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Abstract. We develop a general algorithm for solving constrained multiobjective optimization problems.
Our approach builds on the sequential upper approximation method already used in the framework of
scalar optimization, in which a nonlinear optimization problem is solved by solving a sequence of simpler
problems where the objective and constraint functions upper estimate those of the original problem. For
a broad class of problems, we show that every cluster point of the sequence generated by our algorithm
satisfies KKT-type conditions expressed in terms of directional derivatives. Finally we end with some
numerical tests to illustrate the behavior of our algorithm.
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1. INTRODUCTION

Multiobjective programming (MOP) or Pareto optimization encompasses optimization prob-
lems with multiple objective functions, each representing distinct goals or criteria. These prob-
lems frequently occur in diverse fields such as engineering, economics, logistics, design, in-
dustry, agriculture, and environmental management [9, 10, 11, 12, 21, 22, 35]. The goal of
solving MOP is to find solutions that effectively balance trade-offs between conflicting objec-
tives, typically seeking a Pareto optimal solution where improving one objective necessitates
the compromise of anothers.

Many researchers have developed numerous results concerning necessary/sufficient optimal-
ity conditions, as well as resolution algorithms for achieving Pareto optimality. Kanniap-
pan [18] derive the necessary conditions for Pareto optimality of Fritz John and Kuhn-Tucker
type, for a convex MOP using classical (i.e., scalarization) optimization method. See also
[7, 13, 14, 15, 17, 26, 30, 31, 32, 36]. In [30], Ruiz-Canales et al. investigate the characteriza-
tion of weakly Pareto solutions for MOP, considering quasiconvex conditions of the objective
functions within a convex set of constraints. Necessary optimality conditions for MOP of a
difference of convex mappings are established in terms of Lagrange-Fritz-John multipliers by
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Taa in [32]. Bonnel et al. [5] find weakly Pareto points in MOP using proximal methods. Gao
et al. [13] introduce a novel type of properly approximate weak solution for MOP and pro-
vides necessary and sufficient conditions for these solutions through nonlinear scalarizations.
Using the concepts of strong subdifferential and €-subdifferential, necessary optimality condi-
tions are established for an e-weak Pareto minimal point and an €-proper Pareto minimal point
in MOP, where the objective function and constraint set are represented as difference of two
vector-valued maps [14]. Ivanov [17] determine the second and first-order optimality condi-
tions of Kuhn-Tucker and Fritz John types for weak Pareto solutions in MOP with inequality
constraints.

From the computational point of view, various scalar optimization techniques have been
effectively adapted to MOP. These include the projected gradient and subgradient methods
[6, 8, 36, 37], steepest descent method [3], Newton method [19], trust-region method [33],
and several others.

The famous approach used to solve MOP problems is based on the improvement function
[16, 20, 23, 25, 34]. In practice, this approach requires finding a global minimum at each
iteration, which is straightforward when the improvement function is convex. However, this
is generally not the case if the data defining the problem are nonconvex. For this reason, we
will approximate each function with a simpler convex function, and the constraints will also be
approximated to define a simpler feasible region, enabling the solution of the new parametric
problem. This technique which dates back to [24], was applied to the problem of real-valued
optimization and was further developed in [1, 2, 28], allowing for nonconvexity in parts of the
constraints or in the objective function.

The paper is organized into the following sections. In Section 2, we present a parametric
approach that relies on parametric subproblems. We show that the problem MOP is equivalent
to a scalar problem. In Section 3, upper bounding approximation functions and problems are
developed, followed by a series of examples and some properties. Section 4 is dedicated to the
development of necessary and sufficient optimality conditions for MOP expressed in terms of
directional derivatives. The general sequential upper bounding algorithm for solving problem
MOP and its convergence are the subject of Section 5. Finally, in Section 6, we perform some
numerical tests to illustrate the behavior of the algorithm.

2. PARAMETRIC APPROACH FOR MOP

Consider a vector programming problem

inf [£(x) := (f1 (), f2(%); - fn ()] (P)

xeX

where X = {x €Clhj(x)<0,VjeJ } such that C C R" a nonempty, closed convex set, and
the functions f;, fori € I :={1,2,...,m}, and hj, for j € J:={1,2,..., p}, are defined on R".
Let

h(x) := r?éljchj(x).

Then, the set X can be expressed as
X ={xeC|h(x) <0}.

Solving these problems involves finding a solution X € X such that there does not exist any
x € X with f(x) # f(X) and fi(x) < fi(%) for all i € I. This solution is referred to as a Pareto
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minimum for (P). In the context of weak Pareto optimization, the objective is to find ¥ € X such
that there does not exist any x € X with f;(x) < fij(¥) forall i € I.

To develop our approach, we will use the concept of the improvement function F, : X — R,
where y € X, defined by

Ry () 1= max (i) — i3}

This function was previously employed to deal with vector programming problems. In [20, 23,
34], the authors defined the improvement function in the case of constrained vector programs.
For the unconstrained case, the reader can refer to [16, 25].

We relate the following scalar optimization problem (P,), with y € X, to (P)

;g)f(Fy(x) (Py)

The next two lemmas explain the link between the problems (P) and (P,), fory € X.

