moreover, let
u ∈ Rn be a direction.

(i) The Fréchet (regular) subdifferential and the limiting subdifferential of ϕ at x are defined
as follows:

∂̂ϕ (x) = {ζ ∈ Rn : ϕ (x)≥ ϕ (x)+ 〈ζ ,x− x〉+o(‖x− x‖)} ,
∂ϕ (x) =

{
ζ ∈ Rn : ∃xk→ x, ϕ (xk)→ (x) , ζk→ ζ , such that ζk ∈ ∂̂ϕ (xk) ∀k

}
.

(ii) The analytic limiting subdifferential of ϕ at x in direction u is given by:

∂ϕ (x,u) =
{

α ∈ Rn : ∃xk
u→ x, αk→ α, such that ϕ (xk)→ ϕ (x) , αk ∈ ∂̂ϕ (xk) ∀k

}
.

Inspired by directional coderivatives, Benko et al. in [12] considered a direction (u,v)∈Rn+1

and defined the geometric limiting subdiferential of ϕ at x in direction (u,v) via a directional
normal cone. That is,

∂̃ϕ (x,(u,v)) =
{

ξ ∈ Rn : (ξ ,−1) ∈ Nepiϕ ((x,ϕ(x)) ,(u,v))
}
. (2.3)

The following proposition gives the relationship between the analytic directional limiting sub-
differential and the one defined in equation (2.3), provided that the function ϕ is directionally
calm.

Proposition 2.2. Let ϕ : Rn→ R be finite at x and consider a direction u ∈ Rn. Furthermore,
assume that ϕ is calm at x in direction u. Then ∂ϕ(x,u)=

⋃
v∈Dϕ(x)(u) ∂̃ϕ (x,(u,v)) . In addition,

if ϕ is also directionally differentiable at x in direction u, then Dϕ (x)(u) = {ϕ ′(x,u)} and
∂ϕ(x,u) = ∂̃ϕ (x,(u,ϕ ′(x,u))).

Furthermore, if ϕ is directionally Lipschitz continuous around x in the direction u, in [18],
the authors defined the directional Clarke subdifferential of ϕ at x in the direction u as

∂
c
ϕ(x,u) = conv(∂ϕ (x,u)) .

The result that follows combines a number of basic calculus ideas for directional limiting
subdifferentials. Readers are directed to [15] and [19] for a more detailed discussion of the
calculus properties of this subdifferential.
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Definition 2.6. Let ψ : Rn→ R with u ∈ Rn and x ∈ dom ψ . We say that ψ is lower semicon-
tinuous at x in direction u if ψ(x)≤ liminfx u→x ψ (x) .

Theorem 2.1. Let χ,ψ : Rn→R with u ∈Rn and x ∈ dom ψ . Let α , β be nonnegative scalars.
(i) Assume that χ is directionally strictly Fréchet differentiable at x in direction u. Then,

∂ (χ +ψ)(x,u) = ∇χ (x,u)+∂ψ (x,u) .

(ii) Suppose that χ be Lipschitz continuous around x in direction u and let ψ be lower
semicontinuous in direction u. Then,

∂ (αχ +βψ)(x,u)⊂ α∂ χ (x,u)+β∂ψ (x,u) .

There are several different ideas on local regularity that are related to set-valued mappings.
The primary focus of this study is the so-called directional metric sub-regularity, which comes
from [12, Definition 2.1].

Definition 2.7. Let Y : Rn ⇒ Rm and (x,y) ∈ gphY .
• We say that Y is metrically subregular at (x,y) provided there exist κ > 0 and a neigh-

borhood U of x such that

dist
(
Y −1 (y) ,x

)
≤ κ dist(Y (x),y) ∀x ∈U .

• Given u∈Rn, we say that Y is metrically subregular in direction u at (x,y) if there exists
a directional neighborhood U of u such that the above estimate holds for all x ∈ x+U .

At the end of this section, we present the following definition of the directional metric sub-
regularity constraint qualification (MSCQ).

Definition 2.8. Given χ : Rn → Rp and ψ : Rn → Rq, let x ∈ Rn be a solution to P = {x ∈
Rn : χ(x)≤ 0, ψ(x) = 0}. The directional metric subregular constraint qualification (MSCQ)
at x in a direction u ∈ Rn is said to be satisfied by system P if there exist ε,ρ,σ > 0 such that

dist(P,x)≤ σ

(∥∥(χ(x))+∥∥+‖ψ(x)‖
)
, ∀x ∈ x+Uε,ρ (u) .

If u = 0, we say that system P satisfies the (MSCQ) at x.

Remark 2.5. Keep in mind that the two definitions of directional metric subregularity given
above are closely connected; in fact, let x ∈ Rn be a solution of the system P = {x ∈ Rn :
χ(x)≤ 0, ψ(x) = 0} and assume that the directional (MSCQ) holds at x in a direction u ∈ Rn.
Now, denote by Π(x) =Rp

−×Rq− (χ(x),ψ(x)) a multifunction associated with the system P .
Hence, Π is metrically subregular in direction u at (x,0).

3. DIRECTIONAL NECESSARY OPTIMALITY CONDITIONS IN GENERAL FRAMEWORK

In the current section, we develop the directional Karush–Kuhn–Tucker (DKKT ) conditions
for the nonlinear optimization problem

min
x

ψ(x) s.t. ϕ(x)≤ 0, φ(x) = 0, x ∈Ω, (NLP)

where ψ : Rn→ R, the constraint functions ϕ : Rn→ Rp and φ : Rn→ Rq are continuous, and
Ω is a closed set of Rn.
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The presence of nondegenerate multipliers is related to the validity of specific constraint qual-
ification conditions while developing optimality conditions. Properties such as metric regularity
and subregularity are examples of constraint qualification conditions. In our case, we will use
the directed variant of the metric subregularity for (NLP). To proceed, we denote the feasible
set of (NLP) by

F = {x ∈ Rn : ϕ(x)≤ 0, φ(x) = 0, x ∈Ω}.
For x ∈F , the set I (ϕ,x) = {i ∈ {1, . . . , p} : ϕi (x) = 0} represents the indexes of active con-
straints at x.

Assuming that ψ is directionally Lipschitz continuous near x and directionally differentiable,
while ϕ and φ are both directionally differentiable, we construct the critical cone associated to
problem (NLP) at x as follows:

CF (x) =

{
u ∈ Rn :

ψ
′ (x,u)≤ 0, ϕ

′
i (x,u)≤ 0, i ∈ I (ϕ,x)

φ
′
i (x,u) = 0, u ∈ TΩ(x)

}
.

