J. Appl. Numer. Optim. 8 (2026), No. 2, pp. 157-179
Available online at http://jano.biemdas.com
https://doi.org/10.23952/jano.8.2026.2.01
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Abstract. The numerical method presented in this paper combines a mini-batch stochastic gradient
method with a simple quasi-Newton method, and it can be used for solving large-scale finite-sum min-
imization problems. As a consequence of the fact that this particular quasi-Newton method is designed
to operate with a simplified matrix class, it is well-suited to implementation on GPUs, thereby enabling
its use in the context of deep learning. The number of iterations performed per mini-batch is not merely
one, but rather a relatively small number. This quasi-Newton method is examined in detail with regard to
the question of superlinear convergence. Moreover, convergence results are provided for the expectation
of the distance between the iteration points and the solution of the optimization problem throughout the
entire procedure. Even without convexity assumptions, we can show a result regarding the decrease of
the objective function values. Finally, the results of numerical tests with a very large number of variables
demonstrate the performance of the new algorithm. This method has great potential for applications in
deep learning.
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1. INTRODUCTION

Quasi-Newton methods represent a powerful tool for the solution of nonlinear unconstrained
optimization problems. In general, these methods have a superlinear rate of convergence under
appropriate assumptions. However, for finite-sum minimization problems in deep learning with
a very large number of variables and a very high number of data instances in the complete
dataset, quasi-Newton methods are not the first choice because matrix-vector multiplications
cannot be handled effectively on GPUs, which are the workhorses in AI computing. On the other
hand, the class of stochastic gradient methods is the preferred choice in deep learning due to
its effective use of GPUs, despite the high number of iterations and relatively slow convergence
rate.

The aim of this paper is to combine the advantages of both approaches in a single method-
ology. The primary methodology employed is a mini-batch stochastic approach. The use of
a mini-batch stochastic method allows for the reduction of gradient noise by selecting an ap-
propriate mini-batch size that is not too small. Given the increased mathematical complexity
of the objective function of the resulting subproblem, a finite number of iteration steps of a
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quasi-Newton method are employed to approximate a solution of this subproblem. However, a
standard quasi-Newton method is not employed; instead, a special simple variant is utilized for
which computations on GPUs make sense. This special quasi-Newton method only works with
a simple approximation of the Hessian of the objective function at the solution point, whereby
the entries of the iterated matrices are assumed to be equal outside of the diagonal. The struc-
ture of the second partial derivatives of the objective function is of paramount importance for
the computation of a new iteration point through the use of straightforward formulas.

Although quasi-Newton methods do not necessitate the utilization of a step size, the method-
ology presented herein permits the incorporation of step sizes, thereby facilitating a more adapt-
able approach to the influence of gradient noise. In particular, gradient noise represents a signif-
icant contributing factor to the poor convergence properties observed in conventional stochastic
gradient methods.

In the research literature, there are papers on various quasi-Newton approaches around the
proposed method. Zhao, Lai, and Lim [1] proposed a stochastic Steffensen method that com-
bines a mini-batch method with a Steffensen method [2] (compare also [3]) that achieves a high
convergence rate only with first order information, and a Barzilai-Borwein procedure [4] whose
step size is based on a certain quasi-Newton equation. And Becker, Fadili, and Ochs [5, Alg.
7] also gave a quasi-Newton approach with a Barzilai-Borwein [4] step size rule. However, our
paper does not use a Barzilai-Borwein step size rule but rather employs their approach with
respect to the quasi-Newton equation.

Another algorithm combining a quasi-Newton method with a stochastic mini-batch procedure
was published by Griffin, Jahani, Taka¢, Yektamaram, and Zhou [6]. They use a trust region
framework together with a quasi-Newton method embedded in a mini-batch scheme. In contrast
to our approach, this paper works with a special quasi-Newton update formula, which requires
some computational effort.

An interesting recent overview of stochastic quasi-Newton methods was given by Guo, Liu,
and Han [7]. The focus is on BFGS-based methods in a stochastic setting. But our way tries
to get away from time-consuming matrix updates. The authors point out [7, p. 254] that the
convergence rate of quasi-Newton methods in a stochastic setting is generally sublinear. This
is due to noisy gradient estimations. Therefore, the reduction of gradient noise is an important
task.

An overview of noise reduction methods was given by Bottou, Curtis, and Nocedal [8, Section
5], as part of a very comprehensive overview of methods for large-scale machine learning. They
discuss three classes of noise reduction methods, namely dynamic sampling methods, gradient
aggregation methods, and iterate averaging methods. All three classes have their own merits.
Dynamic sampling methods reduce gradient noise by increasing the size of the mini-batch.
Gradient aggregation methods store gradient estimates, work with an update rule, and use a
weighted average of these estimates as an iteration direction. Iterate averaging methods use an
average of iteration points calculated during the optimization process.

Increasing the size of the mini-batches during the iteration process automatically reduces the
stochasticity of the method. Since a quasi-Newton method generally has better convergence
properties than a gradient method, an increase in the mini-batch size certainly makes sense,
even if we have to expect a higher computational effort. In our paper, we work with a fixed but
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not too small mini-batch size, which can be chosen in a way that the numerical effort is not too
high.

Further investigations on a combination of quasi-Newton methods and stochastic gradient
methods can be found in the papers [9-14]. For specific applications, see also [15-17], and for
further research in border areas we refer to [18-22].

This paper is organized as follows: Preliminaries are summarized in Section 2. The algorithm
and the derivation of the formulas used are presented in Section 3. Convergence results are the
topic of Section 4. The superlinear convergence of the quasi-Newton method used for the
subproblems is characterized, and convergence results are given for the complete algorithmic
approach. The last section is devoted to numerical results using two illustrative examples.

