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Abstract. The purpose of this paper is to establish sequential optimality conditions characterizing com-
pletely an approximate solution for a scalar constrained robust fractional optimization problem in the
absence of constraint qualifications. Our approach is based essentially on the use of a combination of
conjugate analysis and the concept of approximate subdifferential. Finally, we present an example to
illustrate our main results.

Keywords. Approximate subdifferential; Conjugate function; Robust fractional optimization; Sequential
approximate solution.

2020 Mathematics Subject Classification. 49J52, 49J53, 90C31.

1. INTRODUCTION

Optimization problems in the face of data uncertainty have attracted the attention of re-
searchers in the past decades and now play an important role in a variety of fields, such as
economics, engineering, optimal control, mechanics, operation research, and so on. Robust op-
timization approach [1, 2] emerged as a powerful deterministic approach for studying optimiza-
tion problems with data uncertainty. A robust fractional optimization problem is to optimize an
objective fractional function over the constrained set defined by functions with data uncertainty.

In recent years, spotlight was focused on the optimality conditions and the duality results of
the robust solution in uncertain fractional optimization problems by using robust optimization
methodology; see, e.g., [3,4, 5, 6,7, 8]. In [4], Sun et al. investigated some characterizations of
robust optimal solutions for uncertain fractional optimization and applications. In [5], Jeyaku-
mar and Li established duality theorems for a fractional programming problem in the face of
data uncertainty, and they also developed a strong duality for robust minimax fractional pro-
gramming problems, when data in both of the objective and constraints are uncertainty [6]. In
general, for establishing the approximate optimality conditions for robust convex optimization
problems, we need a constraint qualifications; see, e.g., [9, 10, 11, 12, 13, 14, 15, 16]. Using a
robust optimization approach, Lee and Lee [9] established optimality theorems and duality the-
orems for approximate solutions for the uncertain fractional optimization problem. In [10, 12],
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Lee and Lee also established optimality theorems and duality results of robust approximate op-
timal solutions for uncertain convex optimization problems under closed convex cone constraint
qualifications. In [16], Zeng, Xu and Fu obtained some new results of robust approximate op-
timal solutions for fractional semi-infinite optimization problems with uncertain data under a
robust type constraint qualification condition. However, we know that the constraint qualifi-
cations do not always hold even for finite-dimensional optimization problems and frequently
fail for infinite-dimensional optimization problems. In order to eliminate these drawbacks, au-
thors have paid their attention to characterize optimality conditions for convex optimization
problems in the absence of data uncertainty without any constraint qualifications; see, e.g.,
[17, 18, 19, 20]. In [17], Bot, Csetnek and Wanka obtained sequential characterizations of an
optimal solution for composed convex optimization problems. In [18, 19], Jeyakumar et al.
introduced the concept of sequential Lagrange multiplier rule for convex programs with convex
constraints by using the concept of the epigraphs of conjugate functions in terms of approx-
imate subdifferentials computed at an optimal solution without any constraint qualifications.
In [20], Bai, Wu and Zhu obtained a sequential Lagrange multiplier condition of approximate
solutions for a convex optimization problem without any constraint qualifications. Recently,
Sun, Long and Chai [21] obtained a sequential Lagrange multiplier rule condition characteriz-
ing efficient solutions for a fractional optimization problem without any constraint qualification
in terms of the approximate subdifferentials of the functions involved at the minimizer by us-
ing a technique that combines the conjugate analysis with the Brgndested-Rockafellar theorem.
However, as far as we know, until now it seems that no enough results on sequential approxi-
mate optimality conditions for convex optimization problems with data uncertainty without any
constraint qualifications. So, the goal of this paper is to establish sequential approximate opti-
mality conditions for a scalar constrained robust fractional optimization problem in the absence
of constraint qualification in terms of the approximate subdifferentials of the involved functions.

The rest of this paper is organized as follows. In Section 2, we recall some notions and defi-
nitions and give some preliminary results which are needed in the paper. In Section 3, without
any constraint qualifications, we obtain some sequential optimality conditions characterizing
an approximate solution for a fractional optimization problem with uncertainty data in terms of
the approximate subdifferentials of the functions. In Section 4, we establish the approximate
solutions under a constraint qualification and we present an example illustrating the main result
of this paper. The last section, Section 5, ends this paper with some concluding remarks.

2. PRELIMINARIES

Throughout this paper, let X and Y be two reflexive Banach spaces, X* and Y* be their
respective topological duals paired in duality by (.,.). The dual spaces are endowed with the
weak*-topologies @0 (X*,X) and w(Y*,Y), respectively. Let Y. C Y be a nonempty and convex
cone and its polar cone is given by Y := {y* € Y*: (y*,y) >0, Vy € Y, }. The cone Y, induces
onY a partial order ” <y, ” defined by y; <y, y, <= y>»—y; € Yy forall y;,y, €Y. Let C be
a nonempty subset of X. The closure (resp. convex hull) is denoted by cl C, (resp. co C). If A
and B are subsets of X, we have the relations cl (clA+cl B) =cl (A+B), and co (€A + BB) =
o co (A)+ B co (B), for any a, B € R.
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Let f: X — RU{+oo} be an extended real-valued function. The effective domain and the
epigraph of f are defined respectively by