We define the set-valued mapping Ψ as

Ψ(x,y) =
{
(χ(x),z) : z ∈ Rp

+×{0q}×Ω, χ(x)+ z = y
}
,

where χ(x) = (ϕ(x),φ(x),−x).

Theorem 3.1. Let x be a local optimal solution to problem (NLP), and let u ∈ CF (x) be a criti-
cal direction at x. Assume that ψ is Lipschitz continuous near x and directionally differentiable
at x in the direction u and that ϕ and φ admit directional derivatives at x in the direction u.
Further, suppose that both φ and ψ are directionally Lipschitz at x in the direction u. Moreover,
assume that system F satisfies the directional (MSCQ) at x in the direction u, and that mapping
Ψ is directionally inner semicontinuous at (x,0,χ(x),−χ(x)) in the direction (u,0). Then, there
exist multipliers v ∈ Rp and γ ∈ Rq such that{

0 ∈ ∂ψ (x,u)+∂ 〈v,ϕ〉(x,u)+∂ 〈γ,φ〉(x,u)+NΩ(x,u)
0≤ v⊥ ϕ (x) ,v⊥ ϕ ′ (x,u) .

Proof. Besides, we associate with the mathematical program (NLP) two set-valued mappings

G : Rn ⇒ Rp×Rq defined by G(x) = χ (x)+Rp
+×{0q}×Ω,

M : Rn ⇒ Rp+q+1 given by M (x) = (ψ (x)−R−)×G(x) .

Hence, problem (NLP) can be rewritten as

min{ψ (x) : 0 ∈ G(x)} . (3.1)

Consequently, u is also a critical direction of (3.1), that is, (u,(0,0)) ∈ TgphM (x,(ψ(x),0)). By

considering the sequence {(uk,(αk,βk))} defined by uk = u, αk = 0, β 1
k =

1
tk
(ϕ (x+ tkuk)−ϕ (x))

−ϕ ′ (x,u), β 2
k =

1
tk

φ (x+ tkuk), and β 3
k =−uk for all k, we obtain, for all tk ↓ 0, that

(x,(ψ (x) ,0))+ tk (uk,(αk,βk)) ∈ gphM, βk =
(
β

1
k ,β

2
k ,β

3
k
)
,

for all sufficiently large k. Hence, u is a critical direction for problem (3.1) at x.
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Under the fact that G has a closed graph and is metrically subregular in direction u at (x,0),
we conclude from [11, Theorem 7] that there exist v ∈ Rp, γ ∈ Rq, and ζ ∈ Rn such that

0 ∈ ∂ψ (x,u)+D∗G((x,0) ,(u,0))(v,γ,ζ ) .

Since Ψ is directionally inner semicontinuous at (x,0,χ (x) ,−χ (x)) in direction (u,0), then, in
this case, Ψ is directionally inner semicontinuous at (x,0,χ (x) ,−χ (x)) in direction
(u,0,χ ′ (x,u) ,−χ ′ (x,u)) in the sense of [16]. Hence, by applying the calculus rule from [16,
Corollary 3.10] for F1 = χ and F2 = Rp

+×{0q}×Ω, we have

0 ∈ ∂ψ (x,u)+D∗χ (x,(u,χ ′ (x,u)))((v,γ,ζ ))

+D∗F2 ((x,−χ (x)) ,(u,−χ ′ (x,u)))((v,γ,ζ )) .
(3.2)

Because gphF2 = Rn×Rp
+×{0q}×Ω, we have

(w,−v,−γ,−ζ ) ∈ NRn×Rp
+×{0q}×Ω

(
(x,−χ (x)) ,

(
u,−χ

′ (x,u)
))

,

for any w ∈ D∗F2 ((x,−χ (x)) ,(u,−χ ′ (x,u)))(v,γ,ζ ). Exploiting [17, Proposition 3.3], we get

γ free, w ∈ NRn (x,u) , −v ∈ NRp
+

(
−ϕ (x) ,−ϕ

′ (x,u)
)

and −ζ ∈ NΩ (x,u) .

Moreover, since Rn and Rp
+ are convex sets, TRn (x) = Rn and −ϕ ′ (x,u) ∈ TRp

+
(−ϕ (x)), we

deduce from (2.1) that

w = 0 and v ∈
{

v ∈ Rp : 0≤ v⊥ ϕ (x) , v⊥ ϕ
′ (x,u)

}
. (3.3)

Because ϕ and φ are directionally Lipschitz and directionally differentiable at x in direction u,
we obtain from [12, Proposition 5.1] that

D∗χ
(
x,
(
u,χ ′ (x,u)

))
(v,γ,ζ ) = ∂ 〈v,ϕ〉(x,u)+∂ 〈γ,φ〉(x,u)−ζ . (3.4)

In conclusion, substituting relations (3.3) in (3.2) while considering (3.4), we arrive at{
0 ∈ ∂ψ (x,u)+∂ 〈v,ϕ〉(x,u)+∂ 〈γ,φ〉(x,u)+NΩ(x,u)
0≤ v⊥ ϕ (x) ,v⊥ ϕ ′ (x,u) .

Thus, the proof is complete. �

Next, we describe a special case where ψ , ϕ , and φ are directionally strictly differentiable
with respect to critical directions.

Theorem 3.2. Let x be a locally optimal solution to problem (NLP), and let u ∈ CF (x) be
a critical direction at x. Assume that ψ is Lipschitz continuous near x. Moreover, assume
that system F satisfies the directional (MSCQ) at x in the direction u and that mapping Ψ

is directionally inner semicontinuous at (x,0,χ(x),−χ(x)) in the direction (u,0). Then, there
exist multipliers v ∈ Rp and γ ∈ Rq such that{

0 ∈ ∇ψ (x,u)+∇ϕ (x,u)> v+∇φ (x,u)> γ +NΩ(x,u)
0≤ v⊥ ϕ (x) ,v⊥ ϕ ′ (x,u) .

Proof. This is a consequence of Theorem 3.1 and is achieved by applying the sum principles of
Theorem 2.1 to functions ψ , ϕ , and φ while using Lemma 2.2. �
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Remark 3.1. According to [12, Corollary 5.3], if ϕ and φ are Lipschitz continuous at x, then
the results of Theorems 3.1 and 3.2 remain valid even without the assumption of directional
inner semicontinuity of Ψ.

4. DIRECTIONAL STATIONARY CONDITIONS FOR MPEC

In this section, we focus on directional stationarity conditions and associated results. It in-
cludes the basis for our investigation, Theorem 4.2.

