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Abstract. In this paper, we provide a general formula concerning the weak and proper approximate
subdifferentials of the difference of two vector convex mappings (DC) in terms of the star difference. This
formula is applied to establish necessary and sufficient approximate optimality conditions, characterizing
weakly and properly approximate efficient solutions for a constrained DC programming problem and a
constrained multiobjective fractional programming problem.
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1. INTRODUCTION

DC programming problems are classified as a type of nonconvex optimization problems that
play an interesting and important role in real world problems due to their algorithmic aspects
and abundance of applications; see, e.g., [1, 2, 3, 4, 5] and the references therein. DC vector
optimization problems recently attracted a great deal of attention and numerous results on the
analysis and algorithms were obtained; see, e.g., [6,7, 8,9, 10, 11, 12, 13, 14] and the references
therein. In [6], Gadhi et al. established sufficient optimality conditions for a weak Pareto mini-
mal solution of DC vector optimization problems in an ordered Banach space. In [7], Guo et al.
gave sufficient optimality conditions for an approximate weak Pareto minimal solution of DC
vector optimization problem by using the concept of approximate pseudo-dissipativity. In [8],
Taa derived optimality conditions for DC vector optimization problems in terms of Lagrange-
Fritz-Joh and Lagrange-Karush-Kuhn-Tucker multipliers rules.

This paper is motivated by the recent result developed by Ammar et al. [15]. They discussed
the calculus rule for the strong approximate subdifferential of the difference of two convex
vector mappings defined in a locally convex topological vector space and considered their ap-
plications to DC vector programming problems. They obtained, under the concept of the regular
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subdifferentiability (see [16]), the following formula

(K —K>)(x0) = ) {A € L(X,W) : A+ 95Kx(x0) C 9. oK (xo)} NIR)
pnew,
where K;,Kp : X — W U {+ooy } are two convex mappings, d; K is the strong approximate
subdifferential at xg, X and W are real Hausdorff locally convex topological vector spaces, W
is a convex cone inducing a partial preorder in W, and € and u are the elements of W, .

Our goal is to extend formula (1.1) for the approximate weak and proper Pareto subdif-
ferentials by using the scalarization process and the regular subdifferentiability. Our paper is
organized as follows. In Section 2, we recall some notions and give some preliminary results,
used in what follows. In Section 3, we develop the formula concerning the approximate weak
and proper Pareto subdifferentials for the difference of two vector convex mappings. In Section
4, we establish the Pareto approximate optimality conditions of a constrained DC programming
problem. In Section 5, the last section, we derive the Pareto approximate optimality conditions
for a multiobjective fractional programming problem.

2. PRELIMINARIES

In this section, we give some basic definitions and results. Let X, W, and Z be real sepa-
rated topological vector spaces whose continuous dual spaces are denoted by X*, W*, and Z*.
Throughout this paper, we denote by L(X, W) the set of all continuous linear operators from X
into Y. Let W, be a convex cone of W with intW, # 0. The subset [ (W,.) := W, N —W, is the
lineality of W,. If it is null, then W, is said to be pointed. For any wi,wy € W, the cone W,.
induces the following preorder relations

wi <y, wa == wr—w; €W,
wi <w, w2 <= wr —wj € intW,,
Wl Sw, Wy <= Wy — W] € W+\l (W+) .
To space W, we attach an abstract maximal element with respect to ” <y, ”, denoted by +ooy,
such that w <y, +oeoy, for all w € W and w + (+ooy ) := (4oop ) + w := ooy for all w €
W U {+oow} and 1 - (+oop ) := oo for all n € Ry. The polar cone W} and the strict polar
cone (W3)° of W,. are defined, respectively, as
Wii={w"'ew" : w (W) CR,}
and
(W5 = {w" €W+ w' (W \L(W,)) C R, \{O} ).
Clearly
(Wi)° € Wi\{0}. (2.1)
A mapping K; : X — W U {+oop } is said to be
e W, - convex if, for any B € [0, 1] and any u;,u; € X,

