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Abstract. In this paper, we develop and analyze the concepts of gH-Dini Hadamard &-subdifferential and
H,-subgradient for interval-valued functions (IVFs). Some important characteristics of gH-Dini Hadamard
e-subdifferential such as closedness, convexity, and monotonicity are studied. The interrelations between
gH-subgradient and gH-Dini Hadamard e-subgradient, and between gH-Fréchet derivative and gH-Dini
Hadamard e-subdifferential are investigated. To define the concept of H.-subgradient, the notions of the
sponge of a set around a point and gH-calm IVF at a point are studied. A variational description of gH-
Dini Hadamard &-subgradient with H-subgradient is proposed. Various necessary and sufficient conditions
for obtaining an €-efficient solution to an interval optimization problem (IOP) with the help of gH-Dini
Hadamard e-subgradient of an IVF are derived. Lastly, an application of proposed results is discussed in the
sparsity regularizer for IOPs.
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1. INTRODUCTION

Optimization theory for nonsmooth functions is known to have been hugely influenced by ap-
proximate subdifferentials or &-subgradients. Various numerical methods have been constructed
with the help of &-subgradients to minimize convex functions. The contribution of approximate
subdifferentials on the calculus of convex subdifferentials helps to develop several generalized
gradients of Clarke [1, 2, 3]. As Dini Hadamard derivative preserves the linearity of derivative
with respect to the direction [1], €-Dini Hadamard plays a prominent role [4] in the advance-
ment of nonsmooth analysis, especially nondifferentiable functions in the absence of convexity. In
1976, Mordukhovich [5] first obtained e-subdifferentials as a byproduct of certain approximative
techniques. After that, various methods and theories were developed for finding an approximate
solution to optimization problems [6, 7, 8].

Observe that many real-world situations are not always expressible with conventional mathe-
matics due to uncertainty or inexact data. Thus there is a need to advance optimization tools for
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uncertain optimization. The optimization problem due to uncertainty in a random variable comes
under stochastic optimization, and the optimization problem involving a membership function is
expressed by a fuzzy optimization problem. The optimization problem with interval coefficients
comes under interval optimization, named interval optimization problem (IOP), is indispensable in
dealing with many real-life uncertain problems. Some applications of interval optimization in real
life can be found in [8, 9, 10].

1.1. Literature Survey. The class of subdifferentials developed by Rockafellar [11] is a crucial
factor in the body of optimization theory that perfectly replaces the role of gradients to identify op-
tima for convex functions. However, this is inadequate in developing the optimality conditions for
nonconvex optimization problems. Mordukhovich [5] first obtained byproducts of certain finite
dimensional approximative optimization techniques of nonconvex functions, which were named
as approximate subdifferentials or €-subdifferentials. After [5], several subsequent attempts were
made to further elaborate the definition to a more general setting with Gateaux [12] or Fréchet
[13] differentiable norms. However, these results were restricted to Banach spaces. In [14], a
new definition of approximate subdifferentials for arbitrary locally convex spaces was given. With
this, numerous analytic results of approximate subdifferentials were discussed. In [15] and [16], a
general Banach theory of approximate subdifferentials was discussed. With the influence of these
developed results, Azimov and Gasimov [17, 18] proposed the concept of weak subdifferentials,
which are the generalization of classical subdifferential in which supporting hyperplanes were
replaced by supporting conic surfaces [19, 20]. To further extend this concept of weak subdiffer-
entials to nonsmooth analysis, the notion of sponges was defined by Treiman [21]. Based on this
notion, Bot [22] defined the Dini Hadamard e-subdifferentiability. In the developed results of Bot
[22], it can be observed that the existence of a neighborhood around a point implies the existence
of a sponge at that point. However, if the set is convex, then a sponge around a point also implies
the existence of a neighborhood around that point (see Example 2.2 in [22]).

The theory of gH-Dini Hadamard €-subdifferentials for IVFs is not studied yet. In the analysis
of gH-Dini Hadamard e-subdifferentiability of an IVF, calculus plays a significant role. Initially,
Hukuhara [23] defined the notion of differentiability of IVFs by using the Hukuhara difference
(known as H-difference). However, this definition suffers certain drawbacks (see [27]). Neverthe-
less, Wu [24] presented the notions of limit, continuity, and differentiability of IVFs. Thereafter,
Markov [25] removed this downside of H-differentiability by introducing the idea of a new sub-
traction (known as nonstandard subtraction) and proposed the generalized calculus on intervals.
Furthermore, Stefanini and Bede [26] refined the concept of Hukuhara difference with the com-
mencement of generalized Hukuhara difference (known as gH-difference). After that, in [27], the
notion of generalized differentiability was discussed by using gH-difference of intervals for IVFs.
Also, Ghosh et al. [28] presented the notion of gH-directional derivative for IVFs. Motivated by
[29], the theory of gH-subdifferential and gH-subgradient of IVFs were discussed in [30]. With
this, numerous researchers [28, 31, 32, 33, 34, 35] have contributed to the gH-subdifferentiability
of IVFs.

This article involves the concept of gH-Dini Hadamard e-subdifferential for IVFs. Towards
this, we have observed that the notion of gH-Dini Hadamard €-subdifferential is more general than
the concept of gH-subdifferentiability. In the sequel, the relation of gH-subdifferentiability and
gH-Fréchet differentiability with gH-Dini Hadamard €-subdifferentiability is given. Further, an
important concept of Hg-subgradient is given. To define this concept, the notions of sponge of a
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set and gH-calm IVF are discussed. The reason for defining these notions is that the existing results
are limited for neighbourhoods. It is known that every neighbourhood is a sponge, however, the
converse need not be true [21]. Thus the notion of sponge of a set is more general. Based on this,
several necessary and sufficient conditions for finding an e-efficient solution to an IOP are derived.

1.2. Motivation and work done. It is known that, in conventional optimization theory, the ap-
proximate subdifferentials and the Dini Hadamard e-subdifferentials are found to be minimal
among other conceivable subdifferentials. Also, on analyzing the literature on IOPs, it can be
noticed that the theory on gH-subgradients and gH-subdifferentiability has been developed re-
cently (see, e.g., [30, 31, 32, 33, 34, 35]). From the existing results on IOPs, one sees that the gH-
subdifferential set may be empty and there is no theory to study the behaviour of such IVFs (see Ex-
ample 3.1). However, with the help of the defined notion of gH-Dini Hadamard €-subdifferentials,
these IVFs can be studied. Moreover, the concept of gH-Dini Hadamard €-subdifferential contains
the set of gH-subdifferential and set of Fréchet derivatives; however, the converse is not true (see
Theorem 3.1 and 3.4). We have proposed the notion of H¢-subgradient, which is more general
than all the existing subdifferentials on IOPs (see [30, 31, 32, 33, 34, 35]) and also contains the
set of gH-Dini Hadamard e-subdifferential (see Theorem 4.1). A variational description of gH-
Dini Hadamard €-subgradient with H¢-subgradient was performed. To observe the application of
gH-Dini Hadamard e-subdifferentiability in IOPs, we define the concept of €-efficient solution to
an IOP. Based on the idea of g-efficient solutions to an IOP, necessary and sufficient optimality
conditions to an IOP are given.

