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NECESSARY CONDITION OF WEAK NASH EQUILIBRIUM

A.V. ARUTYUNOV*, S.E. ZHUKOVSKIY

V.A. Trapeznikov Institute of Control Sciences of RAS, Moscow, Russia

Abstract. We study a N-person game in normal form. We introduce the concept of weak Nash equilib-
rium. Unlike the Nash equilibrium, a weak equilibrium always exists if only the strategy sets are compact
and the loss functions are continuous. Under the assumption that the sets of pure strategies are defined
by equality constraints, necessary conditions of the weak Nash equilibrium are obtained. The neces-
sary conditions obtained remain informative even in the case when the first derivative of the mappings
defining the constraints degenerates at the point of weak equilibrium.
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1. INTRODUCTION

Let N and n; be given positive integers, and let X; C R’ be given nonempty compact sets,
i = 1,N. We denote the standard inner product in each space R" by (-,-) and the standard
norm by |-|. Put X := X X .... X X, where the symbol x stands for the Cartesian product.
For every i = I,N, we put X_; :=[] j+iXj. We denote the elements of the space X_; by x_; :=
(X1, ey Xi1,Xi+1, -, XN ). For a point x = (x1,...,xy) € X, we use the notation x = (x;,x_;) :=
(X1, ey Xi1,Xi,Xit 1, ---,xn ). The notation (x;,x_;) does not mean that the component x; is moved
to the first place. It remains in its i-th place. In such a notation, this coordinate x; is simply
highlighted. The same notation is used below for other vectors in R™ x ... x RV,

Let 6; : R™ x ... x R"™ — R be given continuous functions, i = 1, N. Consider the N-person
game. In this game, the i-th player choose a strategy x; € X;, i € {1, ..., N}. His purpose is to
minimize the value 6;(x;,x_;), where x_; € X_; is the collection of N — 1 strategies x;, j # i,
choused by other players. A point x* = (x7,...,xx) € X is said to be Nash equilibrium of the
game if 6;(x*) = 6;(x],x* ;) = ){Iél)f(l 0i(x;,x* ;) for all i € {1,...,N}. Define a function V : R x

. xR™ 5 Rby

N
V(xi,...,xn) = Z(Gi(m,...,x[v) — min Gi(yi,x_i)>, (X1 epxy) ERM X o R™, (1.1)

Yi€Xi
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This function was introduced in [1] for the investigation of the Nash equilibrium. It is known
(see, for example, [2]) that function V is continuous, nonnegative, and V(x) = 0 if and only if
the point x € X is Nash equilibrium.

By analogy with the concept of a generalized saddle point (see [3]), the following general-
ization of equilibrium can be introduced. We say that a point x* = (x7,...,xy) € X is a weak
Nash equilibrium if function V attains its minimum at x*. It follows from this definition that,
under the assumptions introduced, a weak Nash equilibrium always exists. At the same time,
Nash equilibrium, as is known, may not exist. If the set of Nash equilibria for a given game is
non-empty, then it coincides with the set of weak equilibria.

We study a N-person game in normal form with the strategy sets X; defined by equality-type
constraints. The main result of the work is necessary conditions of weak Nash equilibrium.
An important feature of this result is that the obtained necessary conditions remain informative
even when the first derivative of the mappings defining the constraints degenerates at a weak
equilibrium point.

2. STATEMENT OF THE PROBLEM AND EXAMPLE

Let us pass to the description of the game under consideration. We are given positive integers
n; and k;, twice continuously differentiable mappings F; = (F; 1, ..., Fi,) : R" — R, nonempty
compact sets X; C R", points x; € intX; satisfying F;(x}) = 0, and continuously differentiable
functions 6; : R x ... x R"™ — R, i = 1,N. Denote x* := (x},...,x}) and

X = {x,-E)_(,-: F,-(x,)zO}, i:m.

The assumptions above imply that X; is nonempty and compact and contains the point x; for
each i = 1,N. Define a function v; : R™ x ... x R"™ — R by

v,-(x) ‘= min Qi(yi,x,l-), = 1,_N (21)
yi€Xi

This function does not explicitly depend on the variable x; and depends on the remaining vari-
ables x_;. It follows from [5, Theorem 10.22] that the minimum function v; is locally Lipschitz
and differentiable in every direction.

Using the introduced notation, we obtain the following identity for the function V defined by
the equality (1.1):

vi(x), (x1,...,xn) € X. (2.2)

'MZ

N
.X,'l, X EZGI X1y

i=1 i=1

As noted above, the function V' is non-negative, Lipschitz, and attains its minimum on the
compact set X. The function V attains its minimum at the point x* if and only if this point is a
weak Nash equilibrium in the game with the loss functions 6; and strategy sets X;, i = 1,N. The
equality V(x*) = 0 holds if and only if the point x* is Nash equilibrium.

