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Abstract. In this paper, we propose three self-adaptive relaxed CQ-algorithms with projections onto half-
spaces for solving a split equality problem. The stepsize of the algorithms is dynamically calculated with-
out any prior information regarding operator norms. Moreover, we prove the strong convergence to the
minimum-norm solution of the split equality problem. Finally, we test the validity of our results by conduct-
ing some numerical experiments and consider signal recovery problems as applications.
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1. INTRODUCTION

Let A : H — H; be a bounded and linear operator, where H; and H; are real Hilbert spaces,
and let C and Q be nonempty, convex, and closed subsets of H; and H», respectively. The Split
Feasibility Problem (SFP), which was firstly introduced by Censor and Elfving [1], is formulated
as:

finding x € C such that Ax € Q. (1.1

The SFP finds wide applications in medical imaging and there are various efficient algorithms
for solving it; see, e.g., [2, 3, 4, 5, 6, 7] and the references therein.

Recently, Moudafi [8] proposed a Split Equality Problem (SEP): Let A: Hy — H3 and B: Hy —
H; be two bounded and linear operators, and let C C H; and Q C H, be two nonempty, convex,
and closed sets, where H;, H,, and H3 are real Hilbert spaces. The SEP is formulated as:

finding x € C and y € Q such that Ax = By. (1.2)

If B =1, then SEP (1.2) reduces to the celebrated SFP (1.1). Observe that the SEP allows for
asymmetric and partial relations between x and y. This covers numerous problems such as the
intensity-modulated radiation therapy. Assume that SEP (1.2) is consistent, which means that the
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solution set is nonempty. In 2013, Moudafi [8] introduced a popular CQ-algorithm to solve the
SEP, which is presented as follows:

Xpr1 = Fc (xn —Yn A*<Axn _B}’n))a
Ynt+1=Fo (Yn + Y B*(Ax, — Byn)),

where Pc and Py are the metric (nearest point) projections onto C and Q, respectively, A* : H3 — H;
and B* : H3 — H, are the adjoint of A and B, and the stepsize {},} C (e,min{t, A_IB} —¢) for a
small enough € > 0, where A4 and Ap stand for the spectral radius of A*A and B*B, respectively.
Moudafi’s CQ-algorithm can be considered as a specific instance of the gradient-projection tech-
nique employed in constrained convex minimization problems. The CQ-algorithm could be used
to solve the SEP (1.2) when the Pc, Pp, and operator norms are calculable. Note that the task of
determining the metric projection to a convex and closed set is not an easy job due to the absence of
an explicit formula. In order to overcome these technical difficulties in Algorithm (1.3), Moudafi
[9] further proposed the following relaxed alternating CQ-algorithm

Xn+1 = PC,, (xn — W A" (Axn - Byn))a
Ynt1 = Po, (yn+ % B*(Axy — Byn)).
In this situation, {C, } and {Q,} are two sequences of convex and closed sets defined by:

Cp={x€ Hy:c(xy)+ (En,x—x,) <0},

(1.3)

(1.4)

where &, € dc(x,) and
On ={y € Hy: q(yn) + (Mn,y —yn) < 0},

where 1, € dq(yn).

Algorithm (1.4) is devised by replacing the C and Q to C, and Q,, respectively. Hence, Fc, and
Py, as the projection onto half-spaces are easy to calculate. This technique expands the range of
the algorithm in the practical applications from the viewpoint of numerical computation.

It is noted that the calculation of the stepsize 7, in Algorithms (1.3) and (1.4) is dependent on
the operator matrix norms ||A|| and ||B|| (or the highest eigenvalues of A*A and B*B). In order to
execute the alternating CQ-algorithm, one must calculate (at the very least estimate) the operator
norms of A and B, which is in general not an easy task in practice.

In 2012, Lépez et al. [10] and Zhao and Shi [11] presented an efficient technique for estimating
the stepsize, which does not need any prior information of the operator norms for solving SFP (1.1)
and multiple-set split problems, respectively. Inspired by this, Dong, He and Zhao [12] introduced
a new algorithm with a choice of the stepsize sequence 7, and a new relaxed algorithm with a
choice of the stepsize sequence ¥, in 2014 as follows:

Xpr1 = Fc (xn — W A" (Axn - B%l))a
Ynt+1=Pp (J’n + % B*(Axn _BYn))v

where 7, is chosen in such a way that

(DHZ - 1) :{ (1.5)

| Ax, — Byn|]? ||Axn—Byn||2}
A*(Axn—Byn)Hz’ ||B*(Axn_BYn>||2 ,

where 0 < p, < 1,
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(DHZ —2) : {xn+l =Pc, (xn — Y A*(Ax, — By,)), (1.6)

ynt1 =P, (yn + B*(Axn _B)’n))a

where {C,,} and {Q,} are the same as the ones in Algorithm (1.4), and the stepsize is chosen as

follows:
|| Ax,, — Byal|* || Ax, — Byal|*

A (A, — By, [B* (Axy — By) 2

where 0 < p, < 1.