1.3. Delineation. The whole work is demonstrated in the following order. Section 2 covers
some basic tools of arithmetic on intervals and calculus of IVFs. In Section 3, the gH-Dini
Hadamard e-subdifferentiability for IVFs with its several important characteristics is proposed.
In the same section, a few relations between gH-Fréchet differentiability and gH-Dini Hadamard
€ -subdifferentiability are given. Next, an important concept of H¢-subgradient is given in Section
4, which is based on the criterion of sponge of a set. Further, a variational interpretation of gH-Dini
Hadamard e-subdifferential based on the sponge of a set is discussed. In Section 5, the concept
of g-efficient solution followed by necessary and sufficient efficient conditions for finding an &-
efficient solution to an IOP with the gH-Dini Hadamard e-subgradient of its objective function are
given. An example to demonstrate the application of proposed results in sparsity regularizer for
IOPs is given. Finally, Section 6 covers the conclusion and future scopes.

2. PRELIMINARIES AND TERMINOLOGIES

In this section, basic tools on intervals, and convexity and calculus of IVFs are provided. In the
whole paper,

e R, and R denote the collection of nonnegative real numbers and set of real numbers,
respectively;

e /(R) refers to the collection of all compact intervals;

e the elements of /(R) and I(R)" are denoted by bold capital letters and bold capital letters
with a cap, respectively;

e —oo and oo represent the intervals [—oco, —oo] and [+o0, 4-oo[;

o I(R) =I(R)U{—oo,+oo}; and

e AB(h,0) represents a ball with centre at & and radius 9 in R".
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2.1. Fundamental operations and dominance relations on intervals. Let P,Q € I/(R) and 8 €
R. Moore’s [36] interval addition, subtraction, product, division, and scalar multiplication are
represented by P& Q, P Q, PO Q, P0Q, and B ®P, respectively. In defining P@ Q, it is
assumed that 0 ¢ Q.

For any nondegenerate interval P, the relation PSP = 0 does not hold. The following definition
of difference of intervals is used throughout this article.

Definition 2.1. (gH-difference [26]). Let P,Q € I(R). Then, the gH-difference between P = [p, p]
and Q = [q,g] is denoted by P S,x Q, defined by

Po,n Q= [min{g—g,ﬁ—q}, max{g—g,ﬁ—?l}} and POy P =0.
If the interval X is the gH-difference of P and Q, then
P=Q®&X or Q=PcX.

For two elements C = (C;,Cy,...,C,)" and D = (D;,D,,...,D,)" in I(R)", the algebraic
operation x between C and D on the product space I(R)"” = I(R) x I(R) x --- X I(R) (n times) is
denoted by CxD and defined as

C+D = (C;+D,CoxDs,...,C,xD,)T,
where x € {®,0,0,n }.

Definition 2.2. (Norms on /(R) and I(R)" [36]). The norm of an interval S = [s,5] € I(R) and an
interval vector S = (S1,S3,...,S,)" € I(R)" are defined by

HSHI(R) = max{|s|,|s|} and HSH[(R)H = Z HSJ-H,(R), respectively.
j=1

Definition 2.3. (Dominance of intervals [24]). Consider two intervals C = [c,¢] and D = [d,d] in
I(R).
(i) Cis called dominated by D if ‘d < cand d < ¢,and we write D < C;
(i) Cis said to be strictly dominated by D if either ‘d < ¢ and d <¢or‘d < candd < @,
and we write D < C;
(iii) if C is not dominated by D, then we write D £ C. If C is not strictly dominated by D,
then we say that C and D are not comparable and we write D 4 C.

Remark 2.1. It can be noted that, for any C and D in / (R)",
C=D <« C;<Djforall j=12,....n.

Lemma 2.1. (See [35]). Let P,Q,R, and S € I(R).

(i) If P<Q and Q X R, then P < R and
(ii) f PEQ X RDS, then POS,u R X S ©Ogn Q.

Lemma 2.2. (See [36]). For A,B € I(R) and y € R, we have
YO(A®B)=y®>AByOB.
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2.2. Calculus of IVFs. Throughout this article, we assume that % is a nonempty subset of R”,
unless mentioned otherwise. A function ¥ : 2 — I(R) is called an IVF on Z. For any z € 2, ¥
is represented as

where y and ¥ are real-valued functions on 2 satisfying y(z) < ¥(z) foreachz € 2.

Definition 2.4. (Proper IVF). Let ¥ : 2° — I(R) be an extended IVF. Then, ¥ is said to be proper
if there exists 7 € Z such that

W (Z) < [+oo, 40| and [—eo, —oo] < ¥(z) for all z € Z.

Definition 2.5. (Effective domain of IVF). Let ¥ : & — I(R) be an extended IVF. The effective
domain of ¥ is defined as

dom(¥) = {z € Z: P2 [l1r) < foo} .
Definition 2.6. (Linear IVF [28]). Let 2 be a linear subspace of R”. The function ¥ : 2 — I(R)
is said to be linear if
(i) P(Az) =A©Y¥(z) forall z € £ and for all A € R and
(ii) for all z, w € Z,
either ¥(z) ® ¥(w) = W(z+w) or none of ¥(z) & ¥(w) and ¥(z+ w) dominates the other.

Definition 2.7. (Convex IVF [24]). Let Z be a convex subset of R”. Then, an IVF W is said to be
convex on Z if, for any 71,2, € 2 and 91, &, € [0, 1] with §; + &, = 1,

Y (0121 +0220) 2 81 O¥(z1) & & O ¥ (z2).
If v and Y are convex on a convex set 2 C R”, then the IVF W is convex on 2 and vice-versa.
Definition 2.8. (gH-continuity [37]). Let ¥ be an IVF on 2. If, for any 7 € 2 and h € R”" such

that 7+ h € &, the limit

lim (W(Z+h)©en ¥(Z)) = 0 exists,
[|72]| =0
then W is gH-continuous at 7 € 2. Moreover, if ¥ is gH-continuous at each z € 2, then W is said
to be gH-continuous on ..

Definition 2.9. (gH-derivative [27]). Let Z be a nonempty subset of R. The gH-derivative of an
IVF ¥ ata point Z € 2 and h € R such that 7+ h € &, is defined by

1

¥'(z) = }lling) 5 O (¥(z+h) Sgn \WP(2)), provided the limit exists.
_>

Definition 2.10. (gH-directional derivative [28]). The gH-directional derivative of an IVF W at

Z € Z in the direction 7 € R" such that Z+ Bh € 2 for sufficiently small § > 0, denoted by

¥4 (Z)(h), is defined by

1
lim — ©® (W(Z+ Bh) ©qn ¥(2)), provided that the limit exists.
B—0+ ﬁ
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Definition 2.11. (gH-Gateaux derivative [28]). Let ¥ be an IVF on a nonempty open subset 2 of
R”. If, for each h € R" and at Z € %, the limit

() = lim 50 (HE+ 1) S ¥(2)

exists and W (Z) is a gH-continuous linear IVF from R” to I(R), then W« (Z) is called gH-Géteaux
derivative of W at z. If ¥ has a gH-Gateaux derivative at Z, then W is called gH-Gateaux differen-
tiable at Z.

