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Abstract. This paper focuses on optimality conditions/duality theorems for ε-quasi solutions of non-
smooth minimax programming problems involving inequality and equality constraints. The main results
obtained in this paper are the extensions of the results in Chuong and Kim [Ann. Oper. Res. 251 (2017),
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1. INTRODUCTION

Let X denote the Asplund space (i.e., the Banach spaces whose separable subspaces have
separable duals), and let Ω be a nonempty locally closed subset of X . Let K := {1, . . . ,m}, I :=
{1, . . . ,n}∪ /0 and J := {1, . . . , l}∪ /0 be index sets. In what follows, Ω is always assumed to be
SNC at the point under consideration. This assumption is automatically fulfilled when X is a
finite dimensional space.

In this paper, we consider the following minimax programming problem involving inequality
and equality constraints

(MP) min
x∈C

max
k∈K

fk(x),

where

C := {x ∈Ω | gi(x)≤ 0, i ∈ I,h j(x) = 0, j ∈ J},

and the functions fk : X→R,k ∈ K,gi : X→R, i ∈ I and h j : X→R, j ∈ J are locally Lipschitz
functions. Suppose that f := ( f1, . . . , fm),g := (g1, . . . ,gn),h := (h1, . . . ,hl).

Firstly, we introduce the concept of ε-quasi solutions for problem (MP) as follows.

Definition 1.1. (See [1, 2, 3]) Let ε ≥ 0 and ϕ(x) := maxk∈K fk(x),x ∈ X . A point x̄ ∈C is said
to be an ε-quasi solution to problem (MP) if ϕ(x)+ ε||x− x̄|| ≥ ϕ(x̄) for all x ∈C.
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Since the data of mathematical models of practical problems are obtained by measuring de-
vices or statistical records, the models are also approximations, and hence their exact solutions
are in fact also approximate solutions to the practical problems. Moreover, in numerical meth-
ods, we always have to find approximate solutions which converge to exact ones. Therefore,
the study of approximate solutions for optimization problems is significant from both the the-
oretical aspect and computational applications. Among many other interesting research for
approximate efficient solutions, optimality conditions and duality for approximate efficient so-
lutions of multiobjective optimization problems were considered numerously by researchers;
see, e.g., [4]-[20] and the references therein.

The minimax problem arises in decision-making, optimization, and game theory contexts,
and minimax programming problems have attracted the attention of mathematicians in recent
years. Optimality conditions/duality theorems/sensitivity analysis for minimax programming
problems were investigated in [21]-[33] and the references therein. Recently, Bae et al. [1]
obtained optimality conditions and duality for approximate efficient solutions of minimax pro-
gramming problems with inequality constraints. Chuong and Kim [34] studied optimality con-
ditions/duality theorems for efficient solutions of minimax programming problems involving
inequality and equality constraints. To the best of our knowledge, there have been no papers
studying the optimality conditions and dualilty for ε-quasi solutions of nonsmooth minimax
programming problems involving inequality and equality constraints.

In this paper, we provide some new results on optimality conditions/duality theorems for ε-
quasi solutions of nonsmooth minimax programming problems involving inequality and equal-
ity constraints. The rest of the paper is organized as follows. Section 1 and 2 present introduc-
tion, notations, and preliminaries. In Section 3, we investigate optimality conditions for ε-quasi
solutions of nonsmooth minimax programming problems involving inequality and equality con-
straints. In Section 4, we investigate the Wolfe type dual problems/the Mond–Weir type dual
problems. In Section 5, we provide applications to the nonsmooth multiobjective optimiza-
tion problems involving inequality and equality constraints. Finally, conclusions are given in
Section 6.

2. PRELIMINARIES

Let us recall some concepts and calculus rules from Variational Analysis in [35]. Throughout
the paper, all spaces under consideration are assumed to be Asplund (i.e., Banach spaces whose
separable subspaces have separable duals). The canonical pairing between space X and its
topological dual one X∗ (equipped with the weak∗ topology w∗) is denoted by 〈·, ·〉, while the
symbol || · || stands for the norm in the considered space. The symbol BX stands for the closed
unit ball in space X . The closed unit ball in the dual space X∗ is denoted by BX∗ .The topological
closure and the topological interior of a set Θ ⊂ X are denoted by clΘ and intΘ. As usual, the
polar cone of Θ is the set Θ◦ := {x∗ ∈ X∗ | 〈x∗,x〉 ≤ 0,∀x ∈Θ} . Besides, the nonnegative (resp.,
nonpositive) orthant cone of Euclidean space Rn is denoted by Rn

+ = {(x1, . . . ,xn) | xi ≥ 0, i =
1, . . . ,n} (resp., Rn

−) for n ∈ N := {1,2, . . .}, while intRn
+ is used to indicate the topological

interior of Rn
+.

Given a set-valued map F : X ⇒ X∗ between X and its dual X∗, we denote by

Limsup
x→x

F(x) := {x∗ ∈ X | ∃ sequence xk→ x̄ and x∗k
w∗−→ x∗ with x∗k ∈ F(xk),∀k ∈ N}
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the sequential Painlevé-Kuratowski upper/outer limit of F as x→ x̄. Here the notation w∗−→
indicates the convergence in the weak∗ topology of X∗.

A set Θ⊂ X is called closed around x̄ ∈Θ if there is a neighborhood U of x̄ such that Θ∩clU
is closed. We say that Θ is locally closed if Θ is closed around x for every x ∈Θ.

Let Θ⊂ X be closed around x̄ ∈Θ. The Fréchet/regular normal cone to Θ at x̄ is defined by

N̂(x̄;Θ) :=

x∗ ∈ X∗ | limsup
x

Θ−→x̄

〈x∗,x− x̄〉
‖ x− x̄ ‖

≤ 0

 ,

where x Θ−→ x̄ means that x→ x̄ with x ∈Θ. If x̄ /∈Θ, we put N̂(x̄;Θ) := /0.
The Mordukhovich/limiting normal cone N(x̄;Θ) to Θ at x̄∈Θ⊂X is obtained from Fréchet/regular

normal cones by taking the sequential Painlevé Kuratowski upper limit as

N(x̄;Θ) := Limsup
x

Θ−→x̄

N̂(x;Θ).

If x̄ /∈Θ, we put N(x̄;Θ) := /0. Specially, if Θ is convex set and x̄ ∈Θ, then

N(x̄;Θ) = {x∗ ∈ X∗ | 〈x∗,x− x̄〉 ≤ 0,∀x ∈Θ}.
Let f : X → R̄ := [−∞,+∞] be an extended real-valued function. The domain and epigraph

of f are given by
dom f := {x ∈ X | | f (x)|<+∞},

epi f := {(x,µ) ∈ X×R | µ ≥ f (x)}.
Let f : X → R̄ be finite at x̄ ∈ dom f , then the Mordukhovich/limiting subdifferential of f at

x̄ is defined by
∂ f (x) := {x∗ ∈ X∗ | (x∗,−1) ∈ N ((x̄, f (x̄)); epi f )}

and
∂̂ f (x) :=

{
x∗ ∈ X∗ | (x∗,−1) ∈ N̂ ((x̄, f (x̄)); epi f )

}
.

If | f (x̄)|=+∞, then one puts ∂ f (x̄) = ∂̂ f (x̄) := /0.
A function f : X → R̄ is said to be convex if, for all x,y ∈ X and all λ ∈ (0,1),

f (λx+(1−λ )y)6 λ f (x)+(1−λ ) f (y).

If f is a convex function and x̄ ∈ X , then

∂ f (x̄) = ∂̂ f (x) = {x∗ ∈ X∗ | f (x)− f (x̄)≥ 〈x∗,x− x̄〉 ,∀x ∈ X}.
Let f : X → R̄ be finite at x̄ ∈ dom f , then f is lower semi-continuous at x̄ ∈ X if lim inf

x→x̄
f (x)≥

f (x̄). Given Θ⊂ X , consider the indicator function δ (·;Θ) defined by

δ (x;Θ) :=
{

0, if x ∈Θ,
+∞, otherwise.