2. PRELIMINARIES

Throughout this paper we work in R" space with normally high dimension n € N. Our
standard assumption is as follows.

Assumption 2.1. For some p € N, let the functions fi,...,f, : R" — R be given, and let f:
R" — R with

12
flx):=— Z fi(x) for all x € R"
P =
denote the objective function of the following optimization problem.

Here p plays the role of the dataset size, i.e. p is the number of all data instances within the
entire dataset. In general, p is expected to be very large. Under Assumption 2.1, we consider
the nonlinear unconstrained optimization problem

min f(x), (2.1)

which is a finite-sum minimization problem. For a very high dimension n and a very large
dataset (with p instances), this challenging optimization problem is hard to solve.

For an arbitrary pair of vectors a,b € R”, we write a' b for their scalar product and we write
ab" for their dyadic product, i.e.

a1b1 a1b2 albn
a2b1 a2b2 cee azb
ab' = ] . "
apby apby -+ apby
For arbitrary real numbers Ay, ..., A,, the notation diag(A,,...,A,) is used for the diagonal ma-
trix with the diagonal elements A;,. .., A,.
In general, we work with the Euclidean norm ||-||, as a special norm in R”, and || - ||| denotes

the spectral norm of a square matrix. The term 1 means a square matrix with entries 1.

3. THE ALGORITHM

Before presenting the proposed algorithm, we need to clarify the background of the formulas
used, which avoid the time-consuming calculation of an inverse matrix.
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Proposition 3.1. Let u € R" and a € R be arbitrary parameters, and let x,y € R" be arbitrarily

chosen where x has nonzero components. For every Ay,..., A, € R\{0} with
(diag(A1,. .., )+ auu’ )x =y (3.1)
and
14 o diag(Ar, ..., A4,) 'u#0, (3.2)
it holds
. -1 : _ u u u up\ T
(diag(Ar, ..., An) + oure™) ' = diag(Ay, ..., Ay) l_ﬁ(fiﬂ </T1/T> (3.3)
with
o
B= L ooen W
I+a}l, 7

Proof. Let u € R" and o € R be arbitrary parameters, and let x,y € R" be arbitrarily chosen
where x has nonzero components. If A;,...,4, € R\{0} solve the equality (3.1), then

diag(A1, ..., Ay)x =y — o' x

implying
1
M= — (e — oy u'x) forall k € {1,...,n}.
Xk
Thus, Ai,...,A, are uniquely defined. To calculate the inverse on the left side of the equation

(3.3), we use the known Sherman-Morrison formula, and then we get with the abbreviation
A:=diag(A,..., A)
o
S ltauTA
=B

(A+au™) ™ = A7 Al TAL (3.4)

With

n u2
WAy = Z —k
k:l;Lk

we conclude

In addition, we can write

o
-
5

>
-

Al AT = Do (uryun)

1 | \ Un .1
0 0

Consequently, equation (3.3) follows from equation (3.4). U
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Note that assumption (3.2) is easily satisfied if parameter & € R is chosen to be sufficiently
close to zero. Or the components of the vector u € R" are chosen to be sufficiently close to zero.

Early work on matrices of the form diag(Ay,...,4,) + un! (.e., with @ = 1 in (3.1)) can
already be found in [23] under the name “diagonal4+rank-1”. Matrices of the form “identity
minus rank one” were examined in [24]. And matrices of the form “diagonal + rank-1" were
also studied in [5].

Remark 3.1. Under appropriate assumptions, the previous proposition with the equation (3.3)
gives a simple formula for calculating the inverse of the symmetric matrix

M+ Ocu% ... Oujuy
diag(A1,. .., Ay) + ouu’ = : : . (3.5)
oQu,u; ... A+ Otu%

Note that the dyadic product is a matrix of rank 1 only. Nevertheless, the matrix in equation
(3.5) can be used as a simplified Hessian matrix in a quasi-Newton method.

A simplification of the formula (3.3) can be obtained for the special case u = (1,...,1)T.

Corollary 3.1. Let the assumptions of Proposition 3.1 be fulfilled for u = (1,. .., 1)T. Then we

conclude
—1 L . E . B
M+o ... a AT i
: z - s (3.6)
B 1 _ B
a . Mt a — E
with
o
pi=—-——.
I+ayi 1
Proof. For the special case u = (1,...,1)T, we get the dyadic product
1 1
T
<u1 un>(u1 un)T_ “ '
I\ : : ,
A,na,l oo A_}%
and equality (3.6) follows from equality (3.3). O

The advantage of equality (3.6) is that one can compute the inverse in a very simple way.
This is crucial for improved gradient methods in deep learning.

Remark 3.2. For an iteration index j € N, let y/~!,y/ € R”" be two iteration points of a gradient
method and let the assumptions of Corollary 3.1 be satisfied for some parameter o« € R. If
we set x :=y/ —y/~land y := Vf(y/) — Vf(y/~!) (where f : R" — R denotes any objective
function of a minimization problem), the equality (3.1) can be written as

M+ta ... o
: : O =y =Vi) = Vi.
a o Mt a
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This equality is a quasi-Newton equation, and from this we immediately get

of : of i
" ,;—;i(yf)—,;—fk(y’ H—n
_ 1

forall ke {1,...,n}

e
with
ni=a) -y )
k=1
The 24 can be easily calculated even for very large n € N. Next, a quasi-Newton direction @/

can be computed using the formula (3.6). So with the equality (3.6) we obtain
~1

Mto ... (04
o= - : Vi)
o A+a
1 _ B __B
AvooA? M A .
= - : : Vi)
_B 1_B
2'n;{fl A‘n ﬂ,,%

Its k-th component can then simply be written as
9 3 .
—5L0)+8

d =
k )Lk

forallk e {1,...,n}

with

af 1
5= B z”: E(y] )
= M
Finally, the next iteration point can simply be given as y/*! := y/ +d/. Note that no complicated
matrix-vector products need to be computed to determine the iteration direction d/, which is

essential for computation on GPUs.

