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Abstract. In this paper, we investigate a nondifferentiable multiobjective semi-infinite mathematical pro-
gramming problem with equilibrium constraints. We introduce a nonsmooth version of the d7-Abadie
constraint qualification (07 -ACQ) and propose 97 -strong stationarity conditions based on tangential sub-
differentials. We demonstrate that strong stationarity serves as a necessary optimality condition under
dT-ACQ. Furthermore, we derive sufficient optimality conditions for this nonsmooth extremum prob-
lem, assuming that the involved functions are Dini generalized convex, characterized by their tangential
subdifferentials. Additionally, we formulate the Mond—Weir dual problems and examine duality rela-
tions under Dini generalized convexity assumptions. To conclude, we present illustrative examples that
demonstrate the effectiveness of our theoretical results.
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1. INTRODUCTION

Mathematical Programs with Equilibrium Constraints (MPECs) have garnered significant
research interest due to their various applications in economics, engineering design, and trans-
portation planning, and so on. For a deeper understanding of these applications and the latest
advancements in theory and algorithms, we refer to [2, 16, 23]. In recent years, significant
attention has been given to necessary optimality conditions and duality results for nonsmooth
semi-infinite mathematical programming problems, as demonstrated in [1, 5, 6, 7, 8, 10, 12,
13, 14, 20, 21, 25, 29, 30, 31]. Nonsmooth semi-infinite mathematical programming problems
with equilibrium constraints represent a nonsmooth optimization problem characterized by an
infinite number of inequality constraints. This class of problems can be viewed as a generaliza-
tion of constrained bilevel nonsmooth multiobjective programming and constrained nonsmooth
vector multiobjective optimization problems, as highlighted in [3, 4, 16] and related studies.
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This investigation focuses on the subsequent multiobjective semi-infinite mathematical pro-
gramming problem with equilibrium constraints (.#Z . # &€ ) of the form:

(min T(3) = (T1(5),..Tn(3) )
cs(3) <0,Vse.s,
(MS MPEE) : d(3) =0, (1.1)
T(3) >0, £(3) >0,
(7(3),8(3)) =0,

where the index set .% is an arbitrary nonempty set that does not need to be finite, I'; : R” —
R,ie ¥ = {1,...,m},cs:R”—>R, d:R"—RY 7 :R"—RPand {:R" — R? are
not necessarily convex nor differentiable. Let A be the feasible set of (A# .S . # P EE) defined
by

\

A= {3 cR": Cs(ﬁ) <0, d(ﬁ) =0, ,7(3) >0, C(Z’) >0, <9(5)>C(5)> = 0}'

The tangential subdifferential [15, 17, 18, 22,27, 28], which generalizes both the Gateaux deriv-
ative and the convex subdifferential, was introduced and applied to derive optimality conditions
for nonlinear programming in [22]. Tung [28] demonstrated strong-KKT optimality conditions
for Pareto efficient and weakly efficient solutions in semi-infinite multiobjective programming
problems using the tangential subdifferential. Later, Jennane and Kalmoun [11] established
optimality conditions for multiobjective semi-infinite programming with switching constraints
based on tangential subdifferentials. Recently, Tripathi and Arora [26] developed optimality
conditions and duality for fractional semi-infinite programming problems via tangential sub-
differentials. The inclusion of Clarke regular subdifferentials and Michel-Penot regular sub-
differentials within the tangential subdifferentials allows for more generalized results in the
optimality conditions associated with these tangential subdifferentials.

To our knowledge, no existing research addresses the optimality conditions and duality re-
lations of multiobjective semi-infinite mathematical programming problems with equilibrium
constraints using tangential subdifferentials. Motivated by this gap in the literature, this article
employs tangential subdifferentials as generalized derivatives to establish optimality conditions
for Pareto solutions and to formulate Mond-Weir-type duality theorems for multiobjective semi-
infinite programming.

The structure of the paper is as follows: In Section 2, we present the basic concepts and
preliminaries. Section 3 introduces the concept of strong stationarity and demonstrates that 97 -
strong stationarity conditions serve as necessary optimality conditions for (#Z . . # P EF).
Section 4 discusses the sufficient optimality conditions for the (.# .7 .4 & &€ ) problem. Sec-
tion 5 focuses on constructing a Mond—Weir-type dual problem (AW ./ # P EE) for the
primal problem (4.7 .# &%) and establishes strong and weak duality theorems under ap-
propriate assumptions of Dini-pseudoconvexity and Dini-quasiconvexity for the objective and
constraint functions. Section 6, the last section, provides concluding remarks.

2. PRELIMINARIES

In this section, we present several definitions, notations, and results that are referenced later
in the paper. Throughout this work, we denote the standard n-dimensional Euclidean space as
R”. The inner product is represented as (-,-). Let & be a nonempty subset of R”. We define the
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convex hull of € as co €&, the interior of € as int €, the convex cone (which includes the origin)
of € as pos €, the cone of & as cone &, and the closure of € as c/ €.