K1 (Bui + (1= B)uz) <w, BK1(u1)+(1—B)Ki (u2),

e proper if domK; :={x € X : K;(x) e W} #£0,
e star W, -lower semicontinuous if w* o Kj is lower semicontinuous for any w* € W.
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In the sequel, I'(X,W,) stands for the set of proper W, -convex mappings from X to W
and I'p (X,W,) for the set of star W -lower semicontinuous mappings in I'(X,W, ), while
o (X,R.) reduces to I'g(X), the set of proper convex and lower semicontinuous functionals
from X to R. Let ” <z 7 be a partial preorder on Z induced by a nonempty convex cone
Z, C Z. We say that a mapping K> : Z — W U {+ooy } is said to be (Z;, W, )-nondecreasing
if, for any 71,20 € Z

21 <z, 22 = K2 (21) <w, Ka(22).
If K3 : X — ZU{+e0z}, then the composed mapping K, o K3 : X — W U {+oop } is defined
by
K> (K3 (x)) if x € domK3,

~+oop otherwise.

(K2 OKg)(X) = {

We can easily observe that if K, is W,.-convex, (Z,Y;)-nondecreasing, and K3 is Z-convex,
then K, o K3 is W,.-convex.

Given a mapping K; : X O § — WU {+4oop } and € € W, we consider the following con-
strained vector optimization problem

(P)  minki().

Let xg € SNdomK|. Then xj is said to be

e astrongly e-efficient (¢-optimal) solution if, Vx € S, K; (x) >w, Ki(xo) — €,

e a weakly e-efficient solution if 7ix € S such that K (x) <w, Ki(x0) —¢€,

e a properly e-efficient solution if 3W, C W, a convex cone, such that W\l (W) C
intW, and 7x € S such that K| (x) < v, Ki(xo) — €.

The sets of strongly, weakly and properly €-efficient solutions are denoted, respectively, by
ES(Ky,S,W,), EY(Ky,S,W,), and EF (K;,S,W, ). Note that

Eg(KbS7W+> - EEV(KHS?WﬂL)'

The above definitions give important information about €, and we can easily see if EZ (K;,S, W) #
0, then € 7(“42 0, where

e ¢ —intW, if oc=w,
e £y, 0=

The e-subdifferential of K| at xo € domK can be defined according to the different concepts of
Pareto €-solutions with respect to & € {s,w, p} as follows

0ZKi(xp) :={A€L(X,W):xo € EZ(Ki —A,X,W})},
1.e.,
o JJKi(xo) = {A€L(X,W): VxeX,K(x)—Ki(xo) >w, A(x—x0)— €},
e Ki(xo) = {AELX,W): x€X,Ki(x)—Ki(x0) <w, A(x—x0) — €},
e YK (x0) = {A€L(X,W): 3IW, CW aconvex cone such that
W\ (Wy) CintWy, Fx € X, Ki(x) —Ki(x0) Sy, A(x—x0) — €},

~—  —
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If € = Ow, thn d§ K (xo) := d°Ki(xp) is the exact Pareto subdifferential (see [16]), for any
o € {s,w,p}. For simplicity, we consider the following notation
Wi\{0} if o=w,
WY =
(wp)e if o=p.
For any subset S C X, the vector indicator mapping &g : X — W U {+ooy } of S is defined
by
0, ifxes,
+oopy, otherwise.

)= {

When Y = R, the scalar indicator function is denoted by ds. The vector indicator mapping
O appears to possess properties such as scalar indicator function &s. It is easy to verify that
w* 0 0g = s for all w* € W?. For any 1 > 0, the vector €-normal set to S at xo € S is defined as
the strong Pareto &-subdifferential of the indicator mapping Jg at xo i.e.,

Ng(S,x0) 1= 9765 (x0) ={A € L(X,W) : A(x —x0) <w, €&, Vx € S}.
Following [17], for any A > 0, a mapping K| : X — W U {+oop } is said to be o-regular
A-subdifferentiable at xop € domK; with o € {p,w} if

) (w"oKp)(xo) = U w0 diK(xg), Yw* € W7,
eew?
(w*,e)=2A
where W9 = {0y} and W} = W, if A > 0, and w* 0 95K (x0) := {w oA :A € diKi(xo)}
In the sequel, we need the following theorems. The first characterizes the approximate o-
subdifferential for 6 € {w, p} and the second one gives a formula on the approximate subdif-
ferential of the difference of two convex real functions.

