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Abstract. In this paper, we study the quantitative stability of an optimal control problem with respect to
parametric perturbations. We essentially obtain two equivalent conclusions for the stability of this prob-
lem by using two independent methods. The first one makes recourse to standard computations based on
the famous Gronwall Lemma while our second method employees rather stability of fixed points trough
the celebrated Lim’s Lemma for which we construct a suitable contracting set-valued mapping over a
larger functional space than the one of continuous functions adopted in the close previous works. The
second method allows us to introduce a further concept of approximate solutions regarded as approxi-
mate values of the optimal control for which we prove similar stability properties as in the case of exact
solutions.
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1. INTRODUCTION

Quantitative stability of mathematical programming problems is still considered as one of the
mostly important themes of the optimization field, which is justified by its interest in various
domains of real applications. For comprehensive discussions on this topic, we refer for example
to [1]-[9] and the references therein. In this paper, we aim at establishing a stability for typical
optimal control problem under a constraint given by a first order dynamic linear system whose
state depends on the control, which is, to the best of our knowledge, not yet covered by the
previous results in the literature. Our key idea in this work exploits basic ingredients of the
paper [10] on the stability of parametric ordinary differential equations based on a careful use
the standard Gronwall Lemma. This gives us meaningful stability properties for the optimal
control problem considered here by measuring the distance between solutions corresponding to
data under perturbations. Furthermore, our viewpoint on the sensitivity analysis of the problem
under consideration provides also stability estimates for the corresponding optimal values of the
cost functional. The obtained quantitative stability regarding unique exact solutions is thereafter
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extended to approximate solutions by employing rather the fixed point approach for which we
construct a suitable contracting set-valued mapping.

To introduce the problem, we first recall the notation of the space .#,(R) of square matrices
of size n equipped with the norm associated to the Euclidean norm given for a matrix A € .#,(R)

by ||A]| = \/p(*AA), where p(B) stands for the spectral radius of a matrix B. Let J be the
following cost functional:
I = a7 (1 / Ox(s)ds-+ 5 [ rulsya
=— s ru(s)“ds
W=t 2 2 Jo

where Q and G are symmetric positive matrices in .#,(R), r € R%, and xT stands for the
transpose of the vector x.
We consider the following optimal control problem: for m,M € R s.t m < M,

minJ(u)
(0C) {ueUad:LZ([O,T],V:[m,M]) (1.1

subject to the constraint defined by the dynamic linear system given by:

(1) = Ax(t) + u(t)Bx(r) (1.2)
x(O) =xp € R” .

where A and B are two matrices in .#,(R).

This optimal control problem was studied by Zerrik ef al in [11]. They obtain the solutions
of this problem via a fixed point method, that is, a fixed point of an appropriate contractive
operator. Indeed, in [11], the optimal control problem in (1.1) was shown to admit a unique
solution u* given for every ¢ € [0, T] by:

u*(t) = max(m, min(M, —%p*T(t)Bx* (1)), (1.3)

where x* is the associated trajectory, the solution to system (1.2), and p* is the associated adjoint
vector solution to the following

{pm = — (A+u(t)B)" p(r) — Ox(1) (14)
p(T) = Gx(T),

where the notation C” stands for the transpose of a matrix C.

In this paper, we deal with a perturbed form of the problem studied in [11]. Precisely, we
consider that both of the cost functional and the control are subject to a parametric perturba-
tion denoted by A with a reference value A in a subset of a normed space, denoted by A(1).
Accordingly, the perturbed format of system (1.2) is as follows:

{xl(t) = Ax (1) +up (0)Bx (1) (1.5)
X) (0) = xg c R

The parametric version of the optimal control (OC) is in turn as follows:

minJ;L(u,l)
1.
(0C)x {ux e, (1.6)
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where J) is defined by

I (uy) = %x,{(T)Gxx(T) +%/OT X1 (5)0xy, (s)ds—l—%/oT ruy (s)2ds.

Notation:
e For the initial value A of parameter A we write: X7 =X, ugy = u, and x% = Xp.
e For each A € A(A), we denote by u; the unique solution to problem (1.6).
Therefore, similarly to (1.3), for each A € A(4), we have

1
u}, (t) = max (m,min(M, — - p3 " (t)Bx})),
r

where xj is the associated trajectory, the solution to (1.5), and pj is the associated adjoint vector
solution to

{pl(t) = —(A+uy, (1)B) pp(t) — 0x, (1) (1.7)

pa(T) = Gx(T).

This paper is organized as follows. In Section 2, we recall the necessary preliminaries re-
lated to the optimal control problem. This section also includes basic results of stability of
fixed points regarding the so-called Lim’s Lemma in both of its exact and approximate ver-
sions. Section 3 is devoted to our stability results based on direct computations with the help of
Gronwall Lemma. First, with respect to parametric perturbations, we present a stability result
for the system state under the assumption that the control is Lipschitzian in A, and we give a
stability result for the associated adjoint state. Consequently, we are able to deduce the stability
of the optimal control and optimal value in Theorem 3.2. In Section 4, by perturbing the data
of the constraint, in addition to the perturbation of the cost functional, we obtain quantitative
stability results wherein the key idea is the celebrated Lim’s Lemma as an alternative of Gron-
wall techniques. In Section 5, we introduce the notion of the &-optimal control and involve
the approximate version of Lim’s Lemma established very recently by M. Ait Mansour el al in
[12], which gives us a nice perspective for the stability analysis of approximate solutions to our
optimal control problem.