domf:={xeX: f(x) eR} and epif :={(x,r) e X xR: f(x) <r}.
The function f is said to be proper if its effective domain is nonempty. The conjugate func-
tion f* : X* — RU {+oo} is defined by f*(x*) := sup,x{(x*,x) — f(x)} for all x* € X*. The
indicator function 8¢ : X — RU{+o0} of a nonempty subset C C X, is defined by
0, if xeC,
0c(x) = { +oo,  otherwise.
The subdifferential of f at X € domf, denoted by J¢ f(X), is defined
Oef(X):={x"eX": X,x—X)+f(x) —e < f(x), Vxe X}.
When X ¢ domf, we set that de f(X) = 0. If € = 0, the set dyf(X) := Jf(X) is the classical
subdifferential of f at X € domf, i.e.,
of(X) :={x" e X*: (X",x—x)+ f(%) < f(x), Vx e X}.

The set Ne(C,X) of e-normal to C at X is defined as the €-subdifferential of the indicator function
Oc atxi.e.,

Ne(C,X) :=0de0c(x) ={x" € X*: (x",x—X) <e¢, VxeC}.
If € =0, No(C,X) :={x" € X*: (x*,x—X) <0, Vx € C} is said the normal cone and is denoted
by N(C,x). To Y, we attach an abstract maximal element with respect to ” <y, ”, denoted by
+ooy. We have y <y, +ooy, for any y € Y. In the sequel we adopt the following convention

Y+ (Fooy) = (Fooy) +y =400y, Vye€YU{+ooy},
o - (Fooy) = +ooy, Va>0.

Let h: X — Y U{+oo} be an extended vector-valued mapping, the effective domain, and the
epigraph of & are defined respectively by

domh:={x€X: h(x) € Y} and epih:= {(x,y) € X xY : h(x) <y, y}.

The mapping 4 is said to be proper if domh # 0. For any x;,x; € X and any A € [0,1], & is said
Y, -convex if

h(Axi + (1 —A)x2) <y, Ah(x;)+ (1 —A)h(xz).
For y* € Y, let us consider the following composite function y* o : X — RU {40} defined by

* o <y*7h(x)>7 if xe domh’
(y*oh)(x) '_{ +o0, otherwise.

It is easy to see that & is Y -convex if and only if y* o 2 is convex, for each y* € Y. The mapping
h is said to be star Y, -lower semicontinuous if y* o & is lower semicontinuous for all y* € Y7. In
what follows, we endow X* x R with the product topology of @(X*,X) and the usual Euclidean
topology.

The following lemma characterizes the epigraph of the conjugate of the sums of two func-
tions.

Lemma 2.1. [22] Let f,g: X — RU{+o0} be to proper convex functions with domf Ndomg #
0.
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i) If f and g are lower semicontinuous, then epi(f + g)* = cl (epif* +epig”).
ii) If f or g is continuous at some X € domf Ndomg, then epi(f + g)* = epif™ + epig™.

The following proposition describes the epigraph of a conjugate function in terms of the
approximate subdifferential (see [18]).

Proposition 2.1. Let f : X — RU{+e} be a proper convex lower semicontinuous function
and X € domf. Then epif™ = Ugso{ (x*, (x*,X) + € — f(X)) : x* € de f(X)}.

We also recall the following proposition describing the epigraph of the conjugate of the upper
envelope of a family of convex proper lower semicontinuous functions.

Proposition 2.2. [22] Let f;: X — RU{+eo}, i € I (Where I is an arbitrary index set) be a family
of convex proper lower semicontinuous functions. Suppose that there exists xo € X such that
sup;e; fi(xo) < +oo. Then epi(sup;c; f;)* = cl[co Ujesepif;], where sup;c; fi: X — RU {+oo}
is defined by sup;c; fi(x) = sup;; fi(x) for all x € X.

3. SEQUENTIAL APPROXIMATE OPTIMALITY CONDITIONS

In this section, we present, without any constraint qualification, some sequential necessary
and sufficient optimality conditions characterizing completely an approximate solution for a
robust fractional optimization problem. For this, let us consider the following fractional pro-
gramming problem

f(x)

min —=

@)

xeC,
where X and Y are two reflexive Banach spaces, C is a nonempty, convex, and closed subset
of X, Y, is a nonempty, convex, and closed cone of Y, f, —g : X — R are convex lower
semicontinuous functions and & : X — Y U {400y} is a proper and Y, -convex mapping such
that f(x) > 0 and g(x) >0 forallx € CNA~1(—Y,).
The fractional programming problem () in the face of data uncertainty in the constraints
can be captured by

. fxu)
min  max
() uv)eUxv g(x,v)
s.t. h(x,w) € =Y,
xeC,
where U, V, and W be convex and compact subsets of reflexive Banach space Z, f,g: X xZ— R
are functions such that, for any (u,v) € U xV, f(.,u), —g(.,v) are convex lower semicontinuous
functions and, for any x € X, f(x,.), g(x,.) are continuous functions. Let A(.,w): X — Y U
{+ooy}, w € W be a proper, Y -convex and star Y, -lower semicontinuous on X. Following [2],
the robust counterpart of the problem ('), namely (P), is formulated as follows

min  max flox,u)
(P) (up)eUxv g(x,v)
s.t. h(x,w) € =Y., Vw e W,
xeC.
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We suppose that f(x,u) > 0 and g(x,v) >0 foranyx € A:={x € C:h(x,w) € =Y, Ywe W},
ucU,veV.Letx € A, € > 0. The following notations are need in the sequel

r:= max f()_c,u) — €&,
(uy)eUxv g(X,v)
€ :=eming(x,v)
veVv

and we suppose that 7 > 0.