Theorem 2.1. ([17]) Let K; : X — W U {+oow } and xo € domK,. Then, for c € {p,w},
K1 (xp) 2 U {ACL(X,W):w" 0A € dy o) (W 0 K1) (x0)}, Ve £y, 0,

wreWw?
with equality if K| is Wi.-convex and W is pointed as ¢ = p.

Theorem 2.2. ([18]) Let K|,K> : X — RU{ o0} be two functions, xo € dom K} Ndom K, and
o > 0. If X is locally convex and Ky,K, € Ty (X), then

8a(K1 —Kz)(X()) = ﬂ {8ﬁ+al(1 (X()) l 8BK2(x0)},
B>0

where dg_ oK1 (x0) = dpKa(xo) := {x* € X* : x* + dpKa(x0) C I Ki(x0)} is the set of star
difference between dg | o K1(x0) and dgK(xo).

3. APPROXIMATE WEAK AND PROPER SUBDIFFERENTIALS OF THE DIFFERENCE OF TWO
VECTOR CONVEX MAPPINGS

In this section, we present our main result concerning the approximate weak and proper
subdifferentials for the difference of two vector convex mappings.
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Theorem 3.1. Let Ki,K; : X — W U {+ooy } be two vector mappings, xo € domK; NdomK;
and o € {p,w} with W, being pointed as ¢ = p. Then,

¢ (Ki —K2)(x0) € () {A € L(X, W) : A+ d5Ka(x0) 8u+£K1(xo)}, Ve £§, 0,
IJ€W+

with equality if X is locally convex, Ki,K, € Ty (X, W), and K; is 6-regular A-subdifferentiable
at xo for any A > 0.

Proof. Fist, let us prove

I8 (Ki—Ka2)(x0) € [ {A€LIX.W):A+Ks (x0) € 9 cKi(x0) }, Ve £F, 0

 pew,
For the case 0 = w, we let A € dY (K| — K»)(xp). That is, for all x € X,
Ki(x) — Ka(x) — Ky (x0) + K2 (x0) —A(x —x0) + & € (W\ —intW,.). (3.1)
Let u € W, and B € 9K (xo). That is, for all x € X,
K>(x) — K> (x0) — B(x —x0) + . € Wy (3.2)

By summing term by term in inequalities (3.1) and (3.2), we obtain, for all x € X,
Ki(x) —Ki(x0) —(A+B)(x —x0) + €+ € (W\ —intW, ) + W,.

Now, we need to show that (W\ —intW,) + W, C (W\ —intW,). Let u = u; + up, with
up € (W\ —intW,) and uy € W,. We proceed by contradiction. If u ¢ (W\ —intW, ), then
up =u—up € —intWy — Wy C —intW,, which contradicts u; € (W\ —intW,.). Thus, for all
xeX,

K (x) —K; ()C()) — (A +B) ()C —)C()) +e+uUue (W\ — intW+). (3.3)
For the case 0 = p, we let A € 97 (K; — K»)(xo). Then there exists a convex cone W, C W such
that W, \ {0y} C intW, . For all x € X,

K1 (x) — Ko (x) — K1 (x0) + K2 (x0) — A(x —x0) + € € W\ (=W, \[(W,)).
Following the proof in the case ¢ = w, we see that, for all x € X,
K1(x) — Ki(x0) — (A+ B)(x —x0) + &€ + 11 € W\ (=W, \[(W,)) + W,

We claim that W\ (=W, \I[(W4)) + W, C W\(=W,\I[(Wy)). Indeed, let u = u; + up with
up € W\(=W,\I[(W,)) and us € Wy. If uy = Oy, then u € W\(— W+\I(W+)). Otherwise,
if uy € W \{Oy} C int W, C W+\Z(W+) by assuming that u & W\ (=W, \I[(W,)), we ob-
tain uy = u—uy € —W \[(Wy) — W \I[(Wy) € =W, \I(W,) which contradicts the fact that
up € W\ (=W, \[(W,)). This yields that, for all x € X,

K (x) — Ki(x0) — (A+B)(x —x0) + £+t € W\ (=W, \[(W})). (3.4)
Thus, from (3.3) and (3.4), we have, for any u € W,
A+B e dgy, (Ki)(xo), forall B € djKa(xo),
which implies, for any u € W,

Ac {A € L(X,W) : A+ 95K2(x0) C IF. oK (xo)} :