For a given feasible vector x of (MPEC), we define the following index sets:

Ig = {i : gi(x) = 0},
α = {i : Gi(x) = 0, Hi(x)> 0},
β = {i : Gi(x) = 0, Hi(x) = 0},
γ = {i : Gi(x)> 0, Hi(x) = 0}.

Further, we define the linearized cone of (MPEC) by

LMPEC(x) =


u ∈ Rn :

∇gi(x,u)>u≤ 0, i ∈ Ig

∇Gi(x,u)>u = 0, i ∈ α, ∇Hi(x,u)>u = 0, i ∈ γ

∇Gi(x,u)>u≥ 0, i ∈ β , ∇Hi(x,u)>u≥ 0, i ∈ β

(∇Gi(x,u)>u) · (∇Hi(x,u)>u) = 0, i ∈ β

∇hi(x,u)>u = 0, i = 1 · · · ,q


,

and the cone of critical directions by

CMPEC(x) = {u ∈LMPEC(x) : ∇ f (x,u)>u≤ 0}.

Unlike standard non-linear programming, which has a single dual stationarity condition (the
Karush-Kuhn-Tucker condition), the MPEC encompasses multiple stationarity concepts. Be-
low, we study the directional version of these concepts and explore their interconnections.

4.1. Directional W-stationary conditions. Let us consider the following tightened formula-
tion of the (MPEC) program under consideration.

min f (x)

s.t g(x)≤ 0, h(x) = 0,

Gi(x) = 0, i ∈ α, Hi(x) = 0, i ∈ γ,

Gi(x) = 0, Hi(x) = 0, i ∈ β .

(TMPEC)

Let W denote the feasible region of (TMPEC). For x ∈W , the critical cone of (TMPEC) at
x is defined by

CW (x) =


u ∈ Rn :

∇ f (x,u)>u≤ 0

∇gi(x,u)>u≤ 0, i ∈ Ig, ∇h(x,u)>u = 0

∇Gi(x,u)>u = 0, i ∈ α, ∇Hi(x,u)>u = 0, i ∈ γ

∇Gi(x,u)>u = 0, i ∈ β , ∇Hi(x,u)>u = 0, i ∈ β


.
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We shall use the following kind of directional metric subregularity constraint qualification for
MPEC. We say that the system W satisfies the directional metric subregularity holds at the
feasible point x ∈W if there exist ε,ρ,σ > 0 such that

dist(x,W )≤ σ
(
‖(g(x))+‖+

∥∥Gβ (x)
∥∥+∥∥Hβ (x)

∥∥+‖h(x)‖+‖Gα(x)‖+
∥∥Hγ(x)

∥∥) ,
for all x ∈ x+Uε,ρ (u).

In the following theorem, we establish new W-stationary conditions for a local minimum of
(MPEC) under the directional metric subregularity condition.

Theorem 4.1. Let x be a local optimal solution to problem (MPEC), and let u∈CW (x). Assume
that the function f is Lipschitz continuous near x and directionally strictly differentiable at x in
the direction u. Suppose further that the functions g, h, Gα , Gγ , Hβ , and Hγ are all Lipschitz
continuous and directionally strictly differentiable at x in the direction u. Moreover, assume
that the feasible region W of (TMPEC) is metrically subregular at x in the direction u. Then,
there exist multipliers λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm, and λ H ∈ Rm such that

0 = ∇ f (x,u)+∑i∈Ig λ
g
i ∇gi (x,u)+∑

q
i=1 λ h

i ∇hi (x,u)

−∑
m
i=1

(
λ G

i ∇Gi (x,u)+λ H
i ∇Hi (x,u)

)
,

(4.1)

λ
g
Ig
≥ 0, λ

g ⊥ g′ (x,u) , λ
G
γ = 0, λ

H
α = 0. (4.2)

Proof. The proof relies fundamentally on Theorem 3.2. Specifically, we set ψ = f , ϕ = g,
φ =

(
h,Gα∪β ,Hγ∪β

)
, and Ω = Rn. Under the assumptions of the current theorem and Ramark

3.1, the conclusions (4.1) and (4.2) follow directly from Theorem 3.2, while taking into account
that NΩ(x,u) = NRn(x)∩{u}⊥ = {0}. �

Definition 4.1 (Directional W-stationary point). We say that a feasible point x of problem
(MPEC) is directionally weakly stationary (DW-stationary point) if, for all u ∈ CW (x), there
exist multipliers λ g ∈Rp, λ h ∈Rq, λ G ∈Rm, and λ H ∈Rm such that conditions (4.1) and (4.2)
hold.

Example 4.1. We consider the (MPEC) with the following data: f (x) = |x1|+x2
2, g(x) = x2−1,

h(x) = x1 + x2 = 0, G(x) = x1, H (x) = |x3
3|, and G(x)>H (x) = x1 · |x3

3|. The point x = (0,0,0)
is a local optimal solution to problem (MPEC). One can verify that the direction u = (0,0,2) ∈
CW (x)

• The function f is Lipschitz continuous near x and directionally strictly differentiable at
x in the direction u.
• The functions g, h, Gα , Gγ , Hβ , and Hγ are all continuous and directionally strictly

differentiable at x in the direction u, with β = {1}, and γ = α = /0.
• The feasible region W of (TMPEC) is metrically subregular at x in the direction u, with

ε =
1
2

, ρ = 2 and σ = 3.

Then, for the multipliers λ g = 3, λ h = 0, λ G = 0, and λ H = 0, conditions (4.1) and (4.2) are
satisfied.

Note that the conditions (4.1) and (4.2) correspond to the (DKKT) conditions for the tightened
problem (TMPEC) at x, which generally has a locally smaller feasible set than (MPEC).
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In our result, we adopt a weaker constraint qualification, which acts as the directional counter-
part of the well-known constraint qualification. Additionally, we derive a directional stationary
condition that is generally sharper than its non-directional counterpart.

4.2. Directional M-stationary conditions. In this subsection, for (MPEC), including strictly
directionally differentiable functions, we prove a new necessary optimality condition. There are
several approaches to reformulate the problem, but in this case, we offer an easier option using
slack variables. That is, 

min
x,y,z

f (x)

s.t. g(x)≤ 0, h(x) = 0,

G(x)− y = 0, H(x)− z = 0,

(y,z) ∈Ω,

(QMPEC)

where Ω is the vector complementarity set version of X in (2.2) which is giving by

Ω =
{
(y,z) ∈ R2m : (yi,zi) ∈X for all i = 1, · · · ,m

}
= X m.