In the specific case when N =2 and 0; + 6, = 0, the weak Nash equilibrium coincides with
the generalized saddle point of the function f := 0; (see [3]).

A weak Nash equilibrium is a solution to the following constrained minimization problem:

minimize V(xp,...,xy) overall x= (xp,...,x;)

satisfying  Fi(x;)) =0, x;€X;, i=1,N. (2:3)
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In this case, the mappings F; are smooth, while the function V may not be smooth. Moreover,
at the weak equilibrium point x*, the first derivatives of the constraints % (x7) may degenerate.
Thus the problem is to minimize the function V satisfying the identities (12.2) and (2.1), subject
to the constraints (2.3).

The following example shows the application of necessary optimality conditions from [4] to
problem (2.3), and hence to the weak Nash equilibrium.

Example 2.1. Put
X =X,:={(&,&)eR?: |&| <1, |&]<1}, x*=(x,x5)=(0,0) € R xR2.

Denote the coordinates of the vector x; € X by x1,1 and x; 2. Analogously, for x, € X, we
denote xy = (x2,1,x22). So, vectors x| and x; are two-dimensional, and the vector x = (x1,x7) is
four-dimensional. Let the mappings Fi, F> : R?> — R defining the constraints be quadratic forms
Fi(x1) =x11-x12and Fo(x2) =x2.1 - x2.2, X1,%2 € R2. Then, the admissible set is X = X x X5,
where

Xi = {x1 = (x1,1,x12) €X1: x11-x12 =0},

and
Xy = {xz = (x271,x272) < )_(2 X210 X2 = O}.
Put
fxr,x2) = x1,1-x2,1 + C1(x1) + E2(x2),
and

01(x1,x2) := f(x1,x2), Oa(x1,x2) :=—f(x1,x2), (x1,%2) € R? x R
Here, {; : R> — R and & : R?> — R are given continuously differentiable functions, | satisfies
the assumptions (i) and (ii) below, and &, satisfies the assumptions (i) and (ii) below. Note that
the first term xy 1 - x2 1 in the definition of the function f depends on the first coordinates of both
vectors x| and xp, and therefore “mixes” these vectors.

In this example, we derive necessary conditions for the point x* := (0,0) to be a weak Nash
equilibrium for the game with the loss functions 8; and 6, and the strategy sets X; and X;. Let
the function §; satisfy the following assumptions.

(i): The function &;(+,0) over the segment [—1, 1] attains its maximum at the points —1 and 1
(and possibly at other points of the segment). Denote this maximal value by m;.
(ii): The inequality {;(0,x12) < m; holds for every xj » € [—1,1].
Let the function {; satisfy the following assumptions.
(i'): The function & (x7,1,0) over the segment [—1, 1] attains its maximum at the points —1 and
1 (but possibly at other points of the segment). Denote this maximal value by m,.
(ii'): The inequality {>(0,x22) < my holds for every xp5 € [—1,1].
Let us now compute the function V : R x R? — R which is defined by formula (1.1). Denote

¢1(x1) := max f(x;,x) = max (xu “x2,1 + Cz(xz)) +&1(x1), x1€ R?2
xeX> xpeXH
and
— mi ~ mi : R?.
02 (x2) min f(x1,x2) min (x1,1 214+ 61(x1) + &(x), xe
We have

V(x1,%2) = @1(x1) — ¢2(x2).
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Fix an arbitrary x; € R?. Let us compute the value @ (x1). For every x, € X, either x21=0
or x2» = 0. Consider the first case: x| = 0. Then x; » take all the values in the segment [—1, 1]
by definition of X;,. Thus

max  (x11-x21+C(x2)) = max 0,x22).
xQEXz:sz’l:O( 111+ 6(x2)) xz’ze[fl’l]@(,z,z)

Consider the second case: x5 = 0. Then x,; takes all the values in the segment [—1,1] by

definition of X;. Therefore, the assumption (i') implies that

elmax e+ Gol)) = |+ m.

Therefore,

max (x1,1-x2,1 + $(x2)) = max{\xm | +mp, max Cz(O,xzyz)}.
X €XH X226€ _171]

So, it follows from assumption (ii’) and the obvious inequality |x; ;| > O that

max (x1.1 -x2,1 + &2 (x2)) = |x11]| +ma.
xEX)

Finally, we have @; (x1) = |x1 1| +mg2 + {1 (x1). Fix an arbitrary x; € R?. In a similar way, from
assumptions (i) and (ii), we obtain that —@,(x2) = |x2,1| —m — {2(x2). So, we have

V(xl,xz) = ]xLlH— ]x271]+ Cl(xl) — Cz()cz) +my—m; Vx| € Rz, Xy € R2.