The orthogonal complement, the negative polar cone, and the strictly negative polar cone of
¢ are respectively (resp) defined as follows

¢hi={8eR":(5,5)=0,V;€c},

¢ :={6eR": (6,3 <0,V;ecc},
and

€0 = {5 eR":(8,3)<0,V;3¢ C\{O}}
It is simple to demonstrate that ¢€°° C €°, if €°° # 0, then €° = ¢/ (¢€°°) and ¢+ = ¢€° U (—)°.
Moreover, at 3 € cl €, the contingent cone and the linear hull of € are defined resp by
T(G,0) = {5 ER":Fup L0, 3{8,} CR", & — 8, 5+ und, € ¢}
and ]
span(€) := {x: Z'L’ix,- seEN,eR, x; €€,i= 1,2,...,s}.
i=1

The Fréchet normal cone .4 (3,&) to a set € at a point 3 is defined as
N (3,€)=(T(3,€))" ={3"€R": (3*,8) <0, V5 €%(3,0)}.

Note that while the tangent cone ¥ (3, €) is always closed, it is not necessarily convex. However,
if € is a convex set, then T(3,¢) is convex, and

N(3,€)={3"€R": (3753 <0, V;€C}.
Definition 2.1. ([27]) Let ¢ : R" — R and 3 € R” be given:
(i) The directional derivative of ¢ at j in the direction 6 € R" is defined by

and if the directional derivative ¢'(3,0) exists for all §, then ¢ is called directionally
differentiable at j.
(ii) The Hadamard directional derivative of ¢ at 3 in the direction 6 € R” is defined by
9(3+18")—9()

H/~ .
8= 1
0" (3,0) oim . :

and if the Hadamard directional derivative ¢*(3,8) exists for all &, then ¢ is called
Hadamard directionally differentiable at 3.

Note that if the Hadamard directional derivative ¢ (3,8) exists, then the directional deriv-
ative ¢’(3,0) also exists, and they are equivalent. Conversely, ¢ is Hadamard directionally
differentiable at 3 in & if ¢ is locally Lipschitz at 3 and directionally differentiable.

Next, the class of functions referred to as “tangentially convex” is defined, which was first
proposed by Pshenichnyi [22] and termed by Lemaréchal [15].

Definition 2.2. [15, 22] A function ¢ : R” — R is tangentially convex at j € ¢ '(R) if its
directional derivative ¢’(3,0) exists, is finite for all directions 6§ € R" and the function & —
¢'(3,0) is convex.
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Based on the definition of a tangentially convex function, Pshenichnyi [22] introduced the
concept of its associated subdifferential, known as the tangential subdifferential (see also [17]).

Definition 2.3. [17, 22] Let ¢ : R” — R be a tangentially convex function at j € ¢ ~!(R). It is
said that the nonempty compact convex set d7 ¢(3) C R" is the tangential subdifferential of ¢

at 3, if, for every 6 € R", ¢/(3;0) = 1;1Tax( )(5,6>, which is equivalent to 3T¢(3) _ {5 cR":
3€d" (3
(3,8) < ¢/(3:8), V6 € R"}.

Remark 2.1. Note that the definition of the tangential subdifferential is also equivalent to

dT9(3) =29’ (3,-)(0), where d denotes the subdifferential of a convex function in convex anal-

ysis. Additionally, according to Definition 2.3, if ¢ is tangentially convex at 3 € ¢ ! (R), then

its tangential subdifferential at 3 is nonempty, as follows from the sublinearity of ¢’(3;-). Fur-

thermore, from ¢’(3;0) = ?Taqi(( (3,0), ¢'(3;-) acts as the support functional of the tangential
€d'o(3

subdifferential 97 ¢ (3) of ¢ at .

It can be noted that, among the various calculus rules applicable to tangential subdifferen-
tials of tangentially convex functions, additivity is one of them. Specifically, if ¢; and ¢, are
tangentially convex functions at a common point 3, then the following holds

T (91+¢)(3) =2(91+ ) (G.-)(0) =(9{G.) +95(3.)) (0)
= 90{(3,-)(0) +9¢5(3,)(0) = 2" 91 (3) + 9" $2(3).

demonstrating that the tangential subdifferential of the sum of two tangentially convex functions
is the sum of their individual tangential subdifferentials at the common point 3.

Definition 2.4. Let 3 € A:

(i) 3 is said to be a locally weakly Pareto solution of (A ./ M4 P EE), denoted by 3 €
LOWP( M S M PEE), if there exists a neighborhood ¥ of § such that

I(;)—TG) ¢ —imtR™, V3 ANY.

(if) 3 is said to be a locally Pareto solution of (4.7 .# &€ ), which is denoted by j €
LOP(M S M P EFE), if there exists a neighborhood ¥ of 3 such that

[(3)-T@G) ¢ ~RLN{0}, VseANT.