Remark 3.1. Since U and V are supposed compact subsets, the continuity of the functions
fx

f(x,.), g(x,.) ensures that the expressions max,, ey xv ﬁ, max,cy f(x,u) and minyey g(x,v)
are finite numbers for all x € X.

Let us recall the following definition of the approximate solution for problem (P).
Definition 3.1. Let € > 0. A point X € A is said to be an €-solution to (P) if, for any x € A,

max f(xyu)Z max f(ﬁ:f,u)
(u)eUxv g(x,v) ~ (uv)euxv g(x,v)

When € = 0, the e-solution of (P) becomes the exact solution.
Now, we illustrate the above definition with the following example.

Example3.1. LetU =V =W :=[1,2],C:=R, and f,g,h: R xR — R be defined respectively
by f(x,u) :=ux+1, g(x,v) :==vx+2, and h(x,w) :=2wx—3, foranyx e R,u € U, v € V ,and
w € W. Then, problem (P) becomes

. ux—+1
min max
(Pl) (uy)eUxV vx+2

s.t. 2wx—3 <0, we [1,2],
X € R+.

It is easy to check that A={x € R : 0 <x < %} By taking € = %, it follows that X = 0 is an
g-solution to (Py).

We present an example of a fractional programming problem with uncertainty proving that
the approximate solution occurs but the exact solution does not occur.

Example 3.2. LetU =V =W :=[1,2],C:=[—1,1] and f,g,h: R xR — R be defined respec-
tively by f(x,u) :=u(3 + 1), g(x,v) :=v(—% + 1), and h(x,w) := max{0,wx} for any x € R,
ueU,veVandw e W. Then, problem (P) becomes

. u(§+3)
min max WA
(P2) (u,v)eUXV V(_Z+§)
s.t. max{0,wx} <0, w € [1,2],
xe[-1,1],
Obviously, A = [—1,0]. By taking € = 1 and X = 0, it follows that X is an approximate solution

to (P»), but not an exact solution.
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Using the parametric approach of Dinkelbach [24], we transform problem (P) into the robust
non-fractional convex optimizaton problem (P;) with a parametric r € R .
min r;leal)jcf(x, u) — rrvrél‘glg(x,v)
(Pr) s.t. h(x,w) € =Yy, Ywe W,
xeC.
Definition 3.2. Let € > 0. A point X € A is said an €-solution to (P;) if, for any x € A,

o S 20— rmine(F.0) — £,
rbflea&(f(x,u) rrvrél‘glg(x,v)_rjleagf(x,u) rlgél‘l}lg(x,v) €

The following lemma describes the relationship between the solution of problem (P) and
problem (Py).

Lemma 3.1. [9, Lemma 2.1] A point X € A is an €-solution to(P) if and only if X is an €-solution
to (Pf)

It is easy to obtain the following lemma.

Lemma 3.2. Let C be a closed and convex subset of X and Y+ C Y be a closed convex cone. Let

h(.,w) : X =Y U{+ooy}, w €W be a proper, Y. -convex and star Y, -lower semicontinuous on
X. If A # 0, then

epidy =clco ( LU epiy*on(.,w)*+ epi5é> .
y*eYy wew

In what follows, we establish sequential optimality conditions for approximate solutions for
the robust fractional optimization problem in terms of epigraphs of conjugate functions without
any constraint qualification. Note that the weak* convergence of the sequence {x}} of X* to x*
is designated by x}, —, x*.

Theorem 3.1. For (P), letx € A, € >0, and 7 = Max(, ,)cyxy % —€2>0. Then, x is an
g-solution to problem (P) if and only if there exist p > 1, {(uy, 1)}, {(Vyssn)}, {(W]stin)},
{(gm)} CX* xR (i=1,...,p), y, €Y}, wy, € Wand 0, >0 (Zle 0;n = 1), such that

[ (3,n) € epi(max f ()", (v}, 5n) € epi(F(—ming(,)))", (45, %) € epid,

(Wi otin) € €pi(ypoh(,wn))*, (i=1,...,p),

P
u,+v,+ Z QWi+ qn =+ 0,
i=1

p
Fntsn+ Y Cintin+ Yo — 0.

\ i=1
Proof. (=). Assume that ¥ is an €-solution to (P). By Lemma 3.1, X is an €-solution to (P),
i.e., forany x € A,

o . N
max f (x, u) —7ming(x,v) > max f(,u) — Fming(x,v) — eming(x,v)

By using the scalar indicator function 85, we transform problem (P;) into an unconstrained
minimization problem

(0r)  mip (Pr+84)(x),
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where @5 : X — RU {+oo} is defined, for any x € X, by

Dy (x) := r;leal)]cf(x u) — rmmg(x V).

