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Abstract. In this paper, we exploit necessary/sufficient optimality conditions for £-quasi positively prop-
erly efficient solutions of the semi-infinite multiobjective optimization problems with data uncertainty.
We also consider Wolfe type dual problems/Mond—Weir type dual problems under the assumptions of
generalized convexity. Finally, several illustrative examples are also provided.
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1. INTRODUCTION

Semi-infinite multiobjective optimization problems find numerous applications in various
fields, such as in engineering design, mathematical physics, robotics, optimal control, trans-
portation problems, fuzzy sets, and cooperative games. Recently, optimality conditions and
duality for semi-infinite multiobjective optimization problems have been considered by numer-
ous researchers; see, e.g., [1, 2, 3, 4, 5, 6, 7] and the references therein. For semi-infinite
multiobjective optimization problems with data uncertainty; we refer to, for example, [8, 9,
10, 11, 12] and the references therein. For isolated efficient solutions and properly efficient
solutions for multiobjective optimization problems, we refer to [13, 14, 15, 16, 17, 18] and
the references therein. In addition, optimality conditions and duality for isolated efficient so-
lutions/properly efficient solutions of semi-infinite multiobjective optimization problems were
studied in [19, 20, 21, 22, 23, 24, 25]. However, there are few results on isolated efficient so-
lutions/properly efficient solutions for the semi-infinite multiobjective optimization problems
with uncertainty data [26]. In addition, since sometimes exact solutions do not exist while the
approximate ones do, even in the convex case (see [27, 28]), the study of approximate solutions
becomes significant from both the theoretical aspect and computational applications. Optimal-
ity conditions and duality theorems for approximate solutions of a multiobjective optimization
problems were studied in [29, 30, 31] and optimality conditions/duality theorems/saddle point
theorems for approximate solutions of optimization problems with infinite constraints were
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given in [32, 33, 34, 35, 36, 37, 38, 39]. On the other hand, optimality conditions/duality
theorems for approximate solutions of robust optimization problems with infinite constraints
were obtained in [40, 41, 42]. However, to the best of our knowledge, up to now, there is no
paper devoted to €-quasi positively properly efficient solutions of semi-infinite multiobjective
optimization problems with data uncertainty.

Inspired by the above observations, we provide some new results for optimality conditions
and duality theorems for e-quasi positively properly efficient solutions of semi-infinite multi-
objective optimization problems with uncertainty data via the Mordukhovich subdifferential.
Since the Mordukhovich subdifferential and the Mordukhovich normal cone might be noncon-
vex, the Mordukhovich subdifferential seems to be useful for deriving optimality conditions
and duality for semi-infinite multiobjective optimization problems with uncertainty data. The
rest of the paper is organized as follows. Section 2 presents essential mathematical tools, such
as notations, definitions, and lemmas. In Section 3, we investigate optimality conditions for
robust €-quasi positively properly efficient solutions of semi-infinite multiobjective optimiza-
tion problems. In Section 4, the last section, we study approximate Wolfe type dual prob-
lems/approximate Mond-Weir type dual problems with uncertain data.

2. PRELIMINARIES

From now on, we use the standard notation of variational analysis in [43, 44] and all spaces
under consideration are assumed to be Euclidean spaces R” with n € N:={1,2,---}. The inner
product and the norm in R” are denoted by by (-,-) and || - ||, respectively. The closed unit ball
in the dual space R" is denoted by Br». In addition, the topological closure and the topological
interior of a set D C R" are denoted by clD and intD. As usual, the polar cone of D is the set

D°:={x* e R"| (x",x) <0,Vx € D}. (2.1)

Besides, the nonnegative (resp., nonpositive) orthant cone of Euclidean space R" is denoted
by R = {(x1,--,xs) |x; > 0,i=1,--- ,n} (resp., R") forn € N:= {1,2,--- }, while intR’} is
borrowed to indicate the topological interior of R’} .

Given a set-valued map G : R" = R", we denote by

LimsupG(x) := {y € R"| Jsequence x; — ¥ and y;, — y with y; € G(x;),Vk € N}

X—X
the sequential Painlevé-Kuratowski upper/outer limit of G as x — .
Recall that a set § C R" is said to be closed around x € S if there exists a neighborhood U of
x such that SNclU is closed. One says that S is locally closed if S is closed around x for every
x € S. Let S C R" be closed around x € S. The Fréchet/regular normal cone to S at X € S is
defined by

(x*,x—x

[x—x|

=)

(%;8) ;= < x* € R" | limsup
xiﬁ
where x > % means that x — ¥ with x € S. If ¥ ¢ S, we put N(%;S) := 0.
The Mordukhovich/limiting normal cone N(%;S) to S at X € S C R" is obtained from Fréchet/regular
normal cones by taking the sequential Painlevé Kuratowski upper limit as
N(x;S) := LimsupN(x;S).
xiﬁ
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If X ¢ S, we put N(%;S) := 0. Specially, if S is convex, then N(%;S) = {x* € R" | (x*,x —x) <
0,Vx € S}. Let f: R" — R := [—oo,+o0] be an extended real-valued function. The domain,
graph, and epigraph of f are given by domf := {x € R" | |f(x)| < +oo}, gphf := {(x,u) €
R xR |u=f(x)}, and epif := {(x,u) € R* xR | u > f(x)}, respectively. Let f : R” — R be
finite at X € domf, then the Mordukhovich/limiting subdifferential of f at X is defined by

If(xX) :={x" e R"[ (x",—1) e N((%, f(%))sepif)} .
If | f(X)| = oo, then one puts d f(%) := 0. Let f : R” — R be finite at ¥ € domf, then f is lower
semi-continuous at ¥ if lim inf f(x) > f(¥). Given S C R”", consider the indicator function
X—X
0(+;S) defined by
0, ifxes,
O(x:S):= { +oo, otherwise.

Furthermore, we have a relation between the Mordukhovich/limiting normal cone and the Mor-
dukhovich/limiting subdifferential of the indicator function as N(x;S) = do(x;S) for all x € S.
Let f: R" — R. We say that f is locally Lipschitz at x € R" if there exist a positive constant
L > 0 and a neighborhood U of x such that |f(x;) — f(x2)| < L||x; — xz]| for all xj,x, € U.
For a function f is locally Lipschitz at X with L > 0, it implies that (see [43, Corollary 1.81]
]| < L,Vx* € df (%)

Lemma 2.1. [43, Proposition 1.114] Let f : R" — R be finite at X € R". If % is a local minimizer
of f, then 0 € df(X).