Definition 2.12. (gH-Fréchet derivative [28]). Let ¥ be an IVF on be a nonempty open subset .2
of R". For 7 € % and h € R”, if there exists a gH-continuous and linear mapping ¥ & : & — I(R)
with the following property

1 [W(Z+h) Ogn ¥(2) Ogu ¥ 7 (1) || 1(w)
7|0 2]l

:0’

then W is said to have a gH-Fréchet derivative at Z, denoted by ¥ &.

Theorem 2.1. (See [28]). Let Z be a nonempty open subset of R" and the Fréchet derivative of
IVFY¥Y : Z — I(R) exists at some 7 € Z. Then, the gH-Gdteaux derivative of ¥ at 7 exists along
any h € R" and values of both the derivatives are equal.

Remark 2.2. (See [28]). Let ¥ be an IVF on a nonempty open subset Z of R”. Let ¥ has gH-
Gateaux derivative at 7 € Z. Then, ¥ has gH-directional derivative at 7 in every direction & € R"
also.

Definition 2.13. (gH-subgradient [30]). Foran IVFW: 2 — I(R), an element S = (S1,S2,...,S,) "
€ I(R)" is called a gH-subgradient of ¥ at Z if

(w—2)T ©S < W(w) S W(z) forallwe Z.
The set of all gH-subgradients of ¥ at 7 is said to be gH-subdifferential and is denoted by dW¥(z).
Definition 2.14. (Sequence in /(R)" [30]). An IVF ¥ : N — I(R)" is called a sequence in I(R)".

Definition 2.15. (Convergence of a sequence in I(R)" [30]). Let {S;} be a sequence in I(R)". If,
for every € > 0, we can find a p € N such that

1Sk OgH §H1(R)n < € foreach k > p,

then the sequence {Sk} is said to be convergent to S. Then, S is called the limit of the sequence
{St} and is represented as khm St =S.

—>00
Remark 2.3. (See [30]). If a sequence {S;} in I(R)" converges to some S € I(R)", where S; =

(S1,S2%,-..,Su) " and S = (S1,S2,...,S,) ", then it can be noted from Definition 2.2 that each
{Sjk} inI(R) convergesto S; € I(R) forall j=1,2,...,n
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3. gH-DINI HADAMARD &£-SUBDIFFERENTIABILITY

We define the gH-Dini Hadamard e-subdifferential set of an IVF by using gH-Dini Hadamard
derivative of an IVF followed by its several characterizations. Further, we prove that the concept of
gH-Dini Hadamard e-subdifferential is more general than the concept of gH-subdifferentiability.
In the sequel, the relation of gH-subdifferentiability and gH-Fréchet differentiability with gH-Dini
Hadamard e-subdifferentiability is discussed.

Definition 3.1. (¢gH-Dini Hadamard derivative of an IVF). Let ¥ be an IVF on &. If, for 7 € &
and 4 € R”, the limit inferior

1
W (2)(h) = liminf = © (P(Z+ Au) O ¥(2)),
2504

exists and W - (Z)(h) is a linear IVF from 2 to I(R), then the limit value is called gH-Dini
Hadamard derivative of W at Z in the direction .

Definition 3.2. (gH-Dini Hadamard e-subdifferentiability of an IVF). Let ¥ : 2 — I(R) be an
extended I'VF that is finite at 7 € Z. Then, for € > 0, the gH-Dini Hadamard e-subdifferential of
W at 7, denoted by 977 W¥(Z), is defined as

977 W () = {§ CIR)": (w—2)" OS < Wy p(2)(w—2)@e|w—2z| forall we ff} .
Then, S is called the gH-Dini Hadamard e-subgradient of W at z. Further, if 9777W(2) # 0, we
say that IVF ¥ is gH-Dini Hadamard €-subdifferentiable at Z.

Example 3.1. Let ¥ : R — I(R) be an IVF given by ¥(z) = [1,2] ® |z|. Let us check the gH-
Dini Hadmard e-subdifferentiability of ¥ at 0. Let us assume S = [s,5] € 977 ¥(0) for € > 0.
Therefore, for w € R, we have

[5,5]© (w—=0) 2 W5, (0)(w—0) & &[w—0|

1
— [g,§]@wjliggivrvlfI@([1,2]®11u|)@s|w—0|
A—0+
— [5,5]Ow <X [1,2]0|w|Ee|w|.

We have the following two cases:
(i) Forw >0,

[5,5] X [1,2] e = s<l+eands<2+e.
(i1) Forw <0,

[s, 5] Oow = [1,2] © (—w) B e(—w) [1,2]0(—1)@e(—1) = [s,3]

e )
= [-2—¢,—1—¢]=<]s,3]
= —2—¢<sand —1—¢<5.
Hence, in view of Case (i) and Case (ii), we have

a?%‘P(O):{SGI(R)Z—Z_SSQS1+gand —1-e<5<2+¢}.



184 ANSHIKA, K. KUMAR, D. GHOSH

v

FIGURE 1. The Geometrical representation of two possible gH-Dini Hadamard &-
subgradients of W of Example 3.1

A geometrical view of gH-Dini Hadamard e-subdifferentiability of ¥ of Example 3.1 is given
in Figure 1. The IVF ¥ is depicted by the pink region. For € = 1, the two possible gH-Dini
Hadamard e-subgradients of W at O are denoted by S| and S, and demonstrated by green region.

Example 3.2. In this example, we check the gH-Dini Hadamard €-subdifferentiability of an IVF
¥ : R — I(R) which is given by ¥(z) = [-2,—1] ® |z| at z = 0. Let us assume S € 977" ¥(0) for
0 < € < 2. Therefore, for w € R, we have

(w—0)OS <Py (0)(w—0)Be|lw—0|

N
— w@Sjl/lflg(l)vIvlf I@(‘I‘(?Lu)@gH‘P(O))EB£|W|
—0+

1
= wOS<liminf - O ([-2,-1]©|Au|) D e|w|
u—w A
A—0+
= woS=<[-2,—-1]0|w de|w|

We have the following two cases:
(i) Forw >0,
woOS < [-2,—-1|Oowdew = S<[-2,—1]Pe.
(i) For w < 0,
woOS < [-2,-1]o(—w)@de(—w) = [1,2]Sen € < S.

From Case (i) and Case (ii), we can observe that, for any 0 < € < 2, there does not exist any
S € I(R) which satisfies both the cases simultaneously. Thus 977 ¥(z) is empty.