It is easy to see that @5 is R -convex. The convexity of 84 : X — RU{+eo} is immediate since
A is convex. Therefore (Qr) is a convex programming problem and hence we obtain that X € A
is an e-solution of (P) if and only if X is an €-solution to (Qy), i.e., 0 € dg(Px + Oa)(X), which
yields

(0,0) = (0, —Dx(X) +€) € epi(Px+0a)". (3.1)
Moreover, by Lemma 2.1, we obtain
epi(Px+6x)" = cl [epi®; + 6;]
= cl :epi<maxf(.,u)+?(—rvréi‘1/1g(.,v))>*+epi3§]
= cl [epl(maxf(, ) +epi(?(—1vréi‘£1g(.,v)))*} -l-epiSﬂ
= cl :epl(maxf( u))* +epi(F(— rvréi‘glg(.,v)))*—kepi&]

By Lemma 3.2, we have

epi 6y = clco ( U epiy on(.,w))* +epi6§)
yeyy wew

= cl [co( U epi(y*oh(.,w))*)—l—epﬁé}.

eyt weWw

Then,

*

epi(Pr+6x)" = o {epi(runga[}(f(.,u))*—f—epi(?(—rvréi‘l/lg(.,v)))

(3.2)
+eol J epibon(.w)) +epi5§} .
y*eY 7weW
In addition, by (3.1) and (3.2), we obtain
(0.0)€ el |epima /()" + epi(r(-mipe(.v) .

—I—co< U epi(y*oh(.,w))*)—kepiSé}.

yeyy wew
Thus there exist a sequence {(x},&,)} C X* x R with x} —, 0 and &, — 0, such that

(xr,En) € epi(r&agf(.,u))*%— epi(?(—rvréi‘glg(.,v)))*
+ co( U epiy* oh(.,w))*) +epidg.

Y EYT weW
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Thus there exist a sequence {(u};, )}, {(Vi,sn)}, {(Wh, )}, {(g, )} € X* X R such that
( (1) € epimax f(,u))", (v, sn) € epi(F(—ming(.,v)))", (¢, 1) € epide,

uc Vv

(Wt €co( U epi(y oh(,w))).
yeery wew

Uy + Vi + Wy + gy = 0,

L Tnt+Sp+t+% — 0.

Since (wy,tn) € co(Uyeeyr wew epi(y* o A(.,w))*), then there exist p > 1, y; € Y, wy € W,
oin >0 with Y7, 0, =1 and (Wi stin) € epi(yp 0 h(.,wn))* (i =1,...,p), such that wj, =
Zf:l (X,‘7nwin and t, = Zle Cinlin- Thus

p p
u, +v,+ Z Ocmw;-in +q,—«0 and r,+s,+ Z Oinlin+ Yo — 0.
i=1 i~
(«<). Assume that there exist p > 1, {(uy,,7) }, { (Vi sn) s {W] s tin) b {(@n, )} S X" X R
(i=1,..,p)andy; €Y, wy €W, i >0 (X2 | @i =1), such that

.

(4, ) € epi(max f(.,u))", (Vy,sn) € epi(F(—ming(.,v)))", (dn, 1) € epide,
(Winstin) € epilyyo h(wa))", (=1, p),

P
u,+v,+ Z Wiy +qn =+ 0,

i=1

FntSn+ Y Cintin+ Yo — 0.

L i=1

Let x € A be arbitrary. By the definition of the epigraph of a conjugate function, we have, for
any n > 0,

maxyey f(x,u) > (uy >—rn,
—rmmvev g(x v) > < x) — (3.4)

and 0 > (yioh(.,wy))(x) > <wzn,x> tin, i 1 .,p.-Since o;, >0 (i=1,...,p), then 0 >
<(X, nwl E > - ai,nti,n. ThUS,

p P
0> <Z Ocmw;-in,x) — Z i nlin- (3.5)
i=1 i=1
By adding (3.4) and (3.5), we obtain

P
Il?ea&(f(x u)—rmlng(x v) > (u, +v, —I—Za, nwm—I—qn, x) — (rn+sn+Za,~7nti7n+yn).
i=1 i=1

Passing to the limit when n — o, we obtain that max,cy f(x,u) — 7min,ey g(x,v) > 0. Since
7= max(,,)cuxv % — €, then max,cy f(X,u) — rmin,cy g(X,v) — €minyey g(x,v) = 0. For
any x € A, we have

mal);f(x u) — rmlng(x v) > maxf(x u) — rmlng(x V) — 8m1ng(x V),
ue veV

which means that X is an €-solution to (Pf), where € = e min,cy g(,v). Then, by Lemma 3.1, ¥
is an €-solution to (P), and the proof is complete. O
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Remark 3.2. For problem (P), if, for all x € X, f(x,.) is a concave function and g(x,.) is a
convex function, one see by using Proposition 2.2 that

epi(max f(,u))" = | epi(f(..u))", epi(F(—ming(.,v)))" = | epi(—7a(.,v))".

uclU veV

By Theorem 3.1 and Remark 3.2, we can obtain the following corollary.