2. PRELIMINARIES

2.1. Exact and approximate versions of Lim’s Lemma. Let X and Y be two normed vector
spaces whose norm is denoted by ||.||. For any nonempty subset A of X and any point x € X,
d(x,A) = inf{||x —y|| : y € A} stands for the distance from x to A whereas d(x,0) = . If B
is another nonempty subset of X, ¢(A,B) denotes the excess of A on B given by ¢(A,B) =
sup{d(a,B) : a € A}. We adopt the convention ¢(0,A) = 0 for any subset @ #* A C X and
e(A,0) = +oo. The extended Hausdorff distance between two subsets A and B of X is given by
h(A,B) = max{e(A,B),e(B,A)}.

Notice that the word “extended” refers to the possibility of the distance to be eo. The minimal
distance between two nonempty subsets A, B of X is denoted and given by

d(A,B) =inf{|lx—y|| : (x,y) €A xB}.

When one of the sets A and B is empty, we set d(A,B) = h(A,B) = +oo. For a given map
®: X =2 X, for every € > 0, we consider the notation €-Fix(®) := {x € X | d(x,P(x)) < €}
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to refer to the set of e-approximate fixed points of ® while we write Fix(®) to stand for fixed
points of ® i.e., x € Fix(®P) if and only if x € P(x).

Theorem 2.1 ([12, Theorem 15 ]). Let X be a metric space, and let Ty : X =X and T, : X = X.
Suppose that both T\ and T, are Lipschitz continuous on X with the same Lipschitz constant
A €[0,1). Then, for every € > 0, the set of e-approximate fixed points of T;, i = 1,2, is nonempty,
i.e., €-Fix(T;) # 0, and moreover

. sph(Ti(x), D).

_Fi -Fi <
h(e-Fix(T1),e-Fix(T»)) < 1—4  1—2A ey

If X is in addition complete, then Theorem 2.1 implies Lim’s Lemma.

Theorem 2.2 ([13, Lemma 1]). Let X be a complete metric space, and let Ty and T, map X
into the family of nonempty and closed subsets of X. Suppose that both T\ and T, are Lipschitz
continuous on X with the same Lipschitz constant A € [0,1). Then

h(Fix(T1),Fix(T3)) <

L Suph(Ty(x), Ta ().

1-A xeX

2.2. The perturbed Cauchy problem. The Euclidian space R" is equipped with the Euclidien
norm ||.||. For a given point xo € R” and a nonnegative real-number r > 0, we denote by B(xo, r)
the ball with center xp and radius r and consider a real-valued function f : [0,T] X B(xq,r) —
R", T being a nonnegative real number and standing for the final time of the interval of inter-
est. Then, the corresponding Cauchy problem of the initial-value ordinary differential equation
associated with these data is as follows:

S(fix0) {;c;g)):: gt,x(t)), fora.et €[0,T]

We consider perturbed formats of system S(f,xp), which involves an external parameter A

that belongs to another space (A(?L), |\> . Precisely, The parametric Cauchy problem under
consideration is as follows:

xi(t) :fl(tvxl(t))

) {mm — 4,

where f3 : [0,T] x B(xp,r) — R™. The initial value of the parameter A is denoted by 4 :
fr =1, Xy =x, and x5:(0) = xo.

Using direct computations based on the famous Gronwall Lemma, the author of [10] proved
the following result.

Theorem 2.3 ([10, Theorem 2)). Assume that, for some L > 0, L' > 0, the following conditions
hold:

(h1) fy is L-Lipschitz continuous w.r to x, uniformly int and A;

(hy) fy is L'-Lipschitz continuous w.r to A, uniformly int and x.
Then, for allt € [0,T], the following estimate is satisfied

!

L _
[be(e) = xa (1) | < €[|xz, —xol| + 3(6” —DIA-4].
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3. MAIN RESULTS

3.1. Optimal control under Lipschitzian perturbations. In view of the Gronwall’s Lemma,
one can easily observe that the trajectory of system (1.5) is uniformly bounded in ¢ and u, so
we assume the existence of a positive real d such that any trajectory is uniformly bounded with
respect to A,¢, and u:

VA € A(L), ¥Vt €[0,T], Yuy € Upyg, |x5(1)]| <d. (3.1)

For the sake of simplicity, we define the following constants
o ¥ = max(|m|, |M]);
o o= A +1|B];
o B=Ld|B].