The formulas in the previous remark are now used to formulate a new mini-batch stochastic
quasi-Newton method, where we replace the objective function f with the objective function
used in the current mini-batch iteration. That is,

A

f(x):= fg,(x) == l—l) Z fi(x) for all x € R",

kEB;

where b € {1,..., p} denotes the size of the current mini-batch, and the index set B; :C {1,...,p}
(where i is the iteration index of the mini-batches) is sampled uniformly among index sets of
size b.

Algorithm 3.1. (mini-batch stochastic quasi-Newton method)

1 Input: functions f,..., f, : R" — R, starting vector 10 eR?,

2 uniform mini-batch size b € {1,..., p}, quasi-Newton parameter @ € R,

3 maximal number of iterations imax > 1,

4 maximal iteration number j; > 1 per i-th mini-batch (i€ {0, ..., imax — 1}),
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5 uniform step size ¥; > 0 per i-th mini-batch (i € {0, ... imax — 1}).
6
710:=0 % 1initialization of index i
9 B;:C{l,...,p} % sampled uniformly among sets of size b
10 j:=0 % initialization of index j
11 yWi=x % 1nitialization of iteration point
12 while j < j;—1do % computations with a fixed mini-batch
13 if j=0 then
14 = — Z V() (=-Vi507)) % iteration direction
keB
15 else
n
o n=aY 0]
k=1
17 fork=1:1:ndo
e, o N OfB i
T 0 =07 =
18 ).,k — 8xk axk —
y i y &
19 end for
s; (i
o T y )
20 0:= Z o
I+ay; /1 =1
21 fork=1:1:ndo
af i |
i T )+ N
22 d;, = 7 % components of the iteration direction
k
23 end for
24 end if
25 Y= yi 4 yd % new iteration point
26 ji=j+1
27 end while
28 Kt = yiit] % new iteration point of the outer loop
29 =i+l
30 end while
31

32 Qutput: X x2,

Remark 3.3. (explanation of Algorithm 3.1)

(a) The so-called quasi-Newton parameter & in line 2 describes the parameter used in the
quasi-Newton approximation

M+o ... o

o . Mta
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of the Hessian matrix. If we choose & := 0, we get 1 = 6 = 0. In this special case the
iteration direction d” in line 22 reduces to that of Algorithm 6.3 in [25]. In this sense,
Algorithm 3.1 extends the quasi-Newton variant in [25, Alg. 6.3].

(b) With a chosen mini-batch in line 9, we do not perform only one iteration step, but a
series of iteration steps - maximally j; steps. This improves the convergence property
of this method within a given mini-batch.

(c) The computations in lines 16, 18, 20, and 22 can be done simply - no complicated
matrix-vector multiplications are required. These formulas are evaluated in Corollary
3.1 and Remark 3.2.

(d) Note that a step size (or learning rate) is used to calculate a new iteration point in line
25. This is necessary for the convergence of the stochastic method (reduction of the
influence of gradient noise) under appropriate assumptions. See Corollary 4.2 for results
with special step sizes.

(e) When implementing the algorithm, ensure that no divisions by zero occur.

The method in Algorithm 3.1 is motivated by a special quasi-Newton approach. However,
the following remark provides an additional motivation.

Remark 3.4. (further motivation of the inner loop of Algorithm 3.1)

If we choose the special quasi-Newton parameter o = 0, then the iteration direction d’ (line 22
of Algorithm 3.1) is simply the negative gradient —V f3,(y/) where each component is multi-
plied by a number %k (with k € {1,...,n}). Rather than selecting a single step size, we now have
a step size for each component of the negative gradient. This approach opens up much better
possibilities, particularly when the optimization problem has a very large number of variables
(compare [25, Alg. 6.3] for a batch gradient method).

Recall that Barzilai and Borwein [4] provided two formulas for a single step size based on a
quasi-Newton equation. However, we work with multiple step sizes that are also derived from
a quasi-Newton equation. Therefore, Algorithm 3.1 is an extension of the Barzilai-Borwein
approach.

Note that we are not limited to selecting o = 0. This suggests that the quasi-Newton parameter
may have an additional value for this method.

In general, it is not guaranteed that the iteration direction d/ computed in line 22 of algorithm
3.1 is actually a descent direction. To implement this algorithm, the following algorithmic
snippet can be added between lines 24 and 25.

Algorithmic snippet 3.2. (extension to Algorithm 3.1)

=
1 . .
24.1 if ( — V (v’ d’ > 0 th
i (bkg'; Ji(y )) > 0 then
242 dl = —d’ % modified iteration direction
24.3 end if

Remark 3.5. The inequality in line 24.1 of the algorithmic snippet 3.2 says that the computed
iteration direction d” is an ascent direction for the mini-batch subproblem. To get a descent
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direction, the sign is changed in line 24.2 for this direction. This extension to Algorithm 3.1
can be useful for highly nonlinear problems.

4. CONVERGENCE RESULTS

For convergence investigations we distinguish between the inner while loop iteration and the
outer while loop iteration in Algorithm 3.1. For the inner while loop iteration starting in line 12
of Algorithm 3.1, we assume that a mini-batch is fixed, and we begin with these investigations.

4.1. Superlinear Convergence for a Fixed Mini-Batch.
First, we recall some known notions and results.

Definition 4.1 (compare [26, Def. 7.1, (b)]). A sequence (y/) jen in R" is called to converge su-
perlinearly to some y € R" iff there exists some sequence (&;) jen of non-negative real numbers
converging to zero with

Jj+1

/T =32 < &y’ — 7|2 for all j € N.