Lemma 2.1. A point x € X is a weak Pareto minimum of (P) if and only if it is a global minimum
of (Pe).
Proof. Let X € X be a weak Pareto minimum for (P). Suppose that ¥ is not a global minimum
for (Pg). Then there exists z € X for which Fz(z) < Fx(X).

Since F¢(X) = 0, it follows that

filz) = fi(x) <0 foralliel,

which contradicts the assertion that ¥ is a weak Pareto minimum of (P). Then, % is a global
minimum for (P).

Conversely, let’s assume that X € X is a global minimum for (Pg). If X is not a weak Pareto
minimum of (P), then there exists z € X such that

fiz) < fi(x) foralliel,
which implies that
Fr(z) := max {fi(z) - fi(¥)} < 0= Fx(%).
This contradicts the assumption that ¥ is a global minimum for (P;). O

Lemma 2.2. Let x € X. If the global minimum of (P) is unique, Lemma 2.1 holds true if we
replace weak Pareto minimum with Pareto minimum.

Proof. Since a Pareto minimum of (P) is also a weak Pareto minimum of (P), then the first
assertion follows from the previous lemma.

Conversely, assume that X is a global minimum for (P), and X is not a Pareto minimum of
(P). Then there exists z € X such that

fi(z) < fi(x) forallieland f(z) < f;(¥) forsome je€l. (2.1)
It follows that
Fx(z) <0. (2.2)
On the other hand, ¥ is a global minimum for (Ps) entails that
Fi(x) > Fz(x) =0 forall x € X.
With x = z in that last inequality and the fact that Fz(z) < 0, we get Fx(z) = 0.
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This means that z is also a global minimum of (P;). The unicity of such a minimum entails
that z = X. But this cannot hold by the second inequality in (2.1). Hence, X is a Pareto minimum
of (P). O

In what follows, we will designate by X, a global minimum of F, over X. Then we have the
following results.

Proposition 2.1. For every y € X, the following assertions hold true:
(1) Fy(y) = 0 and Fy(%,) <0,
(2) fi(%y) < fi(y) foralli € I.

Proof. (1) The definition of X, indicates that F}(%,) < F,(x) for every x € X. Substituting
x =y leads to the conclusion that F},(%,) < F,(y) = 0.
(2) Utilizing the definition of F,, with x = %, and Item | we derive that fj(%,) — fi(y) <
Fy(%,) <0 forall i € I. This implies that f;(%,) < fi(y) for every i € I.
0J

Since solving globally the problem (P,) is not always possible, we will approximate it with a
simpler problem that is easier to solve. This approach will be detailed in the next section.

3. UPPER APPROXIMATION FOR MOP

For a complete description of our method, we will be interested to functions that are direc-
tionally differentiable. To proceed, we first need to introduce some preliminary concepts and
results. Let us begin by recalling that a function ¢ is said to be directionally differentiable at
a point x € R” in the direction d € R"\{0} if the one-sided directional derivative, defined as
follows

(P/(X;d) — lim ¢(x+td) — (P(X)
t10 t
exists.
Bellow, We will list the minimal properties required for our approximating functions. More
precisely, we construct approximating functions %; : R" x R” — R of f; at y € C, such that
(A1) Z(y,y) =0foralli€ I,
(A2) %(x,y) > fi(x) — fi(y) foralli € I and x € C;
(A3) %/ ((z,y);x )|, = f{(y;x—y) foralli € I and x € C, where we respectively denote
by %/((z,y);x—)|,_, and f;(y;x —y) the directional derivatives of %(-,y) and f;(")
at y in the direction x — y.
Similarly, we construct approximating functions JZ; : R" x R" — R of i at y € C, such that
B1) H(y,y) =hj(y) forall j € J;
(B2) J%;(x,y) > hj(x) forall j € Jand x € C;
(B3) %/((z,y);x -y) L_y = h; (y;x—y) forall j € J and x € C, where we respectively denote

by 7 ((z,y);x—) ’ and /';(y;x —) the directional derivatives of 7;(-,y) and /;(-)
z=y
at y in the direction x — y.

Using the functions Zj(x,y), we define the approximating constraint set for the subproblem
(Py) by
X,={xeC|Hxy) <0Vjel}.
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Remark 3.1. Note that hypothesis (B2) implies that X, C X for all y € C. Remark on the other
hand that, y € X, if and only if y € X.

In the following, we will present some examples where it is possible to construct the approx-
imating functions %; and JZ; respectively satisfying (A1)-(A3) and (B1)-(B3).