74 A. ED-DAHDAH, M. LAGHDIR, M. MABROUK, A. AMMAR

that is,
Ae N {A € L(X,W) : A+ 95Kx(x0) C 97, oK (xo)} .
pew,
Conversely, letting
Ae N {A € L(X,W) : A+ 95Kx(x0) C 97, oK (xo)} ,
pew,
for all u € W,, we have A+ 9Kz (x9) € 97, .Ki(x0), that is, A+ B € d7, K (xo) for all B €
8&[(2 (x0). Following Theorem 2.1, we see that there exists some w* € W{ such that

wo(A+B)=w oA+ W 0B € dy y1e) (W 0K7)(x0),VB € dy Ka(x0),
that is,
w oA +w 0d,Ky(x0) C Iy yye) (W 0 K1) (x0), (3.5)
Let ¥ € (intW,)U{Ow} as (w*,9) > 0 and K, be o-regular (w*, ¥)-subdifferentiable at x.
Then
Iy W oKa) (o) = |J  w'odiKa(xo), (3.6)

,LL€W+<W*’0>
(w*,u)=(w",)
where
W) . Ow, if 9 =0,
4 = . .
W+, if ¥ ElntW+.
From relation (3.5), we deduce that, for all ¥ € (intW,) U {Ow },
w oA + U w*0d, K (xo) C U e )+ (wee) (W 0 K1) (x0),

<W*,19> <w*,19>

new uew;
<W*uu>:<W*719> <W*nu>:<W*719>
that is,
w oA+ U w0 dKa(x0) € Iy 9y wee) (W 0 K1) (x0). (3.7)
MGW<W*A,19>
i

(W pm)=(w",9)
Combining (3.6) and (3.7), we obtain

W' oA+ 9y (W0 K2) (X0) C 9ppur 5+ wre) (W 0 K1) (x0),

that is,
w oA € 9<W*719>+<W*78> (W oKq) (x9) = 8<W*719> (W o K3) (x0). (3.8)
Let us prove R = {(w*,9),9 € (int W) U{Ow}}, Yw* € WP,

In fact, we start with the case 6 = w. For the first inclusion {(w*,9), 9% € (int W) U{Ow }} C
R is obviously, for any w* € W;\{0}. For the reverse inclusion, let y € R. If y =0, we have
0 = (w*,0p). Otherwise, if ¥ > 0, by virtue of [16, Proposition 2.1], we find the existence of
W € intW, such that (w*,w) = 1. We can write ¥ = (w*, yWw), with W € intW,.. Conclusion,
Ry ={(w",¢¥),0 € (int W, )U{Ow}} for any w* € W;\{0}. For the other case o = p, the
same result can be obtained from the first case ¢ = w by using (2.1) only.

Now, we can write (3.8) equivalently as

W oA € gy 4y (W 0 K1) (x0) = dy (W o K3) (x0), Yy >0,
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which yields

wr oA € () { I eysy (W 0K1) (0) = 3y (W 0 K2) (x0) }.
=0

Since K1, K, € T'p (X, W4 ), then w* o Kj,w* 0 Kp € I'g (X). As the space X is locally convex, we
obtain from Theorem 2.2 that

W oA € dpyys gy (W 0 Ki = w0 K3)(x0) = Iy ) (W 0 (K1 — K2)) (x0),
which yields by applying the scalarization Theorem 2.1 A € J2 (K| — K3)(xp). The proof is
complete. (|

In particular case, when € = Oy, , we obtain the following corollary.

Corollary 3.1. Let K1,Ky : X — W U {00y } be two vector mappings, xo € dom K} Ndom K,
and o € {p,w} with W, being pointed as 6 = p. Then

9°(Ki — K2)(x0) € () {A € L(X,W) : A+ 95Kx(x0) C IFK (xo)} ,
HeW,

with equality if X is locally convex, K1,K; € Ty (X, W) and K; is o-regular A-subdifferentiable
at xq for any A > 0.

4. PARETO APPROXIMATE OPTIMALITY CONDITIONS OF A CONSTRAINED DC
PROGRAMMING PROBLEM

In this section, we consider the following constrained DC programming problem

01) { min(F (x) — G(x))

xes,

where S is a nonempty convex subset of X and F,G € I' (X, W, ). By using the vector indicator
mapping ¢, we transform equivalently the problem (Q;) to the unconstrained problem

{ min (F (x) + 8¢(x) — G(x))
xeX.