Lemma 3.1. Assume that condition (3.1) is verified. If the control uy is L-Lipshitz in A uni-
formly int and x, then, for allt € [0,T],

lea (1) = x(1) || < €%l —xol| + g (e —1) |2 —4l. (3.2)

Proof. We consider the function f) (f,x,u) = Ax(t) + uy Bx(t). Clearly, f; is a lipschitz in x
uniformly in #,u, and A. Since u, is L-lipshitz in A uniformly in ¢ and x, then f; is Lipschitz in
A with the same constant f3. Finally, from Theorem 2.3, we obtain he required inequality. This
completes the proof . 0

In the following Lemma, we justify that the adjoint state given in (1.7) is uniformly bounded
in 1.

Lemma 3.2. Let (3.1) hold. Then, for all t € [0,T] and A € A(A),
T Ql)e* 1.

Ipa ()] < d(||G]| +

Proof. By integrating this system on the interval [t, 7| and by using the triangular inequality, we
obtain

4 )] < o2 (D)l +dl T~ 1)+ [ 1pa(s)lds
<lGu(m)l+Tdlel+a [ pa(s)lds

T
<d(lG|+Tlel+a [ lpa(s)lds

Therefore, the Gronwall Lemma leads to ||py (¢)|| < d (|G| +T||Q||) e*”~"). This completes
the proof. 0

Throughout the rest of this section, we use the notation & :=d (||G|| +T||Q||) e*T.

Lemma 3.3. Let (3.1) hold, and let the control uy be L-lipshitz in A uniformly in t and x. Then,

forallt € [0,T] and all A € A(A),

o(T—t) _

r e 1 =
[ ) = xto)llds < L (I () -« +BTR-Z). G3)
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Proof. Forallt € [0,T] and A € A(A), it is easy to see that

o (6) —x(0)]
< Jlea () —x(1) | + / £ (5,x(5) — f (s x(s) s + / 12 (5.(5) — £ (5,3 (5) | s

Since u is L-Lipshitz in A uniformly in ¢ and x, it follows that f; is Lipschitz in A with the
same constant . Then the previous inequality reduces to

_ T
2 (8) = x(@)]| < [|xa(T) —x(T) ||+ BT|A — A|+ a/t [[x2 () —x(s) || ds.
Thus, from the Gronwall Lemma, we obtain

lea (£) = (1) < €70 (HX;L(T) —x(T)|[+BT|A —II> :

By integrating this inequality on the interval [¢,T], we obtain the required inequality in (3.3).
This completes the proof. 0

In the following step, we consider the adjoint state of the constraint of our problem for which
we state and prove a continuity result with respect to the final state and the parameter A as
follows.

Lemma 3.4. Let (3.1) hold. If, moreover, the control uy, is L-lipshitz in A uniformly in t and x,
then, for allt € [0,T| and A € A(A),

P2 () — (0|
<o (IIGH L

aT aT

- 1) i (T) = x(T) | +¢°7 (L5HBHT+HQHe - lﬁT> -7l

Proof. By integrating the two corresponding systems over [t,T|, we are able to write
p(0) = pa(0) = p(T) ~ pa(1) + [ (A +ul9)B) (p(5) ~ s ())ds
+/tT O(x(s) —xy (s ds+/ s) —uy ()BT p;.(s)ds.
The fact that uy_is L-Lipschitz in A gives us
Ip() = P2 O]l < Ip(T) = pa(T) | + o / o)~ pas)lds
+HQII/ [le(s) —xa.(s)llds + L8| B (T —1)|A — A|.

Accordingly, Lemma 3.3 leads to

lp() = pa (D)l
< |[p(T) = pa(T)II+ L8||B|T|A — A|

0l (S (I )=+l +BTIA=R1) ) ot [ I(0) = ps o).
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Since p; (T) = Gxy (T) for all A € A(1), then

1) = pa (1) < (||G||+HQ||€

aT

- 1) e |y (T) — ()]

aT

-1 —
+(L5HBHT+IIQH6 BT)e“TM—M.

This completes the proof. 0J

The following Theorem shows the continuity of the optimal control with respect to the initial
and final states and parameter A.

Theorem 3.1. Let (3.1) hold. If uy, is L-lipshitz in A uniformly in t and x, then, for all t €
[0,T] and % € A(), |uj (t) —u* (1) < A]|xx (T) —x(T)|| +Az||x) —xo| +A3|A — 4|, where the
constants A;, fori € {1,2,3}, are given by

B (d,0)
Ay = [Blmax(d3) (G| 4 || 0] €51
Ay — HBHma;X(d 8) T

Ay = IPLmld0) (ﬁw ~1)+L8T||B] + 0] <5 BT ).

