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ON THE STRONG CONVERGENCE OF AN INERTIAL PROXIMAL
ALGORITHM WITH A TIME SCALE, HESSIAN-DRIVEN DAMPING, AND A
TIKHONOV REGULARIZATION TERM
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Abstract. This paper concerns with convergence properties of an inertial proximal algorithm that con-
tains a Tikhonov term regularization, time scale parameter, and a Hessian-driven damping in a Hilbert
space. More precisely, we prove the strong convergence of the proximal algorithm obtained by temporal
discretization of a continuous dynamic that we treated earlier in a previous work. We also obtain the
convergence of the values to the global minimum of the objective function, and a strong convergence
of the gradient and the velocity towards zero. Finally, we present a numerical example to illustrate our
results.
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1. INTRODUCTION

In this paper, .77 is a real Hilbert space, with inner product and norm denoted by (-,-) and
|| - || respectively, while f : 7# — R is a convex and continuously differentiable function, whose
gradient denoted by Vf is Lipschitz continuous on bounded sets. We are interested in the
following minimization problem:

min{f(x): x€ '} (1.1)

whose solution set S := argmin j~ f is nonempty.

One of the best-known methods for solving problem (1.1) is the classical proximal point
algorithm initiated by Martinet [1] which is defined, for a general set-valued monotone maximal
operator T : 7€ — 2 , as follows

Xiepr = I, (), (PPA)

where (A )ren represents the step sequence of the algorithm, and J {k : . — F is the resolvent
of the monotone operator 7', defined by J){k (x) := (I +X4T) " (x).
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Given that 7~'(0) # 0 and A; bounded away from zero, Rockafellar [2] demonstrated that
(PPA) weakly converges to a solution of problem (1.1), and then asked whether (PPA) con-
verges strongly or not? Giiler [3] answered this question by creating an example where the se-
quence converges weakly but not strongly. Subsequently, a number of authors suggested modifi-
cations to (PPA) to improve weak convergence to strong convergence; see, e.g., [4, 5, 6,7, 8, 9].

We stress that when T = V f, the (PPA) described here applies to problem (1.1), and it is
clear that (PPA) is equivalent to

el 7 V(1) =0,
Ak

which can be considered as an implicit discretisation of the following continuous dynamical
system X(¢) + V f(x(¢)) = 0. This was studied by many authors recently; see, e.g., [10, 11, 12,
13]. More generally, Polyak [14] considered the Heavy ball system

i(t) +ax(t) + Vf(x(r)) =0, (HBF)

where the damping coefficient @ > 0 is fixed. In the case that f is strongly convex, he proved
convergence at an exponential rate of f(x(z)) to min_ f; see [15]. The weak convergence of
the trajectories of (HBF) was obtained by Alvarez in [16]. In the quest of strong convergence of
trajectories, Attouch and Czarnecki [17] added the Tikhonov term £(¢)x(¢) to the (HBF) system

%(t) 4+ ox(t) + Vf(x(t)) +e(t)x(t) = 0. (HBFC)

They proved, when £(-) tends slowly to zero, i.e., [, €(¢)dt = +oo, that any solution x(-) of
(HBFC) converges strongly to the minimum norm element of argmin j» f. (HBFC) system is a
particular case of the general dynamic model

(1) + ai(t) + V£ (x(r)) +- (1) Ve(r) =0,

studied by Attouch and Czarnecki in [18] which involves two potential functions f and g in-
tervening with different time scales. When &(-) tends to zero moderately slowly, they showed
that the trajectories converge asymptotically to equilibria that are solutions to the following hi-
erarchical minimization problem: they minimized the potential g on the set of minimizers of

f-

In the quest for faster convergence, Attouch, Chbani and Riahi carried out another develop-
ment in [19] which consists in the study of the dynamical system with asymptotically vanishing
damping

() + %X(t )+ Vf(x(t)) + &(0)x(t) = 0. (AVDq )

It is a Tikhonov regularization of the dynamic system
o
¥(t) + 7x(t) +Vf(x(r)) =0, (AVDy)

which was introduced by Su, Boyd and Candes in [20], where they showed that, for oo = 3, the

above system can be considered as a continuous version of the Nesterov accelerated gradient
1

method [21, 22, 23, 24] with f(x(z)) — rg}nf =0 7)) ast— +oo. For the other two cases

a >3 and o < 3, we refer to [25, 26, 27, 28, 29, 30].
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According to the structure of the heavy ball method for strongly convex functions, Attouch
and LaszI6 in [31] considered the following system

(1) + 0\/&(0)x(r) + V£ (x(1) + & (0)x(1) =0,

where the viscous damplng coefficient is proport10nal to the square root of the Tikhonov regu-
larization parameter. Given that & > 0 and () = + with % < r < 2, they proved that f(x()) —

1 .\ .
mlnf 7 < 1), as t — oo, In addition, ltlmianx(t) —x*|| =0 as soon as o > 3, where x*
13- e

the element of minimum norm of arg min_y f.
In [32], Attouch et al. succeeded in obtaining lim; . ||x(¢) —x*|| = O in the case that o > 0
and €(t) = tl, with 0 < r < 2. They obtained, for ¢ large enough, the following convergence
Sx(e)) ~minf = &
x(t)) —minf = — 1,
H

rates
: )
H
2
2 1
and |[x(1)||" =0 t%

where xg() = argmm {f(x)+ ’) |Ix||*}, which ensures the strong convergence of x(¢) to x*.