The following Theorem is helpful in the sequel.

Theorem 4.1. ([17]) Let K, K : X — W U {+eow} and ¢ € {p,w} with W, be pointed as
0 = p. Assume that K5 is o-regular A-subdifferentiable at xy € domK; NdomK, for any A > 0,
and one of the following two qualification conditions is satisfied

(MR) K1,K, € T'(X,W,.), X locally convex,
N 3xe domK; Ndom K> s.t. Ky or K> is continuous at x.

K1,K, € To(X,Wy), X Fréchet space,
R, [domK; —domK3]| is a closed vector subspace of X.

(AB), {
Then, for all € £y, 0,

8§(K1 —I—Kz)()q)) = U &gKl ()C()) —+ 832K2(x0).
817{%+0, geWwW,L

&=01if =0,
E1+&=E



76 A. ED-DAHDAH, M. LAGHDIR, M. MABROUK, A. AMMAR

We are now in a position to establish the optimality conditions characterizing completely an
approximate weak and proper efficient solutions of problem (Q).

Theorem 4.2. Let F,G : X — W U {+4oow }, S be a nonempty convex closed in X and © €
{w, p} with W, being pointed as ¢ = p. Assume that G € T'y(X,W,) and is o-regular A-
subdifferentiable at xg € domF NdomG NS for any A > 0, and one of the following two quali-
fication conditions is satisfied,

(MR); {

F eTy(X,Wy), X locally convex,
dom F Nint(S) # 0 or F is continuous at some point of domF N S.

F €To(X,Wy), X Fréchet space,
R, [domF —S] is a closed vector subspace of X .

(AB), {
Then, x is an €-0-efficient solution of (Q1) if and only if, for all € £y, 0,

duG(xo) C U 95F(x0) +Ng,(S,x0), Vi € Wy
SljéngrO, geW,

&=0ifu+e=0,
E1+E&=U+E

Proof. Let € 7(3[4 0. Then xj is an e-o-efficient solution to (Qy) if and only if
0 € J¢ ((F+685) — G) (x0).

Since F, 8¢ € Ty (X, W), then (F + 8¢) € o (X, W,.). As X is locally convex and G is G-regular
A-subdifferentiable at x( for any A > 0, by virtue of Theorem 3.1, one has

95G(x0) C 9 ¢ (F +8Y) (x0), Vit € Wy 4.1)

Following [16], the vector indicator mapping &g is continuous at xq if and only if xo € int(S).
Hence, by putting K; := 05 and K> := F, we observe by means of the condition (MR); or (AB),
that all the assumptions of Theorem 4.1 are satisfied. Then expression (4.2) becomes equivalent
to

9, G(x0) C U g, F (x0) + N, (S,%0), V1 € Wy,

Sl{‘?‘@ro’ geW,

&=0if u+e=0,
Et+&=U+eE
which completes the proof. 0
Remark 4.1. (i) If S = X, then condition (MR), is satisfied. Furthermore, the statement

(4.1) in the above proof can be written equivalently as d;,G(xo) C J7, . F (xo) for all
ueW, and € 5({,{,+ 0.

(i) If F =0, then inclusion (4.1) reduces to d;G(xp) C 97, .0g(x0) for all u € W, and
e £y, 0.

The following example explains how to apply Theorem 4.2 for the case § = X.

Example4.1. Let X =S :=R,oc=w,and W := R? be endowed with its natural order induced
by the nonnegative orthant W, := R2 = {(v{,v2) € R?, vj,v; > 0}. Consider the following
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o L (s00) (125

x € R,

programming problem

where [x]; = max(0,x) is the nonnegative part of the scalar x. Let F(x) = (f1(x), f>(x)) =

([x]+,0), G(x) = (g1(x),82(x)) = (1+x, %2), and xo = 0. Obviously, F and G are convex, and
problem (P) becomes DC programming problem. It is easy to see that G satisfies condition
(5.5). Thus G is w-regular A-subdifferentiable at xo = 0 (A > 0) and immediately we have, for

all 4 = (i1, 42) € RE and n = (11,m2) € R,
35G(x0) = D1 (x0) X uy2(x0) = {1} ¢ |~ /212, /241

asF(-x()) = anlfl(x()) X {O} = [ ’ ] X {O}
By taking € = (27 2) and according to [19, Theorem 4.2], we obtain
aﬁergF(xo) - U agﬂ17n2)F(x0) 2y (R7R2)