If 7 = R", the term “locally” is excluded, and in this case, the Pareto solution sets and the
weakly Pareto solution sets are denoted as P(A .S M PEEC) and WP(M S M P EE), re-
spectively. Clearly, P(A .S M P EEC) CWP(M.S M P EE).

3. NECESSARY OPTIMALITY CONDITION
Given a feasible vector 3 € A for (/// LM PEE), we define the following index sets:
e =Sc(3) = {s € :¢(3 0}
0= 0 —{k—l ,p:fk@:o,ckz >0},
0=0(3):={k=1,....p: %) =0, &(3) =0},
p=nG)={k=1...,p: () >0, §(3) =0}.
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If the biactive (or degenerate) index set 0 is empty, the strict complementarity condition holds
at 3. However, our focus is on the non-strict case, where 6 is nonempty. Let
R = {p = (ps)ser : ps =0, Vs € .7, but only finitely many p; # 0}

For R|, the non-negative cone is given by

R ={p = (p)sesr eR:p;>0,5€.7}.

The set of active constraint multipliers at 3 € A is
S <
w(3) = {p eR: pyes(3) =0, Vs e 7).

Now, assuming that 3 € A, T';,i € .# = {1,...,m} is Hadamard directionally differentiable at
jand ¢5, 5 € S, dj, —dj, je ¢ ={1,....q}, Tk, — Tk, G, and — §, k€ K, = {1,...,p} are
tangentially convex at 3.

We are now prepared to formulate @7 - Abadie-type constraint qualifications (97 -ACQ) using
tangential subdifferentials.

Definition 3.1. Let 3 € A be the feasible point of (#.7.# PEE). We say that the 7 -ACQ
holds at 3 € Aif ®(3) C T(3,A), where

= (Ue®) n(Udae) n(Uora6)

SES JjeZ kew
(Uaam) (U 26) n (U -06)
kep ke ke

Next, we present @7 -S-stationarity concepts for problem (.4 .7 .M P EE).

Definition 3.2. A feasible point j € A of (A .S M P EE ) is said to be a @7 -strong stationary
(T -S-stationary) pomt if there exist multipliers (£, a¢, a?, a7, a%) € R” x ¥(3) x R? x R?

with Y7 & =1,a7 > 0,03 >0, a —ag,:Osuchthat

0€ Y &I'Ti(G)+ Y asd"ces(3)+ Y afd"d;(3)

ics s€Se JjeZ
+ Y o7 TG+ Y 0t T (-6)G). B

kekK, kekK,

Lemma 3.1. [9] Let X,Y and Z be three arbitrary nonempty index sets, which may be in-
finite. Consider the mappings hy, : X — R", hy: Y — R" and h; : Z — R". If co{hy,x €
X} +cone{hy,y € Y} +span{h;, z € Z} is closed, then the following two assertions are equiv-
alent:
<hx, 9> <0, xeX,
I: <hy, 9> <0,y€Y, hasno solution 6 € R";
<hz, 9> =0,z€Z,
II: 0 € co{hy,x € X}+cone{hy,y €Y} +span{h;,zcZ}.
Lemma 3.2. [24] Let {Y, : r € R} represent an arbitrary collection of nonempty convex sets in

R", and ¥ = cone( Urer T,). Then, every nonzero vector of ¥ can be written as a non-negative
linear combination of at most n linear independent vectors, each belonging to a different Y,.
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This theorem outlines the main contribution of this work by establishing necessary Karush-
Kuhn-Tucker (KKT)-type optimality conditions for the considered nonsmooth (A . # P EE).

Theorem 3.1. Assume that 3 € LOWP(M .S M P EE). If dT-ACQ satisfes at 5 and the set

—cone( U e, ulJ o (—)G)ulJaT(— 5)

SES, keb keb

+span< U 3Td U T %.(3) U T&.(3) >

jeZ kew keu
is closed, then § is a 0T -S-stationary point of the (M .S M P EE).

Proof. Since 5 € LOWP( M S M P EE ), by Definition 2.4, there exists a neighborhood ¥ of
jsuch that I'(3) —I'(3) ¢ —intR"., for all 3 € AN That is, there is no 3 € AN/ satisfying,
foralli e .#,I'i(3) <Ti(3). Now, we claim that

(U aTri(g))oomz(g,A) — 0. (3.2)
ics

Indeed, suppose, contrary to the result, that there exists §* € (Uie 7 8TFi(5)> NTG,A).
Then, §* ¢ (Uie P aTri@;)) and 8* € T(3,A). From 8* € (Uie P aTri@;)) , one has

(a*,8%) <0, Va* € d'Ti(3),Vie 7. (3.3)

Since the function .%; : d'T(3) C R" — R,i € .# defined by .Zi(a*) = (a*, %), Va* €
dTT;(3), is continuous on the compact set 8TF (3), it follows that there exists a point ¢ €
d'Ti(3) such that F;(&) = maxy:cyrrys (@, 8%). Therefore, by (3.3), we obtain, for all
i€,