[x() = xen || = ﬁ(t

Later, in [33], the authors showed that the trajectories generated by the system

(1) + /€ (t)(1) + 8V £ (x(1))2(1) + V£ (x(1)) + €(1)x(t) = O, (1.2)

which is driven by the Hessian of the function f, retain the same convergence rates for €(¢) = tlr
with 1 < r <2, and induce a significant attenuation of oscillations.
Very recently, we studied in [34] the following dynamic system involving a Tikhonov term

ﬁx(r) and a Hessian-driven damping:

i)+ ax(t) + 6% (V£(x(2)))+B(1) (Vf(x(t)) + %x(t)) =0, (1.3)

where a, ¢,8 > 0, and the time scale parameter 3(+) is a positive nondecreasing function with

tET Bt ) +o0. By imposing adequate hypothesis on first and second order derivatives of f3,

which may include the special cases 7 (In(t))? with p > 1, ¢ > 0 and " with p €]0,1[, ¥ > 0,
we obtained, when ¢ — +oo:

e Convergence rate of values: f(x(¢)) — rgifn f=0 (ﬁ) .

3 (¢
e Strong convergence of the trajectories with: ||x(r) —x;||* = & (m +e M ) ;

' ' . ) 0]
where x; := ar%r;m{f(x) +3550 ||lx||“} and u < 5

e Strong convergence rate of the gradients:

_ o (B@W
‘|Vf(x(l))|’2—ﬁ<ﬁ(t)+€ IJ )
. B t) ot 1
e Strong convergence rate of velocity: ||[x(r)||* = m B4 Bz (t)) .



252 A. C. BAGY, Z. CHBANI, H. RIAHI

The case 6 = 0, i.e., without Hessian-driven damping, was treated in [35].

We see that the Tikhonov regularization coefficient % must vanish since (¢) goes to +-oo.
Thus dynamical system (1.3) can be seen as a combination of two techniques: a time scaling of
the damped inertial gradient system (see [36, 37] ) and the Tikhonov regularization (see [32]).
The technique of time scaling was employed for dynamical system (1.3) in order to expedite
the convergence of function values along its trajectory, and the presence of the Tikhonov term
enhances the convergence of trajectories from weak convergence to strong convergence. Fur-
thermore, it ensures convergence towards the minimizer with the minimal norm rather than any
arbitrary element in the set of all minimizers.

Our contribution: In this work, we study the associated proximal algorithm obtained by
temporal discretization of (1.3). More precisely, we show that the corresponding proximal
algorithm has convergence properties similar to those of the continuous dynamics algorithm.
In this context, we consider the following implicit discretization case of (1.3) in time with step
h > 0. Setting s = h?, we have, for all k > 1,

(k1 =) — (0 = Xe—1) + /s (g1 —x8) + Vs [V (1) — VI ()]
+ 5BV f (k1) + o541 =0, (1.4)

which gives

(1 + Oc\/§+sc) (k1 —xx) + (Vs + 5BV (xrp1) = xx — xk—1 + VsV f(xx) —sc)xg. (1.5)

Let us denote briefly d = and A4, = d (8+/s+ sPy). By multiplying (1.5) by d, we

14 oy/s+sc
obtain

(I+MVf)(xkr1) = xx+d [xk —Xp—1+ 5\/§Vf(xk)} —dscxy,.

We can then formulate the Inertial Proximal Algorithm as
(IPATTH): Inertial Proximal Algorithm with Tikhonov regularization Time scale,
and Hessian damping.

Let o, ¢, 6 > 0.

Step k:setd = l—l—(x—\/E—l—SC and )Lk = d(5\/§+Sﬁk)

{ Vi = X+ d(xp — xp_1 + 85V (xx)) (IPATTH)
Xft1 = pI'OX;ka (yk - dSCXk) :

The objective of this work is to obtain simultaneously strong convergence of algorithm (IPATTH),
as well as convergence rates similar to those obtained in the continuous cases mentioned above.
The remainder of the paper is organized as follows. In Section 2, we recall basic facts con-
cerning Thikonov approximation, and formulate the proposed Lyapunov energy sequence, and
we then present the main estimate of this sequence. In Section 3, we give the main results of
the paper concerning the asymptotic convergence properties of algorithm (IPATTH). Section
4 focuses on two specific cases of the sequence ;. Finally, the last section, Section 5, contains
numerical illustrations to end this paper.
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2. ESTIMATION OF THE LYAPUNOV ENERGY SEQUENCE