Example 3.1. Assume that the functions f; and s}, i € I and j € J, are directionally differen-
tiable and let o > 0. For any y € C we define

Ui(x,y) = fi(x) = fi(y) + §lbe = yI|* and H5(x,y) := hj(x) + §|lx =y

Example 3.2. Assume that the functions f; and 4}, i € I and j € J, are continuously differen-
tiable with gradients respectively L; and K;-Lipschitz. From the descent lemma, see e.g. [4,
Proposition A.24], for any x,y € C, we have

[i(X) < )+ (V) x—y) + G x—y|* foralli€l,
and
hj(x) < hi(y) + (Vhj(y),x—y) + Sl —y||* forall j € J.
Define the functions
U(x,y) = (Vfi(y),x—y) + 5 [x =y,
and
H(x,y) = hi(y) + (Vhj(y),x —y) + 5 x — y||%

Example 3.3. Let the functions f; = fi1 — l-z, i€land hj = h} — h?, j € J, and assume that

ff and h', for £ = 1,2 are convex. Additionally, suppose that the functions fi2 and h? are

continuously differentiable for all i € I, j € J. For any y € C we define the functions

fix®) = f1@) = [0+ (VfE()x—y)] foralliel,
and
hjy(x) = hi(x) = [B3(y)+ (VA5 (y),x—y)] forall j€J.
The subgradient inequalities f?(y) + (Vf2(y),x—y) < f?(x) and h?(y) + (Vh?(y),x— y) <

1

h3(x), imply that fi(x) < f;(x) and hj(x) < hj,(x) foralli € 1, j € J, and thus
filx) = fiy) < fiy(x) = fily) foralliel.
We define the approximating functions by
U(x,y) := fiy(x) — fi(y) and S (x,y) :=hj,(x) foralliel,jeJandyeC.

Example 3.4. Let the index sets I and J be respectively partitioned into three subsets denoted
by I1,I,13 and Ji,J>,J3. Assume that the functions f; and h; are defined as in Example 3.1 for
i€l and j € Jy, as in Example 3.2 fori € I, and j € J;, and as in Example 3.3 for i € I3 and
J € J3. Then, the associated functions %; and .7Z; are defined as follows:

[ = i)+ 4llx—yI>  ifien,
U(x,y) = S (V) x—y) + 5llx—yl> ifiebh,
fi,y(x) —fi(y) ifiel,
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hj(x) + % lx—y|? if j ey,

K; P
H(x,y) = <w (Vhi(y),x—y)+ S x=y|* if j€ I,
(x) ifj€J3.

Now, to approximate the problem (P,) for y € C, define the function %, by
Uy (x) := max %(x,y).
icl

Instead of the subproblem (P,), we associate to (P) its approximating problem

inf %(x), (AP)

xeXy

and we denote by x, the global minimum of % over X,,.

Proposition 3.1. Forall y € X, we have
(1) U(y) =0, %(xy) <0,
(2) fi(xy) < fi(y) foralliel

Proof. (1) From the hypothesis (A1), %,(y) = 0. Since x, is a global minimum for (AP,),
then %, (xy) < %,(x) for all x € X,. Since y € X,, then with x =y we get %, (x,) <
%y (y) =0.

(2) By (A2), we have that fi(x) — fi(y) < %,(x) forall i € I. With x = x, in the last inequality
and by using Item 1, we deduce that fi(x,) — fi(y) < % (xy) <0 for all i € I, which
implies in turn that fj(x,) < fi(y), foralli € I.

U

The next proposition establishes a link between (AP;) and (P), where ¥ is any weak Pareto
minimum for (P).

Proposition 3.2. Let x € X be a weak Pareto minimum for (P). Then X is a global minimum for
(AP;). Conversely, every optimal solution x5 of (AP;) is also a weak Pareto minimum for (P).

Proof. Let X € X be a weak Pareto minimum for (P). Note that ¥ € X;z. Suppose that X is not a
global minimum for (AP;). Then there exists z € Xz C X such that

U(2) < U(X) =0

where the last equality on the right hand follows from Item | of Proposition 3.1 with y = X.

Since fi(z) — fi(X) < %(z,X) by (A2), and Xj, it follows that fj(z) — fi(X) < O forall i € I,
which is a contradiction to the fact that x is a weak Pareto minimum for (P). Then x is a global
minimum for (AP).

Conversely, we suppose that xz € Xx is a global minimum for (AP;). Note that xz € X since
Xz C X. If xz is not a weak Pareto minimum of (P), then there exists z € X such that fi(z) <
fi(xz) for all i € I. From Proposition 3.1, we have fj(xz) < fi(X), and thus, fi(z) < f;(x) for all
i € I, which contradicts the fact that X is a weak Pareto minimum of (P). O

In the following proposition we show that the same results hold for Pareto minimum.

Proposition 3.3. Assume that problem (P) has a Pareto minimum X € X. Then X is a global

minimum for (AP;). Conversely, every optimal solution xz of (APx) is also a Pareto minimum of
problem (P).
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Proof. Since a Pareto minimum of (P) is also a weak Pareto minimum, the first implication
follows from Proposition 3.2. Conversely, let X € X be a Pareto minimum of (P). Assume, for
contradiction, that there is a global minimum xz of (AP;) which is not a Pareto minimum of (P).
Then there exists z € X such that fi(z) < fi(xz) forall i € I, and fj(z) < fj(xg) for some j € I.
From Proposition 3.1, Item 2, with y = X, we have fj(xz) < fi(X), for all i € I. Tt follows that
fi(z) < fi(x) for all i € I, and fj(z) < f;(%) for some j € I, which is absurd since X is a Pareto
minimum of (P). O