OCTI

) aT
r o
Proof. Lett € [0,T] and A € A(A). It follows that
* * 1 * * * x
|y (1) = (1)] < ;\PAT(I)BXA(I)—P " (0)Bx"(1)]

<1 (50~ ') B0+ pT (0B (0 X (0) ]

From the Cauchy-Schwarz inequality, we obtain

. (1) = (1) < @ (I AOE HOlIEAGIER A EAGEESNGIE

iy () 0] < D20 0 - oy + 2L g

|B|| max(d, &)
r

() —x" ()],
and

|5 (1) —u* ()| < (Ilp3 (@) = p* (@) + x5, (£) = x* (D)) -
Therefore, from Lemmas 3.1, 3.2, and 3.4, we deduce that

3, (1) = (1)] < Ay g (T) —x(T) || +Aa ||} —x0ll +A3[2 — 2],

with
= [Blmax(@0) (G| + || || <) eT
Az — 1B|max(d5) a7
Ay = 1Blmaxdd) (%(e‘” — 1)+ L8T|B] + || <5 BT ) .
This completes the proof. 0J

Corollary 3.1. Let (3.1) ) hold. If, moreover, u, is L-Lipshitz in A uniformly in t and x, then, for
allt € [0,T] and A € A(R),

A _
() ()] < (A1 + Aa) 8 — ol + (PAL (e 1) 4ay)a T,
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where the constants A;, for i € {1,2,3}, are the same defined in Theorem 3.1.

This corollary is immediate result from Theorem 3.1 and estimate (3.2). Next, we give a
stability estimate for the optimal value of our main problem.

Theorem 3.2. Let (3.1) hold. If, moreover, uy,_ is L-lipshitz in A uniformly in t and x, then, for
allt € [0,T] and A € A(R),

3. (u) = I ()| < Bil|x (T) = x*(T) || + Ballxg —xol| +Bs|A — 4],

with
=d||G| +d||QH +rTMA,

B,_ﬂmu< )%4TMA2
—d|o|| + (—( U B (<2 T)) T iAs,

Proof. Clearly, we have

1

) ) = 3 (DG (1) 2 (N)GH(T) 43 [ (5103 5) — o7 (5)0x(s)ds

+f/24cﬁ—mgﬁw.
2.Jo
Observe that

X5 (T)Gxy (T) = ¥ (T)GX(T) = (xa(T) —x(T))" Gxp (T) + ¥" (T)G (x2(T) = x(T)).
Then, the Cauchy-Schwartz inequality implies that
XL (7)Gx (T) = X" (T)G(T) | < 24| Gl (T) — (7). (3.4

In the same way, we have
t
<20 ( [[Ia(6) ~x(0)ds-+ [ Iz 6) = x(o)las)

T
| #9086 =" (9)0x(s)ds
By integrating (3.2), we obtain
eoT 1 ﬁ T 1 _
)|ds < 9 = ~T ) |A—2l
[ )=o)l < =g ol + £ (S -7) -

Thus, by using Lemma 3.3 and the previous inequality, we obtain

W[ E60u6) - T (o)

or eaT_ eaT—
1(leg xo| + ||x, (T) — (T)H)JF(M g 1

~T)A—2]).
(3.5)

<d|ol|(
Since u* and uj are in Uy, then

/T iy (5)? — u(s)’ds
0 A

Hence, from Theorem 3.1, it results that

: /OT uj (s)? — u(s)?ds

< ZM/OT |uj (5) —u*(s)|ds.

2

< TW (A1) = xoll +AalA = 2]+ Aslxa (T) = x(T)] ). (36)
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From (3.4) (3.5), and (3.6), we have
75, (1) = J ()| < B1|lxa(T) = x(T)|| + Ballx3 — xol| + B3|A — 4],

with y
=d|G] +dHQH +rTMA,
B, —anu (<%
B; = d|ol| + (—‘” T+ L (S -T) ) +rT A,
This completes the proof. [

3.2. Quantitative stability under global parametric perturbation of the data. In this sec-
tion, we suppose that u is fixed but all of the other data (the cost functional as well as the
constraints system) depend on a parameter A, which varies around a nominal value A. In this
way, our parametric cost function is given by

1 )2
J;L(u)—2 T(T)Gyx(T 2/ $)Qjx(s ds+2/ ru(s)-ds.
Accordingly, we consider the following parametric minimization problem
{minJ;L(u) (3.7)
ucU,y

subject to the constraint given by

{x’(r) — Apx(t) 4 u(t)Byx(t)

x(0) = x(/{ e R". (3.5)

For A € A(I), we denote by x; , the unique solution of (3.8) and by p, , we mean the associated
adjoint vector defined as the unique solution of the following system

{p(r) = —(Ay +u(t)B)) T p(t) — 0xx(1) (3.9)
p(T)=Gyx(T).