Throughout this section, we assume that

f 1 — Ris convex, of class C', V f is Lipschitz continuous on bounded set, (H))
argmin f # 0 and denote x* as its minimum norm element, 0
(Bk)k>k, is a nondecreasing sequence, such that
lim ﬁk = +ocoand lim Bk+1 — Bk = o0, (H0>
k—>+oo k—+o0

N c
. . - 2B
18 ﬁ—strongly convex. Then, for each k > ko, there exists a unique minimizer xg, € J of the
strongly convex function ¢%. The first order optimality condition gives

Let us define the real function ¢ : 7 — R by ¢ (x) := f(x) || x||%. It is clear that ¢y

Vf(xg)+ éxﬁk —0. @.1)

This means that xg_= prox ;i{(f(O) = I+ %V £)~1(0), and then the following properties are
satisfied

Vk>ko: |xg || <Ilx*| and kl_i>rIJ1r°o||xlgk—x*H:O. (2.2)

Let us introduce the discrete energy sequence (E, s )=k, C RT that plays a key role in our
Lyapunov analysis. It is defined by

1
Er = 5By (9x (xx) — O (xp,)) Jr§||Vk||2, (2.3)
with v, = T(xk —Xﬁk_l) + (xk —xk_l) -+ 5\/§Vf(xk),
where 7 is a positive constant.

We now give, in the following Lemma, the relation between the asymptotic behavior of se-
quence (Ej) and the convergence rate of the values and iterates.

Lemma 2.1. Let (x;) be the sequence generated by the algorithm (IPATTH), and (E}) be the
energy sequence defined in (2.3). Then, for any k > ko,

: l (E ¢ * (|2 2
_ < [z _
) —ming < o (B (1P ) 24
2
and ka —xﬁkHZ < EEk. (2.5)

If klim Ey =0, then x;, converges strongly to x*.
—too
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Proof. Based on the definition of ¢k and Ej, we have

o Il

f(xk)—fgifnf = Or(x) — 213 P — e () + 2[3

= [9uw) = 0uleg)] + | 9uleg) — 0ux") | + 55 I = 55

<0

< 9ula) = e + 55 (17 = )

< & (Z+s(r-ml)).

On the other hand, from the strong convexity of ¢ and xg, := argmin ¢, we obtain
H

9

O (xx) — Px(xp,) > z%kak —xp,| ’

E;
which, combined with (2.3), gives — > —-

B 2[3 ka xg, H which yields (2.5).
k

O

In the following Lemma, we give some properties of the viscosity curve k — xg,, in relation
to the Moreau envelope. Firstly, let us recall that the Moreau envelope of f is the function

fa: — R (A >0), defined by

g ! 2
300 = min {10+ 7k 3IP . orany xe 7,

and prox, ¢(x) is the unique point where the minimum value is achieved in (2.6), i.e.,

filx) = f(prox;tf(x)) + %Hx—proxlf(x) H2

Lemma 2.2. For all k > ko, the following properties are satisfied:

1 1
1) (pk(‘xﬁk) ¢k+1(xﬁk+1) = ; (Bk _) Hxﬁkﬂ Hz’

Br+1

5 B B
ii) HxﬁkH _xﬁk” kg{ ) <xﬁk+1’xﬁk+1 xﬁk> and thus

ﬁk+l ﬁk H

Hxﬁk+1 _xﬁkH S k+1H'
Bt

Proof. i) We have
¢k(xﬁk) = fBTk (0) yrgln {f( ) ﬁ HyH } (xﬁk+1 2B ||xﬁk+1 ||

¢ 2
and @11 (xp,,,) = fﬁkif1 (0) = f(xp,,,) + m“xﬁm H , which implies that

1 1
(Pk(xﬁk) - ¢k+1(xﬁk+1) < % (E - _) HkaH H2

B+

(2.6)
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ii) One has E_kcxﬁk = Vf(xg) and ﬁ;—f]xﬁm = Vf(xp,.,), so the monotonicity of Vf
gives <ﬁxﬁk - ﬁ“xﬁkﬂ Xy —xﬁk> > 0. It follows that

C

C
g, —xpl|* < | (X KB — Xy »
Br [

which gives the claim. The last statement follows directly from the Cauchy-Schwarz
inequality.
Il

Under general assumptions, we give in the following Theorem a very important estimate of
the Lyapunov energy sequence (Ey) defined in (2.3).