[i(3,6")= max <a §*)=(a;,86") <0. (3.4)

o*€dTT(3

Note that 6* € T(3,A) implies that there ex1st 10,8 — 8 such that 5 +1,6; € A for all r.
Since 3 € LOWP( M .S M P EE ), there exists §+ 1,6, € B(3,d), for some d > 0 and suffi-
ciently large r, such that there exists ip € . satisfying I'; (3 +1,6,) > I';,(3). Therefore

I, (3,6 =TI, 6% =lim Tiy(3+1-67) — T (3)

r—o0 t,

>0

= TI,(3,6") >0,
which contradicts (3.4). Therefore, claim (3.2) is verified. Thus
(UaTi6) nzG.4)=o0.
icd
By the 97 -Abadie-type constraint qualifications (97 -ACQ), we have

(Uom@) "n(U o7ew)"n (U o7a@) 0 (U 56)

i€t j€s kew
N(Uoam) n (U 26) n(Ua-we) =o.
keu

keo keco
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This implies that there is no 6 € R” such that

((3TT4(3), 8) <0, Vie .7,

(97¢y(3),6) <0, Vs e .7,

(07d;(3),6)=0,Vje 7,

(0T 7(3),6) =0, Vk € o, (3.5)
<8TCk(Z 5> 0, Vkep,

(0T (-~ Z)(3),6) <0, Vke€ 0,

(0T (&) (3),8) <0, Vk e 6.

compact for every i € ., |, dTT(3) is likewise compact.

On the other hand, since 7T (3) is
TT;(3) + Qs closed. Hence, by Lemma 3.1, we conclude that

Therefore, we get that [J/ | d

0€e co( U 8TFi(5)> + cone ( U d7¢s(3) U T (-7)(3)U U 8T(—Ck)(§)>

icd SES, keo keo

+span< U aTd UU&Tﬁk UU(?TCk )

jeZ kew keu

It follows that

0e co( U 8TF,~(3)> +cone | ) 9" ¢s(3) +cone | J 9T (— %) (3)

ic.s s€., ke
+ cone U T (- &) (3) + span U 8Td_,~(§)
kb =4
+ span U 3T %(3) + span U o7& (3)
kew kep

d

Furthermore, accordmg to Lemma 3.2, there exists (£, a¢, a?, a7, a%) € R” x ¥(3) x R x R?

with Y7, & =1, ae >0, ag>0 ag —ag,—Osuchthat

0e Y &)+ Y afdes(3)+ Y af97d;(3)

ics s€S jef
+ Y ol " (-G + ¥ aC T (=&)(3)
keK, keK,
Thus j is a 9 -S-stationary point of (A .S M PEE). O

Now, we present the example of a nondifferentiable semi-infinite mathematical programming
problem with equilibrium constraints to illustrate the necessary optimality conditions estab-
lished in Theorem 3.1.

Example 3.1. Consider the following semi-infinite mathematical programming problems with
equilibrium constraints
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FIGURE 1. The graph of the objective function I';(31,32) of example 3.1.

(min ['(31,32) = <F1 (31,32),2(31, 32))

( cs(31,32) =31/ —s <0, Vs € [0, 1],
EXMS MPEE) : 91(51,52):522;)7
S. t. 4 311f 320 >0,
) = >0,
‘1 (51, 32) {232 elsewhere
\ \ %(31732)C1(51752>:07

where I'1 (31, 32) = 31 + |31| + max (32, 3%) and I'2(31, 32) = |31] + 32. Then, the feasible region
of the (8 X M.S M PEE) is given by

ANear w266 = {(31, 32):31=0,3 > 0}

and @ = u = 0,0 = {1}. Tt is evident that (31,32) = (0,0) € A¢ 2. .74 2s% is an Pareto
solution to (&2 M .S M P EE). 1t is easy to see that the sets

0'T1(31,352) = 1[0,2] x [0,1], 0" T2 (31, 32) = [-1, 1] x {1},
aTCS(Zla 52) = {(_1’0)7 (170)}’ aT(%)(gly 52) = {(07 1)}7
T (&1)G1, 32) = {(1,0)},

are the tangential subdifferentials of I'y, Iy, ¢5, 77, {1 at (31, 32)-
By direct calculations, one has

T(G1,32)A) = Asrw.s.aps¢ ( U 3Tcs(5))o = {(31,32) : 51 =0},
SES,

(Ud"=26) = {62020} (UT(-8E) = {G150):5 >0}

ke keo
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— 1

FIGURE 2. The graph of the objective function I';(31,32) of example 3.1.