Lemma 2.2. [44, Corollary 2.21] Let f; : R" = R,k =1,--- ,m (with m > 2) be lower semi-
continuous around X € R", and let all but one of these functions be Lipschitz continuous around

% Then O(fi1+ -+ fm)(X) COf1(X)+ -+ 9 fin(X).
Let T be a nonempty infinite index set, and let R(T) be the linear space given below
RT) := {4 = (A )ser | A = O forall # € T but only finitely many A, # 0}.
Let RSLT) be the positive cone in R(T) defined by
R := {4 = (A)er eRT) |2, >0forallt € T}

With A € R7), its supporting set, T(A) := {t € T | A, # 0}, is a finite subset of T. Give
z=(z)rer C Z, where Z is a real linear space. Letting A = (A ),er, we see that

Z Athz, if T(A‘) % 07
(A,z) = Z Mz = 1eT(A)
teT 0, if T(A)=20.

In this paper, we consider the following multiobjective semi-infinite programming problems
with uncertain data:
min f(x) := (p1(x) = 511 (x), - Pm(x) = $m@m(x))
(USIMP), st.xeC:={xeQ|gxv) <0,vV:reT},
where T is a nonempty infinite index set, Q is a nonempty and locally closed subset of R”, %} C
R?,t € T are uncertain convex compact sets, and the functions py,q; : R" - Rk=1,--- ;m, g :
R" x ¥ — R,t € T are locally Lipschitz functions. Let p := (py,---, pm) and g := (g1, ,qm),

§i= (S17"' 7Sm) S Rm7f:: (flu"' 7fi’i’L) Wlthfk = pk_stIGk: 17 , M.
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We introduce the robust counterpart of the problem (USIMP),, namely

min f(x) := (p1(x) = s191(x),", (%) = Sm@m(x))
(RUSIMP); st.xeC:={xeQ|gxv) <0,Vve¥tecT}.

Now, we consider the following relation %, which plays a key role in this paper
d=axb<d=(aiby, - ,amby)

foreverya=(ay,-,an) ER™and b= (by,--- ,by) € R™. We can rewrite problem (RUSIMP);
as follows:

min f(x) 1= p(x) — sxq(x)
(RUSIMP); st.xeC:={xeQ|gxv) <0,V e¥tecT}.
3. OPTIMALITY CONDITIONS

First, we introduce the concept of the robust €-quasi positively properly efficient solution for
problem (USIMP); as follows.

Definition 3.1. Let € := (&;,---,&,) € R?\{0}. A point ¥ € C is said to be
(i) arobust e-quasi efficient solution to problem (USIMP); if
(p(x) =sxp(x)) = (p(X) — s q(x)) + €l|x —&[| € —RT\{0},Vx e C.

(11) a robust €-quasi positively properly efficient solution to problem (USIMP); if there ex-
ists B := (PB1,--, Bn) € intR’! such that

(B, (p(x) —s*p(x)) +e|lx—x[|) = (B, (p(X) —sxp(¥))) ,vx € C.
Now, we propose a constraint qualification as follows.

Definition 3.2. Let x € C. We say that the following robust constraint qualification (RCQ) is
satisfied at x if

NEC) < [Z A0 (%,v) | +N(%Q),
AcA®) |t€T
V€Yt
where
AF) ={1 e R | Lgi(®v) =0, € ¥t € T} 3.1)

is set of active constraint multipliers at X € Q.

Remark 3.1. It is worth to observe here that the condition (RCQ) in Definition 3.2 is an exten-
sion of the Definition 3.2 in [1, 19].

Now, we propose a necessary optimality condition for a robust €-quasi positively properly
efficient solution to the problem (USIMP); under the condition (RCQ).

Theorem 3.1. Let X € C be a robust €-quasi positively properly efficient solution to problem
(USIMP),. Suppose that the condition (RCQ) at X holds. Then, there exist B € intR", v, €
Yi,t € T and A € A(X) defined in (3.1) such that

m

0€ f Bi [0p(X) — sk 0qe(D)] + Y Advgi (X, vi) + Y, Br&iBre +N(%Q).
k=1

teT k=1
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Proof. Let x € C be a robust €-quasi positively properly efficient solution to problem (USIMP);.
Then there exists B := (B1, -+, Bn) € intR?7 such that

(B,p(x) —s*q(x)+€||x—x[|) = (B, p(¥) —sxq(¥)),Vx € C.
Then, for all x € C,

iﬁk[pk( ) = Skqi(x +Zl3k8k|!x x||>Z/3k[Pk ) — Skqi(X)] - (3.2)
i=1

For any x € R”, set

x) :kfﬁk[Pk( — skqx(x +Zﬁk€k!|x x|
=1

From (3.2), we deduce that X is a robust minimizer of the followmg scalar optimization problem

in®(x).
mip ()

It follows that X is a robust minimizer of the following unconstrained optimization problem
min{®(x)+o(x;C)}.
xeR"

We deduce from Lemma 2.1 that
0€d(®+6(C))(x.) (3.3)

Since function @ is Lipschitz continuous around ¥ and the function 8(-;C) is lower semi-
continuous around X, we deduce from d8(x;C) = N(x;C), (3.3) and Lemma 2.2 that

0 € 9dP(x)+dé(x;,C) = dP(x) + N(x;C). (3.4)

Then we have

¥) =0 [i Br (Pi(+) — swqu (- ] Zﬁk (0P (X) — skdqi(¥)] .- (3.5)
=1

Note further that we have d(||- —x||)(¥) = Bgrn. Because condition (RCQ) holds at ¥ € C, so
one has

N (%C) C U [Z A0y (%, vr) | +N(%:Q), (3.6)
reAx) | teT
€Yt

where
Ax):={L e R | Mg (%,v:) =0,Yv, € ¥, €T}
It yields from (3.4)-(3.6) that

0e Z ,Bk [apk( _Sk8Qk + U [Z Afta)cgt X Vt + Z BkngRn -I—N(x Q)
k=1

reA(x) |teT
V[E%

Therefore, it is clear that there exist B := (B, -+ ,Bm) € intR,v, € #,t € T and 1 € A(X)
defined in (3.1) such that

0€ Z B [0 pi(X) — skdqp ()] + Z AOcgi (%, ve) + Z Br&Brn + N (X; Q).
= teT k=1

The proof is complete. U
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The following simple example shows that condition (RCQ) is essential in Theorem 3.1.