Theorem 2.1. Let (x;) be a sequence generated via the algorithm (IPATTH) with ¢ > o>.
Suppose (Hy) and

Brs1
lim —— <14 av/s. H
e By Vs (Hy)
Then there exist a > 1 and k| > ko such that, for all k > ki,
x*
Ek+l <€p(k1 —k— ])E + || k—ul (Z P j+] ) (27)
o
where p = \/_ and
l+a+ a\/

(Bx = Bi-1)? Br+1 ap>8cy/s
s tse| 1)+ ——= |-
B Br (1—=p)Bx
Proof. To simplify the writing of the proof, we use the following notations: for any sequence
(ug) in F, we write, for k > 0,

O = % (ap(2a+ 1)

Uy = Ujer1 — U and lifp_1 = U — U1 = U1 — 2uk+uk,1.
We have
Epy1 — Ex
_ 1 2 2
= Bs1 (Pt (1) — D1 (xp,,.,)) — 5B (O (i) — Ok (xp,)) + 5 Vit = lvell) -
Combining this last equality with this elementary algebraic inequality
1 2 2\
) Vet |7 = vell™ ) = k1 = vies Vi) — —||Vk+1 - Vk” (ks Vir1)

we obtain

Epy1— Ex < Byt (D1 (1) — 01 (5,.,,)) — 5Be (0 (k) — Ore(xp,) ) + ik vier1)
= B [0k (K1) — O ()] + 5Bt — Br) [ Dk (ie1) — Ok (xp,)]
+5Bs1 [Orr1 (1) — Oe(irt) + Oc(x,) — D1 (5, )] + Vs Vi1 -
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Obviously, from the definition of ¢ we have

D1 (k1) — P(Xkr1) = g (ﬁ%ﬂ - é) [y

According to Lemma 2.2 i), we obtain

Epy1 — Ex < B[O (rr1) — O ()] + 5(Brt — Bre) [0 (1) — Oc(x,)]

#20 (B ) [l P b ]+ G 29

On the other hand, we have, for every k > ko,
Vi = Vi1 — Vi = T(0g1 —x,) + (o1 — %) + VsV (xp1)
— (o —xp,_,) — (o —xp—1) — SV/sV f(xx)
= T —%p,_,) + k-1 + OV [Vf (1) — Vi (xi)] -
Returning to (1.4), we also obtain
o1+ 0V/S [V (ter1) = VI (xi))] = —o/ske — 5BV f (v 1) — esxes1-
The combination of the last two equalities gives
Vi = T —dg_,) — a/skk — BV (X 1) —osxiq

= (T—o/s)x—tig_ —sP (Vf(ka) + éxkﬂ)

= (T—a/s)k — Tig,_, — BV (xer1)-
Thus

(Vs vies1) = ((T— o/s)ig — T, — BV Ox(xur1) , Tl —xp,) + 3+ VsV (xis1))

ot — 0/5) Qi 1 — x5, ) + (7 — /5) |2+ S+/5(% — a/s) (i, V£ (1))
— % (xp, | xka1 —xp, ) — T{xp, %) — 8TV/s (g, Vi (xes1))
— STB (VO (xiq1) s Xw1 — %, ) — B (V Ox (1), k)

— 85v/sB (Vor (1), VI (Xg1)) - (2.9)
—-1a
According to condition (H;) and lim (a—)\/E = a+/s, one can choose a > 1 such that,
a—+oa+ 14 ay/s
1o
for all k large enough, P —-1< (a=Days ; equivalently
Bk a+14+o0n/s
a 1)+1
B a+14on/s
From Lemma 2.2 ii) and inequality (2.2), we have
.. aT.zf.zaTBszl*zf.z
—t (g, o) < g ||+ o Il < 7 g WP gl @D
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T
and —8ev/s (ig, , VI (xka)) < 5[l | (oes )|
22
< “—Tﬁ"—;l \x*|\2+”‘5 VAP @12)
2 ﬁk
In the same way,
_T2<xﬁk—1’xk+1_xﬁk> < Hxﬁk 1H + ||xk+1 xﬁkH
Tﬁk | (2.13)
< 2 B2 x> +7ka+1—xﬁk|| -

By the strong convexity of ¢, we obtain
c 2
O (xp,) — Ok (xr1) > — (VO (Xp1) Xer1 — Xp, ) + 3B i1 —xp, ]|

which is equivalent to

— TR (VO (K1), X1 — g, ) < —5TP (Ox (xr1) — Oe(x,)) — ﬂH)Ckﬂ x|’ @14
Similarly, @ (xk) — @ (1) = — (VO (k1) Xe1 — Xk) +2%k||xk+1 — x¢||?, which is equivalent
to

=SB (Vi (1), %) < =B (B (i) — Pre(oxe)) — %kaﬂ —xe)?. (2.15)

By replacing (2.11), (2.12), (2.13), (2.14), and (2.15), in formulation (2.9), and after simplifica-
tions, we deduce that

Bkl

rviert) < (7= 05+ 5= ) 16l 4+ 35 = 50) v =5[>+ 5 (2a+ D=0 | P

sf52

||Vf(Xk+1)H — B (O (x1) — B (oxe)) — TP (D (xa1) — ¢k(x[3k))
+r(r—a\/_ ) (s X1 — X, )+ 67/5(T— an/5) (V f (xp1) k)
— 85vV/sB (VO (Xx1), Vi (k1)) -