Note that Algorithms (1.3), (1.4), (1.5), and (1.6) only have the weak convergence. Thus Shi,
Chen and Wu [13] investigated the strong convergence for SEP (1.2). In this situation, we use
I" to denote the solution set of SEP (1.2), i.e., ' = {(x,y) e Cx Q: Ax = By,x € C,y € Q}. Let
S=CxQinH = H; x H, and define G : H — H3 by G = [A,—B]. Then, G*G : H — H has the
matrix form:

«~ | ATA —A'B
GG= [—B*A B*B ]

Observe that (1.2) can be rephrased as finding w = (x,y) € S with Gw = 0, or, more generally,
minimizing ||Gw|| over w € S. The algorithm is proposed as w;,+1 = Ps {(1 — o4,)[I —y G*G|wy},
1.e.,

Xnt1 = Po {(1— o) [xy — Y A*(Ax, — Byn)| },

Yn+1=Po {(1 = 04)[yn+ 7 B*(Axn — Byn)| },
where o, > 0 and y > 0 are under simple and straightforward conditions.

In addition, Shi, Chen and Wu [13] also gave another KM-CQ-like algorithm that converges
strongly to a solution of SEP (1.2) as follows

Wnp1 = (1 _ﬁn)wn+ﬁnPS {(1 - an)[l_ ’}/G*G]Wn}a

1.e.,

Yn+1 = (1 - ﬁn))’n +BnPQ {(1 - an)[yn + ']/B*(Axn _B)’n)]}y
where o, > 0 and 3, > 0 are under simple and straightforward conditions.
It is widely believed that the gradient-projection method is one of the most popular methods for
tackling SFP (1.1) among the various algorithms: x,+| = x, — 0,V f(x,), where the stepsize o, > 0
can be selected by using diverse ways. Among various gradient- projection methods, Polyak [14]

suggested the following way to select the stepsize: o, = A, {V(jf) I with A, € (0,2). In 2018,
Wang [15] initially proposed an algorithm, which is a combination of the relaxed CQ method and
Polyak’s gradient method with weak convergence to solve the SFP (1.1), which is described as

follows: X1 = X — Yu[(xn — Pc,xn) +A* (I — Py, )Ax,], Where

P ([ _PCnan2 + ||(I_PQn)Axn||2)
2||(x, — Pc,xn) —I—A*(I—PQH)A)C,,H2 ’

with 0 < € < p, <4 — ¢ for a small enough € > 0.

On the other hand, the calculation processes of some algorithms are unexpectedly tedious, which
limit its practical applications. Thus scholars also proposed various techniques to accelerate their
algorithms, such as inertial techniques or alternated inertial techniques.

{xn—i-l = (1 _Bn)xn+ﬁnPC {(1 - O‘n)[xn - YA*(Axn _Byn)]}>

Y=
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In 2022, Yu and Wang [16] suggested a number of relaxed CQ-algorithms for SFP (1.1). The
core of their algorithms lies in substituting the projections to the half-spaces C,, and Q,, with the
projections to the intersection of C,, and C,_; and the intersection of Q, and Q,_. The special
projections expedite the rate of convergence. Their algorithm is described as follows:

Xpt1 = PC,% (xp— Y A (I — PQ%)Axn),

pull(I=P)Axal*
W with p, € (0,2).
They numerically demonstrated that their algorithm is obviously accelerated by using the special
half-spaces C,% and Q%. Based on the research of Yu and Wang [16], Ling, Tong and Shi [17]
developed a number of algorithms for SFP (1.1) with the projections to the intersection of C,, and
C,—1 and the intersection of Q, and Q,_1, respectively. Their proposed algorithms with strong

convergence are presented as following:

(LTS — 1) 21 = Pea[(1 — 0) (5 — 0 A*(I — Py )Axy)],

where X0,X1 € H17Cr21 = Cn an—va% = Qn N Qn—l, and Y =

PnH(I_PQZ)AanZ
n

where C},zl =CnﬂCn,1,Q,2, = Qannfh and Yo = m,

where p, € (0,2),

(LTS =2) : xp1 = (1= &) [xn — Y ((xn — Proxn) +A™(1 — P2 )Axy)],
where C2 = C,NC,_1,02 = 0,NQ,_1, and

- Pn(Hxn—chxn||2+ ||(I_PQ%)AXH||2)
"= T~ Pgna) + A ([~ P AP

with p, € (0,2).