Furthermore, we have a relation between the Mordukhovich/limiting normal cone and the Mor-
dukhovich/limiting subdifferential of the indicator function as follows

N(x̄;Θ) = ∂δ (x̄;Θ),∀x̄ ∈Θ.

We say that f is locally Lipschitz at x̄ ∈ X if there exist a positive constant L > 0 and a
neighbourhood U of x̄ such that | f (x1)− f (x2)| ≤ L||x1− x2|| for all x1,x2 ∈U.
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Lemma 2.1. (See [35], Proposition 1.114) Let ψ : X→ R̄ be finite at x̄. If x̄ is a local minimizer
of ψ then 0 ∈ ∂ψ(x̄).

Lemma 2.2. (See [35], Therorem 3.36) Suppose that ψk : X → R̄,k = 1, . . . ,m (with m ≥ 2)
are lower semi-continuous around x̄ ∈ X and let all but one of these functions be Lipschitz
continuous around x̄. Then ∂ (ψ1 + · · ·+ψm)(x̄)⊂ ∂ψ1(x̄)+ · · ·+∂ψm(x̄).

A set Θ⊂ X is sequentially normally compact (SNC) at x̄ ∈Θ if, for any sequences

xk
Θ−→ x̄ and x∗k

w∗−→ 0 with x∗k ∈ N̂(xk;Θ),

||x∗k || → 0 as k→+∞. Obviously, this SNC property is automatically satisfied in finite dimen-
sional spaces.

A function ϕ : X → R is said to be sequentially normally compact (SNC) at x̄ ∈ X if gphϕ

is SNC at (x̄,ϕ(x̄)). According to ([35], Corollary 1.69(i)), ϕ is SNC at x̄ ∈ X if it is Lipschitz
continuous around x̄.

Lemma 2.3. (See [35], Corollary 3.5) Let Θ1,Θ2 ⊂ X be such that x̄ ∈ Θ1 ∩Θ2 and that at
least one of {Θ1,Θ2} is SNC at this point. If the normal qualification condition N(x̄;Θ1)∩
(−N(x̄;Θ2)) = {0} is satisfied, then N(x̄;Θ1∩Θ2)⊂ N(x̄;Θ1)+N(x̄;Θ2).

3. OPTIMALITY CONDITIONS

In this section, we provide necessary and sufficient optimality conditions for ε-quasi solutions
of nonsmooth minimax programming problems involving inequality and equality constraints.

For x̄ ∈Ω, we put

I(x̄) := {i ∈ I | gi(x̄) = 0}, J(x̄) := { j ∈ J | h j(x̄) = 0}.

Next, we recall the constraint qualification for problem (MP)which is due to the conditions
in Chuong and Kim ([34]) as follows.

Definition 3.1. We say that condition (CQ) is satisfied at x̄ ∈Ω if there do not exist µi ≥ 0, i ∈
I(x̄) and γ j ≥ 0, j ∈ J(x̄) such that ∑

i∈I(x̄)
µi + ∑

j∈J(x̄)
γ j 6= 0 and

0 ∈ ∑
i∈I(x̄)

µi∂gi(x̄)+ ∑
j∈J(x̄)

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω).

Now, we propose a necessary optimality condition for an ε-quasi solution of problem (MP)
under the condition (CQ).

Theorem 3.1. Let x̄ ∈ C be an ε-quasi solution to problem (MP). Suppose that the condition
(CQ) at x̄ holds. Then, there exist α := (α1, . . . ,αm)∈Rm

+ with ∑k∈K αk = 1, µ := (µ1, . . . ,µn)∈
Rn
+ and γ := (γ1, . . . ,γl) ∈ Rl

+ such that

0 ∈ ∑
k∈K

αk∂ fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+ εBX∗+N(x̄;Ω),

αk

[
fk(x̄)−max

k∈K
fk(x̄)

]
= 0,k ∈ K,

µigi(x̄) = 0, i ∈ I.

(3.1)
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Proof. Let x̄∈C be an ε-quasi solution ti problem (MP). Then x̄ is a minimizer of minx∈C{ϕ(x)+
ε||x− x̄||}, with ϕ(x) := maxk∈K fk(x). It follows easily that x̄ is a minimizer of the following
unconstrained scalar optimization problem

min
x∈X
{ϕ(x)+ ε||x− x̄||+δ (x;C)}.

We deduce from Lemma 2.1 that

0 ∈ ∂ (ϕ + ε||x− x̄||+δ (·;C))(x̄). (3.2)

Since function ϕ and and function || ·−x̄|| are Lipschitz continuous around x̄ and the function
δ (·;C) is lower semi-continuous around x̄, we deduce from ∂δ (x̄;C) =N(x̄;C),∂ (|| ·−x̄||)(x) =
BX∗ , Lemma 2.2 and (3.2) that

0 ∈ ∂ϕ(x̄)+ εBX∗+N(x̄;C). (3.3)

According to Theorem 3.46(ii) (see [35] page 305-306), we have

∂ϕ(x̄) = ∂

(
max
k∈K

fk(·)
)
(x̄)

⊂
{

∑
k∈K(x̄)

αk∂ fk(x̄) | αk ≥ 0,k ∈ K(x̄), ∑
k∈K(x̄)

αk = 1
}
,

(3.4)

where K(x̄) :=
{

k ∈ K | fk(x̄) = max
k∈K

fk(x̄)
}
6= /0.

On the other hand, by letting Ω̃ := {x ∈ X | gi(x) ≤ 0, i ∈ I,h j(x̄) = 0, j ∈ J}, we have,
C = Ω̃∩Ω. The condition (CQ) being fulfilled at x̄ entails that there do not exist µi ≥ 0, i ∈ I(x̄)
and γ j ≥ 0, j ∈ J(x̄) = J such that ∑

i∈I(x̄)
µi + ∑

j∈J
γ j 6= 0 and

0 ∈ ∑
i∈I(x̄)

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
.

Therefore, by Corollary 4.36 (Mordukhovich, [35]), one has

N(x̄;Ω̃)⊂
{

∑
i∈I(x̄)

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
| µi ≥ 0, i ∈ I(x̄),

γ j ≥ 0, j ∈ J
}
.

(3.5)

Since condition (CQ) is satisfied at x̄, it follows from Corollary 3.37 (Mordukhovich, [35]) that

N(x̄;C) = N(x̄;Ω̃∩Ω)⊂ N(x̄;Ω̃)+N(x̄;Ω). (3.6)

This yields from (3.5)-(3.6) that

N(x̄;C)⊂
{

∑
i∈I(x̄)

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
| µi ≥ 0, i ∈ I(x̄),

γ j ≥ 0, j ∈ J
}
+N(x̄;Ω).

(3.7)
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From (3.3), (3.4), and (3.7), we have

0 ∈
{

∑
k∈K(x̄)

αk∂ fk(x̄) | αk ≥ 0,k ∈ K(x̄), ∑
k∈K(x̄)

αk = 1
}
+ εBX∗+{

∑
i∈I(x̄)

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
| µi ≥ 0, i ∈ I(x̄),γ j ≥ 0, j ∈ J

}
+N(x̄;Ω),

(3.8)

where K(x̄) :=
{

k ∈ K | fk(x̄) = maxk∈K fk(x̄)
}
6= /0. Now, we put αk := 0 for k ∈ K\K(x̄),

µi := 0 for i ∈ I\I(x̄). From (3.8), we can conclude that there exist α := (α1, . . . ,αm) ∈ Rm
+

with ∑
k∈K

αk = 1,µ := (µ1, . . . ,µn) ∈ Rn
+ and γ := (γ1, . . . ,γl) ∈ Rl

+ such that

0 ∈ ∑
k∈K

αk∂ fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω)+ εBX∗,

αk

[
fk(x̄)−max

k∈K
fk(x̄)

]
= 0,k ∈ K,

µigi(x̄) = 0, i ∈ I.

The proof is complete. �

Remark 3.1. In Theorem 3.1, if we only consider inequality constraints, then we have [1,
Theorem 3.1]. Besides, if ε = 0, then we obtain [34, Theorem 3.3].

The following example illustrates the conditions given in Theorem 3.1.