Corollary 3.1. For (P), let ¥ € A, € > 0 and 7 = max(, )~y Losd — € > 0. If. for all x € X,

f(x,.) is a concave function and g(x,.) is a convex function, then X is an €-solution to problem
(P) if and only if there exist p > 1, {(u )}, {02500} {OWmotia)b {(@lo 1)} C X* x R
(i=1,...,p)u, €U v, €V, y €Y}, w, €Wand 0, >0 (Zle 0in = 1), such that
( (uyy,ra) € epi(f(., 1)), (Viysn) € epi(—7g(., V)", (g5, ) € epids,
(W?:n?ti,n) € epl(y;kz Oh(.,Wn))*, (l = 17 cee 7p)7

P
u, +vy+ Z Wi+ Gy = 0,

i=1
p

ot sn+ Y Cintin+ Y — 0.

\ i=1

Now, we establish some necessary and sufficient optimality conditions charaterizing an ap-
proximate solution of problem (P) in the absence of constraint qualification, in terms of approx-
imate subdifferentials.

Theorem 3.2. For (P), letx € A, € >0 and 7 = Max(, )y xv % —€>0. Then, X is an

e-solution of (P) if and only if there exist p > 1, {Bn}, {Nn}, {Oin}, {Va} CRL (i=1,...,p),
InEYELwa €W, @iy >0 (X0 &tin=1) and {u;}, {vi}, {wi,} {gp} SX* (i=1,...,p), such
that

(

1 € 35, (mx F(.0) ). v € O, (F(—ming(..v)) ). g € Ny, (C.5).
W;'k,n S aei,n(y;; Oh(vwn))()_c), (i =1,... ;p)a

)4

Ll;; + V:; + Z ai.,nWZn + Cl;: — 0,

ﬁn + MNn + Z ai7n9i,n + Vi — (y;: Oh(.,Wn))()_C) — €.
i=1

Proof. (=-). Assume that X is an e-solution to (P). Then, by Theorem 3.1, there exist p > 1,
{( )} {Vssn) bs {Wipstin) }o {(Gns )} S X*XR (i = 1,..0p), v, € VI, wy € W, and

®in >0 (X7, oy =1) such that
(1, 7) € epi(max f(,))*, (v;.5n) € epi(F(—ming(.,v)))", (4. ) € epic,
(Wi otin) € epi(ypoh(,wn))*, (i=1,...,p),

)4
§ uh v+ Y 0w, + g = 0,
i=1

p
Fntsn+ Y Cintin+ Yo — 0.

\ i=1
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By applying Proposition 2.1, we have

epimg ()" = U { 5, (53) 4 B~ max f50) /5 € Dp(ma a0) 1) .

ucl

B>0
epi(r(~ ming(..v ng{ (7)1 -+ 7))/ 5 € (- mine(e))0) |
epi(; o (-, { $.3)+0 = (s oh(.wn)) () / 5 € gy o h(-wn))(3) |

episy = | {(s, <s,)_c +v) /5 € dydc() :Nv(c,x)}.

v>0

Thus there exist sequences {B,}, {N.}, {6in}, and {v,} CRy (i=1,...,p) such that

t, € I, (max f(.,u))(¥) and 7, = (u,%) + B — max f (¥,u),
ue ue
vzéann(?(—lgigg(-,v»)(f) and =<v,’2, X) + 1+ 7ming(x,v),

q, € Ny, (C,%) and % = (g, X) + Vn,

wi, € dg,, (Vo h(.,wa))(X)  and t,n = (Wi %) + 6 — (Vo h(.,wn))(X), (i=1,...,p).

By summing the above equalities, we obtain

14 14
'n+8,+ Zai,nti,n+Yn = <ufl+v;+ ZOCW,W?’”—FQ:;, > (maxf<x I/t) —rnémg(x V))
i=1 i=1 Y

~Oh o hCw)) )+ (Bt 1+ ; i+ Vi ).

Since 7 = max,,,)cy xv fEx )) €, then max,cy f(X,u) — 7minyey g(¥,v) — € = 0. Thus

p p
FatSnt Y Qialinth = (U, +vi+ Y Giawi,+a,, %) —€— (v, 0h(,wn))(X)
i=1 i=1

p
+ <ﬁn +Nn+ Z ai7n9i,n + Vn) .
i=1
Now, passing to the limit as n — oo, we obtain 3, + 1, +Zf:1 0in0in+Vy— (y;oh(.,w,)) = €.
(«<). Assume that there exist p > 1, {B.}, {1}, {Oin}, {Va} CRy (i=1,...,p), ¥, €Y,
wn €W, @i >0 (X0 ain=1)and {u}}, {vi}, {w}in}, {¢;} CX* (i=1,...,p), such that

(

i € 0, (max £ () (), v} € O, (7(~ ming(.,v))) (), g € Ny, (C.),
W;'k,n € aei,n(y;: O/’l(.,wn))(f), (i =1,... ,P),
P
wy+vi+ Y aawt, + a5 4 0,
i=1
p

ﬁn + Mn + Z ai7n9i7n + Vn— (y:;oh(,,wn)) — €.