Superlinear convergence is sometimes also called Q-superlinear convergence. Using the
little-o notation, superlinear convergence of a sequence (y/) jen to some y means
Jj+1

1/ =72 = o(|[y/ —7|2) for all j € N.

Next, we consider a fixed mini-batch given by an index set B; C {1,...,p} for a batch size
b e {l,...,p}. For this mini-batch, the objective function fp, : R” — R is defined by

1
(x) =~ x) for all x € R”".
fi3) =, T i) forallx &
Theorem 4.1 ([27, Thm. 2.2], [28, Thm. 5.6], and [26, Korollar 7.9]). Let the objective function
/B : R" = R be twice continuously differentiable, let (H;)jcn be a sequence of regular (n,n)
matrices, let Y0 € R be a starting point and let a sequence (y/) jen be given by the iteration
Sformular

¥ =yl — H Y fi,(07) for all j € NU{0} @D

with limit j € R", where y/ # 3 for all j € N, and regular Hessian matrix V> fB,(9). Then the
following statements are equivalent:

(a) The sequence (y’) jen converges superlinearly to y and V fp,(7) = 0,.
(5) (V2 f5,37) = H) G = 3) 2 = o([[y/*! = y7]|2).
() (V2 f,(7) —Hp) 07 =) 2 = o3+ = ]2).

This result was originally given by Dennis and Moré [27] and extended to the infinite dimen-
sional case by Gruver and Sachs [28]. The formulation of Theorem 4.1 is taken from Geiger
and Kanzow [26].

Now we apply Theorem 4.1 to a fixed mini-batch part of Algorithm 3.1.

Corollary 4.1. Consider Algorithm 3.1 with starting point x° € R" and fixed parameters b €
{1,...,p}, @ € R and uniform step size ¥; := 1. Let B; be an arbitrary mini-batch, let Y0 be
the starting point for this mini-batch and assume that infinitly many iterations per mini-batch
B; are possible, i.e. j; := oo. Let the objective function fp, : R" — R be twice continuously
differentiable, let a sequence (y’) jeN be generated by Algorithm 3.1. Let this sequence converge
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to some 5 € R™ with y/ # 3 for all j € N. Assume there are nonnegative real numbers 81,5, ...

with lim 8; = 0 so that for the spectral norm || - ||| either the inequality
Joee

192 o, (57) — diag (] ... A]) — a1]] < §; (42)
or the inequality |
V2 f3,(5) — diag(A{, ..., A]) — a1 < §; (4.3)

is fulfilled. Here the numbers 7Llj yeen ,QL,{ are the numbers determined in line 18 of Algorithm
3.1 at iteration j, and 1 denotes the (n,n) matrix with entries 1. Then the sequence (y/)jen
convergences superlinearly to y and V fg.(y) = 0,,.

Proof. Let Y € R" be the starting point for the mini-batch B;, and let (y/) jeN be an infinite
sequence generated by Algorithm 3.1 with limit y € R”". In this algorithm we work with the
iteration formula

yt = Y4 g d/ (seeline 25 in Alg. 3.1)
>~
=y — (diag(A{,..., A0) + al)_1VfBl.(yj) for all j € NU{0}
(see Remark 3.2 and line 22 and the lines before in Alg. 3.1).
This iteration formula is of the form of the one given in (4.1) for
H;l = (diag(llj,...,l,{) —l—OCI)_1 forall j € NU{0}.
If the inequality (4.2) is satisfied, then we get
1(V2 f3,(77) = Hp) 0" =) |12
< V21,07 = Hll 1y =¥z
= IV f5, (/) - diag(A],....Af) — et || [+ =]z
< Gl =yl
= o([y/" =»/2) forall j € NU{0}.
With the same arguments as before we conclude under the assumption (4.3)
(V2 f3,(7) = H) (' = y7)ll2 < o(|ly/ ! = y/|l2) for all j € NU{0}.
Thus, by Theorem 4.1, for the two assumptions (4.2) or (4.3), the infinite sequence (yj ) jeN
converges superlinearly to y and V f,(7) = 0,. O

Remark 4.1.

(a) The assumption (4.3) in Corollary 4.1 requires that the Hessian of the objective function
has a special structure at the limit y. Here, Hessians with equal entries outside the diago-
nal or, as a special case, a diagonal Hessian matrix (as in [25, Alg. 6.3]) are preferred. A
Hessian with an arbitrarily symmetric structure would require a standard quasi-Newton
method with the disadvantage of drastically high computation times on GPUs.

(b) In Corollary 4.1 the step size is set to one, i.e. we actually do not need a step size for this
quasi-Newton method. It is pointed out in [26, Aufgabe 7.4] (see also [27, Cor. 2.3])
that in the case of a general step size, parts (b) and (c) of Theorem 4.1 must be extended
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by the requirement that these step sizes converge to 1 (and not to 0). A step size is used
in Algorithm 3.1 because it is crucial for a mini-batch method.

(c) In practice, we do not consider infinitly many iteration points as in Corollary 4.1 but
only a limited number of iterations for the mini-batch subproblem.

4.2. Convergence Analysis of the Outer Loop.
For convergence estimates of Algorithm 3.1, one must consider the entire algorithmic approach.
It certainly makes sense to do several iterations per mini-batch, such as j; iterations in Algorithm
3.1. The essential iteration points of this method are xb X2, xhma starting from 1. Below are
convergence investigations for these iteration points.

But first we list some known definitions and properties. Recall that a function f : R” — R is
called pt-strongly convex for some u > 0 iff for all x,y € R"” we have

A(1=A4) )
B eyl £ (A (1= 2)y) < Af(3) + (1= )f(0) forall & € 0,1

(for instance, compare [25, Def. 1.25]). Note that every continuous and t-strongly convex
function f : R” — R (with p > 0) has a unique minimal point (see, for example, [29, Lemma
2.13]). And for every differentiable and u-strongly convex function f : R" — R (with u > 0) it
holds

)= £+ V@)= + Sy =] forall x,y € R” @4

(see [29, Lemma 2.14]).