Suppose that:
())3d' >0, VA € AA), Vuc Uy |x3 || <d' (i) 3p >0, YA € A(A), ||By|| < p. (3.10)

We then make the following assumption on parameter A: There exists a constant L' > 0 such
that, forall A € A(4),

the matrices A, Bj, 0, ,G, are L' — Lipschitz in A. (3.11)

Therefore, we introduce the function Fy :=F» P A, :L*([0,T], [m,M]) — L*([0,T], [m,M))

Br:02,Gy
defined for every admissible control u by

Fa ()(1) = max(m,min(M, — ., (1B5, (1)

Lemma 3.5. Let (3.10) hold. Then, for all t € [0,T] and all A € A(L),
T)e*T—1),

() <d'p(1+

The proof is similar with the proof of Lemma 3.2. Hence, we omit the proof here.
Throughout the rest of this paper, we write 8’ = d’p (1 +T)e*"
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Lemma 3.6. Let (3.10) hold. Let xy, ,, be the unique solution to (3.8), and let x;, ,, be the unique
solution to (3.8) for A = A'. Then, for allt € [0,T],

1,0 (6) =33 (O] < P (1) 39, ||+ T (| Ay — Ay | +M||By — Byll)) . (3.12)
If, moreover, (3.11) is satisfied, then, for allt € [0,T],
halt) =X (1) | < PEHT (1 — 30, ||+ (1+ 1) T2 — 1)),

Proof. By definitions of xj , and xj , we are able to write
t
X(1) =Xpa(t) = X3 —x3 +/0 (Ay +u(s)By)xau(s) — (Aps +u(s)Bar)xys (s)ds
t
= =t [ (A u6)BL) (0(5) —xara(s))ds

t
+/0 (Al —A;L/—l—u(s)(B;L —B;L/))X)L/M(S)ds.
Then )
2,20 (2) = 20,0 (1) ]| < [l — 9, +P(1+M)/O 63, (5) — X274 () [|ds

t
+d’/0 (IlAx — Ap[| + M |1B;. — By ) ds

< |1y =23 |+ Td (|Ay —An || + M| By — By |)

t
+P(UAID) [ ,0(8) —5300(5) s
Therefor, Gronwall Lemma yields
e (6) = x2, ()] < P (1) — 0, ||+ T 1Ay — Apsl| + M |By, = By ]) -
This completes the proof. H

Now, for A, 1 € A(I) let pj , be the unique solution to (3.9), and let py. , be the unique
solution to (3.9) for A = A’. With this notation, we state and prove the following.

Lemma 3.7. Let (3.10) hold. Then, for all t € [0,T], ||ps .(t) — paru()]] < Cillx§ —x9,|| +
G| Qn — Owll 4+ C3l[Gp — Gl + CallAp — Ay ||+ Cs|By, — By ||, where
(Cl — (1 +T)p€Tp(l+M)€(p+l)MT
C2 — Td/e(p—H)MT;
C; = d/e(erl)MT;
Cy = e(p+1)MT(Td/eTp(1+M) + 6/T_|_T2d/peTp(1+M)>;
| Cs5 = MelP+DMT (7q' TPU+M) 1 §'T -T2 pelPUIHM)).
If, in addition, (3.11) is satisfied, then, for all t € [0,T],
1P2.u() = Par ()| < Crllx5 =23 | +L'(Co+C3 +Ca+Cs)[A = 2.

Proof. By integrating system (3.9) we obtain

Pral) = PralT)+ [ (42 u(6)B) P (5) + Qs u(5)ds.
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It follows that
Pau(t) = paru(t)
= /tT (A +u(5)B2) pau(s) — (A +u(s)By) parul(s) + Qaxau(s) — Quxar u(s)ds
+  Pau(T)=pz,(T).
Observe that
(A +u(s)By)  pau(s) — (Ap +u(s)By)" paru(s)
= (A2 +u()B2)" (Pa,u(8) = Paru()) + (Ar — Ay +u(s)(Br = Br))" pauls)
and 0yx; ,,(s) = Qarxar u(s) = Qa (X2 u(s) = xa7 4(s)) + (Qn — Qar)xar (). We have

1240) = P2aO1 < 1Pl T) ~ DI+ [ 13 +u6)B) 1925~ P9l
4 [ A uls) (B~ B (5]

T T
+ [ 1045 =) s+ [ 103 = Q)]s
Keeping in mind that

1Ay +u(s)B)T | < (p+1)M
(A5, — A +u(s)(By —By))T|| < ||Ax —Ap/ || + M| By, — By ||
P2 (s)] < 0" and [|ppr ,(s)|| < &,

we have

1P2u(t) = Paru(@)]

< 192.4lT) = Pt + (-4 DI [ 124(5) ~ pavals) s

T8 1Ay~ A 40118, Byl 49 [ 10u(5) 60 (5)lds + T 10z ~ Ol
In turns, condition p; ,(T) = G, x3 ,(T) leads to
1P2,u(T) = Par u(DI] < NGallllxa u(T) = 230 W (D) + 220 W (DG — Gl
Thanks to inequality (3.12), we conclude that
P20~ Pz ()] < PP T) o 2|+ T — Qo + G — G|
+(Td' TP 18T+ T2 pe P (14, — Ay + M By — By )

o 0T [ e a(s) —7, 9l

Accordingly, the Gronwall inequality implies that

1P2w(t) = Par ()]l
<C1| = x| +Ca)| @ — Ol + C3|Gy. — G|l + Call Az — Aps|| +Cs|By, — By,
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where
(Cl —(1 +T)peTp(1+M)e(p+l)MT;
G, = Td'e(p+1)MT;
{c :d/e(p—l—l)MT;
Cy = elPHOMT (7' TPUHM) 1 §/T 4 T2/ peT P+,
\CS _ Me(p+1)MT(Td/€Tp(1+M) + 5'T—|—T2d/peTp(1+M)).
This completes the proof. O]

In [11], the non-parametric form of operator F; was proved to be Lipschitz continuous over
the control space of continuous functions C(0,7,V). In the next result, we show that this prop-
erty holds true in the largest space L?(0, T, V) even within the presence of an external parameter.