In what follows, we denote by M the set of feasible points of (QMPEC). The critical cone
of (QMPEC) at (x,y,z) ∈M is defined by

CM (x,y,z) =

(u,v,w) ∈ Rn+2m :

(v,w) ∈ TΩ (y,z) , ∇ f (x,u)>u≤ 0
∇gi(x,u)>u≤ 0, i ∈ Ig
∇hi(x,u)>u = 0, i = 1 · · · ,q
∇Gi(x,u)>u− vi = 0, i = 1 · · · ,m
∇Hi(x,u)>u−wi = 0, i = 1 · · · ,m

 ,

and let us introduce

α+(u) =
{

i ∈ β : ∇Gi(x,u)>u = 0, ∇Hi(x,u)>u > 0
}
,

β+(u) =
{

i ∈ β : ∇Gi(x,u)>u = 0, ∇Hi(x,u)>u = 0
}
,

γ+(u) =
{

i ∈ β : ∇Gi(x,u)>u > 0, ∇Hi(x,u)>u = 0
}
,

the so-called directional index sets.

Theorem 4.2. Let x be a local optimal solution for (MPEC), and let (u,v,w) ∈ CM (x,y,z),
with y = G(x) and z = H (x). Assume that the function f is Lipschitz continuous near x and
directionally strictly differentiable at x in the direction u. Suppose further that the functions
g, h, G, and H are all Lipschitz continuous and directionally strictly differentiable at x in the
direction u. Moreover, suppose that M is metrically subregular at (x,y,z) in direction (u,v,w).
Then, there exist λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm, and λ H ∈ Rm such that (4.1), (4.2), and the
following conditions hold:

λ
G
γ+(u) = 0 and λ

H
α+(u) = 0, (4.3)

λ
G
i > 0,λ H

i > 0 or λ
G
i λ

H
i = 0 for all i ∈ β

+(u). (4.4)

Proof. Since x is a local optimal solution to (MPEC), then (x,y,z) is a local solution to (QMPEC).
Because M is a directional metric subregular, we have from Theorem 3.2 and Remark 3.1 that
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there exist (λ g,λ h,λ G,λ H) ∈ Rp+q+2m and (τ,ξ ) ∈ NΩ((y,z),(v,w)) such that0
0
0

 =

∇ f (x,u)
0
0

+∑i∈Ig λ
g
i

∇gi(x,u)
0
0

+∑
q
i=1 λ h

i

∇hi(x,u)
0
0



−∑
m
i=1 λ G

i

∇Gi(x,u)
−ei
0

−∑
m
i=1 λ H

i

∇Hi(x,u)
0
−ei

+
0

τ

ξ

 ,
with λ

g
i ≥ 0 for all i∈ Ig and λ g⊥ g′(x,u), where ei denotes the unit vector whose ith component

is equal to 1. It consequently follows that

0 =∇ f (x,u)+ ∑
i∈Ig

λ
g
i ∇gi(x,u)+

q

∑
i=1

λ
h
i ∇hi(x,u)−

m

∑
i=1

λ
G
i ∇Gi(x,u)−

m

∑
i=1

λ
H
i ∇Hi(x,u),

λ
g
i ≥ 0, for all i ∈ Ig, λ

g ⊥ g′(x,u),

τ +λ
G = 0, ξ +λ

H = 0.

First, note that Ω=X m applying [17, Proposition 3.3], the directioanl normal cone NΩ((y,z),(v,w))
can be expressed as

NΩ((y,z),(v,w)) =
m

∏
i=1

NX ((yi,zi) ,(vi,wi)) .

Secondly, because (τ,ξ ) ∈ NΩ((y,z),(v,w)) and (y,z) = (G(x),H(x)), three cases should be
considered.

•: Suppose that i ∈ β . Then, (yi,zi) = (0,0). By Proposition 2.1-(iii), we get (τi,ξi) ∈
NX (vi,wi). From the following characterization of non-directional Mordukhovich nor-
mal cone

NΩ(v,w) =

(τ,ξ ) :
τi = 0 if vi > 0
ξi = 0 if wi > 0
either τi < 0,ξi < 0 or τiξi = 0 if vi = wi = 0

 .

(u,v,w) ∈ CM (x,y,z), we have that vi = ∇Gi(x,u)>u and wi = ∇Hi(x,u)>u, for all
i = 1 . . . ,m. Hence, the conditions τ + λ G = 0 and ξ + λ H = 0 become λ G

γ+(u) = 0,

λ H
α+(u) = 0 and λ G

i > 0,λ H
i > 0 or λ G

i λ H
i = 0 for all i ∈ β+(u).

•: If i ∈ α , one has (yi,zi) 6= (0,0), since zi > 0. Then, again from Proposition 2.1-(i) we
obtain (τi,ξi) ∈ Rm×{0}. It follows that λ H

α = 0.
•: Assume that i ∈ γ . Then (yi,zi) 6= (0,0), since yi > 0. Using the same argument as

above, we get λ G
γ = 0.

Now putting all the above together, we arrive at the result. �

Example 4.2. We consider the (MPEC) with the following data: f (x) =
√

x4 +4− x2, g(x) =
x+3, h(x)= (x+4)2, G(x)= (x+4)2, and H (x)= |x+4|3. The point x=−4 is a local optimal
solution to problem (MPEC). One can verify that the direction (u,v,w) = (1,0,0)∈CM (x,y,z)
with y = z = 0.

•: f is Lipschitz continuous near x and directionally strictly differentiable at x in the di-
rection u.
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•: g, h, G, and H are all continuous and directionally strictly differentiable at x in the
direction u.
•: M is metrically subregular at (x,y,z) in direction (u,v,w),

For λ g = 0, λ h = 3, λ G = 1, and λ H = 2, the directional optimality conditions (4.1), (4.2),
(4.3), and (4.4) are satisfied.

Remark 4.1. Clearly, if u is a critical direction of (MPEC), then (u,∇G(x,u)>u,∇H(x,u)>u)
is a critical direction of the equivalent problem, (QMPEC). Indeed, this is an easy conse-
quence of the structure of the tangent cone TΩ(G(x),H(x)) in Proposition 2.1. Furthermore,
{α+(u),β+(u),γ+(u)} is a partition of the index set β .

Definition 4.2 (Directional M-stationary point). We say that a feasible point x of the problem
of (MPEC) is a directional M-stationary point (DM-stationary point) if, for all u ∈ CMPEC(x),
there exist multipliers λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm, and λ H ∈ Rm such that conditions (4.1),
(4.2), (4.3), and (4.4) hold.