While the iteration points in the inner while loop of Algorithm 3.1 are obtained determin-
istically, the investigation of the iteration sequence in the outer while loop of this method re-
quires a stochastic approach. For an arbitrary iteration index i € {0,...,imax}, an index set
B;:C {l,...,p} is chosen that is uniformly sampled among index sets of size b. Then we use
the definition fp, : R" — R with

1 n
fa,(x) := Ek;fk(x) for all x € R

and we obtain

1
V fp,(x) := ; Y Vfi(x) forall x € R
keB;

for differentiable functions f; with k € B;. Such a mini-batch is sampled with probability ﬁ
b

and the expectation of the mini-batch gradient can be written as
1

Ep (Vi (x)) = A Y Vfi(x) forallx € R",
b/ keB;

which is equal to V f(x) (see [29, Def. 6.2]). If the optimization problem (2.1) has a unique
minimal solution X € R", then the so-called mini-batch gradient noise is defined by

o) = Vb(VfBi (X))

where Vj,(V fp,(¥)) denotes the variance of the mini-batch gradient at the minimal solution X
(see [29, Def. 6.3]). For the treatment of gradient noise, we recall another important notion.
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The objective function f is said to be Ly-smooth in expectation (for some L; > 0) iff

1

Z—LbEb(HVfBi(y) ~Vf5(0)3) < FO) = f(x) = V()" (y—x) forall x,y € R"

(compare [29, Definition 6.4]). For convergence proofs, the following variance transfer lemma
plays an important role.

Lemma 4.1 (Lemma 6.7 by Garrigos and Gower [29]). Let Assumption 2.1 be satisfied, let
the assumed setting of this subsection be given, and let every function fi (withk € {1,...,p})
be differentiable, convex and Li-smooth, i.e. V f; is Lipschitz continuous with constant Ly > 0.
Then there is some Ly, > 0 so that

Ep(|V 5, (x)|13) < 4Ly(f(x) — f(X)) + 26}, for all x € R".

The following theorem extends a result of Garrigos and Gower [29, Thm. 6.11] to the case of
a mini-batch method with several quasi-Newton steps within each mini-batch.

Theorem 4.2. Consider the optimization problem (2.1) under Assumption 2.1. Let every func-
tion fi (withk € {1,...,p}) be differentiable, convex and Ly-smooth (for some L > 0), and let
the objective function f be W-strongly convex for some WL > 0. Let ¥ € R" denote the unique
minimal solution of the optimization problem (2.1). Let (x');c (1,..imax) D€ @ Sequence generated
by Algorithm 3.1 with starting point x° € R" and step size y; with

c
2med

The constant Ly, > 0 results from Lemma 4.1, and the constants c, m, and d are given as follows.
Let there exist some ¢,d > 0 such that for all i € {0, ... iyax}, the inequalities

0<% <

foralli€{0,... ipa—1}.

' Ji . , .
(=0T Y H WV (3) > e —5) TV f,(x) (4.5)
j=0

with Hj := diag(l{,...,l,{)+a1f0ralljE {0,...,ji} and

Ji . .
Y IV /5,073 < ||V £, ()13 (4.6)
=0
are satisfied. Further, assume for the spectral norm || - ||| that there is some m > 0 such that for
each mini-batch
IH; |* < mfor all j €10, ji}. (4.7)
Then we get for all i € {0,... ipa— 1}
Ep(|x*! = %3) < (1 = eun) Ep(|x' — £[3) + 2md ¥ 5y (4.8)

Proof. Since the objective function f is continuous and u-strongly convex, it is well-known that
the optimization problem (2.1) has a unique minimal solution ¥ € R” (see [29, Lemma 2.13]).
For an arbitrary i € {0,...,imax — 1} we then get

=g = xS

= | =32 — )T (! —x) + | — X3 (4.9)
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With the assumption (4.5) the term (x' — %) (x'*! — x') in (4.9) can be written as

K=—)T =) = =—x)T7 de

= —%(xi—f)TZHlefB,»(yj)
j=0
< —ey(d =) TV £ (x). (4.10)

By the assumptions (4.7) and (4.6) we get for the last term in (4.9)
i+1 (12 J 1 NIE
l l —
e R D Y A 2 COL N
Jj=0
Ji _
< B Y NH PV 5073
=

< mYZZIIVfB G

< mdyZHVfB 3. 4.11)

Thus the equation (4.9) together with the inequalities (4.10) and (4.11) implies

=53 < =3 - 20— X) TV, () +md ||V f, () 3.
With this inequality we can provide an upper bound for the conditional expectation Ej(||x'*! —
%||3 | x) and we get
Ep(| =3l [x) < o = 5l13 — 2en% (' —0) T Ep(Vf (x') | X))
+mdy; Ep(|V f5, ()3 | 2). (4.12)

Since Vf5,(x') is an unbiased estimator of Vf(x') and f is p-strongly convex (we use the in-
equality (4.4)), the inequality (4.12) leads to

Ep(J™! =33 ) < W —xlF-2en (& =0)'VFE)
>f () —f (R)+5 2 —%]3
+mdy; Ep(||V fi, ()3 | )

< (1—cup)ll¥ — 5B - 2en(F(x) - £(9))
+md 2 Ep((|V f5,() 3 | £). (4.13)

By Lemma 4.1 we obtain the following upper bound for the conditional expectation on the right
side of the inequality (4.13)

Ep(|[V/5,()3|2) < ALy(f(x') — f(X)) +26p.
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This upper bound is now used in the inequality (4.13), i.e.
Ep(|x! =x(3 [ %) < (1—cup) o =23 —2e5(f () — £(¥)
+ALmd} (f(x') — £(%)) +2md} &,
= (1 —cuy)|l' =3+ 2%2LymdY, — ) (f(x') — (%))
L2md R 5. (4.14)

By assumption we have ¥ < m, i.e. 2Lymdy; — ¢ < 0, and since f(x') > f(x), we conclude
from the inequality (4.14)

Ep(|X! =xl3 %) < (1—cpp)|x' — 53 +2mdy; 6.