4. OPTIMALITY CONDITIONS FOR MOP

This section is devoted to developing optimality conditions for (P) expressed in terms of
directional derivatives. We first recall the expression of the derivative of the function defined by

y(x) = max w;(x),

where y; are direcetioanlly differentiable. For this we denote by

ZN:{.LL:(.U'U"'MU'N) RN‘Z[ 1“1_17“'1'207 VI:L,N}

Lemma 4.1. The directional derivative of the function W at x in the direction d € R" is given
by

v (x;d) = max){z,u,wl X; d)} (4.1)

HEZN(
where Sy(x) := {1t € Iy | T, miva(a) = ()}
Proof. Note that the function ¥ can be written equivalently as follows
y(x) = ,5%%’;{2“"”’ }

Remark that the maximum in the last expression of y(x) is achieved at any p € Ly such that
YN wiwi(x) = w(x), i.e., for any u € Zy(x). Thus, by using [27, Theorem 3.2], we get (4.1).
O

In order to develop necessary optimality conditions, we will need the following general as-
sumption.

Assumption 4.1. For any u € R and y € C, we have

inf  max [Z(x, )—,u]—i—ZBj%”j(x,y)] =

XC (. B)€xm+p | icT jel

max inf |} o [%(x,y)—u|l+ Y B .
(0t,B) €L pxeC [; il JE / ]

Remark 4.1. Assumption 4.1 is verified, for example, when %;(.,y) and (., y), for (i, ) €
I xJ and y € C are convex or quasiconvex, see [29] for further examples.

In the theorem below, we present necessary KKT-type optimality conditions, that any weak
Pareto minimum of problem (P) must satisfy, formulated using the directional derivatives of
the objective and constraint functions.
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Theorem 4.1. Let X € X. Assume that for all (i, j) € I x J, the functions f; and h; are direction-
ally differentiable at X, that the upper bounding functions % and F; are satisfy (Al)-(A3), and
(B1)-(B3), respectively, and that Assumption 4.1 is verified with u = 0. If X is a weak Pareto
minimum for (P), then there exists (@, 3) € L+, such that

Y o f (xix— x—l—Zﬁ, (Hx—%)>0 forallxeC 4.2)
icl jeJ

with Bjh;(%) = 0 for all j € J. If in addition there is x € C such that I (%;x — X) < O then there
exists i € I such that &; # 0.

Proof. Since X is a weak Pareto minimum for (P), it follows from Proposition 3.2 that ¥ is also
a global minimum for (AP). Let us define on C, the function

A

)= man (D) - (), A0}

—(’51513;;]{“2/ (x,%), H5(x, %)},
where the last equality follows from Item 1 of Proposition 3.1. Obviously, for all x € X;, i.e.,
i (x,%) <0 for all j € J, we have f;(x) — fi(¥) > 0 for all i € I since ¥ is a weak Pareto
minimum. By (A2) we get %(x,x) > 0 for all i € I, and the definition of %(x) entails that
U;:(x) > 0. This implies that Fx(x) > 0,for all x € Xz. For x € C\X; it holds that 7} (x,%) > 0
for some j € J and this again implies that £(x) > 0. In conclusion Fz(x) > 0 for all x € C. On
the other hand, the function £; may be expressed by

Fr(x)= max |Y 0% (x,%)+ ) B

(2 B)EZ"HP i€l jeJ

Since Assumption 4.1 is fulfilled, with u = 0, we get

inf F:(x) = inf  max oG (x,X) +
XGC X( ) XGC(a’B)EZm+I) ZGZ] ' ];]ﬁj ]
= max inf 0% (x, %)+ Y Bt . (4.3)
(ot,B) €Ly px€C ;1’ ' Jg / |

Note that the function

Lnip D (0, ) Hlnf[ZOﬂl (x,%)+ Y B ]

iel jeJ

is upper semicontinuous on X, ,, since it is the pointwise infinimum of a family of linear func-
tions, a fortiori continuous, and then achieves its maximum on the compact set X1 ,. Therefore,
there exists (&, B) € X4, such that

max 1nf[Za, (x, X +Z[3j ]

(Ot ﬁ)EEm_H)XGC i€l jGJ

= inf [Z(x, (x, % —I—Zﬁ] ] ) 4.4)

x€C | igg jeJ
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Since we showed that F¢(x) > 0 for all x € C, then from (4.3) and (4.4) we obtain

Y 0% (x,%)+ Y Bj#;(x,x) >0 forallxeC. (4.5)
icl jeJ

Using the assumptions (A1) and (B1) in (4.5) with x = X, we get
Y 0 %(%,5) + Y Bjt(%,5) = Y BA(x.%) =) Bihj(%) >0
iel jeJ jeJ jeJ

But /(%) < 0 for all j € J, and thus, B;5¢;(%,%) = B;h;(X) = 0 for all j € J. This together
with (4.5) means that ¥ minimizes the functlon

xn—>2al (x, X +Zﬁj

icl jeJ

on C. Taking into account that C is convex, it follows that

Za, ((z,%);x— x|Z_X+ZﬁJ%' (z,%);x —X)|,=5 >0 forallxeC,

i€l e
where %/((z,%);x—X)|,_; and ¢/ ((z,%);x—X)| _are respectively the directional derivatives
=X

of %(-,x) and J4(-,X) at X in the direction x — X. By using (A3) and (B3), we get