In this paper, based on the algorithms in [16], we devise three strong convergence schemes for
solving SEP (1.2). The organization of this paper is as follows: In Section 2, we provide some def-
initions and preliminary results for the convergence analysis of our iterative algorithms. In Section
3, we introduce our first iterative algorithm and discuss its strong convergence analysis. In Section
4, we introduce the second algorithm and present its the analysis of the strong convergence. In
Section 5, we present the last algorithm and demonstrate its strong convergence. In Section 6,
we provide some numerical experiments in signal recovery problems to demonstrate the effective-
ness of the suggested iterative algorithms. In Section 7, the last section, we give a concluding
conclusion.

2. PRELIMINARIES

In this paper, we use the following notations:

e M stands for a convex, closed, and nonempty subset of a real Hilbert space of H;

e / stands for the identity operator on H;

e —> stands for the strong convergence and — stands for the weak convergence;

o w,(wy) ={weH:Hw,} C {wn} such that w,; — w} stands for the weak w-limit set of
{Wn }neN .

Recall that an operator D : M — H is called: (1) nonexpansive on if ||Dx — Dy|| < [x —y||
for all x,y € M; firmly nonexpansive if ||Dx — Dy||> < ||x — y||*> — ||(I — D)x — (I — D)y||? for all
x,y € M, which is equivlent to | Dx — Dy||* < (Dx— Dy,x—y) for all x,y € M; (3) k-inverse strongly
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monotone (k-ism) if (Dx — Dy,x —y) > k|| Dx — Dy||?, where k is some positive constant, for all
x,yeM.

The metric projection, which plays an important role in this paper, is defined as follows: for
each x € H, there is a unique nearest point Pyx € M such that ||x — Pyx|| = min{||x —y|| : y € M}.
Notice that both Py, and I — Py are 1-ism, nonexpansive, and firmly nonexpansive.

Recall that the subdifferential of a convex function f : H — R at x € H is defined as:

Af(x)={9 €H: f(y)—f(x) > (9,y—x),Vy € H}.

Recall that f: H — R is said to be weakly lower semi-continuous (w-Isc) at x if x,, — x implies

f(x) <liminfy, e f (x5)-
Finally, we present a crucial lemma for our convergence analysis in the following sections.

Lemma 2.1. [18] Let {h,} be a nonnegative sequence with

hn—i—l S hn - én + Tn,
hyv1 < (1= 8,)hy + 6,6y,

where {8,} C (0,1) with };7 6, = oo, {T,} is a real sequence with lim, . T, = 0, {6,} is
a real sequence, and {&,} is nonnegative real sequence such that lim;_,..&,, = 0 yields that
limsup;,_,, 6, < 0 for every subsequence {n;} of {n}. Then limy,_,o. h, = 0.

3. THE FIRST ALGORITHM

In this section, we still use the notations I', G, §, and w, which are the same as in [13]. The sets
Sn, Cn, and Q,, at points wy,, x,, and y, are defined by:

Sp = {W €H: S(Wn) < (TIn,Wn _W>}7
Ch={x€H;:c(xp) <N, xy—x)},
On={y € Hy:q(yn) < (N3 yn =21},

where 1M, € ds(wy), 1M, € dc(x,), and 1, € dq(y,). It is clear to see that C C C,, Q C Q,, and
SC S, foralln>1, and S, is a half-space and therefore the corresponding projection is easy to
calculate.

Next, we present two assumptions.

Assumption 1:

(A1): The solution set of SEP (1.2), ' = {w € S : Gw = 0}, is convex, closed, and nonempty.

(A2): The function s : H — R are subdifferentiable, weakly lower semi-continuous, and convex
on H.

Assumption 2:

{pn};r_; is a positive sequence which satisfies the following condition:

(A3): {pn} C (0,2) with inf,ey p,(2 — pn) > 0.

We are now in a position to present first modified relaxed algorithm.