Theorem 3.1. Let ¥ be a gH-subdifferentiable IVF at 7 in %. Then, ¥ is gH-Dini Hadamard
e-subdifferentiable at 7 as well.



gH-DINI HADAMARD ¢-SUBDIFFERENTIAL AND H.-SUBGRADIENT FOR IVF 185

Proof. If W is gH-subdifferentiable at z, then there exists an S € d¥(z) such that

(w—2)T ©S X W(w) Sen W(Z) forallw e Z. (3.1)
Also, for any € > 0, the following relation holds:
Y(w)om ¥ (z) 2 ¥ (w)ou P (2) @e|lw—2z| forallw e Z. (3.2)

Therefore, from (3.1) and (3.2), we conclude that, for all w € 2,
(w—2)T OS 2 W(w) S Y(2) Be|w—2|

s .. 1
= (w— Z)T ©S = liminf — O (Y(Z2+Au) On ¥ (2)) D |lw —Z|
u—(w—72) A
A—0+
— (w—2) OS =X Wy @) (w—2) @elw—z|
— SedZ”¥(3).
Thus ¥ is gH-Dini Hadamard e-subdifferentiable at Z. 0
Remark 3.1. It is to be noted that the converse of the conclusion made in Theorem 3.1 need not
be true. For instance, consider the IVF discussed in Example 3.2: W(z) = [-2,—1] ® |z|. Let us
check the gH-subdifferentiability and gH-Dini Hadamard €-subdifferentiability of ¥ at O for any
€ > 2. From Example 3.2, it can be observed that the gH-Dini Hadamard €-subdifferentiability of
Y at 0 is given by
077 ®(0)={ScI(R):[1,2]Ogne =S < [-2,—1]De}.
Now the gH-subdifferential of ¥ at O is
WOS < W(w) Sgrr ¥(0)
= woS=X[-2,-1]o|w|.
There arise the following two cases:
(i) Forw >0,
Sow=[-2,-1]ow = S=<[-2,-1].
(i1) Forw < 0,
SowX[-2,-1]o(-w) = [1,2] <S.
From Case (i) and Case (ii), we observe that for any € > 2 there does not exist any S € I(R), which
satisfies both the cases simultaneously. Hence, d¥(0) = 0.

Note 3.1. The graph of gH-Dini Hadamard €-subdifferentiability of IVF W at z = 0 of Remark
3.1 is depicted in Figure 2. For € = 2.5, the two possible gH-Dini Hadamard &-subgradients of
Y at 0 are denoted by S; and S;. It can be observed that with the help of gH-Dini Hadamard &-
subdifferentiability, the two subgradients z® S| and z® S, always supports the IVF (¥(z) ® €|z|)
from below as demonstrated in Figure 2(b), which fails for IVF ¥(z) (see Figure 2(a)).

Lemma 3.1. (Monotonic property of gH-Dini Hadamard €-subdifferential). Let ¥ be an IVF on
%. Then, forO0< & < &,and7 € %,

0.7 P(2) C oL H(2).
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() The IVF W¥(z) and gH-Dini Hadamard e- (b) The IVF (¥(z) @ €|z|) and gH-Dini Hadamard &-
subgradients of ¥ subgradients of ¥

FIGURE 2. The geometrical representations of two possible gH-Dini Hadamard
e-subgradients of ¥ of Remark 3.1

Proof. Let Sc 88? H ¥(Z). Then, for £; > 0 and for all w € %, we have
w=2"08 = ¥or@w-2oelw-z
Since €] < &, then we obtain from (i) of Lemma 2.1 that
(w—2)" ®8 < Yy r(D)(w—2) @ elw—7z| forallw e Z.

Hence, agfﬁ”\y(z) C 855'%0‘11(2).

O

Theorem 3.2. Let ¥ be an IVF on . Then, for any € >0 and 7 € %, 377 W (Z) is a convex set.

Proof. Let us assume 977 '¥(Z) is nonempty and there exist L, K € 977W(Z) for any € > 0.

Then, for all w € &,

(w=2)" OL X W (2)(w—2) @e|w—2] and
w—2) OK <y (D) (w—2) de|w—7|
n
— PLi©Ohi X WYy, (2)(h) Delh| and

i=1

n
PKi O hi 2 W (Z)(h) ®e||h|| taking h = (w—72) € Z.
i=1
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Thus, for h € 2 and A;,A, > 0 with A; + A, = 1, we have

MO (éLith) Do (éK[@hl) <M @‘P_@%ﬂ(f)(k) DAy @‘P@%(Z)(h) @EHhH

i=1 i=1
n
= P ML OL S LK) Oh =¥y (2)(h) ®e|h| from Lemma 2.2
i=1
— ' © (M OLeL oK) =Wy (2)(h) ee|h.

Therefore, 4 ©L® 4, ©K € 977W(Z). Hence, 9777 W(Z) is a convex set. O
Theorem 3.3. Let ¥ be an IVF on % . Then, for 7 € % and € > 0, 889 H Y (Z) is closed.

Proof. Let {S;} be a sequence in 977 ¥ (z) which converges to S € I(R)", where S; = (Sk1, Sk,
,Stn) " and S = (S1,S5,...,8,) . Then, for all w € & and Sy € 377 ¥(Z), we have
(w=2)T OS2 Por(@)(w—2) Belw—2
— W' ©S X Wy, (2)(h) ®e|h| takingh = (w—2) € &
n
— Pl 081 2 Yo, 2)(h) oe|hl. (3.3)
i=1

Without loss of generality, let first m number of components of £ in (3.3) be nonnegative and rest
(n —m) number of components be negative. Also, from Definition 3.1, we assume W ,»(Z)(h) =
@D’ | R;®h;and R; € I(R) for each i = 1,2,...,n. Therefore,

m n m n
@hi/@ski/@ @ hj@S]gj@Rﬂ@hﬂ@ @ Rthj@g”h”

i'=1 Jj=m+1 i'=1 Jj=m+1
m n m n
or, @[gki’hi’agki’hi’] EB @ [Sk] ]7—k] @ r/h,,rl/h @ [ hj,l”jh ]@EHhH
i'=1 Jj=m+1 i'=1 Jj=m+1
Hence,

m
Y S, + Z Skjh; <Zr/h/+ Z 7ihj+€||h| and (3.4)
i'=1 j=m+1 i=1' Jj=m+1
m
Z kl’h'+ Z skjh < Zr,/h/—i- Z r s +€||h|| (35)
i'=1 j=m+1 i'=1 j=m+1

Since S; converges to S, from Remark 2.3, the sequences s;; and sy converge to sy, and sy,
respectively, for each i’ and similarly for each j. Thus

m n m n
(ngi/hi/—l— Y Ek,-h,-) — <Z§i/h,~/—|— Y Ejh,) and (3.6)
m n m n
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From (3.4), (3.5), (3.6), and (3.7), we obtain

m n m n
<Z§l~/h,~/—|— ) gjhj) <Y rihy+ ). Fjhj+e|h|| and (3.8)

i'=1 Jj=m+1

m n m
<Z Sihy+ ) gjhj) <Y Fihy+ Z rihj+eln|. (3.9)

i'=1 j=m—+1

In view of (3.8) and (3.9), we obtain

[Zs,h,+ Z 5 ,,Zs,/h/Jr Z sh] = Wao.r(2)(h) e|h|
Jj=m+1 i'=1 J=m+l
m

—  Plsphy,svhi] ® GB [5jhj,s,hj] = Yo (Z)(h) @e|h|
i'=1 j=m+1

m n
= PSioh® P Sjohi XWor(2)(h)delh|
=1 j=m+1

— 1 OSWour(@)h) oelh.
Thus S € 977 W(Z). Hence, 977 W(Z) is closed. O

Theorem 3.4. Let V¥ be a gH-subdifferentiable and gH -Fréchet differentiable IVF at 7 € % . Then,
forany € >0, {¥£(2)} C 77 W(Z), where ¥ 7 (Z) is the Fréchet derivative of ¥ at Z.