Recall that, for a smooth MPEC program, the no non-zero abnormal multiplier constraint
qualification (NNAMCQ) is a natural constraint qualification. In the same way, we propose a
directional version of (NNAMCQ) for (MPEC).

Definition 4.3. Let x be a feasible point in (MPEC) where all functions are directionally strictly
differentiable in direction u. We state that the (NNAMCQ) is satisfied at x in direction u if there
are no non-zero vectors λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm, and λ H ∈ Rm such that conditions (4.1),
(4.2), (4.3), and (4.4) hold.

We next demonstrate that the directional (NNAMCQ) serves as a sufficient condition for the
existence of a metrically subregular, utilizing a recent and advanced approach in non-directional
generalized differentiation.

Proposition 4.1. Let x be a feasible point for (MPEC), and assume that the functions g, h, G,
and H are continuous, directionally Lipschitz, and directionally differentiable at x in direction
u. Suppose that the (NNAMCQ) is satisfied at x in direction u ∈LMPEC(x). Then, system M is
metrically subregular at x in direction u.

Proof. Consider a auxiliary function ϒ : Rn→ Rp×Rq×R2m, defined

ϒ(x) = (g(x),h(x),−G(x),−H(x)).

We claim that the (NNAMCQ) is satisfied at x in a critical direction u, which signifies that there
exists no ς 6= 0 such that

0 ∈ D∗ϒ(x,(u,ϒ′(x,u)))(ς) = ∂ 〈ς ,ϒ〉(x,u), ς ∈ NRp
−×{0q}×Ω

(ϒ(x),ϒ′(x,u)),

with ϒ′(x,u) ∈ TRp
−×{0q}×Ω

(ϒ(x)) and Ω = X m.
First, in view of

ϒ
′(x,u) = (g′(x,u),h′(x,u),−G′(x,u),−H ′(x,u)),

one gets

TRp
−×{0q}×Ω

(ϒ(x)) = TRp
−
(g(x))×T{0q}(h(x))×TΩ((−G(x),−H(x)))

= TRp
−
(g(x))×T{0q}(h(x))×

m

∏
i=1

TX (−Gi(x),−Hi(x)).
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Since TRp
−
(g(x)) = ∏

p
i=1 TR−(gi(x)), with TR−(gi(x)) =R− if i∈ Ig and TR−(gi(x)) =R if i /∈ Ig,

we have g′(x,u)∈ TRp
−
(g(x)) for any u∈LMPEC(x). Since, h(x) = 0, we have T{0q}(h(x)) =Rq

and we obtain h′(x,u) ∈ T{0q}(h(x)). Now, using the expression of the tangent cone given in
Proposition 2.1, one can show that (−G′i(x,u),−H ′i (x,u)) ∈ TX (−Gi(x),−Hi(x)) for all i =
1, · · · ,m. Putting all the above together, we arrive at ϒ′(x,u) ∈ TRp

−×{0q}×Ω
(ϒ(x)).

Secondly, by exploiting [17, Proposition 3.3], we get

NRp
−×{0q}×Ω

(ϒ(x),ϒ′(x,u)) = NRp
−
(g(x),g′(x,u))×N{0q}(h(x),h

′(x,u))
× NΩ((−G(x),−H(x)),(−G′(x,u),−H ′(x,u))).

From equality (2.1) and u ∈LMPEC(x), we have

NRp
−
(g(x),g′(x,u)) = {λ g ∈ Rp : λ

g
i ≥ 0, for all i ∈ Ig, λ g ⊥ g′(x,u)},

N{0q}(h(x),h
′(x,u)) = Rq.

Applying again the equality (2.1) together with Proposition 2.1, we have

NΩ

(
(−G(x) ,−H (x)) ,

(
−G′ (x,u) ,−H ′ (x,u)

))
=(λ G,λ H) ∈ R2m :

λ
G
γ+(u)∪γ

= 0,λ H
α+(u)∪α

= 0(
λ

G
i > 0,λ H

i > 0 or λ
G
i λ

H
i = 0

)
for all i ∈ β

+(u)

 .

Moreover, since ϒ is directionally Lipschitz and directionally differentiable at x in direction
u, from Proposition 2.2 and [12, Proposition 5.1], we conclude that D∗ϒ(x,(u,ϒ′ (x,u)))(λ ) =
∂ 〈λ ,ϒ〉(x,u).

Consequently, our claim is now obtained by combining the aforementioned arguments.
Furthermore, it follows directly from [12, Proposition 2.2] that (NNAMCQ) is satisfied at x

in a critical direction u, which implies that the set-valued map F(x) = Rp×{0q}×Ω−ϒ(x) is
metrically subregular at (x,0) in direction u. Or equivalently, system M is metrically subregular
at x in direction u. This completes the proof. �

4.3. Directional C-stationary conditions. The non-directional Clarke stationary conditions
for (MPEC) were introduced by Scheel and Scholtes [8]. This outcome is derived from Clarke’s
(1976) stationarity condition applicable to programs involving locally Lipschitz functions.

The directional Clarke subdifferential is a more refined version of the Clarke subdifferential,
making the directional stationary condition more precise than its non-directional counterpart.

This section is dedicated to formulating a directional Clarke-stationary condition for problem
(MPEC). To this end, we shall focus attention on an equivalent non-smooth formulation of the
complementarity constraints as

min
x

f (x)

s.t. g(x)≤ 0, h(x) = 0,

Gi(x) = 0, i ∈ α, Hi(x) = 0, i ∈ γ,

θi(x) = 0, i ∈ β ,

(CMPEC)
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where, for each i ∈ β , θi(x) = min{θi1(x),θi2(x)}, with θi1(x) = Gi(x) and θi2(x) = Hi(x). Let
x,u ∈ Rn and v ∈ R, consider the sets

Ii (x) =
{

j ∈ {1,2} : θi (x) = θi j (x)
}
,

Ii (x,(u,v)) =
{

j ∈ {1,2} : θi (x) = θi j (x) and v = θ ′i j
(x,u)

}
,

Ii
0 (x,(u,v)) =

{
j ∈ Ii (x,(u,v)) : ∂θi j (x,u) 6= /0

}
,

and let C denote the feasible set of (CMPEC). For x ∈ C , the critical cone of (CMPEC) at x is
defined by

CC (x) =

u ∈ Rn :

∇ f (x,u)>u≤ 0,

∇gi(x,u)>u≤ 0, i ∈ Ig, ∇h(x,u)>u = 0

∇Gi(x,u)>u = 0, i ∈ α, ∇Hi(x,u)>u = 0, i ∈ γ

θ
◦
i (x,u)≤ 0, i ∈ β

 ,

where θ ◦i (x,u) is the Clarke generalized directional derivative, which is defined by:

θ
◦
i (x,u) = limsup

t→0+,y→x̄

θi(y+ tu)−θi(y)
t

.