If we consider the expectation of the conditional expectation, then by the law of total expectation
we obtain

Ep(|x! =x(3) < (1—cpn) Ep(|lx' —xlI3) +2md ¥ 65,
and the inequality (4.8) is shown. U

The inequality (4.8) in Theorem 4.1 suggests that the influence of gradient noise can be
reduced by working with small step sizes ¥ > 0. The next corollary, which follows the lines of
proof by Bottou, Curties, and Nocedal [8, Thm. 4.7] and extends their result to the mini-batch
variant of this paper, gives a convergence result for a special step size rule.

Corollary 4.2. Consider the optimization problem (2.1), and let the assumptions of Theorem
4.2 be satisfied. In Algorithm 3.1 choose an arbitrary starting point x° # %, where X denotes the
unique minimal solution of the optimization problem (2.1), and the special step sizes

iiforallie{o,...,imax—l}

V= -

for real numbers p,T with p > % (for the constants U, ¢, m, and d see the assumptions in

Theorem 4.2) and T > 1. Then for y := max { zgﬁ)i?b ,T)x% — %13} > 0 we have
) Y . .
Ep(||x' —x[5) < T_—I—ifor alli € {0,. .. imax}- (4.15)

Proof. We show the inequality (4.15) by induction on i. The base case for i = 0 gives

7lx® — %3

Ep(| = %[3) = x* = %13 = ——

<¥
T

For the induction step assume that the inequality (4.15) holds for an arbitrary i € {0, ..., imax —
1}. Then we conclude with the inequality (4.8) in Theorem 4.2 together with the assumptions
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of this corollary

2
12y < _cup i o2y, 2mdpe
B —xB) < (1-205) B 5B + 6
2
< (1_cup.> W. 2md’.) Op
t+i/t4+i (T+i0)?

T+i—1  cup—1  2mdp?5,

OGS

-~

2mdp2 G,

<0 because y> cup=T

T+i—1

cri?

T+i—1
crig—1"
B T+i—1
T rir)ari-n?

|4

T+i+1’
and the proof is complete. 0

IA

IA

Corollary 4.2 shows that there is a decreasing upper bound on the expectation of ||x' — |3
when we use a special step size rule. In this case, we can eliminate the term with the mini-batch
gradient noise in the upper bound of the expectation of the distance between an iteration point
and the minimal solution of the optimization problem. In this way, it makes sense to work with a
sequence of decreasing step sizes. Another way to reduce the effect of noisy gradient estimates
is to gradually increase the mini-batch sizes. In this paper, we work with a constant size b of a
mini-batch to avoid a gradual increase of the computation time per mini-batch. We choose the
mini-batch size b to be as large as possible under the assumption that reasonable computation
times are achieved.

The convexity of the functions fi, ..., f, is an essential assumption in Theorem 4.2 and Corol-
lary 4.2. If this assumption is not given, some adaptations are necessary. The first thing to men-
tion is the assumption of the Lipschitz continuity of the objective function f, which is implied
by the Lipschitz continuity of all functions fi,..., f,. Furthermore, a suitable noise level o > 0
of the gradient estimation is needed (for this term compare [11, inequality (2.2)]). This noise
level is actually an upper bound, and it is used in our assumption (4.18) in the next theorem.
Assumption (4.18) was already given in [11, inequality (2.6)].

The following theorem describes a certain descent property of the objective function value
at each iteration point of Algorithm 3.1 without assuming convexity. The proof is based on the
proofs given in [30, Lemma 2] and [11, Lemma 2.2], and extends them to Algorithm 3.1.

Theorem 4.3. Consider the optimization problem (2.1) under Assumption 2.1. Let every func-
tion fi (withk € {1,..., p}) be differentiable and let the gradient of the objective function f be
Lipschitz continuous with Lipschitz constant L > 0. i.e.

IVf(u) = VfW)|2 <L||lu—v| forall u,v € R".
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Let (x');c (1,.imar} € a sequence generated by Algorithm 3.1 with starting point x¥ € R” and
step size Y; with

c . .
0<yl-§aforallle{o,...,lmax—l};

where the constants ¢ and d are given as follows. Let there exist some c,d > 0 such that for all
i €10,...,inax}, the inequalities

VIE)T Y H 'V f5,(07) > V)TV f,(x) (4.16)
j=0
with H; := diag(A/ ..., A]) + al for all j € {0,...,j;} and
Ji 2 )
| X H7 V00| < dll V()13 (4.17)
j=0

are satisfied. Further assume that there is some noise level ¢ > 0 of the gradient estimation
with

Ey(IV fa () = V()G ) < - (4.18)
Then we get for all i € {0, ... ipa— 1}
Ep(f(x"™ ) < flx )——%II Vi ||z+ 726 (4.19)

Proof. It is well-known (e.g., see [31, Lemma 4]) that Lipschitz continuity of the gradient V f
implies

L
fu) < fO)+VFO) T (u—v)+ §||u—v||% for all u,v € R".
Using inequalities (4.16) and (4.17), we obtain for an arbitrary i € {0,... imax — 1}
f(XHI) < f(xl) +Vf(xl)T(Xl+1 —Xl) + EHxHrl _XZH%
Ji )
= SO = u )T ZH Vs () +5 ZH,-‘IVfB,»(yJ)Hz