Example 3.1. Let f : R — R? be defined by f(x) = (p1(x) —s1q1(x), p2(x) — s2g2(x)) with
p1(x) =pa(x) =x+1land g (x) = ga(x) =x*>+1,xcR. Take T = [0,1], % =[2—1,2+1],t €T
and let g, : R x ¥/ — R be given by g/(x,v;) = —vx,x € R, v, € ¥, t € T. We consider the
problem (USIMP), with m =2 and Q = (—e0,0] C R. By simple computation, one has C = {0}.
Now, takex =0€ Cand s; =5, =0,(B1,B:) € intR%L,Bl +Bh=lLeg == % Then, it is easy
to see that X is a robust €-quasi positively properly efficient solution to problem (USIMP);.
Indeed, we have, for all x € C,

2
Y B (pi(x) — sequ(x +Zﬁk€k||x X =x+1+; |x|>1—2ﬁk Pi(%) — skqx (X)) -
i1

On the other hand, taking ¥ = 0,51 = s, = 0,(B1,8;) € intR2 . B1+ B = 1,6 = & = %, Br =
[—1,1],4 = 0,t € T, we have N(x; Q) = N(X; (—c0,0]) = [0,+o0) and d py (%) = {0},dgr(X) =
{0},k=1,2,0x8(%,ve) = {—w},vs € #,t € T. It is easy to see that

0¢ {1}+ [—%,%] + [0, 4-0)
= Z B [0 pi(X) — sk dqi ()] + Z)%axgt x,v) + Z Br&Br + N(x; Q),
teT k=1

Aigi(X,v) =0,v; € ¥, € T. The reason is that condition (RCQ) is not satisfied at x = 0. Indeed,
one has

FN(EQ) = [0, +20)

U

A€A(®)
Vi€V

and N(x;C) = N(x;{0}) = R. Hence condition (RCQ) is not satisfied at X = 0.

Z At 0xg (%, vy)

teT

Remark 3.2. Theorem 3.1 improves [13, Theorem 3.9], [19, Theorem 3.3], and [26, Theorem
2].

Now, we introduce a concept of the robust €-quasi (KKT) condition for problem (USIMP);.

Definition 3.3. A point X € C is said to satisfy the robust €-quasi (KKT) condition with respect
to problem (USIMP); if there exist B € intR",v, € ¥/, € T and A € A(X) defined in (3.1) such
that
m
0€ Y Be[opc(®) — sidq(®)] + Y Adegi(%,v1) + Z Br&xBrn + N (% Q).
k=1 teT k=1
The following simple example proves that a point satisfying the robust £-quasi (KKT) condi-

tion is not necessarily a robust £-quasi positively properly efficient solution to problem (USIMP);
even in the smooth case.

Example 3.2. Let f : R — R? be defined by f(x) = (p1(x) —s1q1(x), p2(x) — s2¢2(x)) with
p1(x) =p2(x) =2 and g1 (x) = q2(x) = x>+ 1, x € R. Take T = [0,1], % = [2—1,2 +t],t €T
and let g; : R x 7% — R be given by g (x,v;) = tx> +2vx,x € R, v; € %, t € T. We consider
the problem (USIMP); with m = 2 and Q = (—o,0] C R. By simple computation, one has
C = [-2,0]. By choosing ¥ = 0 € C, we have N(x; Q) = N(&; (—o0,0]) = [0, +o0) and d py(X) =
{0},dqx(x) = {0}, k = 1,2, dxgi(X,ve) = {2w},vs € ¥,t € T. On the other hand, taking s; =
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s5=0,8=(B1,B2) € int]R%r,Bl +Bh=leg == %,% =0, € T,Bgr = [—1,1], it is easy to
see that

0€ [—3,%] +[0,4)
2
Z B [0k (%) — sk9qi (B)] + ) Ardegs (X, vi) + Z BreBr + N (%),

teT k=1
Aigi(X,v) = 0,v; € ¥,t € T. Thus, the robust e-quasi (KKT) condition is satisfied at ¥ = 0.
However, X = 0 € C is not a robust €-quasi positively properly efficient solution to problem
(USIMP);. To see this, we can choose x = —2 € C and 8 = (B, ) € intRi,Bl +B=1¢=
& = %,sl = 5o = 0. Then, it is easy to see that

2

Y. B lpi(x) — seqr(x)] + Z Brerl|x —x|[ = -7 <0= Z Bi [Px(%) — sxqx (¥)] -
k=1
Before we discuss sufficient condition for a robust €-quasi positively properly efficient so-
lution of problem (USIMP),, we introduce the concepts of convexity, which are inspired by
[26].

Definition 3.4. The locally Lipschitz functions g, : R” x ¥; — R,¢t € T are said to be quasi-
convex on Q at ¥ € Q if, for all x € Q, g/(x,v) < g(X,v1) = (x/,x—x) <0 for all x] €
8xgt(xvvt)7vl S %7t eT.

Definition 3.5. We say that p — s x ¢ is €-quasi pseudo-convex on Q at ¥ € Q if, for all x € Q,
there exist x;, € dpy(¥),z; € dgr(X),k=1,---,m such that

(xf —spzf,x— %)+ &llx—x| >0
= pr(x) = skqr(x) + &l|x — X[| > pi(F) — spqi(X),k=1,--- ,m

Now, we give a sufficient condition for a robust £-quasi positively properly efficient solution
of problem (USIMP);.

Theorem 3.2. Assume that Q is a convex set and x € C satisfies €-quasi robust (KKT) condition.
If p — s*q is €-quasi pseudo-convex on Q at X, and g;,t € T are quasi-convex on L at X, then
X € C is a robust €-quasi positively properly efficient solution to problem (USIMP);.