Example 3.1. Let f :R→R2 be defined by f (x)= ( f1(x), f2(x)) with f1(x)= f2(x)=−
1
4
|x|,x∈

R, and let g,h : R→R be given by g(x) =−x2,h(x) = x2+x,x∈R. We consider problem (MP)
with K = {1,2}, I = J = {1} and Ω =R. By simple computation, one has C = {0,1}. Now, we
take x̄ = 0 ∈C,ε = 1. Then, it is easy to show that x̄ is an ε-quasi solution to problem (MP).
Indeed, we have

max
k∈K

fk(x)+ ε||x− x̄||=−1
4
|x|+ |x| ≥ 0 = max

k∈K
fk(x̄),∀x ∈C.

On the other hand, take BX∗ = [−1,1], x̄ = 0,ε = 1,α = (α1,α2) ∈ R2
+ with α1 +α2 = 1

and µi = 1, i ∈ I,γ j = 1, j ∈ J, we have N(x̄;Ω) = N(x̄;R) = {0} and ∂ fk(x̄) =
{
− 1

4
,
1
4

}
,k ∈

K,∂g(x̄) = {1},∂h(x̄) = {1},∂ (−h)(x̄) = {−1}. It is easy to see that

0 ∈
{
− 1

4
,
1
4

}
+{0}+{−1,1}+{0}+[−1,1]

= ∑
k∈K

αk∂ fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω)+ εBX∗ ,

αk

[
fk(x̄)−max

k∈K
fk(x̄)

]
= 0,k ∈ K,

µigi(x̄) = 0, i ∈ I.
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It is easy to see that the condition (CQ) is satisfied at x̄ = 0. Indeed, there do not exist µi = 1≥
0, i ∈ I(x̄) = {1} and γ j = 1≥ 0, j ∈ J(x̄) = {1} such that ∑

i∈I(x̄)
µi + ∑

j∈J(x̄)
γ j = 2 6= 0 and

0 ∈ {0}+{−1,1}+{0}= ∑
i∈I(x̄)

µi∂gi(x̄)+ ∑
j∈J(x̄)

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω).

Hence the condition (CQ) is satisfied at x̄ = 0.

Remark 3.2. However, Example 3.1 does not satisfy conditions in [1, Theorem 3.1]. The
reason is that the condition (CQ) in [1, Theorem 3.1] is not satisfied at x̄ = 0. Indeed, one has

0 ∈ {0}+{0}= ∑
i∈I(x̄)

µi∂gi(x̄)+N(x̄;Ω),

for µi = 1≥ 0, i ∈ I(x̄) = {1}. Hence condition (CQ) is not satisfied at x̄ = 0.
On the other hand, Example 3.1 also does not satisfy the conditions in [34, Theorem 3.1]. It

is easy to show that x̄ = 0 ∈C is not a solution to the problem (MP) in [34, Theorem 3.1]. In
order to see this, let us take x̂ = 1 ∈C,

max
k∈K

fk(x̂) =−
1
4
|x̂|=−1

4
< 0 = max

k∈K
fk(x̄).

It is easy to imply that x̄ = 0 ∈C is not satisfies condition

0 ∈ ∑
k∈K

αk∂ fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω).

Indeed, taking x̄= 0,α = (α1,α2)∈R2
+ with α1+α2 = 1 and µi = 1, i∈ I,γ j = 1, j ∈ J, we have

N(x̄;Ω)=N(x̄;R)= {0} and ∂ fk(x̄)=
{
− 1

4
,
1
4

}
,k∈K,∂g(x̄)= {1},∂h(x̄)= {1},∂ (−h)(x̄)=

{−1}. It is easy to see that

0 /∈
{
− 1

4
,
1
4

}
+{0}+{−1,1}+{0}

= ∑
k∈K

αk∂ fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω).

The following definition is inspired by the Definition 3.5 in [34].

Definition 3.2. We say that ( f ,g,h) is generalized L-invex-infine on Ω at x̄ ∈ Ω if, for any
x ∈Ω, u∗k ∈ ∂ fk(x̄),k ∈ K and x∗i ∈ ∂gi(x̄), i ∈ I and y∗j ∈ ∂h j(x̄)∪∂ (−h j)(x̄), j ∈ J, there exists
v ∈ N(x̄;Ω)◦ such that

fk(x)− fk(x̄)≥ 〈u∗k ,v〉 ,k ∈ K,

gi(x)−gi(x̄)≥ 〈x∗i ,v〉 , i ∈ I,

h j(x)−h j(x̄) = w j
〈
y∗j ,v

〉
, j ∈ J,

where w j = 1 (respectively, w j =−1), where y∗j ∈ ∂h j(x̄) (respectively, y∗j ∈ ∂ (−h j)(x̄)), and

〈b∗,v〉 ≤ ||x− x̄||,∀b∗ ∈ BX∗ .

Theorem 3.2. Assume that x̄ ∈ C satisfies condition (3.1). If ( f ,g,h) is generalized L-invex-
infine on Ω at x̄, then x̄ is an ε-quasi solution to problem (MP).
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Proof. Let ϕ(x) := maxk∈K fk(x) for x ∈ X . Since x̄ ∈ C satisfies condition (3.1), there exist
αk ≥ 0,k ∈ K with ∑k∈K αk = 1,µi ≥ 0, i ∈ I and γ j ≥ 0, j ∈ J and u∗k ∈ ∂ fk(x̄),k ∈ K,x∗i ∈
∂gi(x̄), i ∈ I and y∗j ∈ ∂h j(x̄)∪ (−h j)(x̄), j ∈ J, as well as b∗ ∈ BX∗ such that

−

[
∑
k∈K

αku∗k +∑
i∈I

µix∗i + ∑
j∈J

γ jy∗j + εb∗
]
∈ N(x̄;Ω), (3.9)

αk

[
fk(x̄)−max

k∈K
fk(x̄)

]
= 0,k ∈ K, (3.10)

µigi(x̄) = 0, i ∈ I.

Suppose on contrary that x̄ ∈C is not an ε-quasi solution to problem (MP). It then follows that
there exists x̂ ∈C such that

ϕ(x̂)+ ε||x̂− x̄||< ϕ(x̄). (3.11)

By the definition of polar cones and the generalized L-invex-infine property of ( f ,g,h) on Ω at
x̄, we deduce from (3.9) that, for such x̂ ∈Ω, there exists v ∈ N(x̄;Ω)◦ such that

0 ≤ ∑
k∈K

αk 〈u∗k ,v〉+∑
i∈I

µi 〈x∗i ,v〉+ ∑
j∈J

γ j
〈
y∗j ,v

〉
+ ε 〈b∗,v〉

≤ ∑
k∈K

αk [ fk(x̂)− fk(x̄)]+∑
i∈I

µi [gi(x̂)−gi(x̄)]+ ∑
j∈J

1
ω j

γ j
[
h j(x̂)−h j(x̄)

]
+ ε||x̂− x̄||,

where ω j ∈ {−1,1}. Hence,

∑
k∈K

αk [ fk(x̂)− fk(x̄)]+∑
i∈I

µi [gi(x̂)−gi(x̄)]+ ∑
j∈J

σ j
[
h j(x̂)−h j(x̄)

]
+ ε||x̂− x̄|| ≥ 0, (3.12)

where σ j :=
γ j

ω j
∈R, j ∈ J. Note that µigi(x̄) = 0,µigi(x̂)≤ 0, i∈ I and h j(x̄) = 0,h j(x̂) = 0, j ∈

J. Thus

∑
i∈I

µi [gi(x̂)−gi(x̄)]+ ∑
j∈J

σ j
[
h j(x̂)−h j(x̄)

]
≤ 0. (3.13)

It follows from (3.12) and (3.13) that ∑k∈K αk [ fk(x̂)− fk(x̄)]+ε||x̂− x̄|| ≥ 0. Besides, by (3.10),
it implies that

∑
k∈K

αkϕ(x̄) = ∑
k∈K

αk fk(x̄)

≤ ∑
k∈K

αk fk(x̂)+ ε||x̂− x̄||

≤ ∑
k∈K

αk max
k∈K

fk(x̂)+ ε||x̂− x̄||

= ∑
k∈K

αkϕ(x̂)+ ε||x̂− x̄||.