Proof. 1f ¥ is gH-subdifferentiable at Z, then there exists Sel (R)" satisfying
(w—2)T ©S X W(w) Oen W(Z) forany w € 2. (3.10)
Taking w =7+ Ae, A >0, and e € Z in (3.10) such that ||e|| = 1, we have
(Ae)T ©S W (24 Ae) O ¥(2)
— ¢ ©S= % O (P(z2+Ae) Ogn P(2)).

Also, W is gH-Fréchet differentiable at Z. From Theorem 2.1 and Remark 2.2, for A — 0+, we
have

el OS =¥ (2)(e). 3.11)

Replacing e by —e in the last relation, we see that

=Yz
<e' ®S. (3.12)
Hence, from (3.11), (3.12), and Theorem 3.1, we obtain

W7 (2) €0¥(2) = {¥»(2)} C /7 P().
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Remark 3.2. The conclusion in Theorem 3.4 can be strict. For instance, consider an IVF ¥ : R —
I(R) given by ¥(z) = 0 ®z. Let us calculate the gH-Fréchet derivative and gH-Dini Hadamard
g-subdifferential of W at 7= 0. Let us assume that there exists an S € 977 ¥(0) satisfying that
for any w € R,

(w—0)OS =¥y ,(0)(w—0)De|lw—0|

|

—  wOS =X liminf I@(‘P(?Lu) Sen P(0)) B |w|
A—0+

— wOS=<X0dew|

— wOS<¢gw|.

There arise the following two cases:
(i) Forw>0,woS=<ew — S=<E&.
(ii)) Forw < 0,SoOw <g(—w) = —e =<8S.

In view of Case (i) and Case (ii), we have 83@%‘1’(0) ={S:—&<S =< ¢}. Now assume that ¥ » (2)
is the gH-Fréchet derivative of W at 7 = 0. Then,

W (Z+h) Ogn W(2) Ogu ¥ 7 (h) |l 1(m) Wz (1)l ()

li —O:>1' — =0 = Y¥4£(0)=0.
i, 0 HA—T 70

Thus ¥ #(0) C 9777¥(0).

Theorem 3.5. Let VY be gH-Dini Hadamard €-subdifferentiable IVF at 7 in %. Then, for any € >0
and 6 >0,

077 (8 OW)(2) = 8§ ®377 (W)(Z), where € = €8.

Proof. Let S € § © 977 (W)(z). Then, we can write S = & ©8 such that S’ € 977 (¥)(z) for any
we Z and

(w=2)" 08 2 W (@)w-2)@elw—7|
— (w=2" 0 (508) 2 Far@w-Doelv-2|

— (w-2)" 0S80 (Por(@)(w—2) @e|w—2|)

~ 1
— (w-2T®S<80 lir?inf) T ® (P(Z+Au) o ¥(2) | @ed||w—2z|
u—(w—z
7L—>O+Z
— (w-32)" ©8= limint - © (80 ¥(z-+ Au) 11 6 ©W(2) & 23w 7]
u—(w—z
A—0+

—= (w—2)" OS2 (60 gn(2)(w—2) @€ |w—z|, where & = £5
—Sedl”(50W)(3).
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Conversely, we assume that S € 83 (8§ ®¥)(Z). Then, for any £ > 0 and w € 2, we have
(w=2)" 08 2 (60¥)r (w2 @€/ |w—1]

~ 1
— (w-2)' ©S =< lin(linf) 7O BOWE+Au)Sgn 8O (D)) DES|w—Z]
u—w—z
A—0+

= é@((w—Z)T@g) 2 Wonr@)w-2)oe|w—Z|

— w—-2)' O (é@g) <WyrQ)(w—2)@elw—7|

1~
— SGSeaff(‘P)(Z)

— S50 (¥)(3).
Thus we conclude that 977 (§ ©®¥)(2) = 8 ® 977 (¥)(Z), where ¢’ = €8. O

4. He-SUBGRADIENT

We define the notion of Hg-subgradient for IVFs based on the notion of sponge of a set. Further,
it was proved that every gH-Dini Hadamard €-subgradient at a point 7 is also an He-subgradient
of W at z. However, the converse need not be true. Furthermore, an interpretation of gH-Dini
Hadamard e-subdifferential is discussed with the help of sponges.

Let ¥ be an IVF on Z. For all € > 0, define an IVF W : 2 — I(R) by

Ye(w)=¥(w)de|lw—z| forallw e Z.
Lemma 4.1. Let ¥ be an IVF on % . Then, for7 € % and € > 0,
Ve (ZD)(w—2) =¥Yor@)(w—-2) dellw-7|.

Proof. For € > 0and 7 € Z, we have
. 1
VYegwr(D)w—2) = liminf —© (We(Z+Au) Ogn Pe(2))

u—(w—z) A
A—0+

1
= liminf — O ((Y(Z+Au) D e||Au||) Oon ¥(2))
u—(w—3) A
A—0+

1
= liminf — © (WP(Z+Au)Sen (P(2))® lim gllu|
u—(w—7) A u—(w—72)
A—0+

= Wy ,rD)w-2)@e|w—1|.

Thus we have the desired result. O

Remark 4.1. From Lemma 4.1, we can observe that, for all w € 2 and € > 0, an Seca?” Y (2)
if and only if

(w—2)" ©S X We00(2) (w—2)
= Ww-2) OSX¥yr(@)(w-2)Dew—1.



gH-DINI HADAMARD ¢-SUBDIFFERENTIAL AND H,-SUBGRADIENT FOR IVF 191
Therefore, for 7 € 2 and € > 0, we have 977 W () = 977 W (3).

Definition 4.1. (Sponge of a set [21]). Let ¥ C 2. If for any 7 € 2 and for all h € 2\ {0}, we
can find a A > 0 and 6 > O satisfying z+ [0, 8] - #(h,8) C .7, then . is said to be a sponge set
around Z.

Definition 4.2. (H¢-subgradient for IVF). Let ¥ : 2° — I(R) be an extended IVF on Z. Then, an
element S € I(R)" is an H-subgradient of ¥ at 7 if there exists a sponge .¥ around Z € £ such
that

(w—2)T OSSO el|w—z|| X ¥(W) Cen ¥(2) forall w € ..
Theorem 4.1. Let ¥ be an IVF on 2 and there exists an S € 0Z7V(Z). Then, forall y> & > 0,
S is an Hy-subgradient of ¥ at Z.
Proof. LetS € 977 W¥(z) and y > £ > 0. Consider the set
S ={weZ:(w—2)" OSSumy|w—2| 2 ¥(w)Sey P(Z)} forallwe Z.
We demonstrate that . is a sponge around z. Let 2 € 2\ {0}. Since S € 977 ¥(Z), then
1" ©SSgn k]| < W (2)(h)

o .o 1 _ -
or, i ©S O ||| = lml};?f I@(‘P(z—klu) Sen ¥(2))
u
A—0+

— € 1
or, i ©SC,en (%) ||A]| < limﬁizlf T O (W(Z+Au) ©4n W(2)) from (i) of Lemma 2.1

A—0+
~ 1
o, i ©SSgy 7| = limi}rllf 7O (P(Z+ Au) S W(2)) from (i) of Lemma 2.1.
250
Therefore, we can find a §; > 0 such that for all u € B(h, &)
o - te

u' ©SOen ylull 2h" ©SSen <YT) \A]|. 4.1)
From the definition of the limit inferior, there exists 8, > 0 satisfying that, for all A € (0,9,) and
uec ABh,s),