Therefore

(Ude6) n(Ud"m6) n(U-66) ={615) 5 =050}

SES, keb keb
‘We deduce that

(U ) n(Ua"=26) n(Ud"-66) S(Gi5)0),
SES, keb keb
which demonstrates that d7-ACQ is satisfied at (31, 32). Moreover,

Q = cone U aTcs(j) U U&T(—ﬂk)(j) U U aT(_Ck)(?;) = {(31»32) D3 < O}
SES, keb keb

is closed. Thus, if we set & = %, &= %, af = %, af =1land af = %, since (2,—1) € T'1(31, 52)

and (1,1) € I'2(31, 52), we get
1 2

(0,0) :g(z, 1)+§(1, 1)+é(1,0)+1(0,—1)+%(—1,0),

which shows that (31, 3,) is a @7 -S-stationary point of (& 2" .M .S M PEE).

4. SUFFICIENT OPTIMALITY CONDITIONS

In this section, we analyze and prove the sufficiency of the necessary optimality conditions
developed in the previous section. We establish sufficient conditions for optimality for the
(MS M PEE) problem under study within the framework of generalized convexity, for-
mulated in terms of the tangential subdifferentials of the involved functions. Specifically, we
demonstrate that the o7 -S-stationary concept, introduced earlier, serves as a global sufficient
optimality condition when the problem satisfies certain generalized convexity assumptions.
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Now, we recall the definitions of Dini-convexity, Dini-pseudoconvexity and Dini-quasiconvexity
of a function formulated in terms of tangential subdifferential. The aforesaid definitions have
been derived by Tung [28].

Definition 4.1. [28] Let . C R” be a nonempty convex set and g € .% be given. Further,
assume that ¢ : . — R is a tangentially convex at g. Then:

e ¢ is Dini-convex at § on .7 if the relation

9(q) —(q) 2 (8, g—q), V9 €9 9(q)

hold for all g € ..
e ¢ is Dini-pseudoconvex at g on . if the relation

0(q) < 9(@) = (¥, ¢—q4) <0,V € 9(g)

hold for all g € .¥.
e ¢ is strictly Dini-pseudoconvex at g on 2 if the relation

0(q) < 9(q) = (¥, q—q4) <0,V €9 9(g)

holds for all ¢ € 2\{g}.
e ¢ is Dini-quasiconvex at g on . if the relation

?(q) < 9(q) = (¥, q—q4) <0,V € ¢(q)
hold for all g € .¥.

Forj e Aand (a¢, a¢, a7, a%) € R'_fﬂ‘ x RY x R?P we define
FE(G) = {s€ AG) af >0},
5):={je 7:ai>0}, 7,(3):={je 7 :al<0},

07(3):= {k€6():al >0,af >0},
05(3):={kc0(G):a =0,a; >0}, 0,(3):={ke6(3):a =0,ar <0},
0/ (3):={ke6(3):af >0, at =0}, 0, (3):={kec6():a/ <0, at =0},

0" () ={kcwG) ol >0}, 0 (3):={kco@):a <0},
and
ptG) = {keu() ap >0}, p=(3) = {keu():ap <0}.
Now, under the generalized convexity assumption, we establish sufficient optimality condi-
tions for the (A .S M P EF).

Theorem 4.1. Let j € A be a 97 -S-stationary point of (M .S M P EE). Assume thatTi(i € )
is Dini-pseudoconvex at 3, and ®~ U~ =0,c;(s€ ), d;(j€ 7)), —d;j(je 7;), — T (ke
0tuU 92 Uot), -G (ke 8Tub6ZUu™) are Dini—quaszconvex atj. Then 3 is a weakly Pareto
solution of the (M .S M P EE ).
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Proof. SincegeAisaé?T -stationary point of (A .S M P EE) and @ U~ =0, there exists
(5 a¢, a¢, a7 aC)GR’”xR‘ﬂquszPwuhZ 1§,~:1,a6320,a320,af:ag,:Oand
n GaTr( )(i€ 7). n5 €dTes(G) (s e S),nd €Td;(G)(j € F).n €T (=T)G) (ke
wuUo), nk € 0T (—&)(3) (k € pUB) such that
o=Y &n'+ Y ani+ Y afnf+ ¥ o n/+ ¥ ane. @D
i€y SES, jeZ kewUb keuuo

Let 30 € A be any arbitrary feasible point of (#Z .7 . # P EE ). Then, for any s € S, ¢5(30) <
0 = ¢4(3). Since ¢, (s € .,) is Dini-quasiconvex at 3, by Definition 4.1, we see that (1, 30 —
3) <0, foralls € .7, forany ¢ € 97¢,(3). As a$ > 0, we have

<Zans,50 ><0 4.2)
seS
for any n¢ € 97 ¢,(3). Since d;(30) =d;(3) =0, Vj € #, we have
dj(30) <dj(3), Vj€ J, and —dj30) < =d;(3), Vi€ Fy -
Since dj(j € #;)and —d;(j € #; ) are Dini-quasiconvex at 3, by Definition 4.1, we get that