\ i=1
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Let x € A be arbitrary. By the definition of approximate subdifferentials and Ny, (C,X), we have,
for any n > 0,

max,ey f(x,u) —max,ey f(X,u) > (u),x —x) — By,
—7minyey g(x,v) +7minyey g(X,v) > (vi,x —X) — Ny, (3.6)
0> (g}, x—X) — Vy,

and (y, 0 h(.,wn))(x) — (v 0 A, wn))(X) > (W}, x —X) — O, i=1,...,p. Since &, > 0 (i =
1,...,p), then a;,(y; o h(.,wy))(x) — Qin(yyi oh( wn)) (%) > (i, nwln,x—f> — 0 ,0; 5. There-
fore,

p
(y;:oh(-vwn))( ) (ynoh Zal nwzn? _Zai,nei,n- (37)
i=1
Adding (3.6) and (3.7), we obtain

max f(x,u) —max f(X, u) +7 (—ming(x,v)) =7 (= ming(x,v)) + (v o h(., wn)) (x)

)4 )4
—(noh(wa))(X) > (uy +v, + Z O‘i,nW;‘k,n + @ x—%) — (B + 10+ Z &0 Bin+ Vn).
i—1 i=1

In addition, by using the fact that (y; o (., w,))(x) <y, 0, we have

max f(x,u) —max f(%,u) +7 (—ming(x,v)) — 7 (~ming(x,v))

p P
> (y +vp+ ) Wiy +dn,x =) — (Bt M+ ) Cinbin + Vi — (0 h(,wn)) (7))
i=1 i=1

Passing to the limit as n — oo, we have max,cy f(x,u) — max,cy f(X,u) — 7min,cy g(x,v) +
7 minyey g(¥,v) > —€. Hence, for any x € A,

max f(x,u) —rmlng(x v) > maxf(x u)—7 mmg(x V) —E,
uclU uel veV

which means that X is an €-solution to (Pr), where € = e min,cy g(x,v). By Lemma 3.1, X is an
g-solution to (P). The proof is complete. O

By taking g = 1 in the above theorem, we obtain the following result immediately.

Corollary 3.2. For problem (P') : min { mal}(f(x, u): xeC, h(x,w) €Yy, Vwe W}, letx € A,
ue

€ > 0. Then, X is an g-solution to problem (P') if and only if there exist p > 1, {Ba}, {6in},
{Vi} CRy (i=1,...,p), ys €Y, wa €W, iy >0 (X0 0y =1) and {u};}, i b Aan cx”
(i=1,...,p), such that

(14, € 9, (max £, 1)) (%), Wi € D, (30 h(. W) (), 3 € Ny, (C3), (i=1,...,p),

14
* * *
Uy, + Z ai,nwim + An —x 0’
i=1

)4
ﬁn + Z ai,nei,n + Vn — (y;kz Oh(-awn))(f) — E.

L i=1
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4. APPROXIMATE OPTIMALITY CONDITIONS OF PROBLEM (P) UNDER A CONSTRAINT
QUALIFICATION

In this section, we present an exact necessary and sufficient optimality conditions charater-
izing an approximate solution of (P) under a constraint qualification. For this, we consider the
following constraint qualification (CQ);

epi(max f(.,u))" +epi(F(—ming(.,v)))" + U epiy" oh(.,w))" +epidf
" Y y*eY ,weW

is a weak™ closed and convex subset.
The following theorem establishes the necessary and sufficient optimality conditions charac-
terizing an approximate solution under a constraint qualification of problem (P).

Theorem 4.1. For (P), let € > 0, X € A and 7 = max,,)cyxv fgi )) — & > 0. Suppose that

(CQ) holds. Then, X is an €-solution to (P) if and only if there exist y* € Y, w € W, and
B,n,0,veR,, such that

0 € dp(max f(.,u))(x) + Jn (F(—ming(.,v)))(x) + o (5" 0 h(-,W))(X) + Ny(C,X),  (4.1)
and
B+n+6+v—€=( oh(.,w))(x). (4.2)

Proof. (=). Following the proof of Theorem 3.1, if X is an &-solution to problem (P), then
(3.3) hold, which means that

(0,0) eclco epl(r’?ea(}(f(.,u)) —|—ep1(r(—rvrg‘r/1g(.,v))) + J  epi(y*oh(.,w))* +epids|.
yeyy,wew
Since (CQ); holds, we obtain
(0,0) € ep1(r151€a5(f(.,u)) +ep1(?(—rvré1‘£1g(.,v))) + U epiyFon(.,w))" +epidi
yeery wew