(M,m2)€RT N(u+e—R\—intR} )

= [0,1] x {0} +Z, (R,R?)
where the set Z,, (R,RZ) of w-zerolike matrices can be given as
Z, (R,R*) = {BeR"?*:3v e R1\{0}, B'v=0}
={BeR™:3veRi, |lv|; =1, B'v=0}
= {(x,y) eR?: (v, ») € Ri,vl +wv =1, v1x+vzy:0}
={(x,y) eER*:0€ [x,)] or 0 € [y,x]}
=R xRy)U(Ry xR).

It is easy to check that 93 G(xo) C 9}/, ¢ F (xo) for all u = (1, ) € R . Thus, by Theorem 4.2,
xo is a weakly €-solution to problem (P).

In the sequel, we establish the o-efficient optimality conditions in terms of approximate
subdifferentials and the vector €-normal set of the following constrained vector problem

min(F (x) — G(x))
@) { Ty elz!

where F,G € I'(X,W, ) and H € I'(X,Z. ). The unconstrained problem below is equivalent to
the problem (Q»)

{ min (F(x) +8Y, oH(x)— G(x))
xeX.

The following Theorem is needed.

Theorem 4.3. ([19]) Let K; : X - W U{+ooy}, K3: X — ZU{+ooz}, Ky : Z — WU {00y },
xo € domKy NK; ' (domK,) NdomK3 and & € {p,w} with W being pointed as ¢ = p. Assume
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that K is (Z+,W.y)-nondecreasing on Z and c-regular A-subdifferentiable at K3(xo) for any
A >0, and one of the two following qualification conditions is satisfied

(MR) KieT(X,Wy), Ksel'(X,Zy), K, €T (Z,W,), X and Z locally convex,
3\ 3x € domK; NdomKs3 s.1. K is finite and continuous at K3 (%) .

K eToy(X,Wy), Ks€Tv(X,Z4), K» €T0(Z,W,), X and Z Fréchet spaces,
R, [domK; — K3(dom K; Ndom K3)] is a closed vector subspace of Z.

(AB)3 {
Then, for all € {g,+ 0,

9 (K1 + Kz 0K3)(x0) = U U g, (K1 +A o K3)(x0)
817(3‘/+0, 82€W+ AEagsz(K:;(XQ))
&=01if =0,
E1+&=€

Now, we are ready to state o-efficient optimality conditions of the problem (Q»).

Theorem 4.4. Let F,G: X — WU {+coy}, H:X — ZU{ooz} and Z; be nonempty convex
closed in X and & € {p,w} with W, being pointed as ¢ = p. Assume that H~' (—=Z. ) is closed,
G €Ty (X,Y,) and is 6-regular A-subdifferentiable at xo € domF NH ' (—Z,)NdomH NdomG
for any A > 0, and one of the two following qualification conditions is satisfied

(MR) Felo(X,Wy), HeTy(X,Zy), X and Z locally convex,
*1 H(domF NdomH)Nint(—Z,) # 0.

(AB) Felo(X,Wy), HeTy(X,Zy), X and Z Fréchet spaces,
*1 Ry [Zy +H(domF ndomH)] is a closed vector subspace of Z.

Then, x is an €-0-efficient solution to (Q>) if and only if, for all € £y, 0.

RhGx) < U U 05 (F+AoH)(xo) ¢, Vi € Wy
€ 7{‘(}{/+07 82€W+ AEN“‘J)z(iZ"r?H(xO))
&=0if u+e=0,
E1+&=U+FE

Proof. Let € 7(%+ 0. Then xo is an e-c-efficient solution to (Q;) if and only if
0€df (F+8"z oH—G)(xo).

Recall that the vector indicator mapping 6%, :Z — W U{+ocow } is (Z;, W, )-nondecreasing
and W, -convex (see [16]). Since H is Z; -convex, then SKZ+ oH is Wi-convex. From the fact
that w*o08”, oH = 6_z, oH forany w* € W2, it follows that

Epi (W*O(sonH) = {(xB):H(x) € —Z.,B ERYY,
= H'(-Z,)xR*".