By combining this last inequality with the following two equalities
: 1 . 2
SV/'s(T—a/s) (VI (1)) = (T o) <ka + VsV ()|
2 e 2
582V (x| = bl

and
_ 2
~85/5Be (). ¥ ) = (9o P 19 5) P )
k
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we obtain
(Vks Vice1)
< % <T—a\/§+£> ||xk||2+z(1'2—sc)Hx1<+1 —xﬁkHz-l—%(Za-i- l)ﬁk Ll
5B Oxnan) ~ )+ . (5 - 3(e- av®) - Vi) ||Vf<xk+1>||2

8sv/sPy

) 2
43 (1= @) [t VAV )| — S0P Voa k+1>||2+%fuxk+luz
— 5Tk (P (xit1) — Pic(xp,)) + T(T— 00/s) <Xk,Xk+1 — X, ) - (2.16)

Combining (2.16) with (2.8), and using that ||xg,_,|| < ||lx*||, we obtain

1
Er 1 —Ep < 3 <”L‘—(x\/§+2) l)? + = (’L’ — 5C) |41 — xﬁkH

1 Bszl ﬁk-i—] %112
—|—§<T(2a—|—l) 52 —|—sc( B, —1>)Hx [

ﬁ(ﬁ—au ays) - ﬁﬁk) 19 £ Gl @.17)

2

(8cv/s — Brst +Bo) s |1

Ssv/sP
2

1
+ 2 (7= a/5) | i+ 8 V5V (x| +2

2 Br

+5 (Brs1 — (147)Be) (O (xier1) — Ox(xp,)) —
+1(t— OC\/E) <Xk,xk+1 —Xﬁk> .

IV o (xien) |12

Let u > 0. From the definition of E;, we conclude that
u . 2
BE 1 = 8Byt (Ot (1) — Grr (xp,,,)) + ) |71 —x,) + i+ VsV f (1)

ut? 2
= 1Bt (Prr1 (ver1) — Oerr (xp,,,)) + THXIH—I —xg, ||
2
+% +.U7«'<xk+1—Xﬁk,xk+5\/§vf(xk+1)>-

X+ O/s (Vf(xk+1) + %xk—kl)

c
— —Xy+1, we have

Br

HE 1 = tsPBerr (Or(xesr) — Gilxp,))
+ 1Bt (Ot (1) — Ok (1) + G (xp,) — Ber1 (x5,,.,))

Using the fact that V f(x¢ 1) = Ve (xer1)

2
+ %HX}M _xﬁkH2+%ka+5\/Evf(xk+l)H2+.UT<xk+l — X, i)

T8C\/S
+ 185 (X1 —xp, , VOr(xi1)) — = Bk\/_ (X1 —XB > Xer1 ) -
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Since P11 (xps1) — O (xpr1) = % (ﬁ - é) l[x¢+1]|% according to Lemma 2.2 i), we obtain
HE:1 < tsBrir (O (xs1) — Orlxp,)) + % (% - 1> <Hx[3k+1 Hz — {41 ||2>
+ ‘uTTzHXk+1 _xﬁkH2+ %ka+ (Sx/EVf(XkH)H2 + 1T (X1 —Xxp, k)
+ 185 (X1 —xp, , VO (xiq1)) — NT(;Z\/E (X1 — XB, > Xet1 ) -

Note that

ut? 2
- 1 —xp, ||+ 1TEVs (X1 —xp, , VOk(Xs1))

< 1 g [+ B2 ) P
It follows that
HE 1 < 1Bt (O (Xs1) — Orlxp,)) + % (% - 1) <||X*||2 — |41 Hz)
+ 17 || xes —XﬁkszL%ka+5\/§Vf(xk+1)H2+I~LT<xk+1 —xg, , Xk)
+ uszSZ Vo (xin) 1> — “TZ:\/E (X1 —XB, > X1 - (2.18)

By adding (2.17) with (2.18), we see that
Erp1 —Ep+ UE

1 TN | . T 2
<5 (- avi L) Il + 5 Cue+2 —so)lu —ag|

1 313—1 Brr1 112

(18 = V/sB) V(i) |1
(E 8(e—a) —ﬁﬁk) VGl

N
—+

N
+

N|OON|00

+%(uﬂ—aﬁ)!!xk+5\/gvf(xk+l)”2

+T(H+ T — o/s) (K, Xk 1 — Xp,)

+ ;_;k (8ev/s = (u+ 1) (Bt — Bo) e I - HTZ:\/E (V1 = Xp, s K1)

+5 (4 1) Bt — (14 7)Be) (Ox (xxs1) — i (xp,)) -

In addition, we have

Y —utd
B (g k1) = 222 (i P+ s = g )
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Hence