Theoreln 3.3. Let (3.10) be satisfied. Then, there exists a constant K > 0 such that, for all
A € A(A) and for all uy,uy € L*(0,T,V), ||Fy (u1) — FA(MZ)HLZ(O,T,V) < KT ||lu; — u2HL2(07T7V),
where

_ |[Bl|max(d’, ")
r

K

<pd/e(p+1)MT+€pT (pzdle(p+l)A7IT+d/p+d/pTe(p+l)MT>>.

In particular, if KT € [0,1), then, for all A € A(L), Fy, is a contraction over L*(0,T,V).

Proof. Fix a value of the parameter A in A(A). Let uy, u in L>([0,T],[m,M]) and ¢ € [0,T]. It
follows that

[Py, (1) (t) — Fy (u2)(2)]

< L B2 () 0B )
< % | Piey (6)B2 (5 (1) = Xy (£)) 4 (Puy (1) = Puy (£)) T Boxay (1) (3.13)
1

< — (IBalllpuy @)l (2) =2 (O] + 1Bl Py (7) = Py (1) vy (£)1])
< pmax(d,d)

(leuy (8) = Xy ()| + 1Py (1) = Puy (D)) -
Fori € {1,2}, let x,, be the unique solution to (3.8). It follows that

) =5s(0) = [ A+ 016)B) (i 5) 5 (9)+ [ () () B ()

Thus [, (1) i ()| < (DT f3 o, () — 5y (5)llds + dp 7 Iy (5) — wa(s) | ds, which im-
plies with the help of Gronwall Lemma that

e (1) = 3, ()] < pd"e® M Ty —ua |30 7, (3.14)

For i € {1,2}, by integrating system (3.9), we obtain

pu0) = pulT)+ [ (A +14(5)B,) pus) + Qs 5)ds.
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For ¢ € [0,T], it follows that
T
1Puy () = Py (O] < NPy (T) = puy(T) || + (0 + I)M/l [y (8) = X, (5) | s

0 [ 19 (8) ~ p)ldsdp [ fua(5) ~ (o).

On the other hand, by integrating inequality (3.12), we see that

T -
[ 5 (9) = xa(9) s < dpTe® T uy —tl g 1
Observe p,,(T) = Gx,,(T) fori € {1,2}. In view of (3.12), we have

1P, (T) = puy(T) || < p2de®TIMT |y — iy 4 0.7,V)"

Consequently,

190, (1) = POl < (p2de®FDMT 1-d'p 4 dpTe® T ) |luy — ] 1o 1)

T
0 [ 1pu(®) = pu(s)lds.

Again, we also have
190 (1) = pus () < T (p2d'e® VT 1 d'p 4 ApTelP VT g — |1 g.7) (B.15)

In view of (3.12) and (3.15), we see that inequality (3.13) becomes
|F (u1)(1) = F (u2) (1)]

RN B - N
< ||B|| max(d’, &") <pd/e(p+1)MT+epT (pZd/e(erl)MT+d/p+d/pTe(p+1)MT>> ey _u2”L|(07T7v)_

r

This ends the proof. [

In the next result, K is borrowed to stand for the constant defined in Theorem 3.3 and uj, ui,

denotes the optimal control solutions of problem (3.7), respectively for A, ' € A(A).

Theorem 3.4. Let (3.10) hold. If KT € [0,1), then ||u}, —u}[|12(0.7v) < T (|19 — 29| +
0||Q — Oull+ 3]Gr — Gull + aullAy — Ay || + 0s]|By — By []), where

(

o = pd'e"PU+M) 1 Cipd’
!
o = 2L,
!
Oz — C3¢)d ’
o = Td'p8'eTPM) LCypd’ |
r ~ b
o — d'8'+pTd M8 e"PU+M) 5/ Cs
\ U5 r :

If, in addition, (3.11) holds, then

=

”I/li — uz’”LZ(O,T,V) S 1—KT (al ng —x())L/H +Ll((X2 + (04] + (0] + Ots)M —A‘/D . (316)
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Proof. Fix A,A" € A(A), u € Uyy, t € [0,T]. Observe