In view of α := (α1, . . . ,αm) ∈ Rm
+ with ∑k∈K αk = 1, one has ϕ(x̂)+ ε||x̂− x̄|| ≥ ϕ(x̄), which

contradicts (3.11). Therefore, x̄ is an ε-quasi efficient solution to problem (MP). �

Remark 3.3. In Theorem 3.2, if we only consider inequality constraints, then we [1, Theorem
3.2 ]. Besides, if ε = 0, then we obtain [34, Theorem 3.6].

Now, we present an example to show the importance of the generalized L-invex-infine prop-
erty in Theorem 3.2.
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Example 3.2. Let f : R→ R2 be defined by f (x) = ( f1(x), f2(x)) with

f1(x) = f2(x) =

{
x2 cos

1
x
, if x 6= 0,

0, if x = 0,

and let g,h : R→ R be given by g(x) = x−1,h(x) = 0 for all x ∈ R. We consider the problem
(MP) with K = {1,2}, I = J = {1} and Ω = R. By simple computation, one has

C := {x ∈Ω | gi(x)≤ 0, i ∈ I,h j(x) = 0, j ∈ J}= (−∞,1].

By choosing x̄ = 0 ∈ C,µi = 0, i ∈ I,ε =
1

4π
,BX∗ = [−1,1], it is easy to see that N(x̄;Ω) =

N(x̄;R) = {0}, ∂ f1(x̄) = f2(x̄) = [−1,1], and ∂g(x̄) = {1},∂h(x̄) = {0},∂ (−h)(x̄) = {0},α =
(α1,α2) ∈ R2

+ with α1 +α2 = 1. Therefore, we have

0 ∈ [−1,1]+{0}+{0}+
[
− 1

4π
,

1
4π

]
= ∑

k∈K
αk∂ fk(x̄)+∑

i∈I
µi∂gi(x̄)+ ∑

j∈J
γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω)+ εBX∗ ,

αk

[
fk(x̄)−max

k∈K
fk(x̄)

]
= 0,k ∈ K,

µigi(x̄) = 0, i ∈ I.

Hence, condition

0 ∈ ∑
k∈K

αk∂ fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω)+ εBX∗,

αk

[
fk(x̄)−max

k∈K
fk(x̄)

]
= 0,k ∈ K,

µigi(x̄) = 0, i ∈ I

holds. However x̄ = 0 is not an ε-quasi solution to problem (MP). Indeed, we can choose

x =
1

3π
∈C. Clearly,

max
k∈K

fk(x)+ ε||x− x̄||=− 1
9π2 +

1
12π2 < 0 = max

k∈K
fk(x̄).

The reason is that f is ( f ,g,h) is not generalized L-invex-infine on Ω at x̄ = 0. Indeed, take

x̂=
1
π
∈Ω,u∗k = 0∈ ∂ fk(x̄)= [−1,1],k∈K. Then, it is easy to see that N(x̄;Ω)◦=N(x̄;R)◦=R

and

fk(x̂)− fk(x̄) =−
1
π
< 0 = 〈u∗k ,v〉 ,∀v ∈ N(ȳ;Ω)◦,k ∈ K.

4. DUALITY THEOREMS

4.1. Wolfe type duality. In this section, we consider the dual problem of the problem (MP) in
the Wolfe type.

For x ∈ X , := (αk),αk ≥ 0,k ∈ K,µ := (µi),µi ≥ 0, i ∈ I,γ := (γ j),γ j ≥ 0, j ∈ J and f :=
( fk),k ∈ K,gi := (gi), i ∈ I,h := (h j), j ∈ J, Ω is a nonempty locally closed subset of X . Let

L(x,α,µ,γ) := ϕ(x)+∑
i∈I

µigi(x)+ ∑
j∈J

γ jh j(x),
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where ϕ(x) = maxk∈K fk(x). For ε ≥ 0, we consider the Wolfe type dual problem (WMD) with
respect to the primal problem (MP) as follows:

(WMD)



max L(y,α,µ,γ)
s.t. 0 ∈ ∑

k∈K
αk∂ fk(y)+∑

i∈I
µi∂gi(y)+ ∑

j∈J
γ j
[
∂h j(y)∪∂ (−h j)(y)

]
+N(y;Ω)+ εBX∗,
αk ( fk(y)−ϕ(y)) = 0,k ∈ K,

∑
j∈J

γ jhi(y)−∑
j∈J

σ jh j(y)≤ 0,∀σ := (σ1, . . . ,σl) ∈ S(0, ||γ||) ,

y ∈Ω,α := (α1, . . . ,αm) ∈ Rm
+, ∑

k∈K
αk = 1,

µ := (µ1, . . . ,µn) ∈ Rn
+,γ := (γ1, . . . ,γl) ∈ Rl

+,

where S(0, ||γ||) :=
{

σ := (σ1, . . . ,σl) ∈ Rl | ||σ ||= ||γ||
}

.
The feasible set of problem (WMD) is defined by

CWMD :=
{
(y,α,µ,γ) ∈Ω×Rm

+×Rn
+×Rl

+ | 0 ∈ ∑
k∈K

αk∂ fk(y)

+∑
i∈I

µi∂gi(y)+ ∑
j∈J

γ j
[
∂h j(y)∪∂ (−h j)(y)

]
+N(y;Ω)+ εBX∗,

αk ( fk(y)−ϕ(y)) = 0,k ∈ K, ∑
k∈K

αk = 1,

∑
j∈J

γ jh j(y)−∑
j∈J

σ jh j(y)≤ 0,∀σ := (σ1, . . . ,σl) ∈ S(0, ||γ||)
}
,

where S(0, ||γ||) :=
{

σ := (σ1, . . . ,σl) ∈ Rl | ||σ ||= ||γ||
}

.

Definition 4.1. Let ε ≥ 0. A point (ȳ, ᾱ, µ̄, γ̄) ∈ CWMD is said to be an ε-quasi solution to
problem (WMD) if

L(ȳ, ᾱ, µ̄, γ̄)+ ε||(ȳ, ᾱ, µ̄, γ̄)− (y,α,µ,γ)|| ≥ L(y,α,µ,γ),∀(y,α,µ,γ) ∈CWMD.

Theorem 4.1. (ε-quasi weak duality) Suppose that x ∈C and (y,α,µ,γ) ∈CWMD. If ( f ,g,h)
is generalized L−invex–infine on Ω at y, then ϕ(x)+ ε||x− y|| ≥ L(y,α,µ,γ), where ϕ(x) =
max
k∈K

fk(x).

Proof. Since (y,α,µ,γ) ∈ CWMD, there exist α := (αk)k∈K,αk ≥ 0 with ∑k∈K αk = 1,u∗k ∈
∂ fk(y),k ∈ K,µ := (µi)i∈I,µi ≥ 0,x∗i ∈ ∂gi(y), i ∈ I and γ := (γ j) j∈J,γ j ≥ 0,y∗j ∈ ∂h j(y)∪
∂ (−h j)(y), as well as b∗ ∈ BX∗ such that

−

(
∑
k∈K

αku∗k +∑
i∈I

µix∗i + ∑
j∈J

γ jy∗j + εb∗
)
∈ N(y;Ω), (4.1)

αk ( fk(y)−ϕ(y)) = 0,k ∈ K, (4.2)

and

∑
j∈J

γ jh j(y)−∑
j∈J

σ jh j(y)≤ 0 for all σ ∈ Rl with ||σ ||= ||γ||. (4.3)
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By the definition of polar cones, the generalized L-invex-infine property of ( f ,g,h) on Ω at y,
and (4.1), for such x ∈C, there exists v ∈ N(y;Ω)◦ such that

0 ≤ ∑
k∈K

αk 〈u∗k ,v〉+∑
i∈I

µi 〈x∗i ,v〉+∑
i∈I

γ j
〈
y∗j ,v

〉
+ ε 〈b∗,v〉

≤ ∑
k∈K

αk [ fk(x)− fk(y)]+∑
i∈I

µi [gi(x)−gi(y)]+ ∑
j∈J

1
ω j

γ j
[
h j(x)−h j(y)

]
+ ε||x− y||,

where ω j ∈ {−1,1}, j ∈ J. Thus

∑
k∈K

αk [ fk(x)− fk(y)]+∑
i∈I

µi [gi(x)−gi(y)]+ ∑
j∈J

σ j
[
h j(x)−h j(y)

]
+ ε||x− y|| ≥ 0, (4.4)

where σ j := γ j
ω j
∈R, j ∈ J. From x∈C, it is obvious that ∑i∈I µigi(x)≤ 0 and ∑ j∈J σ jh j(x) = 0.