Proof. Since x € C satisfies robust e-quasi (KKT) condition, then there exist 8 := (B1,--+, Bn) €

1nt]Rﬂ,), € R&),xk € Ipr(%),zf € Iqi(X),k=1,--- ,m,x; € g (%,v1),v, € ¥,t €T, and b* €
Bgrn, w* € N(X;Q) such that

Zﬁk( — SkZp +Z/bx,+2ﬁk8kb +w =0 (3.7)
k=1 teT k=
and
ﬁ,tgt()@ Vt) = O,\V/l € T (38)

It follows from (3.7) that (for such x € C)

<Z Br (% — sxzg.) > + <[§)~rxz*7x_f> + <k§ B"g"b*’x—i> (3.9)

+ (w*,x—x) =0.
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Since Q is a convex set and w* € N(x;Q), it follows that, for any x € Q, (w*,x — ) < 0. Now,
taking arbitrarily x € C, we see that there exists b* € Rg» such that ||x — x|| = (b*,x —x) . From
(3.9), it follows that

<Zl3k Xp = SkZk) » > <Z7L¢xmx x>+ZBk£k||x || >0,
teT

which means that

<Zﬁk Xj — SkZg) s X — x>—|—2ﬁk8k||x x| > - <Z)th;k,x—x>. (3.10)

k=1 tel

Note that, for any x € C, Ag(x,v;) <0 for any v, € ¥,t € T. Tt follows from (3.8) that
Aigi(x,ve) < 0= Ag(X,v;). By g is quasi-convex on Q at ¥ and x; € dyg;(X,v;),vs € ¥#,t €T,
we obtain (A4,;x;,x —X) <O0forallz € T. Thus it is easy to yield that (}',c7 Ax;,x —X) <0, which
together with (3.10) yileds that

<Zl3k Xp = Sk )y X — X>+Zﬁksk]|x x| > 0.

Since p —s*q is €-quasi pseudo-convex on  at &, it follows that

iﬁk(Pk( ) — Skqi(x +Zﬁk8k||x x||>ZBk Pi(%) — sxqr(X)) -
=1

This follows that there exists 8 := (By,---,Bn) € intR’} such that
(B (p(x) =sxp(x)) +ellx—[[) = (B, (p(X) — s % p(¥))) ,vx € C.
Therefore, X is a robust €-quasi positively properly efficient solution to problem (USIMP),. [

Now, we present an example to show the importance of the €-quasi pseudo-convexity in
Theorem 3.2.

Example 3.3. Let f: R — R? be defined by f(x) = (p1(x) —s1g1(x), p2(x) — s2¢2(x)) with
p1(x)=p2(x)=x*—land q|(x) = qo(x) =x*+1,x ER. Take T = [0, 1], % = [2—1,2+1],t €T
and let g; : R x % — R be given by g,(x,v;) = —vix*,x € R, v, € ¥, t € T. We consider the
problem (USIMP); with m = 2 and Q = (—,0] C R. By selecting ¥ = 0 € Q and by simple
computation, one has C = (—o0,0], N(%; Q) = N(X; (—c0,0]) = [0, 4o0),
dpi(¥) = {0},9qx(%) = {0},k = 1,2 and dxg: (%, v,) = {0}, v € ¥, t € T.

It is easy to follow that g;,# € T is quasi-convex on € at X. Indeed, one has

g(xv) =—vx? <0=g (X, v), v € ¥t eT

= (X, x—X) =0<0,Vx; € dyg:(%,v) ={0},VxeQ,t €T.

It is it easy to imply that X = O satisfies the robust €—quasi (KKT) condition. Indeed, let us
select s =50 =0, =& = %,BR =[-1,1,B=(B1,B2) € int]R2 with B; + B, = 1, one has

11 2
0e l_ivi] +[0,400) = Y B [9pi(®) — skIqu(D)] + Y, Aedge (T, ve) + Z Bi&Br +N(%Q),
k=1 teT
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Mg (%,v) = 0,v, € ¥,t € T. However, X is not a robust £-quasi positively properly efficient
of problem (USIMP),. In order to see this, taking s; = s = 0,6 = & = %,)? = —2¢€(C and
B = (B1,B) € intR% with i + B2 = 1, we have

2 2 2
Y Belpk(®) —skqr(®)] + Y Brerl|f— x| = —8 < =1 =Y, B [pr(%) — sequ(%)].
=1 =1 =1

The reason is that p — s ¢ is not €-quasi pseudo-convex on Q at X = 0. Indeed, taking s; = s, =
0,61 =8 =1,x=—-3€Q,x; € Ipx(x) = {0} and z € Igx(¥) = {0}, k = 1,2, we see that

) | 53 ] i}
Pr(x) = siqie(x) + &l lx — x| =x° — 1+ §!X| =-5 <1 = Pi(%) — swqr(X),k = 1,2.

However, (x; —sgzj,x — %) + &]||x— || = 3 > 0,k =1,2.

Remark 3.3. Theorem 3.2 improves [26, Theorem 3].

4. DUALITY THEOREMS
4.1. Wolfe type duality. In this section, we consider the dual problem of the problem (USIMP);
in the Wolfe type.
For x e R",B := (B1,---,Bn) € intRY with 7'\ Br=1,v, € #,t €T and A € Rf),p =
(P15 s Pm)sq = (q1s+ sqm), 87 = (& )rer,s = (51, ,5m) € R”, Q a nonempty locally

closed subset of R”, let us denote a vector function L* := (L', -+ ,Lin) by
Ls(xa Vt7ﬁal) = p(x) - S*CI(X) + Z Algl<xvvl)ea
teT

where e := (1,---,1) € R™. For € := (&y,---,&,) € RY7\{0}, we consider the Wolfe type dual
problem (UWD); with respect to the primal problem (USIMP); as follows:

( max Ls(y,r\:l,,ﬁ,l)
st 0€ Y B(dpk(y) —skdqk(y)) + Y Aegi (v, v1)
k=1

teT

(UWD), .

k
m

veareRY Bein®?, Y Bi=1.
k=1

BreiBrn +N(y; Q),
1

m

\

The optimistic counterpart, say (OUWD); of problem (UWD);, (also known as a Wolfe type
optimistic dual optimization problem) is a deterministic maximization problem given by

max Ls(yalz’;t?B?a’)
st. 0¢€ Z ﬁk (8pk(y) - SkaCIk()’)) + Z A'taxgt(yv Vz)
k=1

teT

(OUWD),

+ ) Br&Br +N(y;Q),

m
k=1

yeQ A eR”) B einr,
\ k=1

Br=1,Y,e¥,teT.

m
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The feasible set of problem (OUWD); is defined by

Couwp = {(»v1,B,4) € Q x ¥ x intR" XR \OE Zﬁk (Ipk(y) —skdqi(y))

+ Y Aoigi(yve +Zﬁk8kIB%Rn+N y:Q Zﬁk—l}

reT k=1
In what follows, we use the following notation for convenience:

u=veu—ve—-RY\{0}, uAvis the negation of u < v.
Now, we introduce the definition of the robust €-quasi efficient solution / the robust €-quasi
positively properly efficient solution for problem (OUWD)j.