< 1
h' ©S O (%) [ = 5 © (P(E+Au) Sgn ¥ (2)). (4.2)

Hence, from (4.1) and (4.2), there exists 0 = %min{&, 02} > 0 such that, for all A € (0,6] and
ue Ah,9),

(Aw) " ©S g Yl|Aul| < P(2+ Au) Ogn W(2).
Thus, for all w € 7+ [0, 0] - #(h, ), we have
(w=2)" ©S S 7llw—2|| 2 P(W) e ¥(2).
Therefore, 7+ [0,6] - #A(h,6) € .. Thus, . is a sponge around Z. O
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Remark 4.2. The converse of Theorem 4.1 need not be true. For example, consider an IVF W :

R — I(R) such that
0, SR
¥(z) = T
[—2,—1], otherwise,

where .7 is a sponge set around some 7 € R. We show that 0 is an Hg-subgradient of W at Z,

however 0 ¢ 3777 ¥ (7).
Let S € I(R) be an H¢-subgradient of W at 7 and . be a sponge set around Z. Then, for all

we.¥,
(w—2)©Semelw—2z| ¥ (w) Sen ¥(2)
= (W—2)OScmelw—2z] 20,0 Sen ¥(2).
We have the following cases:
(1) If z € .7, then
(w—2)©Semelw—2]<0.
There arise the following two subcases:
(a) If (w—12) >0, then
SOpe=x0 — S=e&.
(b) If (w—2) <0, then
0=<Sco,(—¢) = —e=8S.
Since € > 0 is arbitrary, therefore subcases (a) and (b) of Case (1) occur simultaneously
when S = 0.
(ii) If 7 &€ ., then
(w—2)©Somelw—2z] <[1,2].
There arise the following two sub cases:
(a) If (w—12) >0, then
(w—2)©Semew—2) =[1,2]
— w—Z2)s<1l4+ew—2z)and (w—2)s<2+€e(w—2).
(b) If (w—2) <0, then
(w—2) OSSO e(z—w) =[1,2]
= (w—2)s5<l—gw—72)and (w—2)s <2—¢€(w—13).
Since (w—Z) € R and € > 0 are arbitrary, therefore subcases (a) and (b) of Case (ii)
occur simultaneously when S = 0.

Thus, 0 is an He-subgradient of ¥ at Z. Now, we show that 0 ¢ 977 ¥(Z). Assume contrarily that
0 € 9777 (Z). Therefore, for all w € R, we get

W—2)OS XW¥yr(2)(w—2) ®elw—7

1
= 0= liminf —O (W(Z+Au)omWP(2)) Delw—1Z|.
u—s(w—73) A
A—0+

We have the following cases:
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(1) If z € ., then
1
0 < liminf I@‘P(Z+7Lu)@£|w—2|.

u—(w—72)
A—0+

Therefore, we observe that for (74 Au) & .7, we get

1
0 <liminf —©®[-2,—1]®e|lw—17,
A—0+ A
which does not exist for any w € R.
(ii) If 7 ¢ ., then

1
0 < liminf — @ (W(Z+Au)Sen [-2,—1]) Delw—2Z|.
u—(w—3)
A—0+

Therefore, we observe that, for (Z+ Au) € .7,
1
0 <liminf —-®[1,2]®elw—17|,
A—0+ A
which does not exist for any w € R. In view of Case (i) and Case (ii), we can conclude that
0Z 977 atZ.

Definition 4.3. (¢gH-calm IVF). Let ¥ be an IVF on Z. Then, W is said to be a gH-calm IVF at
7 € Z if there exist ¢ > 0 and 6 > 0 such that

—cllw—z|| X ¥(w) Sen ¥ (Z) for allw € B(Z, 5).

Remark 4.3. (1) In view of Definition 4.3, it can be observed that there exist some constant
¢ > 0 such that, for every & in 2, we have

—cl|hl] = Wgr (2)(h).

(ii) From Definition 4.3, it can be noted that if ¥ is gH-calm IVF at 7 € Z. Then, Y,y are
calm at 7 € 2 and vice-versa.

I:emma 4.2. LetVY be a gH-calm IVF at 7 € %, and S be an H-subgradient of ¥ at7 € %. Then,

S € dZ”"Y(3).

Proof. If Sisan H.-subgradient of ¥ at 7 € Z, then there exists a sponge . around Z satisfying
(w—2)T OSSO el|w—z|| X ¥(W) Cen ¥(2) forall w e ..

Lettingh € 2\ {0}, wecanfinda 8 >0, 6 >Osuchthat A € (0,8] andu € #(h,6),z+Auc.”
and

~ 1
u' O Sgn ellull < 5 © (¥(T+Au) Sgn ¥(2))

~ 1
— liminf u' ©S Oy &||u|| < liminf — © (P(Z4 Au) Sen ¥(2))
u—h u—h A

A—0+ A0+
— 1 OSCelh] 2 Yo (Z)(h).

Therefore, S € 77w (3). O
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We next provide an interpretation of gH-Dini Hadamard e-subdifferential by replacing neigh-
borhood with sponges.

Theorem 4.2. Let ¥ be an extended IVF on %. Fore >0andz e %, S € 77 W (Z) if and only
if W is gH-calm IVF at 7 and for every o > 0, there exists a sponge . around Z such that

(w—2)"T ©S Ogn (0t +€)[|w—2z|| < W(w) Ogrr ¥(2). (4.3)
Proof. Let Se 077" ¥ (7). Then, from Theorem 4.1, there exists a sponge .# around Z satisfying
(w—2)" ©SSey (a+8)|w—z|| X¥(Ww)Sen ¥(Z) forall w e ..

To prove the converse, we assume that ¥ is gH-calm IVF at Z and there exists an Sel (R)"™ such
that (4.3) holds. We show that S € 9777 ¥(2), i.e.,

h' ©SSne|hl| X Wou(Z)(h) forallhe Z.

Now, for all p € N, take o, = %. By the hypothesis, there exists a sponge .#), around Z such that

= 1
(w—2)" ©S O (1—) —|—£> lw—=2z|| S ¥(w) Sen ¥(2) for all w € .7,.

Thus, for h € Z and for every p € N, there exist #, > 0 and 6, > 0 such that, forall A € (0,7,) and
u e B(h,dy), we have 7+ Au € ) and

o~ 1
(Au)" ©SSen <I_? +8) |Aul| 2 W(Z+ Au) Sen ¥(2)

~ 1 1
or, liminf u' @SSy (— +8> l|lu|| 2 liminf — © (W(Z+ Au) ©gn ¥(2))
u—h p u—h A
A—0+ A—0+

~ 1
or, hT©8Su (E +e) hl] < Wg0r(2) ().
Therefore, as p — oo, h' ®§@g1-1 e||h|| <X Woe(Z)(h). Thus S € 977 P (3). O

5. OPTIMALITY CONDITIONS ON NONSMOOTH INTERVAL OPTIMIZATION

In this section, we define a concept of an g€-efficient solution for IOPs and characterize e-efficient
solutions with the help of the derived results on gH-Dini Hadamard €-subdifferentiability of IVFs.