<nj750_><0v]€/d and< 77/’30—><0VJ€/da
holds for any n¢ ;€ old i(3). Considering the definitions of / > 7, » this provides us
<Zan,,zo— ><0 4.3)
j€s

For 30 € A, it holds that —Z(30) < 0, Vk € K,,. Consequently, for indices k € 6T U6 Uw™,

¢
we have —7(30) < —Z(3). Since — 7 (k€ 61 U 9; U ™) is Dini-quasiconvex at 3, by Defi-
nition 4.1, we see that <n,'?, 30 —5> <0, for any 07 € 37 Z(3). The definition of 8+ U 9; u

o implies that
< Yy aln 30—5> <0. (4.4)
keewegum
In a similar fashion, we can substantiate that

< Y ainf,ao—5>so (4.5)

ke®TUO LUt

for any nk € d7(;(3). Therefore, we deduce from equations (4.1), (4.2), (4.3), (4.4), (4.5), and
the fact that @~ U~ = 0 that, for any 30 € A,

<Z§m,-r,ao—5>=—< Y anet ¥ alnt+ Y aZnZ+ Y alnt o 3>>o

i€ed SES, je s kek), kekK,

< Z 51"71 » 30 —3 > 0. (4.6)

icd
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Assume, for the sake of contradiction, that 3 is not a weakly Pareto solution of (# . 4 P EEF).
This implies the existence of a feasible point 3* € A such that I';(3*) <T';(3), foralli € .#. Since
[ (i € .#) is Dini-pseudoconvex at 3, we see by Definition 4.1 that (n}, 3* —3) <O foralli€ .7.
As & = (&,....&n) e R, with Y7 | & =1, we have

<Z &ni 5*—5> <0,

i€y
for any nir € dTT(x). This contradicts inequality (4.6). Therefore, the theorem is proven. [

Theorem 4.2. Let 5 € A be a 97 -S-stationary point of (M .S M PEE). Assume that T; (i €
J) is strictly Dini-pseudoconvex at §, and @~ U~ =0,cs(s € ), d;(j € 7)), —d;j(j €
i) =T (kebtU 95’ Uo™), = (k€ 0T U0LUuT) are Dini-quasiconvex at 3. Then 3 is
a Pareto solution of the (M S M P EEF).

Proof. By contrary, assume that 3 is not a Pareto solution of (.# .7 .# & &% ). Then there exists
feasible point 3* € A and iy € .# such that

i(3") <Ti(3), Vie S \{io},
Lip(37) < T (3)-

Consequently, 3* # 3 . Due to the strictly Dini-pseudoconvex of I'; (i € .#) at 3, it follows that

(nk, 3" —3) <0, forallie .¥. As & = (&,...,&,) € R™, we have

<Z§mﬂ 3*—5><0.

ics
This contradicts inequality (4.6). This completes the proof of this theorem. U

Now, we present the example of an semi-infinite mathematical programming problems with
equilibrium constraints to illustrate the optimality conditions established in this section.

Example 4.1. Consider the following semi-infinite mathematical programming problems with
equilibrium constraints

(
minT(31,32) = (Fl(él, 32).12(31, 52))

cs(31,32) =531 <0,Vse Y =N={1,2...},
(@@‘%‘//y///‘@g%) . %(517 52) =31 >0,

s. L. :
Ci1(31,32) = 331 +32>0,
T1(31,32)61(31,32) =0,

where I'1 (31, 32) = max(31, 32) and I2(31,32) = %|31| + %|32|. The set of feasible solutions
Aea.wsazeeisgivenby Ao g uzee={(31,32):51=0,320>0and 0 =pu=0,6=
{1}.Ttisevidentthat (31,32) =(0,0) € A9 y.7.4 2&% is afeasible pointof (82 M S M PEE).
By Definition 2.3, 97T (31, 32) = {(1,0), (0,1)}, 9TI(31 and o) = [— 3, 3] x [— 3. 4] are
the tangential subdifferentials of I'1, I'>. It can be shown, by Definition 4.1, that the objective
functions I'y and I'; are Dini-pseudoconvex at (31, 3»). By Definition 2.3, the sets 97 ¢5(31, 32) =
{(5,0)},s€.7,9T(—=71)(1,32) = {(—1,0)} and 07 (- 1) (31, 52) = {(—%, —1)} are the tan-
gential subdifferentials of ¢y, —7; and — & at (31, 32). Further, it can be shown, by Definition

\
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§

FIGURE 4. The graph of the objective function I'>(31,32) of Example 4.1.

4.1, that ¢, —7; and —{; are Dini-quasiconvex at (31, 32). It can be shown that the d7-ACQ
holds at (31, 32). Indeed, by Definition 3.1, one has

( U aTcs(z))o = {(61:32) 151 <0}, ( U aT(—yk)(?;))o =1{(1,5) 52 >0}
SES, kco
and .
( U aT(—Ck)(?i)) ={(1,32) :31>0,3 >0}.
keo
Thus

0(G1,32) ={(G1,32):31=0,52>0} =%((31, 52),A).
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F0f§1=%>§2=‘§1,a‘1?:%, f %leta ¥ — R be defined by

lifs=1
ac(s):{ 1Is ‘7

0 otherwise.