Therefore, one implies from (4.4) that

∑
k∈K

αk [ fk(x)− fk(y)]−∑
i∈I

µigi(y)−∑
j∈J

σ jh j(y)+ ε||x− y|| ≥ 0,

where σ := (σ1, . . . ,σl) ∈ Rl . By (4.2), we see that

∑
k∈K

αk fk(x)−ϕ(y)−∑
i∈I

µigi(y)−∑
j∈J

σ jh j(y)+ ε||x− y|| ≥ 0,

or equivalently,

∑
k∈K

αk fk(x)−

(
L(y,α,µ,γ)−∑

j∈J
γ jh j(y)

)
−∑

j∈J
σ jh j(y)+ ε||x− y|| ≥ 0.

Since ||σ ||= ||γ||, it follows from (4.3) that ∑k∈K αk fk(x)−L(y,α,µ,γ)+ε||x−y|| ≥ 0, which
implies that (Since (α1, . . . ,αm) ∈ Rm

+ such that ∑k∈K αk = 1)

L(y,α,µ,γ) ≤ ∑
k∈K

αk fk(x)+ ε||x− y||

≤ ∑
k∈K

αk max
k∈K

fk(x)+ ε||x− y||

= ∑
k∈K

αkϕ(x)+ ε||x− y||

= ϕ(x)+ ε||x− y||.

The proof is complete. �

Remark 4.1. In Theorem 4.1, if we only consider inequality constraints, then we have [1,
Theorem 4.1]. Besides, if ε = 0, then we obtain [34, Theorem 4.1].

Theorem 4.2. (ε-quasi strong duality) Let x̄ ∈ C be an ε-quasi solution to problem (MP).
Suppose that the condition (CQ) for problem (MP) is satisfied at x̄ ∈ C. Then there exists
(ᾱ, µ̄, γ̄)∈Rm

+×Rn
+×Rl

+ such that (x̄, ᾱ, µ̄, γ̄)∈CWMD and ϕ(x̄)= L(x̄, ᾱ, µ̄, γ̄), where ϕ(x̄)=
maxk∈K fk(x̄). If ( f ,g,h) is generalized L-invex-infine on Ω at y ∈ Ω, then (x̄, ᾱ, µ̄, γ̄) is an ε-
quasi solution to problem (WMD).
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Proof. Let x̄ ∈C be an ε-quasi solution to problem (MP). According to Theorem 3.1, then there
exist αk ≥ 0,k ∈ K with ∑k∈K αk = 1,µi ≥ 0, i ∈ I and γ j ≥ 0, j ∈ J such that

0 ∈ ∑
k∈K

αk fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+ εBX∗+N(x̄;Ω),

αk ( fk(x̄)−ϕ(x̄)) = 0,k ∈ K,
µigi(x̄) = 0, i ∈ I.

(4.5)

Putting

ᾱk :=
αk

∑
k∈K

αk
,k ∈ K, µ̄i :=

µi

∑
k∈K

αk
, i ∈ I, γ̄ j :=

γ j

∑
k∈K

αk
, j ∈ J,

one has ᾱ := (ᾱ1, . . . , ᾱm) ∈Rm
+ with ∑k∈K ᾱk = 1, µ̄ := (µ̄i)i∈I, µ̄i ≥ 0, i ∈ I, γ̄ := (γ̄ j) j∈J, γ̄ j ≥

0, j ∈ J. Furthermore, the assertion in (4.5) is also valid when αk’s, µi’s and γ j’s are replaced
by ᾱk’s, µ̄i’s and γ̄ j’s, respectively.

On the other hand, from x̄∈C, one has h j(x̄) = 0, j ∈ J. It is easy to imply that ∑ j∈J γ̄h j(x̄) =
0 and ∑ j∈J σ jh j(x̄) = 0, for all σ ∈ Rl with ||σ ||= ||γ̄||. This implies that

∑
j∈J

γ̄ jh j(x̄)−∑
j∈J

σ jh j(x̄)≤ 0 for all σ ∈ Rl with ||σ ||= ||γ̄||.

So, (x̄, ᾱ, µ̄, γ̄) ∈CWMD. Besides, one has ∑i∈I µ̄igi(x̄) = ∑ j∈J γ̄ jh j(x̄) = 0. Therefore, one has

ϕ(x̄) = ϕ(x̄)+∑
i∈I

µ̄igi(x̄)+ ∑
j∈J

γ̄ jh j(x̄) = L(x̄, ᾱ, µ̄, γ̄).

If ( f ,g,h) is generalized L-invex-infine on Ω at any y ∈Ω, then one finds by Theorem 4.1 that

L(x̄, ᾱ, µ̄, γ̄)+ε||(x̄, ᾱ, µ̄, γ̄)−(y,α,µ,γ)||=ϕ(x̄)+ε||(x̄, ᾱ, µ̄, γ̄)−(y,α,µ,γ)|| ≥L(y,α,µ,γ),

for any (y,α,µ,γ) ∈ CWMD. This means that (x̄, ᾱ, µ̄, γ̄) is an ε-quasi solution to problem
(WMD). The proof is complete. �

Remark 4.2. In Theorem 4.2, if we only consider inequality constraints, then we have [1,
Theorem 4.2]. Besides, if ε = 0, then we obtain [34, Theorem 4.3].

If fk,k ∈ K and gi, i ∈ I,h j, j ∈ J are continuously differentiable and convex, then we have
the following corollary.

Corollary 4.1. Suppose that Ω is convex and fk,k ∈ K,gi, i ∈ I,h j, j ∈ J are continuously
differentiable and convex on Ω. Let y ∈ Ω and x̄ ∈ C be an ε-quasi solution of problem
(MP). Assume that the condition (CQ) for problem (MP) is satisfied at x̄ ∈ C. Then there ex-
ists (ᾱ, µ̄, γ̄) ∈ Rm

+×Rn
+×Rl

+ such that (x̄, ᾱ, µ̄, γ̄) ∈ CWMD and ϕ(x̄) = L(x̄, ᾱ, µ̄, γ̄), where
ϕ(x̄) = maxk∈K fk(x̄). Moreover, (x̄, ᾱ, µ̄, γ̄) is an ε-quasi solution to problem (WMD).

Theorem 4.3. (ε-quasi converse duality) Let (x̄, ᾱ, µ̄, γ̄)∈CWMD such that ϕ(x̄) = L(x̄, ᾱ, µ̄, γ̄).
If x̄ ∈ C and ( f ,g,h) is generalized L-invex-infine on Ω at x̄, then x̄ is an ε-quasi solution to
problem (MP).