< SO = enVI) TV i (6 YzdeVfB I3
From this inequality, we can derive an upper bound of the conditional expectation

Ep(f() &) < fO) = V)T Ep(V f(x) Ixi}+§%~2dEb(l|VfB,~(xi)||§ EY
:vmf)

= &)= cullVFAD I3 +5 szdEb (V5,13 | ) (4.20)




A NEW MINI-BATCH STOCHASTIC QUASI-NEWTON METHOD 173

Next, notice
Ep([[V ()13 | ') | o
= E(|[VF(x) + V() = VI3 ] )
= IVFI3+2E(VF () T (Vi () = VI()) [¥) +EplIIV () — VI (&) 3 | ¥)

=0 because Eb(VfB (xf) | X )=V f(x)

g% by assumption (4.18)
2

< !|Vf(xi)||%+%~ 4.21)

With inequality (4.21), inequality (4.20) can then be written as

B 1) < - (o Snd) uvre) 3+ o
%,_/

> because ¥, <5
; Ld
< H—Zxlv o?
< J0) = SHIVIEIB+ 25 0%,
and the assertion (4.19) is shown. [

As stated in Theorem 4.3, the conditional expectation of the objective function value at a
new iteration point may be smaller than the value at the previous iteration point if the noise
level is nearly zero. For a large noise level, a real decrease in objective function values may be
improbable.

5. NUMERICAL RESULTS

This section focuses on large-scale optimization problems involving between 1 million and
200/400 million variables. The reported results demonstrate the potential benefits for deep
learning. We start with an illustrative example of a scalable optimization problem that may
have a large number of variables.

Example 5.1. For an arbitrary n € N, we consider the unconstrained optimization problem
min f(x) with the objective function f : R” — R given by

xeR”

n

n 2
Z ( X%+X1%_1)+5(ng) ) for all x = (x,...,x,) € R"
/=1

1
=

=)
where the functions f; : R” — R (with k € {1,...,n}) are given by

n 2
filx) = 2(e TP — 1) +5( ng> forall x = (x1,...,x,) € R". 5.1)
(=1

In this particular case we have p := n. The second summand on the right side of the equation
(5.1) is a special quadratic form, which can be written as

5 ...
5(;)%)2:)61— X,
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10 ... 10
and its Hessian matrix equals : ..t |. Since this matrix has equal entries, and by
10 ... 10
neglecting the Hessian of the first summand on the right side of the equality (5.1), it makes
sense to choose the quasi-Newton parameter o := 10 in line 2 of Algorithm 3.1. Next, we
determine the gradient of the functions f;. For k = 1 we have

’8 10 ... 10
VA =821 | . |+ :+ -, ¢ |xforallx=(xi,...,x,) €R",
0 10 ... 10
and for arbitrary k € {2,...,n} we get
x|
0
(5) 10 ... 10
ka(x):4ex%+x1% +1 .. ¢ |xforallx=(xp,...,x,) €R"
Xje
0 10 ... 10
0

where xy, is the k-th component of the first vector on the right side of this equality. These gra-
dients are used in Algorithm 3.1. Since the objective function f is nonnegative and f(0,) =0,
the vector 0y, 1s a global minimal solution of the considered optimization problem and therefore
we have Vf(0,) = 0,. Hence, it makes sense to choose starting points in a neighborhood of
the origin. Another reason for this choice is that outside such a neighborhood of 0, and for a
very large dimension n, the function values of f can increase sharply. Therefore, we choose a
scalable starting point, explicitly given by x* := %(1, ...,1)T (note that for very large n, we
already have f(x°) ~ 50,000).

First, consider this example with the dimension # := 1,000,000. The mini-batch size is chosen
as b :=100,000, the maximal number of iterations per i-th mini-batch is chosen as j; := 10,
and we use a constant step size ¥ := 10~’. The computations are performed with MATLAB
R2024b on an 8-core iMac. The numerical results obtained with Algorithm 3.1 are illustrated in
Figure 1. The iteration point after the fifth iteration is x> := (—4-107!1,7.9999.10~17,7.9999 .
10717,..)7 and the CPU time required is 3.48 seconds. However, only two iterations are
actually needed (see Figure 1).

Next, Table 1 shows numerical results for different dimensions of this example, starting with
the case of one million variables already covered. Unless otherwise noted, the parameters are
chosen as previously specified. Due to high CPU times for n =400,000,000, the method was
stopped after 5 iterations, although convergence was not reached. The algorithmic performance
depends strongly on a good choice of parameters, where the mini-batch size b and the constant
step size ¥ play an important role. Because of the quasi-Newton part of Algorithm 3.1 and its
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FIGURE 1. Semilogarithmic illustration of the function values f(x) and the
norms ||V f(x')||, at the iteration points x' including the starting point (with

i €{0,...,5}) in Example 5.1 for the dimension n = 1,000,000.

number n | mini-batch | constant | max. iter. I i) IVf(xi.)ll2 | CPU time

of variables size b step size %; | No. imax in seconds
1,000,000 100,000 1077 5(1.28-1073 1.6-10710 3.48
10,000,000 | 1,000,000 108 511.28.-107% 1.6-10712 35.33
100,000,000 | 1,000,000 1079 501.28-107% 1.6-10714 363.59
200,000,000 | 1,000,000 | 5-10~10 5 210747 4.10°15 847.38
400,000,000 | 1,000,000 10~10 5 | 3.0233- 102 1.555-106 | 3,612.84

TABLE 1. Numerical results for Algorithm 3.1 in Example 5.1 using MATLAB
R2024b on an 8-core iMac.

good convergence behavior, one can work with relatively large mini-batch sizes in this example,
which seems to be characteristic for this method.