Definition 5.1. (e-efficient solution of an IOP). Let ¥ be an IVF on Z. Then, for € > 0, a point
7 € % is called an e-efficient solution to the IOP

min /() (5.1)

if, forallw € 2, ¥(2) < ¥(w) dellw—2Z|.

Theorem 5.1. Let ¥ be an IVF on %. If0 € 077 W (Z) for some 7 € %, then 7 is an e-efficient
solution of the IOP (5.1).
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Proof. Let0 € 977 W (z) for some Z € 2. Then, for € > 0 and for all w € &, we have
(w=2)" 002X ¥gr(@)(w—2) ®e|w—2]

o1
or, 0 < liminf — © (W(Z+ Au) On ¥(2)) B eljw—Z||

u—(w—2) A

A—0+
Z+Au) —y(zZ w(z —w(z
or.0< |mind timint LE A Mz), limint YEFA0 V@ L
u—(w—72) A u—(w—2) A
A—0+ A—0+
74+ Au) —y(Z w(z —v(z
max ¢ liminf W&+ Au) l/_/(z)’ liminf V(E+Aw) - yE) dellw—7]. (5.2)
u—(w—3) A u—(w—72) A
A—0+ A—0+
Now there arise following two cases.
(i) Let
Z+Au) —y(zZ w(z —w(z
mind limin LEAY MZ), liminf YETA4)~V(E)
u—(w—72) A u—(w—72) A
A—0+ A—0+
L Y@+ Au) - y(z)
= liminf .
u—(w—2) A

A—0+
In this case, from (5.2), we have

=) — w(z . i
0< | timing LETAWTYE) e PEEAW — () @elw—1z.
u—(w—3) A u—(w—2) A
A—=0+ A—0+
Thus, there exists a ; > 0 such that for all A € (0, 3;), we obtain
A —3)) — w(z . N
< y(z (W/l 2)-v() and 0 < W<Z+)L(W7L 2)-v(2)

or, 0 < y(Z+A(w—2))—w(z) and 0 <Y (Z+A(w—2))—V(2).
Therefore, for all w € &, we have
0=YZ+A(w—-2))Ceu¥()De|w—Z|
= 0¥Y(w)o,mP2)de|w—2|
= Y(Z)I¥(w)ae|w-7|.

(i) Let
) w(s - o
mind liming LETAY MZ), limint PETA0—VE)
u—(w—2) A u—(w—7) A
A—0+ A—0+
— fiminf YEFAW V@)
u—(w—2) A

A—0+
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Proceeding in a similar manner as in Case (i), we get the desired result. Thus,
Y(Z) 2 W¥(w)de|w—z| forallw e Z.
Thus, in view of Case (i) and Case (i), Z is an €-efficient solution to IOP (5.1). O

Theorem 5.2. Let ¥ : & — I(R) be an IVF on Z. If 7 is an g-efficient solution to the IOP (5.1),
then, for each € > 0,

0377w (z).
Proof. Let 7 be an g-efficient solution to IOP (5.1). Then, for all w € 2,
Y(@) 2¥(w)oe|w-z
= 0= (¥Y(w)om¥@)ee|lw—7|
— 0< liminf %@(‘P(ZJrlu) S ¥(2) Delw— 2]

u—(w=3)
A—=0+

— (w=2) 0=y (w—2)de|w—1z.
Therefore, 0 € 0777 W(z). O

Theorem 5.3. (Necessary condition for efficient points to an IOP). Let ¥ : % — I(R) be an IVF
and 7 be an g-efficient solution to the IOP (5.1). If there exists an S € 077 ¥ (Z), then

0=<(w=2)" oS forallwe Z.
Proof. Let 7 be an g-efficient solution to IOP (5.1) and there does not exist any w € % such that
0=<(w—2)"®S.
Since S € 977 W (z), there does not exist any w € 2 such that
0<(w—2) OS < ¥or@)w—2) Gelw—2|
or, 0= liminf % O W(EZ+Au)omP(2)de|lw—2|.

u—(w—3)
A—=0+

Proceeding in a similar manner as in Theorem 5.1, we can conclude that there does not exist any
w € Z such that

Y Pw)aelw—27|,
which is a contradiction. Therefore, we obtain
0= (w—Z)TQ/S\forallw eZ.
OJ

Theorem 5.4. (Sufficient condition for efficient points to an IOP). Let ¥ be a convex IVF on . If
there exists an S € 977" W(Z) for some 7 € & and € > 0 such that

0=<(w—32)"oSforallwe %, (5.3)

then 7 is an €-efficient solution to IOP (5.1).
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Proof. LetS € 977 ¥ (Z) be such that the relation (5.3) is true. Therefore, for all w € 2, we have

(w—2)" OS2y (2 @e|w—1|
or, 0 Wy »(2) ®e|w—17Z|

NP
or, 0 < liminf I@(‘I’(Z—i—lu) o¥(2))de|w—2Z|

u—(w—2)
A—0+
+A (3 V(5
or, ) < |min< liminf W(Z u) — (Z)) _ liminf V(Z+Au) —y(2)) ’
u—(w=2) A u—>(w 7) A
A—0+ A—0+
Z+Au) —y(z V(5 ey
max{ timing LETAIZYE) e FEXAO VAN L) o a1 54
u—(w—2) A U (W—2) A
A—0+ A—0+

Proceeding in a similar manner as in Theorem 5.1, we can conclude that Z is an €-efficient solution
to IOP (5.1). U

Theorem 5.5. Let (—W¥;) be gH-subdifferentiable and gH-Fréchet differentiable IVF at 7 with
Fréchet derivative (—¥12) on Z. Let ¥, be an IVF on % . If, for any € > 0, 7 is an €-efficient
solution of Y1 &¥,, then

(=¥12)(2) € 977 W,(Z), where € = 2. (5.5)

Proof. Let (—W¥;) is a gH-subdifferentiable and gH-Fréchet differentiable IVF at Z with Fréchet
derivative (—W#) on 2, then we have from Theorem 3.4 that

{(=%12)()} C 977 (—¥1)(2) for £ > 0. (5.6)
Also, as 7 is an g-efficient solution of ¥; & ¥,, we have
(Y1) (2) X (¥180P)(w) de|lw—17
or, ¥1(2) a0 V1 (w) 2 Wao(w) Sen W2 (2) ® €|lw —Z|| from (ii) of Lemma 2.1

P | NP |
or, liminf — ® (¥1(2) ©gn ¥1(Z+Au)) = liminf — O (Y2(Z+Au) O V2(2)) D el|w —Z||
u—(w—z) A u—(w—73) A
A—0+ A—0+

or, (—¥19.¢(2) 2 Yaox(2) Dellw 7|
or, (W19 (2) ®e|lw—Z|| 2 W29 (2) (e +e)|lw—Z]|
or, (~P19.(2) ellw 2| 2 WPagr(2) ©€|w—2||, 26 = €. (5.7)
In view of (5.6) and (5.7), we have

(w=2)" 0 (-¥15)(2) 2 (~F19.(2) Bellw—2|| 2 Prg.(2) B€'|lw—Z|
(w=2)" 0 (-¥15)(2) 2 Yar (@ |w—2|.
Thus (—¥,7)(2) € 977 ¥, (2). O
Theorem 5.6. Let ¥ be an IVF on % and 7 be an €-efficient solution of the IOP (5.1). Then, for
any € >0,

3770(z) C 977 ¥(z), where €' = 2.
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Proof. LetS € 9770 0(zZ). Then, for all w € & and & > 0,

(w=2)T ©S 200, (2) Delw—1. (5.8)
Also, as 7 is an €-efficient solution of (5.1), for each w € £ and € > 0, we have

Y(@) X¥(w)Dellw—Z||
0<¥(w) O WY@ @e|w—1|

= &|w—Z| ¥ (W) O ¥(2) ® (e +e)llw—Z|
o1
gllw—2z|| 2 liminf —© (W(Z+ Au) ©n ¥(2)) B 2e||w —Z||
u—(w—2) A
A—0+
= ¢llw—z|| X WYor@) @€ |w-27|, ¢ =2e. (5.9)

From (5.8), (5.9), and (i) of Lemma 2.1, we have

w=—2)"TOS Wy ()@ |w—1.