Note that this function is only Lipschitz continuous. It has no partial derivatives at zero with
respect to either the variable x| or the variable x;.

Assume that the point x* = (0,0) is the weak Nash equilibrium (or, equivalently, x* is a
generalized saddle point of the function f on the set X; x X3). Then (0,0) is the point of
minimum of function V under the constraints (x,x;) € X1 xXo,

F1 (xl) = 0, FQ(XQ) =0.

In other words, (0,0) is a solution to the problem (2.3).

The latter is equivalent to the fact that zero is a solution to the problem with an abnormal
constraint

@i(x1) »min, x;€X, Fi(x)=0,
and zero is the solution to the problem with abnormal constraint
—@r(x2) > min, x €X5, F(x)=0.
_ Let us apply [4, Theorem 4.1] to the first of these problems. Fix an arbitrary nonzero vector
& € R? such that
(08,8)=0 and QF #0. (2.4)

= 0 1
0= ( 0! ) |
The part (a) of Theorem 4.1 from [4] implies that ¢, (0, &) >0and ¢, (0, —&) > 0. Here,

By g c01(18) = @1(0)
¢ (0,5) :=liminf »

Here,
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is the lower directional derivative of the function ¢; at zero in the direction é_ The vector
& = (1,0) satisfies condition (2.4). Therefore, directly computing ¢, (0,&) and ¢, (0,—¢&) and
using the inequalities ¢; (0,&) > 0 and ¢; (0,—&) > 0, we obtain

8C1 aCl

0x1 1 9x1 1
Hence, ‘%l -(0) € [-1,1]. Note that & = (0, 1) also satisfies conditions (2.4). Therefore, directly
computmg @, (0,&) and @; (0, —&) and using the inequalities ¢; (0,&) > 0and ¢; (0, &) >0,

we obtain 9C 3¢,
1
>
9x12 o, 20 dxi

l+-—

——(0)>0, 1-—=——(0)>0.

5L 9y > 0.

Hence, ag, ( )=0.
Let us apply Theorem 4.1 from [4] to the second problem. Repeating the above reasoning,
we obtain that
xS 20

8)6271 3)6272
As a result, we obtain the following assertion. If zero is a weak Nash equilibrium in the game
under consideration, then V attains its minimum at zero, and therefore, the functions {; satisfies
the following relations

951 0) ¢

8x1 1

(0) € [=1,1],

(0) =0.

s e &
—1,1], 0, =—=(0)e|-1,1], 0)=0. 2.5
LI Gehe=0, FEE LI, FE ) @5)
If at least one of the relations in (2.5) is violated, then zero is not a weak Nash equilibrium in
this game. But, of course, a weak Nash equilibrium does exist in this example, and it is simply
not zero.

In this example, the constraints in problem (2.3) degenerate at zero, i.e.,

dF P,

Z2100) = ===

3x 1 aX2

Therefore, the first-order necessary conditions (see, for example, [5, Section 10.4]) are not
informative in it. Let us now proceed to the formulation of the general result.

(0) =0.

3. NECESSARY CONDITIONS OF WEAK NASH EQUILIBRIUM

For every i = 1, N, denote by Q;(x* ;) the set of all points of minimum x; € X; of the function
0i(-,x* ;) over the set X;. Let kerA stand for the kernel of a linear mapping A and imA stand for
its image. Assume also that x € intX; for all i.

Assume that x* = (x7, ..., xy ) is a solution to problem (2.3). The classical first-order regularity
conditions for this problem are as follows: The linear mappings 3—2’()@‘), i € 1,N, are surjective.
If these assumptions are violated, then more general second-order regularity conditions can be
used. They consist in the existence of a vector &, that satisfies the relations

JF; 0%F, OF;

ax,( )& =0, W( D&, &l Eker3_x,( x;), (3.1)
IR 0°F; OF; . 1 p—
My )+ G ke DI =RY, =T (3.2)
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In this case, if the first-order condition is satisﬁed for some i, then the corresponding second-
order condition is satisfied with & = 0. Here, 2 Ers B (x)[&,-] is the k; x n; matrix such that its j-th

( PG

Theorem 3.1. Assume that the point x* € int(X| X ... x X)) is a weak Nash equilibrium for the
N-person game. Let the vector & = (&1, ...,En) satisfy equalities (3.1) and (3.2). Then, for this
vector &, the following inequalities hold