[Ep () (1) — Fy () (2)]
L (t)B 1)—pt, (1)B t
P (0B (6) — P (0B (1)
1
;Ipﬁu(f )(Baxau(t) = Barxs (1)) + (P2u(0) = paru(0)) Barxas o (0))]
1
= (1P @) 1Bax2u(t) = Barxar u(O) | +11P2.u(t) = par @) 1Bl 1w (0)1])
1
< (8'1Baxa u(t) = Barxar u(O)ll +pd || p2.u(t) = paru(0)])
and
1Baxau(t) = Barxar o ()| < llxa () 1[Ba — Barl| + 1Barlll[x2,u (1) = x2ru(2) ]
<d'||By — Byl +pllxaut) = xau(0)]-
Thus

r|Fy (u)(1) — Fpr (u) (1) < d'8"(|By = Byl +p &' [lx (1) = x20,u ()| + pd | 2 (1) — Par u (O]
This, combined with Lemmas 3.6 and 3.7, implies that

Cod'
) =51+ =22

105 — O
Td’ps’eTP<1+M> +Cypd’

1, Tp(14+M) !
Fau)(6) — Fy(w)()] < PO HE1Pd

C3pd/
1Ay — Ay

|G — Gl +

. d’6’ +pTd'M§'eTPIHM) 4 pd'Cs
r

1By, — By||-

Now, for A, A’ € A(), we have

13 (1) = B ()| 20,79y < VT (01 ]y — x5+ 02| Q2 — Qu/l| + 051G — G|

(3.17)
+a4l|Ay —Ap | + 0s]|By — By ),
where

(061 _ p5’eTp<l+M)+C1Pd';
0 = C2+%1/;
05 = C3pd’
O — Td'pé’ TP<1+M>+C pd’

s = d/6/+pTd/M8’rTP<1+M>+pd’c5

Therefore, we conclude that
0 .0
sup  [[Fy(u) — Fu ()]l 207y < VT (00|55 — x| + 00| @2 — Q|
uel?(0,T,V)
+5||Gy — G| +aul|[Ay —Apr|| + 0s][By — Byrl])-
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Now, if KT € [0, 1), then Fix(Fy ) = {u} } and Fix(F)/) = {u},}. From Theorem 2.2, we have

h (Fix(Fy ), Fix (Fy/)) <

sup ||y (u) — Fr (W)l 20,7,y
L =KT cr20.1v) OTV)

which can also be written as

VT

ez, = w3l oryy < 5 _KT(OCIHX(,{ — x|+ l|Qx — Oull + 05]Gy, — G|

+a4l|Ay — Ayl +as||By —By|)).

The proof of (3.16) is immediate from the previous inequality and condition (3.11). This
achieves the proof. 0

Theorem 3.5. Under the same notation and assumption of Theorem 3.4, if K T € [0,1), then
there exists positive constants (B;) | ;< such that |Jy (u} ) —Jy(u3,)] <

On |l +B3l[Ga — Gl + BallAx — A?L’H"’BSHBA B;u!l+ﬁ6\|m( ) —x(T )H where

BZ _ Td'? onrTM .

2 1-KT *
By =4 + FErs )

Bs :pTzauzep(lJr117l)T+%;~
Bs :MpTzd/2€p(l+M)T + %;

[ Be =
If, in addition, hypothesis (3.11) is satisfied, then
[ (1) — T (uy,)]
< (By + BoeP ) |59 — x| + (L' (Ba + B3 + Ba+ Bs) + (1+ M) Td'L'eP T 3 — 1|,

Proof. Fix A,A" € A(A), and let u} , uj}, the optimal control solutions to problem (3.8) respec-
tively for 2, A’ € A(A). It can be easily seen that

X3 (T)Gxy (T) = x3,(T) G (T))

" - x; d+f/T*()2— (s)%d
/0 X3 (8)Qxa(5) = x5, (5) Qs (s)ds + 5 | 143 (5)” — i (5)7ds.

T 43) Iy (") =

Observe
x5, (T).Gyx (T) = x3(T).Gprxp(T)
=3, (T).G (xa (T) = x3:(T)) + x4 (T).(Gi. — Gar)xar (T) + (32 (T) —xz(T)) " .Groxp(T).
Since ||x (T)|| < d’and ||xy/(T)|| < d’, then the Cauchy-Schwarz inequality implies that
|53 (T)-Gaxy (T) = x3(T).Goo(T)| < 2pd|[xa (T) = x3:(T) | +d”*| Gy = G|l
Similarly, for all s € [0, T],

], (5)-0ax2 () = x3:(5)- Qs ()] < 2pd|[xa () = x2:(s)[| +d* | Q2 — Q.
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Thus
12

17 T Td
3 | 15602 6) = 3T 9)-Qarn (9)ds < pd’ | I s) =03 (5) s+~ 101 = Q|

It follows from inequality (3.12) that

LT T

5 [ 1x3(5).Qaxa(s) — x5, (). Qnxa (s)|ds

2 Jo

< pTd'eP T (|1 — x|+ Td (| Ay — Ap ||+ M||B, — By|)))
Therefore, since v and u), are in Uy, we have

T * 2 * 2 Y T * * Y * *
192 =3 (921 <201 [y (6) =3, () ds < 280V T ;= o

Observe that
. .
r 2 > rMT
2] 07 w6 s <
+oul|Ay — Ay +as||By, — By ).