Based on Theorem 3.1 and chain rules of directional limiting subdifferentials, we construct
an original directional Clarke stationary condition for (MPEC). In order to arrive at the key
result, we need the following lemma about the formulas for computing directional derivatives
of composition.

Lemma 4.1. Let F = ( f1, . . . , fs) such that fk : Rn → R as a directional derivative at x in
direction u, k= 1, . . . ,s; and let g :Rs→R be a given functional that has a directional derivative
at F(x) in direction F ′(x,u). Assume that g is locally Lipschitz continuous. Then, g ◦ F is
directionally differentiable at x in direction u and (g◦F)′ (x,u) = g′ (F (x) ,F ′ (x,u)).

Proof. First, since F is directionally differentiable at x in direction u, then F(x+ tu) = F(x)+
tF ′(x,u)+o(t). Hence,

g(F (x+ tu)) = g(F(x)+ tF ′ (x,u)+o(t))
(1)
= g(F (x)+ tF ′ (x,u))+o(t)
(2)
= g(F(x))+ tg′(F(x),F ′(x,u))+o(t),

where (1) results from the Lipschitz property of g and (2) corresponds to the definition of the
directional derivative of g. Then, it follows immediately

(g◦F)′(x,u) = lim
t→0

g(F(x+ tu))−g(F(x))
t

= g′(F(x),F ′(x,u)).

This completes the proof. �

Theorem 4.3. Let x be a local optimal solution for (MPEC), and let u ∈ CC (x). Assume that
the function f is Lipschitz continuous near x and directionally strictly differentiable at x in the
direction u. Suppose further that the functions g, h, Gα , Hγ , and θβ are all Lipschitz continuous
and directionally strictly differentiable at x in the direction u. Moreover, suppose that C is
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metrically subregular at x in direction u. Then, there exist λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm, and
λ H ∈ Rm such that (4.1) and (4.2) and the following condition hold:

λ
G
β

λ
H
β
≥ 0. (4.5)

Proof. Fix i ∈ β and define the functions Pi : R2→ R and Ei : Rn→ R2 via

Pi (x1,x2) = min{x1,x2} , Ei(x) = (θi1(x),θi2(x)) .

Note that (Pi ◦Ei)(x) = θi(x). Since Pi is a minimum of linear functions, then it is concave and
locally Lipschitz continuous. Hence, we see from Lemma 4.1 that θ ′i (x,u) =min j∈Ii(x) θ ′i j

(x,u).

By Theorem 3.1 and Remark 3.1, there exist λ g ∈ Rp, λ h ∈ Rq, λ G ∈ R|α|, λ H ∈ R|γ|, and
λ θ ∈ R|β | such that 0≤ λ g ⊥ g(x), λ g ⊥ g′ (x,u) and

0 ∈ ∇ f (x,u)+ ∑
i∈Ig

λ
g
i ∇gi (x,u)+

q

∑
i=1

λi∇hi (x,u)+ ∑
i∈α

λ G
i ∇Gi (x,u)

+∑
i∈γ

λ H
i ∇Hi (x,u)+ ∑

i∈β

λ θ
i ∂θi (x,u) .

(4.6)

Now, given a direction v ∈R, applying [12, Proposition 4.4] to the geometric limiting subdifer-
ential of θi, we get

∂̃ θi(x,(u,v))⊂
⋃

j∈Ii
0(x,(u,v))

∂̃ θi j(x,(u,v)), for all i ∈ β . (4.7)

Choosing v = θ ′i (x,u) and exploiting Proposition 2.2, relationship (4.7) becomes

∂θi(x,u)⊂
⋃

j∈Ii(x)

∂θi j(x,u), for all i ∈ β .

Passing to the clarke directional subdiferential, we then have

∂θi(x,u)⊂ ∂Cθi(x,u)⊂ conv

 ⋃
j∈Ii(x)

∂θi j(x,u)

 , for all i ∈ β .

Applying Carathéodory’s theorem while taking into account that all the functions are direction-
ally strictly differentiable gives us that, for any ξi ∈ ∂Cθi(x,u), there exist (λ G

i ,λ H
i ) ∈ R2

+ with
λ G

i +λ H
i = 1 such that ξi = λ G

i ∇Gi(x,u)+λ H
i ∇Hi(x,u)). Substituting these into (4.6) yields

0 ∈ ∇ f (x,u)+ ∑
i∈Ig

λ
g
i ∇gi (x,u)+

q

∑
i=1

λi∇hi (x,u)+ ∑
i∈α

λ G
i ∇Gi (x,u)

+∑
i∈γ

λ H
i ∇Hi (x,u)+∑i∈β λ θ

i
(
λ G

i ∇Gi(x,u)+λ H
i ∇Hi(x,u)

)
.

Setting λ G
β
= λ θ

β
λ G,β and λ H

β
= λ θ

β
λ G,β , we see that λ G

β
and λ H

β
have the same sign as λ θ

β
and

0 ∈ ∇ f (x,u)+ ∑
i∈Ig

λ
g
i ∇gi (x,u)+

q

∑
i=1

λi∇hi (x,u)+∑i∈α λ G
i ∇Gi (x,u)

+∑i∈γ λ H
i ∇Hi (x,u)+ ∑

i∈β

(
λ G

i ∇Gi(x,u)+λ H
i ∇Hi(x,u)

)
.
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Hence, it is not difficult to see that the last expression becomes

0 ∈ ∇ f (x,u)+ ∑
i∈Ig

λ
g
i ∇gi (x,u)+

q

∑
i=1

λi∇hi (x,u)

+∑
m
i=1
(
λ G

i ∇Gi (x,u)+λ H
i ∇Hi (x,u)

)
,

with λ G
γ = 0, λ H

α = 0 and λ G
β

λ H
β
≥ 0 which proves the result. �

Definition 4.4 (Directional C-stationary point). We say that a feasible point x of (MPEC) is a
directional C-stationary point (DC-stationary point) if, for all u ∈ CC (x), there exist multipliers
λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm, and λ H ∈ Rm such that conditions (4.1), (4.2), and (4.5) hold.