Definition 4.1. A point (7,7, 8,1) € Couwp is said to be
(1) arobust e-quasi efficient solution to problem (OUWD); if

L*(y,ve, B.A) = L*(5,9. B, ) — €] |7 —yI| ¢ RY\{0},Y(y,v1, B,2) € Couwp-

(i1) arobust e-quasi positively properly efficient solution to problem (OUWD) if there exists
0 :=(61,--,6,) € —intR" such that

<97Ls(y7vt7ﬁ>l>+8Hx_x||> > <9 Ls(yavhﬁ l)> (y,v;,B ;L) € Couwp-

Motivated by the definition of generalized convexity due to [42], we introduce the concepts
as follows:

Definition 4.2. We say that (p — s+ q,gr) is generalized convex on Q at X € Q if, for any
x € Q, xf € Ip(X),z; € Iqi(X),k = 1,--- ,m and x] € dxg;(X,v/),v; € ¥,t € T, there exists
w € N(x;Q)° such that (pg(x) — skqe(x)) — (p(%) — seqe(X)) > (xf —sezpow), k=1,-+,m,
gr(x) —g(X) > (xf,w) forallz € T and (b*,w) < ||x— x|| for all b* € Brn.

Remark 4.1. Note that if Q is a convex set and py,qi,k=1,--- ,m,g;,t € T are convex func-
tions, then (p — s*¢q,gr) is generalized convex on Q at any X € Q with w := x — ¥ for each
x € Q. In addition, by a similar argument in [42, Example 3], we can prove that the class of
generalized convex functions is properly larger than the one of convex functions.

Theorem 4.1. (e-quasi weak robust duality) Suppose that x € C and (y,v;,3,A) € Couwp- If
(p—s%*q,gr) is generalized convex on Q at y, then p(x) —sxq(x) A L*(y,v, B, A) — €|lx—||.
Pl"OOf: Since (y7vt7[37l) € Couwp, there eXiStx]t S 8pk(y)7zlt S aqk(y)vk: 17 Tee,m, B S il’ltRT
with 7' By =1l and x; € degi (v, vs), v € ¥t €T, A € Rf), as well as b* € Bg» such that

_<iﬁk( — SkZ) +2Lx,+2ﬁkekb*> N(; Q). 4.1)
k=1

teT

Let x € C. Suppose on contrary that p(x) — s+ g(x) = L*(y,v;, B,A) — €||x — y||, which together

with ﬁ = (ﬁl?"' 7ﬁm) € intRﬁ yleld that <ﬁ,p(X) —S*Q(X) —Ls(y,v,,ﬁ,)L)—l—eHx—ym <0.
Thus

Yl Bel(pr(x) = skqr(x)) — (P (y) — skqr(¥)] + X4 1 Bl [x — yl| — ;&gt(y, v) <O0.
4.2)
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By the definition of polar cone (2.1), the generalized convexity of (p —s*q,gr) on Q at y and
(4.1), for such x, there exists w € N(y; Q) such that

0 <Y Belxg—siziw)+ Y, A (x,w) + ) Brew (b*,w)
k=1 k=1

teT

< kil Br[(Pi(x) = skqi(x)) — (Pe(y) — skqr(v))] + Z A lge(x,ve) — ge (v vr)] (4.3)

teT

m
+ ) Breellx—yll.
=1

By x € C, it is obvious that g,(x,v,) <0,Vv, € ¥#,t € T. Thus ¥;c7 A& (x,v;) < 0. From (4.3),
we can assert that
Yt Bel(pe(x) — skqe(x)) — (P (v) — siqe (V)] + Xy Brgellx— vl — Y Auge(v,vi) >0,
teT
which contradicts (4.2). The proof is complete. 0

The following example demonstrates that the generalized convexity of (p —sxq, gr) imposed
in Theorem 4.1 is essential.

Example 4.1. Let f : R — R? be defined by f(x) = (p1(x) —s1q1(x), p2(x) — s242(x)) with
s=(s1,82) = (—=1,—1), and p;(x) = p2(x) = x° and ¢ (x) = g2 (x) =x* + 1,x € R. Take T =
[0,1],% =[2—1,2+1],t € T and let g, : R x % — R be given by g;(x,v;) = tx> + 3v;x, x € R,
ve € ¥, t € T. We consider the problem (USIMP); with m =2 and Q = (—<0,0] C R. By simple
computation, one has C = [—3,0]. Now, consider the dual problem (OUWD)S By choosing y =
0€Q,4=0,7,€¥,teT,f=(Bi,B) €intR2 with B +fr=1,6 =&, =3, Bp=[—1,1], we
have N(5; ) = N(7; (o=, 0]) = [0, +e=) and dpy(5) = {0}, 0qx(5) = {0}k = 1,2, 858 (5, 77) =
{3V },v; € ¥,t € T. Itis easy to see that

11 -
v {‘57 a] 10e0) = ¥ Bul0mi(5) 510 0))+ ¥ Al (5.) + Y, BeeeBi+ N5 ),
k=1

teT k=1

where Y/, Bi = 1. Thus (3,7;,8,1) € Couwp. However, by choosing ¥ = —2 € C = (—e0,0],
we see that

p(X) —sxq(X) = (p1(X) —s191(X), p2(¥) — 5292(%))
— (~15,~15)
=<(0,00 o
= (L} (3,7, B,4) — &l||x— 3|, L3 (3,9, B, A) — &l [ —7I])
=L*(y, v, B,4) — gl|x -3

The reason is that (p — s*¢q,gr) is not generalized convex on Q at y € Q. To see this, we can
choose y = —3 € Q and x} € dpi(¥) = {0},2; € dqi(¥) = {0}, k = 1,2. Then, it is easy to see
that N(7;,Q)° = N(J; (—e0,0])° = (—o0,0] and

pr(y) = skqk(y) = [P(9) = swqr()] = —162 < 0 = (x; — sk, w) ,Vw € N(:Q)°, k= 1,2.
Remark 4.2. Theorem 4.1 improves [13, Theorem 4.1] and [19, Theorem 4.1].