(I+W)Eks1 —Ex <

T T 0

5 T—OC\/§+E ka”2+§ ZHTJFTZ—SC—‘LBC\/E ka+1—x/3k||2
A <0

28 Sevi— (et ) (B~ B0 20 |

2B et = Pe) =77 | e

B

! B (ﬁkﬂ ) uracf -
+-{7t2a+1)—Fsc(u+1)| 5——-1|+—F5—

s6 | 7O )
+o | o0 av/s) = v/sBe | IV () >+ 5 (H+T o/s) ||+ 8v/sV f (1) |

\ , \—,—/
E
C

0

5 | 18 = VB | 196k )1 + ol + 7 = 0v/S) (i v —xg,)
D E

+s | (W+1)B1 —(1+7)Be ¢k(xk+l)_¢k(xﬁkz

G =0
o
Taking u = a—i\—/i and T=al = ﬁaﬁ, we obtain
e A=E=0;

e From condition (Ho),klim Br = oo andklim Bik+1— Br = 4o, then C <0, B <0and
— oo —>-o0
D <0, for k large enough ;
ap +1 aloy/s+1)+1
0 6= (o (Bt - D) — oy (Bt - MOPE D) <o, por
k

u+1 B ata/s+1
large enough (here we use (2.10));

2 2
2 2
° F:2,ur+‘cz—sc:s ((Cla:l;az—c) < 0, because ¢ > o > (aa-tl)iaz'
Consequently, there exists k; > ko such that, for all kK > &y,
(14 ) Exs1 — Ex < Alx*|, (2.19)

22

1 By Br+1 ap*Scy/s
where A, = 5 (au(Za—f— 1) 5 +(u+1)sc ( B, 1> + T ) :

. . . U Ak
Inequality (2.19) is equivalent to E;.q + 1+— |E, < ——||x* Let us set p :=
quality (2.19) is eq o (14 ) B < R p
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L By multiplying the last inequality by e

1+u

(k+1) \e obtain that

eP(k+1) A

p(k+1) _ plktl)p & Tk
e Epp1+(=1+p)e Ej Ty

)1,

Therefore, for all k > k,

eP (kH))Lk
14+u

Remarking that, forally e R: e — 14y > 0, we have epk(e_p — 1+ p)E; > 0, and then, for
all k > kq,

PENE PR 4 PED) (0P | | p)E, < 1%

P EDE | — ePREL < P g ||x" |2,

. )
6 — Ak :%(ap<2a+1)ﬁk—21+ (ﬁk+1_1)+m>_

where

1+ u ﬁk Bk (I_P)ﬁk

Summing the above inequalities between k; and k > k, we obtain
k+1 k [ & i+1
P EEVE | — P B, < | Z P U+ )9}. .
J=ki

Finally, by dividing by ¢?**1), we obtain (2.7). O

3. STRONG CONVERGENCE OF (IPATTH)

Throughout the rest of this paper, we note as in the previous proof Bk = Brr1 — Br-

Under suitable assumptions on (f3;), in this section, we can ensure: the convergence of values
to min f, the strong convergence of iterates towards x*, and the convergence of the gradients and
velocities to zero.

Theorem 3.1. Ler [ : 77 — R be a convex function satisfying (H()), and (xi) be a sequence
generated by the algorithm (IPATTH) with ¢ > a. Suppose (Hy) and

. Bk+1 ﬁk+1
1 —_— = 1 1
im ) k A el 1+ Oc\/_[ (Hy)

Then, for k large enough,
1
1) f(xx) —min :ﬁ(—).
f () i i B

If moreover ¢ = 1, then we have simultaneously, the convergence of values to min _y f, the strong
convergence of iterates to x*, and the strong convergence of gradient and velocities to 0, with
i) fle) —minf=o 5
i X)) —minf =o | -
H

the following rates:
I3k _
Xp—X =0 Pk | .
B ‘ k= ﬁkH (ﬁ

_ﬁk—kl.anxzzﬁ—kl
IV ()| (m P Bk)’ d %1 ﬁ(ﬁk P Bk>
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Proof. From (2.7), we have

Eppy <@ 0P g 4 N[t 3.1
with
k
sc , /3
Ny=— PUHN [l B = (3.2)
2eP (k+1) j:§+l [;2 [3] [3]
2a+1 25
where r ;= p(2a+l) and b ap . Set, for each j > ki,
sc (L—p)vs

FJ- =" .1 % (ep ﬁ]ﬁj—l—l)
rﬁjflﬁf+1+ﬁjﬁj+1+ bBji1 Bj+1B;
B?Bjs1  BiviBi  BinB;

Let us show that, for j large enough, I'; > 0. Using conditions (Hy) and (H»), we obtain

_— .
lm rﬁ 1ﬁj+1+§jﬁj+1+ l?ﬁjﬂ
=t BB /3]+1l3] Bj+1B;

i B (ﬁ, 1> Bi B, B, b

J_>+°° ﬁj ﬁ] B]-i—l Bj ﬁj—O—l B]-H
r 1 1
r(f—1)
=Sz
and we also have lim [ eP — % =eP —1 > 0. Therefore,
Joee Bj+1B;
lim [ = — (P —1)>0
im — (P — )
j—too 1+ r(ﬁégl)

Hence, for j large enough I'; > 0. Consequently, There exists m > 0 such that, for j large
enough, 0 < m <1T';, which implies that, for j large enough,

m( B] IB]+1+ﬁ:ij+1+ bB]+1 ) <P pjﬁ]+1
B B/—H Bj—HBj ﬁj+1ﬁ] ﬁj+1ﬁ]