Proof. Since (x̄, ᾱ, µ̄, γ̄) ∈ CWMD, there exist ᾱ := (ᾱk)k∈K, ᾱk ≥ 0 with ∑k∈K ᾱk = 1,u∗k ∈
∂ fk(x̄),k ∈ K, µ̄ := (µ̄i)i∈I, µ̄i ≥ 0,x∗i ∈ ∂gi(x̄), i ∈ I and γ̄ := (γ̄ j) j∈J, γ̄ j ≥ 0,y∗j ∈ ∂h j(x̄)∪
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∂ (−h j)(x̄), as well as b∗ ∈ BX∗ such that

−

(
∑
k∈K

ᾱku∗k +∑
i∈I

µ̄ix∗i + ∑
j∈J

γ̄ jy∗j + εb∗
)
∈ N(x̄;Ω), (4.6)

ᾱk ( fk(x̄)−ϕ(x̄)) = 0,k ∈ K, (4.7)
and

∑
j∈J

γ̄ jh j(x̄)−∑
j∈J

σ̄ jh j(x̄)≤ 0 for all σ̄ ∈ Rl with ||σ̄ ||= ||γ̄||. (4.8)

Suppose on contrary that x̄ ∈C is not an ε-quasi solution to problem (MP). It then follows that
there exists x̂ ∈C satisfying

ϕ(x̂)+ ε||x̂− x̄||< ϕ(x̄). (4.9)
By the generalized L-invex-infine property of ( f ,g,h) on Ω at x̄, the definition of polar cones
and (4.6), for such x̂ ∈C, there exists v ∈ N(x̄;Ω)◦ such that

0 ≤ ∑
k∈K

ᾱk 〈u∗k ,v〉+∑
i∈I

µ̄i 〈x∗i ,v〉+∑
i∈I

γ̄ j
〈
y∗j ,v

〉
+ ε 〈b∗,v〉

≤ ∑
k∈K

ᾱk [ fk(x̂)− fk(x̄)]+∑
i∈I

µ̄i [gi(x̂)−gi(x̄)]+ ∑
j∈J

1
ω j

γ̄ j
[
h j(x̂)−h j(x̄)

]
+ ε||x̂− x̄||,

where ω j ∈ {−1,1}, j ∈ J. Thus

∑
k∈K

ᾱk [ fk(x̂)− fk(x̄)]+∑
i∈I

µ̄i [gi(x̂)−gi(x̄)]+ ∑
j∈J

σ̄ j
[
h j(x̂)−h j(x̄)

]
+ ε||x̂− x|| ≥ 0, (4.10)

where σ̄ j :=
γ̄ j

ω j
∈ R, j ∈ J. Besides, from x̂ ∈ C, it is obvious that ∑i∈I µ̄igi(x̂) ≤ 0 and

∑ j∈J σ̄ jh j(x̂) = 0. Therefore, one implies from (4.10) that

∑
k∈K

ᾱk [ fk(x̂)− fk(x̄)]−∑
i∈I

µ̄igi(x̄)−∑
j∈J

σ̄ jh j(x̄)+ ε||x̂− x̄|| ≥ 0,

where σ̄ := (σ̄1, . . . , σ̄l) ∈ Rl . Since ||σ̄ ||= ||γ̄||, it follows from (4.8) that

∑
k∈K

ᾱk [ fk(x̂)− fk(x̄)]−∑
i∈I

µ̄igi(x̄)−∑
j∈J

γ̄ jh j(x̄)+ ε||x̂− x̄|| ≥ 0. (4.11)

Combining (4.7) and (4.11), one has

∑
k∈K

ᾱk fk(x̂)−ϕ(x̄)−∑
i∈I

µ̄igi(x̄)−∑
j∈J

γ̄ jh j(x̄)+ ε||x̂− x̄|| ≥ 0. (4.12)

In addition, since

ϕ(x̄) = L(x̄, ᾱ, µ̄, γ̄) = ϕ(x̄)+∑
i∈I

µ̄igi(x̄)+ ∑
j∈J

γ̄ jh j(x̄),

it follows that ∑i∈I µ̄igi(x̄) +∑ j∈J γ̄ jh j(x̄) = 0. This together with (4.12) implies that (Since
(ᾱ1, . . . , ᾱm) ∈ Rm

+ such that ∑k∈K ᾱk = 1)

ϕ(x̄)≤ ∑
k∈K

ᾱk fk(x̂)+ ε||x̂− x̄|| ≤ ∑
k∈K

ᾱk max
k∈K

fk(x̂)+ ε||x̂− x̄||= ϕ(x̂)+ ε||x̂− x̄||,

which contradicts (4.9). The proof is complete. �

Remark 4.3. In Theorem 4.3, if we only consider inequality constraints, then we have [1,
Theorem 4.3]. Besides, if ε = 0, then we obtain [34, Theorem 4.4].
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4.2. Mond–Weir Type duality. In this section, we consider the dual problem of problem (MP)
in the Mond–Weir type. Note that results related to the Mond–Weir type were not studied in
[1, 34]. Therefore, the obtained results in this subsection are new.

For x ∈ X ,α := (αk),αk ≥ 0,k ∈ K,µ := (µi),µi ≥ 0, i ∈ I,γ := (γ j),γ j ≥ 0, j ∈ J and f :=
( fk),k ∈ K,gi := (gi), i ∈ I,h := (h j), j ∈ J, Ω is a nonempty locally closed subset of X . Let
L(x,α,µ,γ) := ϕ(x), where ϕ(x) = maxk∈K fk(x). For ε ≥ 0. We consider the Mond–Weir type
dual problem (MWMD) with respect to the primal problem (MP) as follows:

(MWMD)



max L(y,α,µ,γ)
s.t. 0 ∈ ∑

k∈K
αk∂ fk(y)+∑

i∈I
µi∂gi(y)+ ∑

j∈J
γ j
[
∂h j(y)∪∂ (−h j)(y)

]
+N(y;Ω)+ εBX∗,αk ( fk(y)−ϕ(y)) = 0,k ∈ K,

∑
i∈I

µigi(y)+ ∑
j∈J

σ jh j(y)≥ 0,∀σ := (σ1, . . . ,σl) ∈ S(0, ||γ||) ,

y ∈Ω,α := (α1, . . . ,αm) ∈ Rm
+, ∑

k∈K
αk = 1,

µ := (µ1, . . . ,µn) ∈ Rn
+,γ := (γ1, . . . ,γl) ∈ Rl

+,

where S(0, ||γ||) :=
{

σ := (σ1, . . . ,σl) ∈ Rl | ||σ ||= ||γ||
}

.
The feasible set of problem (MWMD) is defined by

CMWMD :=
{
(y,α,µ,γ) ∈Ω×Rm

+×Rn
+×Rl

+ | 0 ∈ ∑
k∈K

αk∂ fk(y)+∑
i∈I

µi∂gi(y)

+∑
j∈J

γ j
[
∂h j(y)∪∂ (−h j)(y)

]
+N(y;Ω)+ εBX∗,αk ( fk(y)−ϕ(y)) = 0,k ∈ K, ∑

k∈K
αk = 1,

∑
i∈I

µigi(y)+ ∑
j∈J

σ jh j(y)≥ 0,∀σ := (σ1, . . . ,σl) ∈ S(0, ||γ||)
}
,

where S(0, ||γ||) :=
{

σ := (σ1, . . . ,σl) ∈ Rl | ||σ ||= ||γ||
}

.

Definition 4.2. Let ε ≥ 0. A point (ȳ, ᾱ, µ̄, γ̄) ∈ CMWMD is said to be an ε-quasi solution to
problem (MWMD) if

L(ȳ, ᾱ, µ̄, γ̄)+ ε||(ȳ, ᾱ, µ̄, γ̄)− (y,α,µ,γ)|| ≥ L(y,α,µ,γ),∀(y,α,µ,γ) ∈CMWMD.

Theorem 4.4. (ε-quasi weak duality) Suppose that x ∈C and (y,α,µ,γ) ∈CMWMD. If ( f ,g,h)
is generalized L-invex-infine on Ω at y, then ϕ(x) + ε||x− y|| ≥ L(y,α,µ,γ), where ϕ(x) =
maxk∈K fk(x).