Zalfl XX — x—l—Zﬁ] (Hx—x)>0 forallxeC (4.6)
iel jeJ

Now, if foralli € I, &; =0, then }_ ;¢ Bj = 1 and the fact that thj (x) =0forall j € J implies
that 2(x) = 0. On the other hand (4.6) entails that /’'(¥;x — X) > 0 for all x € C, contradicting the
last assumption of the theorem. 0

Remark 4.2. (1) Note that if Assumption 4.1 is fulfilled with the choices %;(x,y) = fi(x) —
fi(y) and J%;(x,y) = hj(x) then Theorem 4.1 remains valid since these functions suc-
cessively satisfy (A1)-(A3) and (B1)-(B3).

(2) Theorem 4.1 also remains valid if the functions f; and h; are directionally differentiable
and the derivative functions are convex as functions of directions.

In the following we will examine sufficient optimality conditions, that is, conditions under
what a point satisfying the necessary optimality conditions stated in Theorem 4.1 is an optimal
solution for (P). First, let us recall the notions of quasiconvexity and pseudoconvexity.

Definition 4.1. Let g be a real-valued function directionally differentiable on a set D C R". We
say that g is
(1) quasiconvex, if for all x,y € D
g(y) <g(x) implies g'(x;y—x) <0;
(2) pseudoconvex, if for all x,y € D
g(y) <g(x) implies g'(x;y—x)<0,
or equivaently ¢’(x;y—x) >0 implies g(y) > g(x).

Now, we are ready to state sufficient optimality conditions for (P).
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Theorem 4.2. Assume that a point X € X satisfies the necessary optimality conditions stated in
Theorem 4.1. Assume on the other hand that there exists £ € C such that ' (x;x —x) < 0. If f; is
pseudoconvex for all i € I and h;j is quasiconvex for all j € J, then X is a weak Pareto optimal
solution for (P).

Proof. To show that the converse of Theorem 4.1 is true, assume that (4.2) holds. Then there
exists (&, ) € X4p such that

Y oif(®x—%)+ ) Bih(Bx—x) >0 forallxeC 4.7
i€l jel
with B;h;(%) = 0 for all j € J.
Since Bjh;(x) < Bjh;(%) for all x € X and j € J, the quasiconvexity of the functions /; implies
that
Bil(%x—%) <0 forallx€ X and j€J.

By referring to (4.7) we conclude that
Y 0if/(x;x—%) >0 forallxeC. (4.8)

icl
Assume that X is not a weak Pareto minimum for (P). Then there exists £ € X such that f;(£) <
fi(%) for all i € I. Let x = % in (4.8). Then, taking into account that &; # O for some i € [ we
conclude that ) ;-; @&; > 0 and then fl’0 (x;£—Xx) > 0 for some iy € I. Therefore the pseudconvexity
of f;, implies that fj (%) > f;,(¥) contradicting our previous assumption. Thereby £ is a weak
Pareto minimum for (P). O

Since the optimal solution X is unknown, the previous results suggest us to approximate it
by some xX, at an iteration k, and approximating the function %, iteratively, at each step k
by a function % := %, where x* is a global minimum of the function %;_; := U1 on the
set Xx—1 := X«—1. The next algorithm describes this sequential upper bounding approximation
method.

5. SEQUENTIAL UPPER BOUNDING ALGORITHM FOR MOP

In this section we introduce the general sequential upper bounding algorithm to solve problem

(P).

Algorithm 1 SEQUENTIAL UPPER BOUNDING ALGORITHM

0. Choose x” € X and let k = 0.
1. Find ¥**! € X; such that 2 (x**1) < %.(x) for all x € X;.
2. If %.(x*1) =0, stop. Else set k =k+ 1 and return to 1.

We will establish the convergence of the sequences { f;(x)} fori € I.

Proposition 5.1. For alli € I, the sequence { ﬁ(xk)} is nonincreasing and converges to some f;.
In addition, if f; = —oo for all i € I, then the problem (P) has no weak Pareto optimal solution,
otherwise the sequences {F,(x***1)} and {2 (x**1)} converge to 0 as k tends to oo.
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Proof. Recall that we used the notation %, = %« and X; = X and that x**! is defined to be a
solution of (AF;). It follows that

U (X < 2. (x)  for all x € X;.