Theorem 4.2. (¢ —quasi strong robust duality) Let X € C be a robust €-quasi positively prop-
erly efficient solution to problem (USIMP); such that condition (RCQ) is satisfied at Xx. Then
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there exists (\7,,3,1) € ¥; x intR x Rg) such that (X, V,,B,Z) € Couwp and p(X) —sxq(X) =
LS (%, v, B, A). If; in addition, (p—s*q,gr) is generalized convex on Q aty € Q, then (%,v;, B, 1)
is a robust €-quasi efficient solution to problem (OUWD);.

Proof. According to Theorem 3.1, there exist 8 := (Bi,---,Bn) € intRY,v; € ¥, € T and
A € A(X) defined in (3.1) such that

S Z Bi (9 pi(¥) — sxdqr(%)) + Z A:0x81 (X, vy) + Z Br&Brn + N (X; Q).
= teT k=1

Putting

Bk = mﬁ—k7k: Zt ;L[ Vi 1= mLJET?

Z Pr Z B Z B
k=1 k=1

one has B := (B,---,Bn) € R with Y | Bi=1,A:= (A)er € RSFT),V, € ¥;,t € T. Further-
more, the assertion in (4.9) is also valid when f;’s, A;’s, and v;’s are replaced by &;’s, L’s, and
v;’s, respectively. Thus (X, v, B,i) € Cowmp. Besides, since A € A(X) is defined in (3.1), one
has A;g;(%,v;) = 0 for all v, € ¥{,t € T, which implies that } ;.7 g (%, v;) = 0. Therefore, one
has

P(X) —sxq(X) = p(X) —sxq(¥) + ZT)Ltgt x,0)e=L'(%,9,B,4).

If (p —s*q,gr) is generalized convex on Q at any y € €, then we obtain by Theorem 4.1 that

LS(valaBai) = p(f) —S*q(.f) ﬁ Ls(yavhlg?A) _8||j_y”7
for any (y,v;,B,A) € Couwp, which means that (%, 7;, 3,1) is a robust £-quasi positively prop-
erly efficient solution to problem (OUWD);. The proof is complete. U

Note that the conclusion of Theorem 4.2 may fail to hold if condition (RCQ) is not satisfied.
To see this, let us look back at Example 3.1.

Remark 4.3. Theorem 4.2 improves [13, Theorem 4.4] and [19, Theorem 4.2].

Theorem 4.3. (¢—quasi converse robust duality) Ler (¥, v, B,A) € Couwp such that p(x) —
s*q (%) = L(x,v,B,A). Ifx € Cand (p—s*q,gr) is generalized convex on Q at X, then X is a
robust €-quasi positively properly efficient solution to problem (USIMP);.

Proof. Since (%, 7, B,A) € Couwp, we see that there existx; € dpi(X),z; € dqi(%),k=1,---,m
B e intR7 with ;" | B =1and x* € dvg/(%,7),7 € #,t €T, A := (A)ser € RS_T), as well as
b* € Bg» such that

— (f‘, Br(xg — skz) + Y, Auxy + Zﬁkekb ) N(%Q). (4.4)
k=1

teT

Suppose on contrary that ¥ € C is not a robust £-quasi positively properly efficient solution to
problem (USIMP);. It then follows that there exists X € C satisfying

i Bre [P (£) — skqi(£)] + Z Brex|1£—x|| < Z Bre [P (%) — siqe (%)) (4.5)
=1
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By the generalized convexity of (p —s*q,gr) on Q at X, for such %, there exists w € N(x; Q)°
such that

(Pr(£) = skqi(£)) — (p(X) = skqu (X)) = (g — sz, w) ,k=1,--- m (4.6)
i (X,7) — g%, 9) > (x/,w), i, €Vt €T (4.7)
and
(b*,w) <||x—x||,b" € Bgn. (4.8)
Combining (4.5) and (4.6), one has
m m
kz Br (xi — skzi,w) +kZ: Bred | —x|| < 0. (4.9)
-1 =1

In addition, since p(%) — s*q(%) = L*(%,7;, B,A) = p(X) — sxq(X) + L Argi (%, 7 )e, it follows
that ¥,c7 A:g: (%, 7;)e = (0,---,0) € R™. Thus, one has ¥,c7 A:g/(%,7;) = 0. Note that, for any
£€C, Y er Mgi(%,7;) <0. It follows that ¥, ey Ag/ (£, %) < 0=Y,cr Ag: (%, ¥;), which together
with (4.7) implies that ¥,c7 A, (x*,w) < 0. Combining (4.8) and (4.9) yields

Y Br{xp — suzg,w +Zﬁksk @ w)+ Y A (xf,w) <0. (4.10)
k=1

teT

On the other hand, by the definition of polar cone (2.1), it yields from (4.4) and the relation
w € N(x;Q)° that

m m
Y. Bt —siciow) + 1 Buee (b’ w) + L A (i) 20,
k=1 k=1 teT
which contradicts (4.10). The proof is complete. ]

By virtue of Example 4.1, we see that the result of Theorem 4.3 may not be valid if the
generalized convexity of (p —sxq,gr) is not satisfied.