So, there exist y* € Y and w € W, such that

(0,0) € epi(r&al}(f(., u))* +epi(7(—rvréi‘£1g(.,v)))* + epi(y* oh(.,w))" +epid.
This yields that there exist (u*,r) € epi(max,cy f(.,u))*, (v¥,s) € epi(F(—minyey g(.,v)))",
(w*,t) €epi(y* oh(.,w))* and (¢*,7) € epid;, such that
w v 4wt +4q" =0 4.3)
and
r+s+t+y=0. (4.4)
Moreover, by applying Proposition 2.1, there exist 3,71,0,v € R, such that
u* €8ﬁ(maxf(. u))(x) and rz(u*,x)%—ﬁ—r;lea&(f()_c,u),
VLX) +1 +7rvn€i3g(7c,v),
( w))(X) and t= (W' x)+0—( oh(.,w))(X),

v e oy(F ( mlng( v)))(x) and s={
y*o (W, %)
C,x) and y={(¢",x)+V

(F
w* E&e(
q" € Ny(
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By adding the above equalities and using (4.3), we obtain
0 € dp(max f(.,u))(x) + Iy (F(—ming(.,v)))(X) + o (" 0 h(.,w)) (x) + Ny (C,X),

and
r+s+t+y = WHvHw44¢"x) — (maxf(i,u) —7 ming(x,v))
uclU veV
(4.5)
—( oh(.,w))(x)+ (/3 +n+ 6+v>.
Since 7 =max, ,)eu xv % —¢,and € = eminyey g(X,v), then max,cy f(X,u) —7min,cy g(x,v) —

€ =0. Using (4.3), (4.4), and (4.5), we obtain
B+ 6+v—F= (7 oh(,W)(x).
Hence, (4.1) and (4.2) hold.

(«<). Suppose that there exist y* € Y7, w € W, and 8,1,0,v € Ry, such that (4.1) and
(4.2) hold. By (4.1), there exist u* € dg(maxyey f(.,u))(X), v € In(F(—minyey g(.,v)))(X),
w* € dg(y* oh(.,w))(x) and ¢* € Ny(C,X), such that

u' +vi+wt+4q" =0. (4.6)
By the definition of approximate subdifferentials and Ny (C,X), we obtain, for any x € A,
max,ey f(x,u) —max,cy f(x,u) > (u*,x —x) — B,
—7minyey g(x,v) +7minyey g(x,v) > (v, x—x) — 1,

(¥ o h(,,w))(x) = (3" oA, ) (%) = (w*,x —X) — 6,
0> {(g"x—X)—v.

Adding the above inequalities, we have, for any x € A,
. — = . — . — —% h ) J—
max f(x,u) — max f(¥,u) —7ming(x,v) + Fming(%,v) + 5" o h(.,w)) (x)
—(Voh(W)(®) = (U v +w' ¢ x—X) = (B+n+6+V).
Observe (y* o h(.,w))(x) <y, 0. Using equality (4.6), we obtain, for any x € A,
max f(x,u) —max f(x,u) — rming(x,v) + rming(x,v)

>—(B+n+6+v— (5 oh(.,w)(X)).

It follows from (4.2) that max,cy f(x,u) —max,cy f(X,u) —7miny,cy g(x,v) +7 min,cy g(x,v) >
—¢€. Hence, for any x € A,

. - o
max f(x,u) —rming(x,v) > max f(x,u) — 7 ming(x,v) — €,

which means that X is an €-solution of (Ps), where € = € min,cy g(X,v). According to Lemma
3.1, we deduce that X is an &-solution of problem (P). The proof is complete. U

Remark 4.1. If we suppose the following constraint qualification (CQ),
epi(max ()" +epi(r(~ming(. V) +  \J  epi(y’ oh(-,w))" +epid;
uclU ve y*eij,weW
is a weak” closed subset and Uyscy: yew epi(y* o h(.,w))" is a convex subset,
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then constraint qualification (CQ); holds, i.e.,

epi(max f(.,u))* +epi(F(—ming(.,v)))"+ [J  epi(y* oh(.,w))" +epid
uclU veV VYT wew

is a weak™ closed and convex subset, which ensures that the result of Theorem 4.1 holds.

Note that the convexity plays an important role in Theorem 4.1. Now, we give an example to
demonstrate that the obtained result fail if the convexity assumption in constraint qualification
(CQ), is not fulfilled.

Example 4.1. Consider the following fractional programming problem with uncertainty

) —ux+2
min max
(uv)eUxV —y-—+v

s.t. w?|x| +max{y,0} —2w <0, w € [0, 1],
(x,y) €] —00,0] x [—1,0],

where U =V = [1,2] and W = [0, 1]. Let £((x,y), 1) i= —ur-+2, g((x,),7) i= —y-+v, h((x,),)
:= w?|x| +max{y,0} —2w, C :=] —0,0] x [~1,0], € := 1, and (%,y) := (0,0). The feasible set
f((x).u)
8((x3).v)
mate solution to problem (P3). In [23, Example 2.1], it was proved that Uy, > weo,1) €Pi(HA (., w))*

is not convex. Moreover, for any 3,1,60,v € R, we have

dp(max f(.,u))(x,5) = {(=2,0)}, on (F(—ming(.,v)))(x,y) = {(0,1)}

(P3)

A =|-2,0] x [-1,0]. Clearly, 7 = max, ,)cy xv — & =1, and then (X,y) is an approxi-

and
o (Hh(-,w))(x,3) = [~pw?, uw?] x [0, ], Ny(C, (%)) =R%.
Thus, for any (a,b) such that

(a,b) € O (max £ () (5,3) + O (F(~ ming(.,v))) () + Ao (h(., 7)) (5.3) + Ny (C, ),
we have b > 0. It follows that

(0,0) ¢ Jp(max f(.,u))(x,y) + Iy (F(~ming(.,v)))(x,3) + o (h(.,w))(x,5) + Nv(C.X,7).
Thus, Theorem 4.1 is not applicable with respect to the constraint qualification, (CQ),.