Since H~'(—Z,) is closed, we deduce that Epi (w* 06", oH > is closed, which yields that
+

6’ z. oH is star W,.-lower semicontinuous. According to Theorem 3.1, we have, for all u € W,

93 G(x0) € 974 (F 40 oH)(xo). (4.2)
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Note that 6XZ+ is o-regular A-subdifferentiable at G(xp) for any A > 0 (see [17]). By tak-
ing Ky :=F, K> := 6", and K3 := H, we observe by means of (MR)4 or (AB)4 that all the
hypotheses of Theorem 4.3 are satisfied. Thus inclusion (4.2) becomes equivalent to

9;G(xo) C U U ds (F+AoH)(xo) p, Vi € Wy,
e17§, 0, W, (A€, (H(x)
&=0if u+e=0,
E1+&=U+E
1.e.,
RhGx) < U U 05 (F+AoH)(xo) ¢, Vi € Wy
€ 7{‘(}{/+07 82€W+ AGNS‘)’z(_Z"r?H(xO))
&=0if u+e=0,
E1+&=U+E
This completes the proof. 0

5. THE APPLICATION TO A MULTIOBJECTIVE FRACTIONAL PROGRAMMING PROBLEM

In this section, by applying the previous results, we present weak and proper approximate
optimality conditions for the following multiobjective fractional programming problem

{50 509,

gl(X)’ ,gs(x)
H(x) e —Z,,

(03)

where fj,g;: X — R, j=1,...,s, are proper and convex functions and H : X — ZU {+ooz} is
a proper and Z, -convex mapping. Moreover, we assume that f;(x) > 0, for any x € H “(—zy)
and j € {1,...,s} and the following additional hypothesis

() Je,¢2 > 0, such that ¢ < gj(x) < ¢y, forallx e H'(~Zy) and j € {1,...,s}.
The following notations are used in the sequel

€:=(&,...,8&),
& = (&181(x0), - .-, &8s(x0)),

_ Fx)
Vit ) & 20

If we endow the finite-dimensional space W := R*® with its natural order induced by the non-
negative orthant W, := R’ = {(wy,...,w;) e R*, w; >0, Vj=1,...,5}.

The following definitions can be found in [20, 21].

Definition 5.1. A point xo € H~'(—Z, ) is said to be
e weakly e-efficient solution of (Q3) if there does not exist x € H~!(—Z, ) such that
£i(x) _ fitx)
gj(x) ~ gj(xo)
e c-efficient solution of (Q3) if there does not exist x € H~!(—Z, ) such that
fix) _ filxo)
gj(x) ~ gj(x0)

—&j, Vje {1,...,S}.

—&j, Vje {1,...,S},
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with at least one strict inequality.
e properly e-efficient solution of (Q3) in Geoffrion’s sense if it is €-efficient of (Q3) and
there exists 8 > 0 such that, for each i € {1,...,s} and each x € H~!(—Z.) satisfying

filxo)  fi(x) . . s fiex)  filxo)
m — M — & > 0, there exists an index k € {1,...,s} with a0 o) TE > 0
and

filxo)  fi(x)

gi(xo) gi(x) <
<B.

ORI

o)~ aio) T &

By using a parametric approach, we can transform problem (Q3) into a vector DC program-
ming problem with the parametric v := (v1,...,vs) € RS, defined as follows

(0)) min(F (x) — G(x))
v H(X) S —Z+,
where F,G : X — R’ are defined for any x € X by

F(x) = (f1(x);-: £5(x), G(x) := (v1g1(x), -, vsgs(x))-

Proposition 5.1. ([20]) A point xo € H~'(—Z,) is said to be a weakly ¢-efficient solution of
(Q3) if and only if xo is a weakly €y-efficient solution of (Q,).

Lemma 5.1. Let xo € H~'(—Z, ). Then xq is a properly g-efficient solution of (Q3) if and only
if xo is a properly gy-efficient solution of (Q,).