Algorithm 1. Initialization: Choose {¢,}_, satisfying the conditions below and {p, } >, satisfy-
ing Assumption 2 (A3), respectively. Select initials wo,w; € H and setn := 1.
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Iterative Step: Given the iterate wy, construct w1 by wyi1 = Po{(1 —an)[I — 1, G*Glw,},

2
where S2, 7,, and {o}7_, are defined as follows respectively S2=8,N8, 1, %= ﬁ) glg:vv” |||‘2,

o\ - .. oo oo . Oyq1— 0ty
(1) limy 00 06y = 0; (i1) Y O = o005 (iii) Y () | On1 — 0| < o0 Or lim, o |+n‘ =0.
Stopping Criterion: If w,1 = wy, and ||G*Gw,|| = 0, then terminate. Otherwise, set n:=n+ 1
and proceed to Iterative Step.
That is,

and

Xn+1 = PC,%{(I — O) [Xn — Yo A" (Ax, — Byn)] },
Ynt+1 = PQ,%{(I — 0) [yn + Y B*(Axy — Byn)|},

where C,zl, Q%, and v, are respectively defined as C,zl =C,NC,_1 and Q% =0,N0,_1,and
Pnl|Ax, —By,,||2 Pnl|Axy _Byn||2

A (A, By T8 A By
Lemma 3.1. Ifw,+| = w, and ||G*Gw,|| = 0 for some n > 0, then w, € T..

¥» = min{ H

Proof. Let w,, 11 = wy, then it follows that w,, = PS%{(l — o)l — 1 G*G]w, }, which means that
wyn € S2. According to ||G*Gwy,|| = 0 and the fact that G is bounded, we conclude that ||Gw,|| = 0.
Thus, w, €T O

Theorem 3.1. The sequence {w,} generated by Algorithm 1 converges strongly to w* € T, where
w* = Pr(0).

Proof. Letting d,, = (1 — o,)[I — ¥, G*G]wy, one has wy, 1| = Ppd,. Next, we divide the proof into
four steps. !

Step 1. Let w € I'. Since S C S%, then w = Psw = Ppw. In view of the fact that P is firmly
nonexpansive, we have ! !

[Wa1 =]

< ldn = W> = (= Pg)du|?

= [|(1 — 0ta) (W — G Gwn — W) + O (=) [|* = || (I = P2 )l |

= 0 [W )% 4 (1 = 0a) [ Wi = %G Gy = W[|> = 0 (1 = 0ty) [ — 1 G* Gwinl > = || (I = P )|
< 04[]+ (1= &) | W — %G*Gwn = W[|> = || (I = Pz )da*.

3.1
Moreover, we have
[Wn — 1:G*Gwy — W[|> = |[wn —W|)* + 12| G*Gw||* = 27 (wp — W, G*Gw,,)
= I =9I+ 6 Gl 215 o 52)
2 [Gwa|
= — —0,(2—pp)—————.
Combining (3.1) and (3.2), we see that
[Wai1 — |12
|Gw,||* (3.3)

< 0@+ (1= o) [ wn = W[1> = pu(2— pa) (1 — ) 3 = 17— Pyg)du]|*.

1G*Gw||
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Step 2. According to (3.3) and Assumption 2 (A3), we have
”Wn+1 - WHz

1Gwnl*

< O‘nHWH2 + (1 - O‘n)HWn _"T’H2 —pn(Z—pn)(l - an)m
n

— (|7~ Pgg)du|I?

< o[> + (1 — ) — %

Thus ||w,, 1 —w||> < max{||w||?, |[wo — W||*}. Hence, {||w, —||} is bounded. As a result, {w,} is
bounded too.
Step 3. From Assumption 2 (A3) and (3.2), we see that

1Gwal|*

||Wn_7nG*GWn_W||2: ||Wn_w||2_pn(2_pn)”G* N

2
7S < [wn = [~
Since Pg, is firmly nonexpansive, we have

W1 =W < (11— 0) (Wo — 1o G* Gw =) + 0t (=) |
o W

= + (1= )?||wn — 1. G*Gw,, —W||?
+20,(1 — o) {(wy — W, — W) + 204, (1 — 04,) % (G Gwyy, W)

< o [W]* + (1= &)l wn — %G*Gwn — W? (34)
+ 204 (1 = 04) (wn — W, =) + 206, (1 — &) 1| G| W[ | Gw |

< (1= ) [[wa = W1 + Qa0 [W]|> + 2(1 — ) (W — 0, —10)
+2(1 = 04) %[ Gl [ W [l[[Gwal|]-

Step 4. We prove that {w, } converges strongly to w* = P-(0). Without loss of generality, we
assume that there exists € > 0 such that p,(2 — p,)(1 — &) > €. It follows from (3.3) that

W1 —w|?
) ] |Gwal*
< @l 1P (1 ) = 1P = a2 ) (1 = )t = = P
n
; ] e[|Gw,|* 3-3)
< 0w |12 (1= 0,) [ wn — w*||* — ﬁ—ll(l Pg2)d,|?
*||2 8||GWHH4

2 2
< 0| W7+ [l wn — 5 — I = Pg)da|”.