Proof. Since (y,α,µ,γ) ∈ CMWMD, there exist α := (αk)k∈K,αk ≥ 0 with ∑k∈K αk = 1,u∗k ∈
∂ fk(y),k ∈ K,µ := (µi)i∈I,µi ≥ 0,x∗i ∈ ∂gi(y), i ∈ I and γ := (γ j) j∈J,γ j ≥ 0,y∗j ∈ ∂h j(y)∪
∂ (−h j)(y), as well as b∗ ∈ BX∗ such that

−

(
∑
k∈K

αku∗k +∑
i∈I

µix∗i + ∑
j∈J

γ jy∗j + εb∗
)
∈ N(y;Ω), (4.13)

αk ( fk(y)−ϕ(y)) = 0,k ∈ K, (4.14)

and

∑
i∈I

µigi(y)+ ∑
j∈J

σ jh j(y)≥ 0 for all σ ∈ Rl with ||σ ||= ||γ||. (4.15)
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By the definition of the polar cone, the generalized L-invex-infine property of ( f ,g,h) on Ω at
y and (4.13), for such x ∈C, there exists v ∈ N(y;Ω)◦ such that

0 ≤ ∑
k∈K

αk 〈u∗k ,v〉+∑
i∈I

µi 〈x∗i ,v〉+∑
i∈I

γ j
〈
y∗j ,v

〉
+ ε 〈b∗,v〉

≤ ∑
k∈K

αk [ fk(x)− fk(y)]+∑
i∈I

µi [gi(x)−gi(y)]+ ∑
j∈J

1
ω j

γ j
[
h j(x)−h j(y)

]
+ ε||x− y||,

where ω j ∈ {−1,1}, j ∈ J. Thus

∑
k∈K

αk [ fk(x)− fk(y)]+∑
i∈I

µi [gi(x)−gi(y)]+ ∑
j∈J

σ j
[
h j(x)−h j(y)

]
+ ε||x− y|| ≥ 0, (4.16)

where σ j := γ j
ω j
∈R, j ∈ J. From x∈C, it is obvious that ∑i∈I µigi(x)≤ 0 and ∑ j∈J σ jh j(x) = 0.

Therefore, one implies from (4.16) that

∑
k∈K

αk [ fk(x)− fk(y)]−∑
i∈I

µigi(y)−∑
j∈J

σ jh j(y)+ ε||x− y|| ≥ 0,

where σ := (σ1, . . . ,σl) ∈ Rl . Since ||σ || = ||γ||, (4.15) yields that ∑k∈K αk [ fk(x)− fk(y)] +
ε||x−y|| ≥ 0. It follows by (4.14) that ∑k∈K αk fk(x)−ϕ(y)+ε||x−y|| ≥ 0, which implies that
(Since (α1, . . . ,αm) ∈ Rm

+ such that ∑
k∈K

αk = 1)

L(y,α,µ,γ) = ϕ(y) ≤ ∑
k∈K

αk fk(x)+ ε||x− y||

≤ ∑
k∈K

αk max
k∈K

fk(x)+ ε||x− y||

= ∑
k∈K

αkϕ(x)+ ε||x− y||

= ϕ(x)+ ε||x− y||.
The proof is complete. �

Theorem 4.5. (ε-quasi strong duality) Let x̄ ∈C be an ε-quasi solution to problem (MP). Sup-
pose that the condition (CQ) for problem (MP) holds at x̄ ∈ C. Then there exists (ᾱ, µ̄, γ̄) ∈
Rm
+×Rn

+×Rl
+ such that (x̄, ᾱ, µ̄, γ̄) ∈CMWMD and f (x̄) = L(x̄, ᾱ, µ̄, γ̄). If ( f ,g,h) is general-

ized L-invex-infine on Ω at y ∈Ω, then (x̄, ᾱ, µ̄, γ̄) is an ε-quasi solution to problem (MWMD).

Proof. Let x̄∈C be an ε-quasi solution to problem (MP). From Theorem 3.1, one sees that there
exist αk ≥ 0,k ∈ K with ∑k∈K αk = 1,µi ≥ 0, i ∈ I and γ j ≥ 0, j ∈ J such that

0 ∈ ∑
k∈K

αk fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+ εBX∗+N(x̄;Ω),

αk ( fk(x̄)−ϕ(x̄)) = 0,k ∈ K,
µigi(x̄) = 0, i ∈ I.

(4.17)

Putting

ᾱk :=
αk

∑
k∈K

αk
,k ∈ K, µ̄i :=

µi

∑
k∈K

αk
, i ∈ I, γ̄ j :=

γ j

∑
k∈K

αk
, j ∈ J,

one has ᾱ := (ᾱ1, . . . , ᾱm) ∈Rm
+ with ∑k∈K ᾱk = 1, µ̄ := (µ̄i)i∈I, µ̄i ≥ 0, i ∈ I, γ̄ := (γ̄ j) j∈J, γ̄ j ≥

0, j ∈ J. Furthermore, the assertion in (4.17) is also valid when αk’s, µi’s and γ j’s are replaced
by ᾱk’s, µ̄i’s and γ̄ j’s, respectively. On the other hand, from x̄ ∈C, one has h j(x̄) = 0, j ∈ J. It is
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easy to see that ∑ j∈J σ jh j(x̄) = 0. From µ̄igi(x̄) = 0, i ∈ I, one has ∑i∈I µ̄ig(x̄)+∑ j∈J σ jh j(x̄) =
0 for all σ := (σ1, · · · ,σl) ∈ S(0, ||γ̄||) and ||σ || = ||γ̄||. So, (x̄, ᾱ, µ̄, γ̄) ∈ CMWMD. Besides,
ϕ(x̄) = L(x̄, ᾱ, µ̄, γ̄). If ( f ,g,h) is generalized L-invex-infine on Ω at any y ∈ Ω, by Theorem
4.4 yields

L(x̄, ᾱ, µ̄, γ̄)+ε||(x̄, ᾱ, µ̄, γ̄)−(y,α,µ,γ)||=ϕ(x̄)+ε||(x̄, ᾱ, µ̄, γ̄)−(y,α,µ,γ)|| ≥L(y,α,µ,γ),

for any (y,α,µ,γ) ∈ CMWMD. This means that (x̄, ᾱ, µ̄, γ̄) is an ε-quasi solution to problem
(MWMD). The proof is complete. �

Theorem 4.6. (ε-quasi converse duality) Suppose that (x̄, ᾱ, µ̄, γ̄) ∈ CMWMD. If x̄ ∈ C and
( f ,g,h) is generalized L-invex-infine on Ω at x̄, then x̄ is an ε-quasi solution to problem (MP).

Proof. Since (x̄, ᾱ, µ̄, γ̄)∈CMWMD, then there exist ᾱ :=(ᾱk)k∈K, ᾱk≥ 0 with ∑k∈K ᾱk = 1,u∗k ∈
∂ fk(x̄),k ∈ K, µ̄ := (µ̄i)i∈I, µ̄i ≥ 0,x∗i ∈ ∂gi(x̄), i ∈ I and γ̄ := (γ̄ j) j∈J, γ̄ j ≥ 0,y∗j ∈ ∂h j(x̄)∪
∂ (−h j)(x̄), as well as b∗ ∈ BX∗ such that

−

(
∑
k∈K

ᾱku∗k +∑
i∈I

µ̄ix∗i + ∑
j∈J

γ̄ jy∗j + εb∗
)
∈ N(x̄;Ω), (4.18)

ᾱk ( fk(x̄)−ϕ(x̄)) = 0,k ∈ K, (4.19)
and

∑
i∈I

µ̄igi(x̄)+ ∑
j∈J

σ̄ jh j(x̄)≥ 0 for all σ̄ ∈ Rl with ||σ̄ ||= ||γ̄||. (4.20)

Suppose on contrary that x̄ ∈C is not an ε-quasi solution of problem (MP). It then follows that
there exists x̂ ∈C satisfying

ϕ(x̂)+ ε||x̂− x̄||< ϕ(x̄). (4.21)
By the generalized L-invex-infine property of ( f ,g,h) on Ω at x̄, the definition of the polar cone
and (4.18), for such x̂ ∈C, there exists v ∈ N(x̄;Ω)◦ such that

0 ≤ ∑
k∈K

ᾱk 〈u∗k ,v〉+∑
i∈I

µ̄i 〈x∗i ,v〉+∑
i∈I

γ̄ j
〈
y∗j ,v

〉
+ ε 〈b∗,v〉

≤ ∑
k∈K

ᾱk [ fk(x̂)− fk(x̄)]+∑
i∈I

µ̄i [gi(x̂)−gi(x̄)]+ ∑
j∈J

1
ω j

γ̄ j
[
h j(x̂)−h j(x̄)

]
ε||x̂− x̄||,

where ω j ∈ {−1,1}, j ∈ J. Thus

∑
k∈K

ᾱk [ fk(x̂)− fk(x̄)]+∑
i∈I

µ̄i [gi(x̂)−gi(x̄)]+ ∑
j∈J

σ̄ j
[
h j(x̂)−h j(x̄)

]
+ ε||x̂− x|| ≥ 0,

where σ̄ j := γ̄ j
ω j
∈R, j ∈ J. From x̂∈C, it is obvious that ∑i∈I µ̄igi(x̂)≤ 0 and ∑ j∈J σ̄ jh j(x̂) = 0.