It follows that

00 =50.0+5(55) 100455 (=10} +5(-5.-1)

which means that (31, 32) is a @7 -S-stationary point. Hence, by Theorem 4.1, it follows that
(31, 32) is a weakly Pareto solution of (82" M S M P EF).

5. MOND—WEIR DUALITY

In this section, we develop the Mond-Weir [19] type dual formulation for the nondifferen-
tiable multiobjective semi-infinite mathematical programming problem with equilibrium con-
straints (A S M P EE ). Under suitable generalized convexity assumptions on the involved
functions, we derive duality relationships between the primal problem (4.7 . # ¥ &%) and its
corresponding dual.

To facilitate our discussion, we use the following notations for , ¢ € R":

h<tsh <, forallie 7,

h_<E<:> hiSEi,foralliEf,
a i+ < &+ for at least one i* € &,

and b £ € and b £ € are the negations of h < € and h < €, respectively. For ; € A, we present the
corresponding Mond-Weir-type dual problem associated with the (#Z .7 . # P EE) as follows:

(//7/5”///@(5"‘5(3)) :max I'(x)
s10€ Y &)+ Y, a6 e,(1)+ Y af97d,(x)

= s€Se =
+ Y ol aT(-Z)@) + ¥ af 7 (~80().

kek,, kek,
¢s(t) 2 0(s € 7),dj(x) =0(j € 7),
— () 2 0(k € ©UB), —Li(r) > 0 (k € pUB),
Zéi:LaCy\yE:O,au zo,afzo,agzo,agzo,
ied
(zc,f,a",ad,ay,a‘:)eR”xR’jﬁxR‘f'xR"xRZP.
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The set of all feasible solutions (r, &, a¢,a?,a”, ac) for problem (/// WS MPE ‘5) is denoted
by A{//y/ey///yg%ﬂ and defined by

Naws.auree = {(L £ a0l 07, af) e R x R? x R x RY x R

0 Y &)+ Y, aio7es(r) + Y af9"d;(r)

i€y SESe jeZ
+Za}?8T( +ZaC8T
kek, kekK,

cs(x) 20(s € 7),dj(x) =0(j € 7), - T(x) 20(k € ®UB),
—G(r) >0(kepue), Y &=1,a5 , =0, ay =0,a5 >0, a5, =0, a5 20}.
ics
Under the assumptions of Dini-pseudoconvexity and Dini-quasiconvexity, we prove the follow-

ing weak duality theorem connecting our primal problem (#Z . # P EE) with (MW S M P EE ).

Theorem 5.1. (Weak Duality): Let 30 € Aand (x, &, a¢, a?, a7, a%) €A yy o ypee ITi(i €
) is Dini-pseudoconvex atr, 0~ U~ =0,cs(s€ ), d;j(j€ Z), —d;i(j€ 2, ), — T (ke
ot u GEL Uo™), = (k€ 6TU6L uu') are Dini-quasiconvex at ¢, then T'(30) 2 T'(¢)

Proof. Since 309 € A, we have
cs(30) <0 (s €.7), dj(30) =0 (j € Z), Tk(30) >0
Ck(30) = 0, Fk(30)Ck(30) =0 (k € Kp),

and (zc,&,ac,a ,(1 aC) GAﬁwy//ygg Note that (é ac, a? Cl aC) ERm R|y| RY x
R?” with ¥,c s & = 1, af’\% =0, a =0, ae >0, ag, =0, ag > O and that there exist nl
'T(x) (i€ &), n € dTes(x) (s € %), nded’dix)(je 7)n €d(—A) ) (keke
K,), n¢ € 97(—&)(x) (k € K,) such that

O—Zé,n,+Zans+2a-n;’+2afn3+2ain5 (5.1)

ied s€ESe kek, kek,

d

cs(r) >0(s€.7),dj(x) =0(j € 7),—Z(kx) >0(k€ @UB),
_Ck(F)ZO(kG.UUG)aZ&izha,cy\x,:()aau :O;ab 20,a§,:0,agzo.

ics
These imply
¢s(30) <0 <c¢(x), Vs € .7,
dj(30) =d;(x) =0,Vj€ 7, U 7,
~k(30) <0< —Fi(x), Vke 67 UO U™,
and

—G(30) <0< =Gi(x), Ve 8T UB L UL™.
Since ¢s(s€.7),d;(j € 7)), —d;j(j€ 7). ﬂk(ke9+U9ZUa)+),—Ck(k€9+U9}U
ut) are Dini-quasiconvex at r, by Definition 4.1, the inequalities above yield, respectively,
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for any ¢ € 97cs(x) (s € ), nd € 3Td; () (j € £), 07 € IT(—~T)(¥) (k€ @UB), 1 €
T (=& ) (x) (k € LU ), along with the definitions of the index sets that