4.4. Directional S-stationary conditions. In this subsection, we consider the following re-
laxed formulation of the initial (MPEC) program

min
x

f (x)

s.t. g(x)≤ 0, h(x) = 0

Gi(x) = 0, i ∈ α, Hi(x) = 0, i ∈ γ

Gi(x)≥ 0, Hi(x)≥ 0, i ∈ β .

(RMPEC)

Let S denote the feasible region of (RMPEC). For x ∈S , the critical cone at x is defined by

CS (x) =


u ∈ Rn :

∇ f (x,u)>u≤ 0

∇gi(x,u)>u≤ 0, i ∈ Ig, ∇h(x,u)>u = 0

∇Gi(x,u)>u = 0, i ∈ α, ∇Hi(x,u)>u = 0, i ∈ γ

∇Gi(x,u)>u≥ 0, i ∈ β , ∇Hi(x,u)>u≥ 0, i ∈ β


.

We shall use the following kind of directional metric subregularity constraint qualification
for (MPEC). We say that system S satisfies the directional metric subregularity holds at the
feasible point x ∈S if ε,ρ,σ > 0 such that

dist(x,S )≤σ
(
‖(g(x))+‖+

∥∥(−Gβ (x))+
∥∥+∥∥(−Hβ (x))+

∥∥+‖h(x)‖+‖Gα(x)‖+
∥∥Hγ(x)

∥∥) ,
for all x ∈ x+Uε,ρ (u).

In the following theorem, we establish new DS-stationary conditions for a local minimum of
(MPEC) under the directional metric subregularity condition.

Theorem 4.4. Let x be a local optimal solution for (MPEC), and let u ∈ CS (x). Assume
that the function f is Lipschitz continuous near x and directionally strictly differentiable at
x in the direction u. Suppose that the functions g, h, Gα , Gβ , Hβ , and Hγ are all Lipschitz
continuous and directionally strictly differentiable at x in direction u. Moreover, suppose that
S is metrically subregular at x in direction u. Then, there exist λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm,
and λ H ∈ Rm such that (4.1) and (4.2) and the following conditions hold:

λ
G
β
⊥ G′

β
(x,u) , λ

H
β
⊥ H ′

β
(x,u) , (4.8)

λ
G
i ≥ 0, λ

H
i ≥ 0, for all i ∈ β . (4.9)
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Proof. The proof follows essentially from Theorem 3.2. Let us define ψ(x) = f (x), ϕ(x) =(
g(x),−Gβ (x),−Hβ (x)

)
, and φ(x) =

(
h(x),Gα(x),Hγ(x)

)
. Under the given assumptions, the

functions ψ , ϕ , and φ are directionally strictly differentiable at x in the direction u. Moreover,
set Ω = Rn. Since u ∈ CS (x) and the system S is metrically subregular at x in the direction u,
we can apply Theorem 3.2 and Remark 3.1 to obtain the relations (4.1), (4.2), (4.8), and (4.9),
while taking into account that NΩ(x,u) = NRn(x)∩{u}⊥ = {0}. �

Definition 4.5 (Directional S-stationary point). We say that a feasible point x of (MPEC) is a
directional S-stationary point (DS-stationary point) if, for all u ∈ CS (x), there exist multipliers
λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm, and λ H ∈ Rm such that conditions (4.1), (4.2), (4.8), and (4.9)
hold.

The Figure 1 that follows provides an overview of the connections that exist between the dual
stationary notions that we have been discussing:

Directional S-stationary point ⇒ S-stationary point
⊕ u ∈ CM (x)ww� ww�

Directional M-stationary point ⇒ M-stationary point
⊕ u ∈ CC (x)ww� ww�

Directional C-stationary point ⇒ C-stationary point
⊕ u ∈ CW (x)ww� ww�

Directional W-stationary point ⇒ W-stationary point

FIGURE 1. Since, CW (x) ⊂ CC (x) ⊂ CM (x) ⊂ CS (x), we use the symbol ⊕
here to indicate that the directional stationary point is taking over each critical
set when the symbol ⊕ is set beside it.

5. SUFFICIENT OPTIMALITY CONDITIONS

This section concerns sufficient optimality conditions for (MPEC). In general, sufficient op-
timality results require the use of a type of generalized convexity. Here, we exploit an MPEC
generalized convexity condition associated with the pseudoconvex sublevel sets to appearing
functions. Mainly, we prove that directional M-stationarity conditions ensure strict global op-
timality when the objective and the constraint functions admit pseudoconvex sublevel sets. To
proceed, denote the sublevel set of a function π : Rn→R, defined on a set D ⊂Rn, at x ∈D by

L(π,x,D) = {x ∈D : π(x)≤ π(x)} .

Definition 5.1. [20, Definition 1] Let π be a finite-valued real function defined on the set D .
We say that π is a function with pseudoconvex sublevel sets with respect to the tangent cone if

L(π,x,D)⊂ x+TL(π,x,D) (x) for all x ∈D .
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Definition 5.2. Let π be a finite-valued real function defined on the set D . We say that the
sublevel set L(π,x,D) is strongly pseudoconvex at x if for all x ∈ L(π,x,D) \ {x} there exist
sequences tk ↓ 0 and uk→ x− x such that π (x+ tkuk)≤ π (x)− εtk for some ε > 0.

Let Z be the feasible set of (MPEC). Now, for a feasible point x of (MPEC), we consider
the following sets:

Lev(x) = TL( f ,x,Z ) (x) ∩
⋂

i∈Ig
TL(gi,x,Z ) (x)∩

⋂q
i=1 TL(hi,x,Z ) (x)

∩
⋂

i∈α∪β TL(−Gi,x,Z ) (x)∩
⋂

i∈γ∪β TL(−Hi,x,Z ) (x) ,

and

BG (x) =

{
u ∈ Rn :

∃tk ↓ 0, uk→ u such that:

Gi (x+ tkuk)< 0 for some i ∈ α ∪β

}
,

BH (x) =

{
u ∈ Rn :

∃tk ↓ 0, uk→ u such that:

Hi (x+ tkuk)< 0 for some i ∈ γ ∪β

}
,

Ξ(x) =
{

u ∈ Lev(x) : f ′ (x,u)≤ 0
}
∩ [BG (x)∪BH (x)] .

Now, corresponding to each
(
λ h,λ G,λ H) ∈ Rq+2m, we define:

α
− =

{
i ∈ α : λ

G
i < 0

}
, J+ =

{
i = 1, . . . ,q : λ

h
i > 0

}
,

β
− =

{
i ∈ β : λ

G
i < 0 or λ

H
i < 0

}
, J− =

{
i = 1, . . . ,q : λ

h
i < 0

}
,

γ
− =

{
i ∈ γ : λ

H
i < 0

}
.