Proof. Suppose that xq is a properly g-efficient solution of (Q3). By definition, x is an &-
efficient solution of (Q3) and there exists B > 0 such that, for each i € {1,...,s} and each
x € H~ (-2, ) satisfying

filkxo) — filx)
a0) (0 & >0, (5.1)
there exists an index k € {1,...,s} with
Ji(x) — fi(xo) Le >0 52)
8k(x)  gk(x0) ’ '
and
filxo)  filx)
gilxo) &ilx)
A Rt P >3

gk(x) gk(xo)
Since xq is an e-efficient solution to (Q3), then, according to [20, Proposition 3.1], xq is an
go-efficient solution to (Q,). Furthermore, putting /;(x) := f;(x) — v;gi(x), we find from (5.1),
(5.2), and the fact that g;(x) > O that

filxo)  filx)
T )~ >
Ji(x) _fk(xo)+
gr(x)  gk(xo)

li(xo) — li(x) —&igi(x0) = gi(x)

I(x) — Ik (x0) + &kgr(x0) = gk(x) 84 > 0.
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Clearly, condition (5.3) can be rewritten equivalently as

o210

Li(xo)—li(x)—&gi(xg) gi(X()) B gi(x) B l} gi(x)
lk(x)oflk(xo)+£kgk()(c)0) - |ifk(x) fk X()) :| S ng(X()> . (54)
8k(x - + &
gk(x)  gi(xo)

According to the assumption (.77°), we see that (5.4) becomes

li(x0)—li(x) —€igi(xo) c
Be(x) =T (x0 ) +€x8k (x0) = BL;

Thus x is a properly gy-efficient solution to (Q, ). Similarly we prove the reciprocal implication.
This completes the proof. H

Now, we present some necessary and sufficient approximate optimality conditions character-
izing a weakly and properly e-efficient solution for problem (Q3).

Theorem 5.1. Let f;,g;: X — RU{+oo}, H: X — ZU{ooz}, xo € H ' (~Z.), Z be nonempty
convex closed in X, and & € {w, p}. Suppose that H~' (—Z..) is closed, g; € Ty (X) (i=1,...,s),
and there exists some b € (\i_,domg; such that (s — 1) functions g; are continuous at b. If
assumption () and one of the two following qualification conditions are satisfied

fieTo(X), HeTy(X,Zy), X and Z locally convex,
N
(MR)s H( ﬂ dom f; ﬂdomH> Nint(—Z;) # 0.

i=1

fieTo(X), HeTy(X,Z1), X and Z Fréchet spaces,

(AB)s |

N
Z.+H ( ﬂ dom f; NdomH )] is a closed vector subspace of Z,
i=1
then x is an €-0-efficient solution to (Q3) if and only if, for all € %H%i Oand p = (Uy,...,Us) €
RS,
Oy (vig1) (x0) X ... X 9y, (vsgs) (x0)

C U U 05 ((fis-s fs) + A0 H)(xo)
Mm#gs 0, meERY, | AeNy, (—Z1,H(xo))
+
M=0if p+&=0,
Ni+m=H+&

Proof. For W =R* and W, =R, , since f;,g; € I'o (X), we have F,G € Iy (X,R%,). Let A > 0.
By virtue of [17], the A-subdifferential o-regularity of G = (v;g1,...,vsgs) holds under the
well-known Moreau-Rockafellar qualification condition

{ gi€lp(X), (i=1,...,s), X separated locally convex, (5.5)

b € (}_; domg; such that (s — 1) functions g; are continuous at b.

For our goal, this qualification condition is verified. By Proposition 5.1 and Lemma 5.1, xq is
an g-o-efficient solution of (Q3) if and only if x¢ is an &-o-efficient solution of (Q,). Under
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(MR)s or (AB)s, we observe that all the hypotheses of Theorem 4.4 are satisfied, so

9,G(xo) C U U 95 (F+AoH)(xo) 7. (5.6)
rll%%y 0, UZERi A€N1";2(_Z+7H(x0))
+
M2=0 if u+&=0,
Mm+mM=u+E&

As 9;,G(x0) = dy, (vigr) (x0) X ... X Iy, (vs&s) (x0), we see that (5.6) becomes

Iy (Vig1) (x0) X ... X Iy, (vsgs) (o)

C U U 05 ((fis s fs) + A0 H)(xo)
Mm#gs 0, meERY, | AeNy, (—Z1,H(xo))
+
M=0if u+&=0,
Ni+m=K+&

The proof is complete. U
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