4.2. Mond-Weir type duality. In this section, we consider the dual problem of the problem
(USIMP); in the Mond-Weir type.

m
For x € R", B := (Bi1,---,Bn) € intR? with Zﬁk =1land A € ]R(f),v, eV,teT,p:=

k=1
(P15 Pm) g = (q1s- - qm),s = (s1,-+ ,sm) € R” g = (gt)teT’ €, a nonempty locally
closed subset of R”, let us denote a vector function L* := (L',--- ,Lym) by L*(x,v;, B,A) :=

p(x) —s*q(x). For € := (gy,--- ,&,) € R"\{0}, we consider the Mond—Weir type dual problem
(UMWD), with respect to its primal problem (USIMP); as follows:

( max Ls(yavtaﬁaﬂ’)
st. 0¢€ Z B (Opk(y) — skdqi()) + Y Adigi (v vr)

teT

+ZBk8kBR”+N y’ Z)t'tgt y7vt _07
k=1 teT

m
yeo,rer” B cintR?, ) B =1.
k=1

(UMWD),
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The optimistic counterpart, say (OUMWD); of problem (UMWD); (also known as a Mond—
Weir type optimistic dual optimization problem), is a deterministic maximization problem given
by
( max Ls(y7 V[,ﬁ,ﬂ«)

m

st. 0Oe Z B (apk( —Skan ‘|‘ Z Artaxgt yﬂ’t)

teT

(OUMWD), + Z BeeBrs +N(y;Q),
Z?Ltgt (y,ve) >0,Yv, € ¥t €T,

1T

yeQAeR) B cinrr, Z B = 1.
\ k=1

The feasible set of problem (OUMWD); is defined by

CoumMwD —{(y,v,,ﬁ QL) GQX’VXIHtRmXR |O€ Zﬁk apk —skaqk(y))

+Zﬂrraxgt yivi) + ZﬁkskBR"+N y; L Z)Ltgt y,vr) 20, Zﬁk— 1}.

teT k=1 teT
In what follows, we use the following notation for convenience:
u=veu—ve-RY\{0}, uAvis the negation of u < v.
Now, we introduce the definition of a robust €-quasi efficient solution / a robust €-quasi
positively properly efficient solution to problem (OUMWD);.
Definition 4.3. A point (7, V,,B , Z) € Coumwnp 1s said to be
(i) arobust e-quasi efficient solution to problem (OUMWD); if

Ls(yvvt7ﬁ7)'>_Ls(y;ﬁtvﬁ_?j“) EHy yH¢R \{0} v(yvvhﬁ 2')6COUMWD
(ii) a robust positively properly efficient solution to problem (OUMWD); if there exists
0 :=(6y,---,6,) € —intR" such that
<97Ls(yavl7ﬁaz‘) +8||}_]_y||> 2 <67LS()7,‘71757Z)> ,\V/(y,Vz,B,}L) S COUMWD-

Motivated by the definition of generalized convexity due to [42], we introduce the concept as
follows.

Definition 4.4. We say that (p — s+ ¢q,gr) is €-quasi pseudo-generalized convex on Q at ¥ € Q
if, for any x € Q, X € dpy(%),2; € Iqr(%),k=1,--- ;mand x; € dvg;(X,v;),v; € ¥;,t € T, there
exists w € N(X;Q)° such that

Pr(x) = siqr(x) + &l[x — x| < pi(X) — sequ(X) = (O —swzp w) + &llx =[] <0,k =1,---,m,
gr(x,v) < g(%,v) = (xf,w) <Oforallz € T, and (b*,w) < ||x — x| for all b* € Bgn.

Remark 4.4. If (p —s*q,gr) is €-quasi generalized convex on Q at any X € Q, then (p —s*
q,gr) is pseudo-generalized convex on Q at x € Q. In addition, by a similar argument in ([26,

Example 6]), we can prove that the class of the €-quasi pseudo-generalized convex functions is
properly larger than the one of the generalized convex functions.
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Theorem 4.4. (¢ —quasi weak robust duality) Let x € C and (y,v;,, 1) € Coumwp- If (p —
s*q,8r) Is €-quasi pseudo-generalized convex on Q at y, then p(x) —s*q(x) ZL*(y,vi, B, A) —
e|lx—yl|-

PV‘OOf: Since (y7vt7ﬁvl) € Coumwnp, there exist X/t S apk(y)azlt S aC[k<y),k = 17 7m7ﬁ €

intR’} with Z B =1andx; € dvg/(y,v;), v € ¥,t €T, A € Rf), as well as b* € Bg» such that

k=1
— <Z Belxp —sezi) + Y, Axf + ) Bkekb*> EN(:Q) 4.11)
k=1 teT k=1
and
Y Agi(vvi) > 0. (4.12)
teT

Let x € C. Suppose on contrary that p(x) —s*q(x) < L*(y,v;, B, A,) — €||x —y||. It follows from
B = (Bi, -+, Bn) € intR? that (B, p(x) —sxq(x) —L*(y,v:,B,A) +€|[x—y||) <O. Therefore,
one has

(B, (p(x) —s%q(x)) = (p(y) —s%q(y)) +e[lx—yl)) <0,

which is equivavalent to the following inequality

Y Belpele) —seae()] - Y Bt eyl < ¥ Belpey) —sia)].  (4.13)
k=1 k=1 k=1

Note that, for x € C, g;(x,v;) <0 forany v, € %t € T. It yields that ',z A, g/(x,v;) <0, which
together with (4.12) implies that

Y Agi(x,ve) <Y Aigi (v, i) (4.14)
teT teT

By the e-quasi pseudo-generalized convexity of (p —s*q,gr) on Q aty € Q and (4.13), (4.14)
for suchx € C C Q,x; € dpi(y),zf € dqi(y),k=1,--- ,m,x; € kg (y,v1),vs € ¥,t €T, we see
that there exists w € N(y; Q)° such that

Y B —siziow) + Y Bree (BF,w) + Y A (xF,w) < 0. (4.15)
k=1

teT teT

On the other hand, by the definition of polar cone (2.1), it yields from (4.11) and the relation
w € N(y;Q)° that

Y B (o — sizg,w) + Y Brer (0%, w) + Y A (xf,w) >0,
k=1 teT teT
which contradicts (4.15). The proof is complete. U

The following example demonstrates that the e-quasi pseudo-generalized convexity of (p —
s*q,gr) imposed in the Theorem 4.4 is essential.