The optimization problem in Example 5.1 fits the theoretical approach of this paper because
the Hessian of the functions f; have almost equal non-diagonal entries. Therefore, we now
discuss an optimization problem for which this property is not given.

Example 5.2. Let the dimension n € N be an arbitrary even number and let p := n. The func-
tions fi : R" — R (with k € {1,...,n}) and the objective function f : R" — R are given as

follows
1 & /52 "y,
flx) = —Z(—Z sinxy - COSXy 1 g +400<Z—> ) (5.2)
nis Nk o =1t )
=fi(x)
for all x = (x,...,x,) € R".

Since the dimension 7 is an even natural number, the term 7 is also a natural number. Obviously
the functions fi,..., f, are non-negative and with a zero 0,. Thus, the origin 0, is a global
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minimal solution of the optimization problem mIiRn f(x) with £(0,) = 0. With the matrix
xXE n

N|— =
Bl= =
SR

S = e

S e
ST
53—

we get

[S—

Tie=xT| : |} (i”)zf Ilx = ( ) R
X Mx=x : — = — ) forall x = (xq,...,x .
KZIE lef ] "

S -

Hence the last term in the equality (5.2) is a quadratic form with the matrix 400M and its
gradient is 800Mx for all x € R". For every k € {1,...,n} we then get

Sinxj cosxj COS2 X,
10 sinxn cosxn cos®xn | nox !
2 2 2 4 .
Vi) = | +s00( Y ) |
ko[ —sin“xascosxsysinxs =t i
n
— sin“ x| COS X, Sinx,

for all x = (x1,...,x,) € R".

Due to the structure of the matrix M, we cannot expect that the Hessian of the functions
f1,-.., f» has equal non-diagonal matrix elements. So it seems to be difficult to choose an
appropriate parameter o € R.

It is obvious that £ := (0,...,0)T is a global minimal solution of the optimization problem
nel]iRn f(x). Therefore, we choose the starting point x? := %(1, ...,1)T, which depends on the
YeRn

dimension n € N. Since the harmonic series } ;7 ; % does not converge, its partial sums Y j_, %
attain large values for high dimensions; hence, the vector (1, ..., I)T must be scaled for use as
a starting vector.

As in Example 5.1, we start with the dimension n :=1,000,000, a mini-batch size b :=
100,000, and a maximal number j; := 10 of iterations per mini-batch. The constant step size
is now chosen as ¥ := 5-10~* and the parameter « is now set to ¢ := 107>, Numerical re-
sults of Algorithm 3.1 obtained with MATLAB R2024b on an 8-core iMac are illustrated in
Figure 2. The CPU time required is 9.59 seconds. Table 2 lists results for different dimensions.
Note that for 200 million variables, the objective function value at the starting point is already
3.8786- 1075, while at the final iteration point the objective function value is 1.2307 - 10~°.

The question now is whether we can get better results for another quasi-Newton parameter
a # 107>, Varying this parameter in the case of a constant dimension 7 := 1,000,000, a constant
mini-batch size b :=100,000, a constant step size % := 5-10~%, and a constant maximal iteration
number im,x 1= 10, we get the results in Table 3. From these results, it is clear that the choice
of the quasi-Newton parameter & does not have much impact on the CPU time in this example.
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FIGURE 2. Semilogarithmic illustration of the function values f(x) and the
norms ||V f(x')||> at the iteration points x' including the starting point (with
i €{0,...,10}) in Example 5.2 for the dimension n = 1,000,000.
number n | mini-batch | constant | max. iter. JACT)| IVf(xi, )|l | CPU time
of variables size b step size % | 1NO. imax in seconds
1,000,000 100,000 5.1074 10 | 3.5967-1075 | 2.6951-10~* 9.59
10,000,000 100,000 5.1074 10 | 4.1737-1077 | 3.6067-1075 90.27
100,000,000 100,000 5.-1074 10 | 4.7495-10° | 4.0846-107° | 1,088.52
200,000,000 100,000 5-107% 10 | 1.2307-1072 | 2.1163-10° | 2,797.76
TABLE 2. Numerical results for Algorithm 3.1 in Example 5.2 using MATLAB
R2024b on an 8-core iMac and a quasi-Newton parameter o = 107,
quasi-Newton S Kia) [Vf(Xip )2 | CPU time
parameter ¢¢ in seconds
1072 | 3.5973-1075 | 3.4673-10~* 9.54
1074 | 3.5974-107° | 3.2453-10~* 9.59
107¢ | 3.5971-107° | 3.0119-10~* 9.41
1078 | 3.6487-107° | 1.4844-10~* 9.55
107191 3.5939.1075 | 1.137-1074 9.52
10712 | 3.5934-107° | 1.1561-10~* 9.39
TABLE 3. Numerical results for Algorithm 3.1 in Example 5.2 for fixed dimen-
sion n :=1,000,000 using MATLAB R2024b on an 8-core iMac with fixed pa-
rameters b :=100,000, v; :=5- 10, and ipax = 10.
A possible explanation could be that the calculation of the numbers Ay,..., A, in Remark 3.2 as
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CONCLUSION

The algorithm of this paper combines a mini-batch method and a new simplified quasi-
Newton method with the advantage that a solution of highly nonlinear unconstrained opti-
mization problems can be approximated in each mini-batch. As a consequence, the size of
the mini-batches used can generally be larger than normal, resulting in reduced gradient noise.
Two examples show that the initial optimization problems can be successfully solved even with
a very large number of variables. At least in a more complex example, it turns out that the cho-
sen quasi-Newton parameter does not seem to have much impact on CPU times. As is common
with stochastic gradient methods, the step sizes chosen for each mini-batch must be carefully
set. A numerical comparison of the presented algorithm with current methods requires further
investigation.
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