N , 26;
min l; —1 l
,-:ZﬂiEQi(x*,i) <a X—i (y ) & >

§i<aa—ii(X*)=5> S—)If e ,)<88x9_ Oni), - l>

=1 Vi€Qi(x",

96, . 96, .
<axl(ylax—1)7€1>zz<8x (yl,Xz, ) N)7§j>
J#1
and the analogous notation is used for other numbersi=72,...,N. If at least one of these inequal-

ities is satisfied as equality, then there exist vectors Ay = (A1 1,...,M ) and Ao = (A2.1, ..., o v),
M, A2 € RN, i =1 N and a vector

ne Z a +8C[(Zvl ) (3.4)

(3.3)

Here,

such that
JdF; —
i5 ;)= ':17 ’ .
2, axi(x,) 0 Vi N (3.5)
and for the vector
OF; 0°F; R
zl=7t1,ia ‘( i)+ /lzza (G ERY, 2= (z1,2n), i=1, (3.6)
i
the equality
N+z=0 (3.7)

takes place. Here, dcy (Zl Vi )) is the generalized gradient (Clarke’s gradient) of the func-

tion Zi:l v; at the point x*, and the multiplication in (3.6) is the multiplication of the rows A, ;
and A, ; by the corresponding matrices.

Note that if & is zero, then condition (3. 3) is satisfied automatically. Note also that by The-
orem 10.13 in [5] we have d¢; (Zl 1vl) - Zl | dc1vi- Therefore, the formula (3.4) of Theorem
3.1 implies that
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Proof. Let x* be a weak Nash equilibrium in the N-player game. Then x* is a solution to
problem (2.3). The definition of the function V implies that x* is a solution to the following
constrained optimization problem

N
Z Gl-(xl, ...,XN) —
i=1

(xl,...,xN)E)_(lx...x)_(N, Fi(xj)=0, i=1,N.
Here, the function v; : R™ x ... x R™ — R is defined by the formula
vi(x) ‘= min Bi(yi,x_i), i= 1,_N

Yi€Aq

M=

vi(x) — min,
i=1

The assumptions of the theorem imply that & = (&, ..., Ey) satisfies relations (3.1) and (3.2).
Therefore, & satisfies the assumption (a) of Theorem 4.1 in [4]. Applying this theorem, in view
of x* €int(X x ... x X) and the first inequality from (4.2) in [4], we have

Z@Z >Zv €

i Vil +18) —vila”)
V) =

Here,

is the lower directional derivative of the function v; at the point x* in the direction &. Applying
Danskin’s formula (see [5, Theorem 10.22]) o lower directional derivative of the minimum
function v; we obtain

8= min (S8, 8 )i

yi€0i(x*;
This equality and the previous inequality imply
Y 96 Al 26;
—(x"),E) — min x50, E ) >0.
PGRE8-F min (SE(x).80)

Thus the first inequality in (3.3) is proved.
The second inequality in Theorem 4.1 in [4] implies that the following relations hold

Y(Gree) - Lnte-

Applying Danskin’s formula (see [5, Theorem 10.22]) again, we compute the lower directional
derivative of the minimum function v; in the direction —&. We obtain

. T 26 .
vi (x*,—&) _y,-erg,-l(g*i)<8x— (i, x2y), 5—z> = y,-eanfi?*i)<8x_ (vi,x2),6- z>
forall i =1,N.
This equality and the previous inequality imply
86 d6;
+ max { — (y;,x";),E; ) >0.
RIS iR ety

Thus the second inequality in (3.3) is also proved.
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Let us prove the second part of the theorem. Assume that at least one of the inequalities
in (3.3) holds as an equality. Then the part (b) of Theorem 4.1 in [4] implies that there exist
vectors Ay = (A1 1, ..., lin), o= (A21,... Ao n), iy Agi € R¥, and a vector 1 € d¢;V (x*) such
that (3.5) takes place and the equality N +z = 0, i.e., (3.7), holds for the vectors z; defined by
the formula (3.6). The function V satisfies identity (2.2). It is known that (see, for example,
[5, Excercise 10.16]) the generalized gradient of the sum of a smooth function and a locally
Lipschitz function equals to the sum of the gradient of the smooth function and generalized
gradient of the locally Lipschitz function. Therefore, identity (2.2) and inclusion 1 € d¢c;V (x*)
imply that

N 06
n € doV(x* Za— +8CI(ZVI )

Therefore, inclusion (3.4) is proved. ]
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