We now present the subsequent corollary of Theorem 4.2.

Corollary 5.1. Let x be a local optimal solution for (MPEC) and u ∈ CMPEC (x) such that the
assumptions of Theorem 4.2 are satisfied. Then, there exist λ g ∈ Rp, λ h ∈ Rq, λ G ∈ Rm, and
λ H ∈ Rm such that (4.2), (4.3), (4.4), and the following condition hold:

f ′ (x,u)+ ∑
i∈Ig

λ
g
i g′ (x,u)+

q

∑
i=1

λ
h
i h′ (x,u)−

m

∑
i=1

(
λ

G
i G′i (x,u)+λ

H
i H ′i (x,u)

)
≥ 0. (5.1)

Proof. From Theorem 4.2, we deduce that conditions (4.1), (4.2), (4.3), and (4.4) are satisfied.
Furthermore, in view of [14, Theorem 3.6], the properties of the sup function, and the validity
of condition (4.1), we conclude that condition (5.1) also holds. This completes the proof. �

We are now in a position to derive sufficient optimality conditions for problem (MPEC), as
stated in the following theorem.

Theorem 5.1. Let x be a feasible point of (MPEC). Assume that the functions gi, i ∈ Ig, h,
G, and H are directionally strictly differentiable at x in each direction u ∈ Lev(x). Moreover,
suppose that f , gi, i ∈ Ig, hi, i ∈ J+, −hi, i ∈ J−, Gi, i ∈ α ∪ β , Hi, i ∈ γ ∪ β , are functions
with pseudoconvex sublevel sets at x. Suppose that for all u ∈ Lev(x), there exist multipliers
satisfying the directional M-stationary conditions (4.2), (4.3), (4.4), and (5.1). Assume further
that at least one of the sets L( f ,x,Z ), L(gi,x,Z ), i∈ Ig where λ

g
i > 0, L(−Gi,x,Z ), i∈α∪β

where λ G
i > 0, L(−Hi,x,Z ), i ∈ γ ∪ β where λ H

i > 0, is strongly pseudoconvex. Then, if
α−∪β−∪ γ− = /0 and Ξ(x) = /0, the point x is a strict global optimal solution of (MPEC).
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Proof. Suppose on the contrary, i.e., there exists a feasible point x of (MPEC) such that x 6= x and
f (x) ≤ f (x). Since L( f ,x,Z ) is pseudoconvex, then x− x ∈ TL( f ,x,Z ) (x). Hence, there exist
sequences tk ↓ 0, uk → x− x with x+ tkuk ∈ L( f ,x,Z ). Furthermore, we have f (x+ tkuk) ≤
f (x), which implies that

f ′ (x,u)≤ 0, (5.2)
where u = x− x.

It obvious that gi(x) ≤ gi (x) , for all i ∈ Ig. Let i ∈ Ig. It follows from the pseudoconvexity
of L(gi,x,Z ) that u ∈ TL(gi,x,Z ) (x). This in turn gives us sequences t i

k ↓ 0 and ui
k→ u such that

x+ t i
kui

k ∈ L(gi,x,Z ), and consequently gi(x+ t i
kui

k)≤ gi (x). Then

g′i (x,u)≤ 0, for all i ∈ Ig. (5.3)

Let i = 1, . . . ,q be arbitrary. Using similar arguments, we obtain from the pseudoconvexity
of L(hi,x,Z ) and L(−hi,x,Z ) at x that u ∈ TL(hi,x,Z ) (x)∩TL(−hi,x,Z ) (x). Repeating now the
above process, we found si

k ↓ 0, µ i
k ↓ 0, vi

k→ u and wi
k→ u such that x+ si

kvi
k ∈ L(hi,x,Z ) and

x+µ i
kwi

k ∈ L(−hi,x,Z ). Hence

hi
(
x+ si

kvi
k
)
≤ hi (x) for all i ∈ J+,

−hi
(
x+µ

i
kwi

k
)
≤ −hi (x) for all i ∈ J−.

It follows that

h′i (x,u) ≤ 0 for all i ∈ J+, (5.4)

h′i (x,u) ≥ 0 for all i ∈ J−. (5.5)

Since Gi (x) = 0≤Gi(x), i∈ α∪β , Hi (x) = 0≤Hi(x), i∈ γ∪β , Ξ(x) = /0, and−Gi, i∈ α∪β ,
−Hi, i ∈ γ ∪β , have pseudoconvex sublevel sets, it easy to see that

−G′i (x,u) ≤ 0, ∀i ∈ α ∪β , (5.6)

−H ′i (x,u) ≤ 0, ∀i ∈ γ ∪β . (5.7)

Since u∈ Lev(x), then inequality (5.1) is satisfied. On the other hand, note that one of (5.2)-(5.7)
is in fact strict due to the satisfaction of the strong pseudoconvexity assumption. By multiplying
(5.3), (5.4), (5.5), (5.6), and (5.7) by λ

g
i ≥ 0, i ∈ Ig, λ h

i > 0, i ∈ J+, −λ h
i > 0, i ∈ J−, λ G

i > 0,
i ∈ α ∪β , λ H

i > 0, i ∈ γ ∪β respectively, and adding with the inequality (5.2), we get

f ′ (x,u)+ ∑
i∈Ig

λ
g
i g′ (x,u)+

q

∑
i=1

λ
h
i h′ (x,u)−

m

∑
i=1

(
λ

G
i G′i (x,u)+λ

H
i H ′i (x,u)

)
< 0,

while taking account that α−∪β−∪ γ− = /0. This contradicts the validity of inequality (5.1).
Consequently, x is strcit global optimal solution of (MPEC). �

6. CONCLUSION

In summary, this work established a comprehensive and flexible framework for the study of
directional stationarity conditions in mathematical programs with equilibrium constraints. By
deriving directional necessary optimality conditions for a broad class of nonsmooth and con-
strained problems, we introduced a hierarchy of directional stationarity concepts, directional
W-, M-, C-, and S-stationarity, tailored to MPECs. Our comparison with classical stationarity
notions underscores the greater accuracy of these directional conditions in characterizing the
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feasible set’s geometry. Moreover, we extended the framework to sufficient optimality con-
ditions, proving that, under suitable generalized convexity assumptions, specifically the pseu-
doconvexity of both the objective and the constraint sublevel sets, directional M-stationarity
guarantees strong global optimality. These findings provide a solid theoretical foundation for
further advances in the analysis and solution of complex equilibrium-constrained optimization
problems.
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