(¢ 30—1)<0,Vse .7, (5.2)

(nf30—1) <0,V je 7], (53)

< n]730 >§Oavj€/d77 (54)

<n,7,30—;><0 Vke6tUB; Lo, (5.5)
and

<n,§,30—;>§0,v1<69+u9}uu+. (5.6)

The aforementioned inequalities, along with @~ Up~ =0 and a;\_yc =0, lead to the conclusion
that

<Za§n§+Za?nj’+Zafnf+2ain5,zo—x>s0, (5.7)

sS€ESe j€ 7 kek, kek,

holds for any 11 € 87 c,(x) (s € %), nd € 7d(x) (j ), nf € " (—T)(x) (k€ 0UB), nf €
T (—&)(x) (k € LU B). From inequality (5.7) and equation (5.1), we have

<Z€ml~r, 3o—x>=—< Y oani+ Y adnd+ Y o nZ + ¥ apng, 30—2C>20,

ics s€Se j€ef kek, kek,
=><Z§i7’hr, 30—x>20- (5.8)
ics

Contrary to the result, suppose that I'(39) < I'(¢). This is equivalent to

Li(30) <Ti(x), Vie 7,
I'i«(30) < T'i=(z), for at least one i* € 7.

Since I; (i € .#) is Dini-pseudoconvex at t, therefore, by Definition 4.1, we get that (n}, 3* —
r) <0, forallie . As & = (&1,...,8,) e R, with Y77 | & =1, we have

< Y &nt, 5*—5> <0
icsd

for any n! € d7T;(x). This contradicts inequality (5.8). Therefore, we conclude that I'(30) A
I'(z). This concludes the proof. O

The following theorem establishes strong duality relations between problem (Z .7 . # P EF)
and its corresponding Mond-Weir-type dual formulation (AZ W .S # P EE ).
Theorem 5.2. (Strong Duality): Let 5 € LOWP(/// Y MPEE). If dT-ACQ satisfes at 3
and the set Q is closed, then there exist (€,d¢, a4, a7 ,a%) e R x R'f' x RY x R?P with
Yies &=1,87 =0,a7 0,85 =0, a5 > 0such that (3, &, &, &, af, i) €Ay o pss
Moreover assume that I'; (i € 7) is Dini-pseudoconvex at 3, @~ U~ =0,¢c,(s € ), d;(j €
I, —di(je 7)., — T (ke 0+U95LU(0+), —C (ke 61 UOL Un™) are Dini-quasiconvex
ati. Then (3,E&,d,a, a7 ,a%) e WP( MW S M PEE(3)).
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Proof. Considering Theorem 3.1, there exist multipliers (é, ac,al,a”, El‘;) e RY x ¥(3) x
RY x R¥ with L;c & = 1,67 = 0,87 > 0,5 = 0, &g > 0 such that the following condi-
tions are satisfied:

0€ ) &5+ Y &d"es(5) + Y, @0°d;()
i€y SES, jeS
+ Y &0 RO+ Y 50" (-5)6).
kek, kek,
Since @ € ¥(3), we know that ¢s(3) = 0 for s € ., while ¢4(3) <0, Vs € #\.7. This,
together with @ ¢(3) = 0 for s € .7 implies that ﬁfy\y‘ = 0 and the inclusion of 3 € A ensures

that d;(3) =0 Vj € #. Furthermore, since ﬁf =0, forall k € @U 0O, Z(3) =0, it follows
that Yek, a7 Z(3) = 0. Similarly, since g, = 0, for all k € uU 8, §(r) = 0, we conclude

that Y c, ﬁg 8k(3) = 0. Therefore, (3, é, @, a4, a”, aC) €A yy.7.02e%, ensuring the two
objective values are equal.

Now, we assume that there exists (r, &, a%, a?, a7, a%) € A gy .y 2ew such that [(3) <
I'(zr). This assumption contradicts Theorem 5.1. Hence, the proof is complete. U

6. CONCLUDING REMARKS

This paper presents a detailed analysis of a nondifferentiable multiobjective semi-infinite
mathematical programming problem with equilibrium constraints. By utilizing the 97 -Abadie
constraint qualification, the necessary Karush-Kuhn-Tucker (KKT) optimality conditions are
established. The paper also derives sufficient optimality conditions based on Dini generalized
convexity and explores duality relations by formulating the Mond—Weir dual problems. The
practical applicability of the theoretical results is demonstrated through illustrative examples,
highlighting the effectiveness of the proposed methods. The findings presented in this paper
generalize several previously established results from the existing literature [13, 29]. Future
research may focus on extending these results to incorporating approximate solution concepts

for the (A S M P EE).
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