In particular with x = x* we get 24 (x**1) < 2. (x*) = 0, where the equality % (x*) = 0 follows
from Proposition 3.1, Item 1. From (A2), for all i € I and all x € C, we have

U(x) 2 fi(x) = fi2).
Therefore,
0> (1) > fi(d ) = fix").
This implies that f;(x**1) < f;(x*) for all i € I. It follows that the sequence { f;(x*)} converges
to some f; € RU{—c} forallie€l.
Clearly, if f; = —oo for each i € I, then for all x € X there exists k € N such that f;(x*) < f;(x)
for all k > k and i € I, so that the problem (P) cannot have weak Pareto optimal solution.
Assume now that f; > —oo for some i € I. From the hypothesis (A2), the definition of F and
the fact that 24 (x**!) < 2. (x*) = 0, we have
0> %) > R(e 1) > T = fi(x"). (5.1)
On the other hand, f;(x**!) — f;(xX) — 0, when k — oo and (5.1) entails that
U (X1 = 0and F(x*') =0 when k— co. (5.2)
This is the desired result. O

Proposition 5.2. Let Assumption 4.1 be fulfilled. Then, for all k € N, there exists (a*, %) €
Yt p, such that

Y of (@/,-(x,xk) - %k(xk“)) + Y BiA(x, ) >0 forallxeC. (5.3)
icl jel
Moreover,
Z Bj]‘%”j(ka X)) =0and 0> Z leﬂ%”j(xk,xk) = Z ,Bjkh](xk) > Zaik%i(ka x5,
jel jeJ jel icl

So, the sequence {Z jeJ B]kh j (xk)} converges to 0 as k tends to .

Proof. Recall that from the definition of x**! we have
%(x)—%(ka) >0 forallx € Xy, (5.4)
where X; := {x € C | /#(x,xX) <0,V € J}. Define the function

A (x,x") = max 7(x, x").
jed
Obviously, 57 (x,x*) < 0 if and only if #(x,x*) < 0 for all j € J. Define also the function

F(x) = max | % (x) — %k(xk+1),%(x,xk)] .
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It is straightforward to show that .%;(x) > 0 for all x € C. Indeed, if x € Xy, i.e. x € C and
H (x,x%) <0, then (5.4) entails that . (x) > 0, and if x € C but x & X, i.e. 7 (x,x*) > 0 then
we have .Z;(x) > 0. On the other hand, the function .%; may be expressed by

Fu(x) =  max [Zai<%( Ky — @/kxk+1)+2ﬁ, ]

(avﬁ)EZerp jeJ

Since Assumption 4.1 is fulfilled, with g = %4 (x**1), we get

f F inf i ( %(x, 5% — (T
inf i) = inf max | P ()~ ) + LB
— inf i Ui(x, x5) — U (K : 5.5
e, nf | T o (%) = D) + TR 59)

The function

nip 3 (&, B) > inf [Za,( ) —u( k“)%—ZB, ]

jeJ
is upper semicontinuous on X, ; 5, since it is the pointwise infinimum of a family of linear func-
tions, a fortiori continuous, and then achieves its maximum on the compact set X, ,. Therefore,
for all k € N there exists (a¥, B¥) € £,,4, such that

max  inf [ZO@(%( N — 2 k+1>+2ﬁ, ]

(0t.B)ELmpX€C |7

jeJ
ke 1y k
;Ielg [Za ( — U (x ) +Jgﬁ I (x,x )] (5.6)
Since we showed that Jk(x) > 0 for all x € C, then from (5.6) we obtain
Y of ( e )+Zﬁj"%xx)>o forall x € C. (5.7)
i€l jeJ

The rest follows by letting in the previous inequality and once x = x**! once x = x*. 0J

Before analyzing the convergence of Algorithm I in the case it generates an infinite sequence,
we will see what happens in the case where the generated sequence is finite.

Theorem 5.1. If for some k € N, we have %k(xk“) =0, then x* verifies the optimality condi-
tions stated in Theorem 4.1.

Proof. Suppose that Algorithm 1 stops at x**!, that is, %4 (x**!) = 0. By invoking Proposi-
tion 5.2, there exist (ak, Bk) € X4 p» such that

Za( ~ U (x "“)+ZB"% (t,5) >0 forallxeC,

il jeJ

and we conclude from the last inequalities therein with x = xX that

Y Bfnj(x) =

jer



SEQUENTIAL UPPER APPROXIMATION METHOD FOR SOLVING MOP 245

On the other hand, since % (x**!) = 0, then the last inequality implies that

Zak%xx +Zﬁk%xx )>0 forallxeC.
icl jeJ
Since the left hand side of the last inequality vanishes at x* and C is convex, then by passing to
the directional derivative, we get
kaoy! k. k k ! ky. k
Y o U (24" )ix =X | —w + Y B ((2,6°);x—x")| _w >0 forall x e C.
icl jes
By using assumptions (A3) and (B3), we conclude that
Zaflx cx —x5) +Zﬁkh’x x—x)>0 forallxeC. (5.8)
icl jeJ

Noting that ﬁJ’-‘h j (x¥) = 0 for all j € J, we conclude that x* verifies the necessary optimality
conditions stated in Theorem 4.1. O

The next theorem presents the main result regarding the convergence of the sequence {x*}
generated by Algorithm 1.

Theorem 5.2. Assume that the functions f; and hj for i € I and j € J, are directionally dif-
ferentiable, and that the upper bounding functions %; and 7¢; for all i € I and j € J, satisfy
assumptions (Al )-(A3) and (B1)-(B3) respectively, and are continuous and that Assumption 4.1
is fulfilled. Then, for every cluster point X of the sequence {xk } there exists (@, B) € Xy yp such
that
;&iﬂ(f;x—)?) +j§,3jh’j()€;x—i) >0 forallxeC

with Bjh;(%) = 0 for all j € J. If in addition there is x € C such that I (%;x — X) < O then there
exists i € I such o; # 0.