(ou|lx) =9, | + llQs — Our |l + 03]|Gy. — G|

Thus

o () — T ()| < Billx) — x5 11+ Bal| @ — Ol + B3N G — G|l + BallAz — Ay
+ Bs||By, — By || + Be||x2 (T') — x5, (T) ||,

where
(B, - Td;pep(l+M)T+ Oflf%l;
' ™
ﬁ2 = T%i OICZIKT ;
' ™
B3 = dT + %7 ) )
ﬁ4 — pTZdlzep(lJrM)T + %,
Bs = MpT2d"eP(1HIT 1 Qo
(Bs =d'p.
The second part of the conclusion of the Theorem follows immediately from the first one. This
completes de proof. 0J

Corollary 3.2. Let (3.10) hold. Assume that the initial and the terminal state are the same for
the two values A and A’ of the parameter. Then |Jy (u} ) —Jy(u5,)| < B2]|Qs — Op/ || + B3[|Ga —
G ll+ BallAx —Awll + Bsl Ba — By ||, where

ﬁz _ Td'* | oprTM,

3 KT
Bs =%+ S5 ) )
B4 :pTzd/Zep(1+M)T+%;~
[35 :MpTzd/Zep(H—M)T + %;

If, in addition, (3.11) hold, then |J) (u}) — Jy (u3,)| < (B2 + B3+ Ba+ Bs)|A — A/).
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3.3. Extension of stability to e-optimal control. Let us now introduce the concept of &-
optimal control for problem (3.7)-(3.8).

We say that the function u € U, is a €-optimal control of the problem if and only if u € &-
fixed point of Fy, 4 g o.G i€, u € € —Fix(Fy, 4.8,0.G)-

Some examples of approximate fixed points and related discussions can be found in [12, 2].
Now, we denote the set € — Fix(Fy, 4 .0.G) by S%(x0,A,B,Q,G), which actually expresses the
set of approximate solutions to our optimal control problem (3.7)-(3.8).

Notation: In what follows, for all € > 0 and all A € A(1), we write for simplicity S€(1) :=
Se(x%7Al7Bl7QlaGl)'

In the following, we present a quantitative stability result for the sets of approximate solutions

to optimal control problem (3.7)-(3.8).

Theorem 3.6. Let (3.10) hold, and let K be the constant defined in Theorem 3.3. If KT € [0, 1),

then, for all € > 0 and for all A, A" € A(A), the both sets S¢(1), and S¢(A') are non-empty.
Moreover, h(SE(2),55(X) < 15 + 0 (e ) — x| + 02101 — Ol + 051G, — G| +
ou||Ay — Ay ||+ as||By — By|). If; in addition, (3.11) is satisfied, then

€ VT

€ A < 0 0/ / — ).
h(SE(A),S¢(A)) < 1_KT+1_KT(cxl||xl X+ L (0 + a3 + o + as)| A /1|)

Proof. Let A, A’ € A(A). If KT € [0, 1), then F;, and F), are contractions with the same constant

KT. By applying Theorem 2.1, we obtain
€ 1

€ £ / < , .
S A)S ) S T+ T 300 W0, )

Let u € Uyy. Using (3.17) we obtain

h(Fy (1), Fpr(u))

< VT (oulx) =3[l + 0al|Qr — Qull + 05| G — Gol| + 0| Az — Al + s]|By, — By
This completes the proof. 0

Remark 3.1. Fix € > 0. Let MZ,I =u; S (xg,AI, By, 07,Gy) = S%(x0,A, B, Q,G). Then there
exists u ; € Se(xé,A;L,B;L,Q,l,G;L) such that

Hu:,l - u;’|L2(O,T,V) <&+h (Ss(x%7A7L7B)L7leGl)vss(x()aAaBaQ:G)) .

Corollary 3.3. Assume that (3.10) is satisfied. Let K be the constant defined in Theorem 3.3,
and let u* be the optimal control of problem (3.7)-(3.8). If KT € [0, 1), then, for all € > 0 and
forall A € A(R), there exists u}; , € Sg(xé‘,A,l,B,l,Ql,Gl) such that

Hué,a _M*HLZ(O,T,V)

1 VT
1—KT>+ 1—KT
+ oul|Ay —A| + as||By, — BJ|).

<e(l+ (0 [ly =0l +2l|Qs — Q|| + 0] Gy — G

The proof is immediate from Remark 3.1 and Theorem 3.6.
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Corollary 3.4. Under the same assumptions of Corollary 3.3, if KT € [0,1), then, for all € >0,
there exists uy € S¢(x0,A,B,Q,G) such that

1
1-KT
In particular, (u})e~o converges uniformly to the unique solution u* when € goes to 0.

e — || 20,7v) < €(1+ ). (3.18)

It suffices to take A = A in Theorem 3.6. The required convergence in the last part of the
conclusion is direct from (3.18).

Remark 3.2. The convergence of the sequence of approximate solutions (u})e~¢ to the unique
solution u* is also a straight consequence of the qualitative result on fixed points of general
set-valued maps established in [2, Proposition 4, Assertion g)].
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