When € = 0, we obtain the following result immediately.

Corollary 4.1. For (P), let X € A and 7 = max(, ey v L= Suppose that (CQ)y holds. Then,
X is an exact solution of (P) if and only if there exist y* € Y and w € W, such that
0 € a(max £(.,)) () + (-~ ming(,v))) (%) + A" o (7)) (%) + N(C ),
u 1%
and (y* oh(.,w))(x) =0.

Proof. By taking € = 0 in Theorem 4.1, we deduce that X is an exact solution to problem (P) if
and only if there exist y* € Y, w € W and f3,1,0,v € R, such that

0 € dp(max f(.,u))(x) + oy (F(—ming(.,v)))(x) + o (5" 0 (., W)) (X) + Ny (C.X),

and B+n+60+v—(y oh(.,w))(X) =0. Due to the fact that B+n+ 0+ v — (¥ oh(.,w))(X) =
0, B,n,0,v e Ry and —(3* o h(.,w))(X) > 0, (since h(xX,w) € =Y and y* € ), we have
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B=n=0=v=—(y"oh(.,w))(x) =0. Therefore, X is an exact solution to (P) if and only if
there exist y* € Y and w € W such that

0 € amax £(..)) () + (-~ ming(,v))) (%) + A3 o () (%) + N(C. ),
and (y* oh(.,w))(x) = 0, which completes the proof. O
Now, we present an example illustrating our main result.

Example 4.2. Consider the following robust fractional programming problem

, u(—E+3+32)
min max ———>* 2%
(P4) (u V)EUXV V( + )+4
s.t. max{O,wx}-l—wy <0, we|[l,2],
(x,y) € [-1,1] x [-1,1],
where U = [1,2] and V = [1,2]. By taking f((x,y),u) := u(—%—i—%—f—%), g((x,y),v) = v(%—l—
%) + L—It, h((x,y),w) := max{0,wx} +wy?, C:=[~1,1] x [-1,1], e := 1 and (%,y) := (0,0) €

A ={(x,y) € C: h((x,y),w) <0, Yw € [1,2]} = [-1,0] x {0} a feasible point, one has 7 =

max (, y)ey xv % —&=2and € = emin,ecy g((X,),v) = % Moreover, by a simple calcu-

lation, we have

epitmax ) ={ (<3.5) x5,
epi(r(-mipsl )" = { (0.3 ) px (14,

h ) = Y sT) e S 07 ’ ER?
epi(uh(c,w))" =14 (oy7or) [ € [0 uw] )" € R,
[ epide = {(x", )" r) - [+ <}

*2

< r} for any u # 0,

Thus
[ epitm (0" +epri-mipel.))” ={ (~55 ) b [+

U epiuh(ow) = ({0} x {0} x Ry) U(RG, x {0} x R}) U (R}, x R X RY),
u>0,well,2]

Cepide = {(x",y" r) ERXRXRy o W[+ |y < r},
which means that
epi(max f(.,u))" +epi(F(—ming(.,v)))*+ | J  epi(uh(.,w))*+epids
uclU veV
u>0,well1,2]
is not closed. Hence, the constraint qualiﬁcation (CQ); does not holds.

Foranyn €N, letp=2,8,=1 7n,=1, e,n:o (i=1,2), v, =3+ Letu; = (—1,3),
v =(0,—5). wi, = (0,0), oty =5 (i=1 2) = (3, %), b =0€ Ry, andw, =1¢€ [1,2].
It is easy to see that 8ﬁn(maxueyf(.,u))(x,y) ={(— % %)} I, (F(—min,ey g(.,v)))(X,5) =

)

{(0,~3)}. 9, (1ah (., wn))(%.7) = {(0,0)}, (i =1,2) and Ny, (C, (%,5)) = {(w,v) : [u] + v [< Va},
which yields
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it € 0p, (max f(.,u))(X,5), v, € Iy, (F(—ming(.,v)))(x.5), g € Ny, (C,(%.3)),
an6891n<uun ( ))( y) (l: 172)7

uy + vy +Za,nw,n+ =(0,0) = (0,0),
1—1
. I
B+ 1+ Z & n0in + Vi — (Unh (-, wn)) (X,5) — 5 €.

\ i=1

Then, by Theorem 3.2, (¥,¥) is an approximate solution to problem (Py).

5. CONCLUSION

In this paper, following the framework of robust optimization approach, we obtained se-
quential approximate optimality conditions without any constraint qualifications for a scalar
constrained fractional optimization problem (P) in the face of data uncertainty both in the ob-
jective and constraints in terms of the approximate subdifferentials of the associated functions.
We also stated some approximate optimality conditions for problem (P) under a constraint qual-
ifications.
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