Example 4.2. Let f : R — R? be defined by f(x) = (p1(x) —s1q91(x), p2(x) — s2¢2(x)) with
s =(s1,82) = (—1,—1) and

p1(x) = pa(x) =x",q1(x) = g2(x) =x° + 1, x € R.
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Take T =[0,1],% = [2—1t,2+1t],t € T and let g, : R x ¥ — R be given by

gr(x,v) = —vxlxeR v, eV teT.
We consider the problem (USIMP); with m =2 and Q = (—e0,0] C R. Simple calculation yields
C = (—o0,0]. Now, we consider dual problem (OUMWD);. By choosingy=0€ Q. & =& =
%,\7, EW,AE Rg),ﬁ = (B1,B,) € intR% with §; + B, = 1 and Bg = [—1, 1], we have N(7; Q) =

N(F:(—00,0]) = [0, +e0) and I pi(¥) = {0}, dqk(¥) = {0}, k = 1,2, dug: (¥, 1) = {0}, 7 € ¥, 1 €
T. It is easy to see that

11 2
OG{ 3 3}“0 Z [0px(3) = skqe(%)] + Y A Oxgi (7,71 +Zﬁk8kIB%R+N(y,Q)

teT

Yier Mg (3,7) = 0> 0. Thus, (7,%,B8,1) € Coumwp. However, by choosing ¥ = —2 € C =
(—o0,0], it follows that

p(X) —sxq(X) = (p1(X) —s51q1(%), p2(¥) — 5292(%))
= (—63,—63)
= (3,3) -
= (LY (3,9, B,4) — &1|x = 3||, L3 (5, %, B, A) — &2[% - 3]|)
Ls(yavtaﬁ A) 8|)f—)7".

The reason is that (p —sg, gr) is not € —quasi pseudo-generalized convex on Q at y = 0. To see
this, we can choose y = —3 € Q and x; € dpi(5) = {0},2} € dqi(7) = {0} k=1,2,61 =& = 1.
Then, it is easy to see that N(7;Q)° = N(¥; (—oe,0])° = (—o0,0] and

Pi(y) = skqr(y) + &lly = || = —1456 < 1 = pi () — sxqr(3), k= 1,2.
However, (x; —sizj,w) + &lly— 7| =1>0,Yw e N(7Q)°, k = 1,2.
Remark 4.5. Theorem 4.4 improves Theorem 4 in [26].

Theorem 4.5. (¢ —quasi strong robust duality) Let X € C be a robust €-quasi positively prop-
erly efficient solution to problem (USIMP); such that condition (RCQ) is satisfied at Xx. Then
there exists (v;, 3, 1) € ¥ x intR"* x ]Rf) such that (%,7,,B, ) € Coumwp and p(X) —s%q(X) =
L5(%, 9, B, A). If. in addition, (p—sxq,gr) is £-quasi pseudo-generalized convex on Q aty € Q,
then (X, v;, B, Z) is a robust €-quasi efficient solution to problem (OUMWD);.

Proof. According to Theorem 3.1, there exist B := (Bi,---,Bn) € intR",v; € ¥#,t € T and
A € A(X) defined in (3.1) such that

0e Z Bi (9 pi(%) — sk dqi (%)) + Z AeOigi (X, ve) + Z Br&Bre +N(5;Q). (4.16)
k=1 teT
Putting
R Bk 3 A/[ _ V¢
= Em 7k:17"'7m72't:: m WVt = T 1eT,
P i1 Br BT X B

one has B := (B, ,Bn) € intR™ with Y7 B =1, A := (A )rer € Rf),ﬁt € ¥,t € T. Fur-
thermore, the assertion in (4.16) is also valid when B;’s, A;’s, and v;’s are replaced by B’s,
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A’s, and ¥,’s, respectively. Clearly, (x, ﬁt,B,i) € Coumwp. In view of A € A(X), one has
Agi(%,ve) = 0,Yv € #,t € T, which implies that Y, c7 A g/ (%, ;) = 0. Thus

P(f)_S*CI(f) :Ls(faﬁtvﬁvi)'
If (p —s%q,gr) is €-quasi pseudo-generalized convex on Q at any y € €, then we obtain by The-
0rem44thatLS(x Vl?ﬁ A‘) ( >_S*q( ) ﬁLS(y7vl‘7ﬁ72’) —EH)E—yH, for any (yavhﬁaﬂ‘) S

Coumwn. that is, (%,7;, B, ) is a robust &-quasi efficient solution to problem (OUMWD),. The
proof is complete. 0

Note that the conclusion of Theorem 4.5 may fail to hold if condition (RCQ) is not satisfied.
To see this, let us recall Example 3.1.

Remark 4.6. Theorem 4.5 improves [26, Theorem 5].

Theorem 4.6. (¢—quasi converse robust duality) Let (%, v;, B,Z) € Coumwp- If x € C and
(p—s*q,gr) is €-quasi pseudo-generalized convex on Q at X, then X is a robust €-quasi posi-
tively properly efficient solution to problem (USIMP);.

Proof. Since (%,7,3,A) € Coumwp, there exist x; € dpi(%),z} € dqi(%),k =1,---,m,B €
)

intR? with Y7" Br =1 and x* € dgi(X,7;),7 € ¥t €T, A := (A)rer € Ri , as well as
b* € Bg» such that

- (Z Bk( — skzy) + Z %X, + Z Bkgkb*> N(x;Q) 4.17)
k=1 teT
and
Z thgt(xa Vt) > 0. (4.18)

€T
Suppose on contrary that X € C is not a robust €-quasi positively properly efficient solution to
problem (USIMP);. For such 8 := (B, , Bn) € intR", it then follows that there exists ¥ € C
satisfying

i‘,ﬁ [Pk (%) — skqr (% +Zﬁk€kHX X\KZﬁk[Pk ) — skqx(%)]. (4.19)

Note that, for any X € C, g,(%,v;) <0 for any v, € %, € T, which yields that ', .7 g (%,v) <0.
From (4.18), we see that
Z Mg (%, 9) < Z Mgt (%, V1) (4.20)
t€T teT
By the e€-quasi pseudo-generalized convexity of (p —s*q,gr) on Q at ¥ € Q and (4.19), (4.20)
for such x € C C Q,x; € dpi(X),z; € dqr(%),k=1,--- ,m,x} € 0,8/(X,V),V; € ¥;,t €T, there
exists w € N(y; Q)° such that

Z ﬁ_k (x}: —Ska, + Z ﬁkb‘k b W + Z 24 x, , 0. 4.21)
k=1

teT

Besides, by the definition of polar cone (2.1), it yields from (4.17) and the relation w € N(x;Q)°

that ;" | Bk(x; — sk w) + Xom Brer (b, w) + Yoer A (xf,w) > 0, which contradicts (4.21).
The proof is complete. U
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By virtue of Example 4.2, we see that the result of Theorem 4.6 may not be valid if the
€-quasi pseudo-generalized convexity of (p — sx g, gr) is not satisfied.

Remark 4.7. Theorem 4.6 improves [26, Theorem 6].
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