Thus
∑
k∈K

ᾱk [ fk(x̂)− fk(x̄)]−∑
i∈I

µ̄igi(x̄)−∑
j∈J

σ̄ jh j(x̄)+ ε||x̂− x̄|| ≥ 0,

where σ̄ := (σ̄1, . . . , σ̄l) ∈ Rl . Since ||σ̄ || = ||γ̄||, (4.20) yields that ∑k∈K ᾱk [ fk(x̂)− fk(x̄)] +
ε||x̂− x̄|| ≥ 0, which together with (4.19) implies that (Since (ᾱ1, . . . , ᾱm) ∈ Rm

+ such that
∑k∈K ᾱk = 1)

ϕ(x̄)≤ ∑
k∈K

ᾱk fk(x̂)+ ε||x̂− x̄|| ≤ ∑
k∈K

ᾱk max
k∈K

fk(x̂)+ ε||x̂− x̄||= ϕ(x̂)+ ε||x̂− x̄||,

which contradicts (4.21). The proof is complete. �
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5. APPLICATION TO THE MULTIOBJECTIVE OPTIMIZATION PROBLEM

In this section, we consider the following multiobjective optimization problem involving
inequality and equality constraints:

(OP)
min f (x) := ( f1(x), . . . , fm(x)) ,
s.t. x ∈C := {x ∈Ω | gi(x)≤ 0, i ∈ I,h j(x) = 0, j ∈ J},

and the functions fk : X→R,k ∈ K,gi : X→R, i ∈ I and h j : X→R, j ∈ J are locally Lipschitz
functions. Suppose that Ω is always assumed to be SNC at the point under consideration.

Definition 5.1. Let ε := (ε1, . . . ,εm) ∈ Rm
+. A point x̄ ∈ C is said to be an ε-quasi weakly

solution to problem (OP) if f (x)+ ε||x− x̄||− f (x̄) /∈ −intRm
+ for all x ∈C.

Theorem 5.1. Let ε := (ε1, . . . ,εm)∈Rm
+\{0} and x̄∈C be an ε-quasi weakly solution to prob-

lem (OP). Suppose that the qualification condition (CQ) for problem (OP) holds at x̄. Then, there
exist α := (α1, . . . ,αm) ∈ Rm

+ with ∑k∈K αk = 1,µ := (µ1, . . . ,µn) ∈ Rn
+ and γ := (γ1, . . . ,γl) ∈

Rl
+ such that

0 ∈ ∑
k∈K

αk fk(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω)+ ε̄BX∗,

µigi(x̄) = 0, i ∈ I,
(5.1)

where ε̄ := maxk∈K{εk}.

Proof. Suppose that x̄ ∈ C is an ε-quasi weakly solution to problem (OP), and let f̂ (x) :=
fk(x)− fk(x̄), k ∈ K, x ∈ X . We prove that x̄ is an ε-quasi solution to the minimax programming
problem

min
x∈C

max
k∈K

f̂k(x). (5.2)

To do this, let us put ϕ̂(x) := max
k∈K

f̂k(x) and we need prove that

ϕ̂(x)+ ε̄||x− x̄|| ≥ ϕ̂(x̄),∀x ∈C. (5.3)

Indeed, if (5.3) does not hold, then there exists x0 ∈ C such that ϕ̂(x0)+ ε̄||x0− x̄|| < ϕ̂(x̄).

Since ϕ̂(x̄) = maxk∈K f̂k(x̄) = max
k∈K

{
fk(x̄)− fk(x̄)

}
= 0, one has

ϕ̂(x0)+ ε̄||x0− x̄||= max
k∈K

{
fk(x0)− fk(x̄)

}
+ ε̄||x0− x̄||< 0.

Therefore, f (x0)− f (x̄)+ ε||x0− x̄|| ∈ −intRm
+, which contradicts the fact that x̄ is an ε-quasi

weakly solution of problem (OP). So, by employ the condition (3.1) in Theorem 3.1, but applied
to problem (5.2), we find α := (α1, . . . ,αm)∈Rm

+ with ∑k∈K αk = 1,µ := (µ1, . . . ,µn)∈Rn
+ and

γ := (γ1, . . . ,γl) ∈ Rl
+ such that

0 ∈ ∑
k∈K

αk∂ f̂k(x̄)+∑
i∈I

µi∂gi(x̄)+ ∑
j∈J

γ j
(
∂h j(x̄)∪∂ (−h j)(x̄)

)
+N(x̄;Ω)+ ε̄BX∗,

αk

[
f̂k(x̄)−max

k∈K
f̂k(x̄)

]
= 0,k ∈ K,

µigi(x̄) = 0, i ∈ I.

(5.4)

It is easy to see that (5.4) implies (5.1). Thus the proof of Theorem 5.1 is complete. �
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Remark 5.1. In Theorem 5.1, if we only consider inequality constraints, then we have [1,
Theorem 5.1]. Besides, if ε = 0, then we obtain in [34, Theorem 5.1].

Theorem 5.2. Let ε̄ :=(ε̄, . . . , ε̄)∈Rm
+ and p :=(p1, . . . , pm),q :=(q1, . . . ,qm),g :=(g1, . . . ,gn),

h := (h1, . . . ,hl). Assume that x̄ is in C such that (5.1) holds. If ( f ,g,h) is generalized L-invex-
infine on Ω at x̄, then x̄ is an ε-quasi weakly solution to problem (OP).

Proof. Similar to the proof of Theorem 5.1, we set f̂k(x) := fk(x)− fk(x̄), k ∈ K, x ∈ X . Now,
it is easy to see that x̄ satisfies condition (5.1). Let f̂ := ( f̂1, . . . , f̂m). Because ( f ,g,h) is
generalized L−invex-infine on Ω at x̄, one sees that ( f̂ ,g,h) is generalized L-invex-infine on Ω

at x̄. We apply Theorem 3.2 to follow that x̄ is an ε̄-quasi solution to the minimax programming
problem minx∈C maxk∈K f̂k(x), which means that φ̂(x̄) ≤ φ̂(x)+ ε̄||x− x̄|| for all x ∈C, where
φ̂(x) := max

k∈K
f̂k(x). On the other hand, one has

max
k∈K

{
fk(x)− fk(x̄)

}
+ ε̄||x− x̄|| ≥ 0,∀x ∈C,

which deduces that f (x)− f (x̄)+ ε̄||x− x̄|| /∈−intRm
+ for all x in C. Thus x̄ is an ε-quasi weakly

solution to problem (OP). The proof is complete. �

Remark 5.2. In Theorem 5.2, if we only consider inequality constraints, then we have [1,
Theorem 5.2]. Besides, if ε = 0, then we obtain [34, Theorem 5.2].

6. CONCLUSION

In this article, we first obtained necessary optimality conditions for ε-quasi solutions of prob-
lem (MP) in terms of the Mordukhovich/limiting subdifferentials. Next, we introduced the new
definition of generalized L-invex-infine property via the Mordukhovich/limiting subdifferential
of locally Lipschitz functions. Using generalized L-invex-infine property, we established suf-
ficient optimality condition and duality theorems for ε-quasi solutions of the considered prob-
lem. Besides, some of the obtained results were applied to optimality conditions for ε-quasi
solution of nonsmooth multiobjective optimization problems involving inequality and equality
constraints. The obtained results in this paper are new and different from the results in [1, 34].
A further research for studying ε-quasi solutions of nonsmooth minimax fractional optimiza-
tion problems involving inequality and equality constraints can be investigated in the future
research.
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