Multiplying by Mep(j +1), we obtain
mPi

P U+ réjL&jL <Mep(j+2)_ﬁep(j+l)
Bi Bi Bi) mBjn mp;
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Using (3.2), we deduce that there exists ko > kj + 1 such that, for all k£ > k,

. .
sc Bj+1 (j+2) _ ﬁ] (j+1)
Ny < —— |1+ ——— PV LT opl
2eP (k1) j;;’z (mﬁm | mp;
=5 (e g Bt oy - B i
2P (k+1) M1 mPy,
< Clsce—p(k+l) sceP ﬁk+1.
2 2m Pt

where
kr—1

: B
C, = eP(./+1) PRl + Lt _|_
R 7

Returning to (3.1), we deduce that for k large enough

Exy1 = (gi k“g. (3.3)

i) From (2.4) and (3.3), there exist a positive constant C, such that for k large enough

(gi te Pk> +§\|x*\|2] .

Condition (H,) means that (g ) is bounded, and we have khm e Pk = 0. Thus, for k large
s oo

) —minf < o= (B 5101P) < 5

Be

enough, f(x;) —mingy f =0 (Bl )
k

Bi1 By

i) Now, assume that lim —— =1 [ i.e. lim == =0 |, which implies that lim E; = 0. From
ko0 P k—s+o0 B k—+oo

2
Lemma 2.1, we have ||xk —Xg, H < —E}. Thus it follows from (3.3) that, for k large enough,
sC

WwﬂMl—ﬁ<% - ), (3.4)

which ensures the strong convergence of (x) to x* and consequently the convergence to zero of

<Hx* 12— kaHZ). Using again Lemma 2.1, we have

1
f(x —minf:0<—> , as k — oo,
() — mis B
Applying the Lipschitz continuity of V£, (2.1) and (2.2), we have
VAl < [V (w) _Vf(xﬁk)” +IVf(xp)l
< Ll —xpll+ o 5 — g,

IN

Ll|x; —xg, || + —=||x*]|.
I Bl ﬂk“ I
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Using (3.4), we conclude

i e Pk as oo
IV 1? = (m ﬁk>7 k — oo,

It follows that
ka—l +5\/Evf(xk)H2 < ZHT (xk_xﬁkfl) + Xg—1 +5\/§Vf(xk)H2—|—2‘L'2||xk—x[;k71 Hz
< 2|7 (v —xp, )+t +8Vsf ()|

4 ([ — x5 4 [, —xpe 1)

By definition of Ej and (3.3), we obtain as k — +oo
2| (v —xp, )+ +8VEVS(x)||* < 4B = 0 (% +e"’<> . (3.5)

Bi1
B

s ovamrsf < 0 (B oot ) ae (Br) o
B B

From Lemma 2.2, we have |[xg —xp, | || < =—|x*||. Therefore, by using (3.4), we obtain

B

where C3 is a positive constant. For k large enough, <&> = ( B
k

) Indeed, using (H»),

we obtain

lim <@> e Pt B B <1—@)

k——+oo \ P Br koo Br Br k—teo [y Br
1 1
=-(1—--)<1.
dGHE
Therefore, we conclude that, for k large enough,
1+ V5V ()| = 0 (% + e"’k> : (3.6)

Returning to
. : 2
e [I? < 2|1 + VsV £ (x0) +2s52||Vf(xk)||2,

Br

and using (3) and (3.6), we conclude that ||x;_; H2 =0 <B

+e‘pk+ ,ask — oo, [
B
4. PARTICULAR RASES

In this section, we investigate two particular examples of f to illustrate the results of the
previous sections.
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4.1. Case f;, = k"In?(k). Let us investigate the case By = k" In?(k) for r > 1 and ¢ > 0.

Proposition 4.1. Let (x;) be a sequence generated via the algorithm (IPATTH). If either
By = k"In?(k), where r > 1 orr =1 and ¢ # 0, a > 0, and ¢ > . Then, as k — oo,

r-sgreo(ekg)  a-o()

i) V7)1 =0 () ) baalP =0 (7).

Proof. To fulfil the conditions of Theorem 3.1, we first note that when k — 4o, and for all

a > 0, we have
a\’ ar 1 a a 1
(1‘1’%) —1+?+0(%) and ln(l—f—%)—zﬁ-O(%).

Then

In(1 ar a
(1+%) <1+nl(n(+))> = (1+%+o(1)) L+ gy T klnl(k)
1
k

which gives

a\r In(1+ %)\ ar a
<1+%) (HT;)I() :H?Jrkln?k)”(klnl(k))' 1

Now let us check that (f3;) satisfies all conditions (Hp) and (H»). We have
e lim By = lim k"In?(k) = H-oo;

k—>-o0 k—roo

e Using (4.1), when k — oo, we obtain

Brs1 = B = (k+ 1) In(k + 1) — K" In% (k)

= k"In(k) ((1 +%)r <1+%> - 1)

, r q 1
= K In(k) (% Tk T (kln(k)))
=rk" ' In?(k) + gk ' In? (k) +o (K" ' In?7 (k) .