Proof. Let {x*} be the sequence generated by Algorithm 1 and {(a*, %)} as in (5.3). Let
K C N, an infinite index set, such that the sequences {x*} and {(a*, B¥)} such that converge
respectively to limits points X and {(&, 8)}. Then by passing to limit in (5.3) and taking into
account that %; and ¢; are continuous, and that {74 (x*™!)} converges to 0, we get

Za, (x, % +Zﬁ] (x,X) >0 forallxeC. (5.9)

icl jeJ
With x = X and by invoking the assumptions (Al) and (B1), we get

Y a%(%%)+ Y Bjt(x,%) =Y Bjhj(%) >0

iel jeJ jeJ

But since ¥ € Xz C X we have /;(x) <0 for all j € J which implies, taking into account the
last inequality, that ;A ihj(%¥) = 0. Returning to (5.9) we conclude that X minimizes the function
xe Y wU(x, %)+ Y Bt
icl jeJ

on C, and taking into account that C is convex, we get

Y % ((2,%);x — %)= x—i—ZBj%”/ (z,%);x—X)|,=5 >0 forallxeC.

iel ieJ

By using (A3) and (B3), we get the desired result. L]
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Remark 5.1. If for some i € I the set {x € C | fi(x) < f;(x%)} is bounded (which is the case,
e.g., if f; is inf-compact, then the sequence {x*} is also bounded. Indeed, we established in the
previous proof that f;(x**1) < f;(xk) for all i € I. Consequently, f;(x*"!) < f;(x?) foreachi € I,
which implies that x**! € {x € C| fi(x) < f;(x?)}.

6. NUMERICAL TESTS

This section presents numerical experiments to evaluate the performance of the proposed
method.
We recall that our goal is to solve the following multiobjective optimization problem:

inf [f(x) := (f1(x), 2(x), -, fm ()], (P)

xeX
where

X={xeC|hj(x)<0,VjeJ}
and C C R" a nonempty, closed, convex set.
We introduce the following index sets:

I ZZ{I,Z,...,WL]}, 12::{m1+1,m1+2,...,m}, I:=HLUDb,

Ji={1,2,...,;i}, h={p+Lpi+2,...,p}, J:=L1UL.
We set my =m—mj and p» = p—py.
We test Algorithm 1 on three types of multiobjective programming problems.
e The first type (Type 1) corresponds to the case where all functions f; and £}, for (i, j) €
11 x Jp, are continuously differentiable with Lipschitz-continuous gradients, i.e. I =
Jr=0;
e The second type (Type 2) corresponds to the case where the functions f;, and &;, for
(i, j) € I, X J», are DC functions, i.e. I = J; = 0. In this case, the functions f;, and hj, are
defined as follows: fi(x) = f(x) — f?(x) and &;(x) = h}- (x) — h?(x), for (i,]) € b x Jp;
e The third type (Type 3) corresponds to the case where the functions f;, and h, for (i, j) €
I x Jp, are continuously differentiable with Lipschitz-continuous gradients, while those
for (i, j) € I, x J, are DC functions. In this case, the functions f;, and A, for (i, j) €
L x Jp, are given by: fi(x) = £l (x) — f(x) and h;(x) = h}- (x)— h?(x), for (i, j) € b x Ja.

6.1. Problem statement. We apply our algorithm to problem (P), where the vector-valued
function f is specified through the component functions f;, fori=1,...,m:

filx) = %xTPix—f—aiTx—f—bi, forie I,
and
fix)=5x"Plx+alpx+b], forieh, =12
The feasible set X is given by
X={xeC|hj(x)<0, jeJ},

where
C={xeR"|0<x;<10,i=1,...,n},
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and the constraint functions /; are defined by
1T T .
hj(x) = 3x Cjx+a; x+ B, for j € Jy,

and

h?(x) = %xTC§x—i— Ochéx—i—ﬁf, forjeJ, £=1,2.

The data P, a; and b; for i € I, and Pi"), a; ¢ and bf forie I, with ¢ =1,2. C;, aj and ; for
j€Ji,and Cf, o ¢ and Bf for j € J, with £ = 1,2 are constructed as follows:

e the matrices Pf fori €, and ¢ = 1,2 (resp. P, for i € 1), are defined by Pf = LiTELi,E
(resp. P, := LiTLi), where L; ¢ (resp. L;) are 1 X n matrices with components uniformly
drawn from [—1,1];

e cach element of the vectors a; ¢ for i € I and £ = 1,2 (resp. a; for i € I1), is uniformly
drawn from [0, 10]. Similarly, the components of the vectors bf forichand ¢ =1,2,
are uniformly drawn from [0, 1];

e the elements b; for i € I}, are uniformly drawn from [80, 100];

e the matrices Cf for j € Jr and £ = 1,2 (resp. C; for j € Jy), are defined by Cf = NjTij’g
(resp. Cj:= N].TN i), where N; ¢ (resp. N;) are 1 X n matrices with components uniformly
drawn from [—1,1];

e cach element of the vectors «; | for j € J, (resp. ; for j € J1), is uniformly drawn from
[—1,0]. The elements «; > for j € J> are uniformly drawn from [0, 1];

e the elements 3 J-l for j € J, (resp. Bj for j € J;), are uniformly drawn from [—1,0]. The
elements ﬁjz for j € J, are uniformly drawn from [0, 1].