Therefore, S € 977 ¥(Z). Thus 977 0(z) C 97779 (2).

Remark 5.1. In Theorem 5.6, the condition on Z to be an g-efficient solution is necessary. For
instance, consider the IVF that was discussed in Remark 3.1: ¥(Z) = [-2,—1] ® |z|. It can be
observed that 0 is not an g-efficient point of ¥ and the gH-Dini Hadamard €-subdifferentials of
IVFs ¥ and 0 at Z = 0, are given by

377 ®(0)={S:[1,2]Ogn e <S=<[-2,—1]®€'} and
9770(0) = {S: —e < S < £}, respectively.
Therefore, for € = 1, we have
77 ®(0)={S:[-1,0] <S8 <[0,1]} and 3777 0(0) = {S: [-1,—-1] =S < [1,1]}.
It can be observed that [—1,—1] € 977 0(2) but [-1,—1] & 977 P(2).
Thus, 97770(2) ¢ 9777 ¥(z).

Example 5.1. (An application example: Sparsity regularizer for IOPs). In many classification
problems, the data set may not be precise and thus involves uncertainty. This may be due to errors
in measurement, implementation, etc. We know that overfitting in a model is a common problem
which one faces; to remove this, we induce sparsity in our model. Let us consider the following
interval-valued regression problem:

min ;O y-wl3©P, (5.10)

where y € R"” and 0 < P. Let us assume that w* = (wy,w»,. .., wn)T be an efficient solution to the
IOP (5.10), and our aim is to constrain the efficient solution w* to be zero for some range of y. To
achieve our aim, we consider the following approximated IOP:

min (¥;(w,y) ®¥>(w,y)) = min (J@|y—w|eoPaio|w|©Q),
weR? weR”?
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where ¥ (y,w) = 3 © |ly—w|3 0P, ¥2(y,w) =1 O [|w||; ®Q, A > 0, and 0 < Q. From Theorem
5.5, we can see that if w* is an g-efficient solution of (¥ (w,b) ® ¥»(w,b)), then relation (5.5)
holds. In the below, we characterize w* with the help of (5.5).

From Definition 2.12, we observe that ¥ is gH-Fréchet differentiable at w* € R", and we have

Wiz (w") = V¥(w") =(D1¥ (W), D ¥ (w*),...,D,¥(w*) T
=((wi =y1) OP, (W —32) OP,.., (wy —yn) OP) "

Also, by using Example 3.1, the gH-Dini Hadamard e-subgradient of ¥, at w* is given by
(A 0Q, if wi >0
077 W (w) e{ (-1) 0L 0Q, ifwf <0
(GicI(R): (-1)0A0Q®(~€) 2G; 2 A0Qde, ifwf=0.
Therefore, in view of Theorem 5.5, w* is an e-efficient solution of (¥ &¥,) if

(10Q, if wi>0
(Wi —y) OP € (-1)0206Q, ifwf <0
(GicI(R): (-1)0A0Q®(—€) 2 G; 2 A0Qde, ifw =0.

In view of the above relation, we can observe that, for w* = 0,
(Wi —yi) OP € G; = y; € [w],w]]Sen (G OP).

With the help of the above relation, we can obtain a range of y; for which w* is zero, and this will
help in achieving w* to be an optimal solution to the problem.

6. CONCLUSION

In this paper, the concept of gH-Dini Hadamard e-subdifferentiabilty of IVF (Definition 3.1)
with its several characterizations were studied. It was observed that the gH-subdifferentiability
implies the gH-Dini Hadamard &-subdifferentiability (Theorem 3.1). However, the converse need
not be true (Remark 3.1). Further, a relation of gH-Dini Hadamard e-subdifferentiability with
the Fréchet derivative of an IVF (Theorem 3.4) was discussed. We proposed the notion of He-
subgradient (Definition 4.2) of IVF with the help of sponge of a set. A variational interpretation of
gH-Dini Hadamard e-subdifferentiabilty of an IVF with sponges and gH-calm IVF (Theorem 4.2)
was given. To develop this relation, we derived two important results (Theorem 4.1 and Lemma
4.2) based on sponges and gH-calm IVE. We further defined the notion of €-efficient solution of an
IOP. Thereafter, we discussed several necessary and sufficient conditions for an €-efficient solution
of an IOP (Theorems 5.1, 5.2, 5.3, and 5.4). Finally, an example to demonstrate the application of
the proposed results in sparsity regularizer was given (Example 5.1).

In the future, we try to apply the developed theory on the stability and duality of non-convex
IVFs via augmented Lagrangian IVFE. The related Lagrangian IVF can be constructed with the help
of supporting cones to the epigraph of a usual perturbed IVF. Basically, we attempt to solve the
following IOP:

6.1
subjectto g(z) 20,z € Z, ©D

inf () }
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where W : Z — I(R) is an IVF and g is a mapping from Z to Y. Here X is a real linear space and
Z is a nonempty subset of X. Let Y be a real normed space and Y* be the dual of Y. Let C be a
closed and convex pointed cone (i.e., CN (—C) = {0}) with its vertex at the origin of ¥ and C* is
the dual cone of the cone C defined as

C'={u" €Y :(uu") >0forallu € C}.

Theset D= {x€ X :x€Z, g(x) <0} is the feasible set of IOP (6.1). Let B* = {b* € Y* : ||b*|| < 1}
be the unit ball in Y*. The augmented Lagrangian IVF for the IOP (6.1) can be defined as

L(z,u"*,€) =¥(z) O¢n (u*,8(2)) ®A(g(2),u”,€)), z€ Z,(u",€) €V,
where A : Y xY* x R, — R is a real-valued function such that
A(u,u*,€) = sup{(u,eb™) : b* € B* and eb* —y* € C*}
and V is the following subset of Y* x R :
V={("¢€)e?*} xRy:eb*—y" € C"} for some b* € B*.
Then, a related dual IOP is given by

sup H(y",¢),
(*.e)ev

where H: Y* x Ry — I(R) is the dual IVF and H(y*, €) = ing L(z,y",€).
z€
The supporting cones to the epigraph of a usual perturbation function can be defined as
C(y*,e) ={(u,a) €Y xR : —¢l||u|| + (u,u™) > a} foralle >0and u* € Y™.

We shall attempt to prove that the use of supporting cones instead of supporting hyperplanes may
lead to the notion of a gH-Dini Hadamard €-subdifferential for IVFs.
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