Hence, if r >l or (r=1 and ¢ > 0), then klim Bii1— B =+
oo
Therefore, (Hy) is verified.

o Pirt _ (kA D'In"(k+1) (1+ l)r <1+M>q;

B k" 1n? (k) k In(k)

ﬁ _ |
ﬁk =1+ +kln()+0< (k))ﬁol-

using (4.1), we get, when k — 4o
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e On the other hand,

Ber1  (k+2)"In9(k+2) — (k+1)"In(k+1)
B (k4 1)"In?(k +1) — k" In (k)

q 1 q
In(1+3) n(1+¢)
(1+3%) <1+ G ) <1+ m()>
(H s ) i

Therefore, by using again (4.1), we see that when k — 4o

. 2r r q 1
Bii1 _ <1+ Jrk W@ T (kln( ))) <1+ + mmm +0(kln(k)
A (H' +kln +0<k1n(k)>>_1
_ rin(k)+q+o(1)
~ rin(k) +g+o(1)
Thus lim % =1.
k—>+oo Bk

Consequently condition (H) is satisfied. Then by applying Theorem 3.1, we obtain the asser-

tions 1), i), iii), and iv).

O

4.2. Case By = e”™'. Let us now treat the case By = e”™ with r €]0,1] and y > 0. Remark that,

when k — 400, )
(k+1)" =k =k [(1 + %) —~ 1} =rk " o(k1).
Hence, for all a > 0,
VUka) k) — payk oK™ | 4 gopr=1 4 o (k).
We have
o By #0 forallk>0;

o (Bi)i>o is a nondecreasing sequence, with khm B = +o0;
—>oo
e It follows fro (4.2) that

Br+1 — MU =K _ yrk o (k) eV ifr=1
B kst | 1 ifO<r<1.
e If0 < r <1, byusing (4.3), we see then, when k — oo,
Bror e o) oy (ke 2) =Ky (e )=k
B, ekl e V(1) —K)
B ’)/I’kr_l +0(kr—1)
o Yrkr—l +0(kr—l) :

Bis

Therefore, lim —— = 1. In the case that r = 1,
k—>+o0 Bk

) y(k+1)
im Pt _ i €

=7
- .
k—too B k4o €V

4.2)

(4.3)
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¢ o= (T80 1) o i)
Hence lim B 1 —fBr=+
k—> oo

Consequently, (fB) fulfils assumption (Hy) and condition (H») is verified if and only if 0 <
r<lor(r=1, and y < In(1+ a+/s)). Then by applying Theorem 3.1, we have the following
proposition.

Proposition 4.2. Let f satisfy (H{)), and let (x;) be a sequence generated by the algorithm
(IPATTH), where B, = e¥*', r €]0,1], y> 0, a > 0 and ¢ > o”. Then:
o Ifr=1,y<In(l+ o/s), then f(xy) —n;ifnf =0 (e ) as k — +oo.

o [fO<r<1, then, as k — oo,
. —vk"\ . 2_ 1 .
f(xk)—rg;nf=0(€ ’ ) | —ﬁ(w)
2 1 1
IVfx)|* =0 T D aallP=0 )

5. NUMERICAL EXAMPLE

Consider the convex differentiable function f: R, x R* — R defined by

3 1
flry) =2 +x—SIn(x) + 5y = 3In(y).

4x+1—
3
y

We have Vf(x,y) ( y—
%ln (3) . Further, for all 2 > 0,

2 ) and x* = (3,V/3) is the unique global minimizer of f,

moreover mm f

(R%)?

NIUI

prox () = 2(1+42) ’ 2(1+ 1)

In Figure 1, we compare the convergence rate associated with our algorithm (IPATTH), under
different choices of f, to that studied by Attouch, Balhag, Chbani and Riahi in [33]. The latter
represents an implicit discretization of system (1.2) and is defined as follows

1 s+04/s
and Ay =
14 a./s&, +s&; 14+ o\/s€, + s€; 5.1)
Yk = X+ di (X — x5—1 + 0/sV f(xx)) '
Xk+1 = pI‘OX)ka (yk — SSkdkxk> y

where g =t7" with 1 <r < 2.

<x_x+\/(x—x)2+6z<1+4z) y+ \/y2+12l<1+/1)> |

Step k : setdy =
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) 3 1,
fley) =22 + & — %mm + 57— 3M(y).

T T T T T T T T T T T T T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50 55 60 0 5 10 15 20 25 30 35 40 45 50 55 60
k iterations k iterations

a=35=1s=1,¢c=9 starting points zo = (0.5,0.5) and z; = (0.5,0.8).

FIGURE 1. Comparison of convergence rates for solutions associated with the algo-
rithms (IPATTH) and (5.1). We also add the path trajectory x; for different sequence

B
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