For Type 3, we define the same data, except that the vectors a; ¢ and ; are constructed as
follows:

e the vectors g; ¢ for i € I, and £ = 1,2, is uniformly drawn from [1,10]. The elements f3;
for j € J; are uniformly drawn from [0, 1].

6.2. Algorithm implementation and numerical results. Recall that Algorithm 1 involves
solving the following approximating problem associated with (P):

inf {%(x) = max %(x,xk)}

xeC

st. (x5 <0, jel,

where %;(x,x) and J%(x,x*) are defined in Examples 3.2 and 3.3 respectively for Type 1 and
Type 2 problems.

Algorithm 1 was implemented in MATLAB and tested on randomly generated problems,
using ten random starting points x° € [0,1]" for each problem. We report the minimum and
maximum values of the objective components of the solution obtained by the algorithm, as well
as the value of the function /, the number of iterations, and the total execution time in seconds.
These quantities are denoted by fuin, fmax, /1, #lter, and Time, respectively, in the following
tables.

The stopping criterion for our algorithm is |24 (x**1)] < 1.e —6.
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TABLE 1. Type 1 problems with n = 50, m; = 10 and p; = 20.

Y foin foar heo #lter Time
1 8273 9647 1.18¢-12 15 1.00
2 8398 96.57 1.53e-12 76 2.15
3 8291 9723 1.69e-12 27 1.43
4 8355 96.74 5.38e-13 48 1.90
5 8325 97.05 -2.29-14 56 2.02
6 83.68 96.60 8.44e-07 29 1.31
7 84.15 9647 4.45e-13 29 142
8 82.80 9643 3.89¢-13 40 2.18
9 8331 96.77 4.74e-12 10 1.18
10 84.04 97.02 9.39e-07 21 1.46

TABLE 2. Type 2 problems with n = 50, m; = 10 and p, = 20.
Smin Smax hoo #lter Time

>
=

1 -2398.60 -482.19 1.79e-08 6 8.47
2 -241440 -4034 2.52e-08 10 0.39
3 -1890.90 -424.11 2.58e-08 7  0.50
4 -2605.60 -441.22 1.75e-08 19 27.48
5 -233530 -392.61 7.60e-08 11 13.22
6 -2458.00 -402.34 -9.21e-09 10 12.58
7 -1810.60 -419.45 1.60e-08 7  0.28
8 -2438.70 -548.62 2.17e-08 13  8.32
9 -2069.40 -477.53 130e-08 8  4.16

10 -1791.10 -359.88 1.42e-08 12 0.46

TABLE 3. Type 3 problems with n = 50, m; = my = 10 and p; = p, = 20.
U Fin finax hoo #lter Time
-50.75 199.06 6.42e-12 68 9.86
-43.60 187.24 12le-12 44 3.64
-42.10 190.21 4.74e-07 41 22.16
-51.45 19691 2.66e-14 84  6.51
-37.07 199.6 7.20e-11 118 12.30
-31.69 179.52 2.55e-08 90 9.66
-36.60 187.14 3.37e-12 31 6.84
-41.19 206.55 -1.24e-06 64 3.82
-33.43 194.28 -6.38e-12 182 15.12
-38.46 197.78 6.03e-09 110 33.58

=

O 0 1O Lt A~ W IN =

[um—
o
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6.3. Comments on the numerical results. With the results of the tests realized for these three
types of problems, and reported in Tables 1 to 3, we can note that:

— In Table 1, since our data satisfy the conditions of Theorem 4.2, namely the pseudocon-
vexity of the objective functions and the quasiconvexity of the constraints, the points
obtained are weak Pareto minima of the generated problem.

— Changing the starting point x° affects the solution and allows us to obtain different
solutions;

— The number of iterations and the total execution time required to reach the solutions are
quite reasonable;

— By examining the column of /.., we observe that the solutions found lie on the boundary
of the feasible set.

7. CONCLUSION

In this paper, we have developed necessary and sufficient optimality conditions for con-
strained multiobjective optimization problems (MOP) of the KKT-type. Based on the improve-
ment function, which transforms the original problem into a scalar optimization constrained
program, and the approximation of each function defining our problem by a simpler one, we
successfully developed an efficient algorithm to solve a wide range of MOPs, including those
involving convex function, DC functions and continuously differentiable functions with Lips-
chitz gradients. The convergence of the algorithm is analyzed, and we show that every cluster
point of the sequence generated by the algorithm satisfies KKT-type necessary optimality con-
ditions expressed in terms of directional derivatives. Numerical tests showed good performance
of the algorithm for different types of problems.
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