|G*Gw |2
In view of (3.4) and (3.5), we have
W1 = w*[[> < (1= ) [ —w*||* + 0t
[Wa1r = w*[[> < [lwn = w* (> = & + o[ W*1?,
where 6, = Ozn||w*\|2—|—2(1 — o) (W — w*, —w*) +2(1 — o) Wl | G||||W* ||| Gwn|| and
e _ elloml*
"G Gw|?

with {¢,} C (0,1),lim, 00 0, =0, and Y, , &, =co. Let b, = ||w),, —w* |?. To utilize Lemma (2.1),
it suffices to confirm that, for every subsequence {n;} C {n}, lim; o &,, = 0 = limsup,_,,6,, <O0.

+[I(I = Pg)dy|?
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Suppose that lim; . &,, = 0. Thus

. e||lGwp|* )
lim(—————= I—Pg)d,|”)=0
lgg( ||G*GwniH2 +I( S%l,) nill”) )
4
which implies that lim;_,c % = 0and lime [|(/ — Pg2 )dy, || = 0. Since G is a bounded linear

operator and {w, } is a bounded sequence, we obtain that lim; . ||Gwy, || = lim;_e ||wp,|| = 0.
Next, we show that @, (wy,) € I'. Since {wy, } is bounded, then @, (wy,) # 0. Let w € @,,(wy,).
Then there exists a subsequence {wnij} of {wy, } such that Wiy — W Without loss of generality, we

may assume that wy,, — w. Since Pg (wp,) € Sz C Sy, we have s(wp,) < (M W, — Pg wy,), where
Nn, € ds(Wy,). From the hypothesislthat Ny, is bounded and the fact that / — P is nc;nexpansive,
we see that !

S(Wn;) < (g Wy = Psg W) < || Mg {11 = P [[[[wni[| = O

as i — oo. Since s is weakly lower semi-continuous, it follows that w € S and

0 < |G| = (G, GW) = lim (Gw,,,, GW) < lim || Gw,, ||| GW|| — O
i—$oo i—o0

as i — oo. This implies Gw = 0, that is, w € T, i.e., ®,,(wy,) € I'. Note that
limsup,_,., 6y,
= limsup; .. [0, [[W*[|> +2(1 = 0,) (W, — W, —=w*) +2(1 = 0, ) ¥ | G| 1w [[[| G ]

=2 limsup; . (wy, —w*,—w*) =2 max (w—w",—w") <O0.
WG(!)W(Wni)

From Lemma 2.1, we can infer that {w, } converges strongly to w* = P-(0). The proof is complete.

O
4. THE SECOND ALGORITHM
In this section, we propose our second modified relaxed algorithm for solving SEP (1.2).
Algorithm 2. Initialization: Choose {p,};_, satisfying Assumption 2 (A3) and {o,};_, and

{Bn};_, satisfying the conditions: (i) lim,—e @, =0 and Y~ @, = o0; (ii) Yo |0tyr1 — 0| = 0;
and (iii) 0 < liminf, .3, <limsup,_,..B, < 1. Select initials wg, w; € H and set n := 1.
Iterative Step: Given the iterate wy,, construct wy, 1 by w1 = (1 —B,)w,+ ﬁnPS% {(1—ot)[I—
Y. G*G)w,,}, where S2 and ¥, are the same as Algorithm 1, respectively.
Stopping Criterion: If w,1 = wy, and ||G*Gw,|| = 0, then terminate. Otherwise, set n:=n+ 1
and proceed to Iterative Step.

That is,
{xn+1 = (1 - Bn)xn + ﬁnPC,ZL {(1 - an) [xn — M A" (Axn - Byn)]}a
Y1 = (1= Bn)yn+ BnPQ% {(1 =) [yn + % B*(Axy — Byn)]},
where C,zl, Q%, and v, are respectively defined by C,zl =C,NCy_1, Q% =0,NQy_1,and

}.

Lemma 4.1. If w,1 = w, and ||G*Gw,|| = 0 for some n > 0, then w, € T.

anAxn_B)’nH2 PnHAxn_B)’nHz
A*(Axy — Byn) || [|B* (Ax, — Byn) ||

¥» = min{ ||
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Since the proof of this lemma is similar to Lemma 3.1, we omit the proof here.

Theorem 4.1. The sequence {wy,} generated by Algorithm 2 converges strongly to w* € ', where

w* = Pr(0).
Proof. Letting dy = (1 — @) [I — 1,G" G]wy, one sees that wy,1 = (1 — Bp)wn + BuPspdy. Let w €T
From S C S2, one has W = Psip = Pyiw. Since Py is firmly nonexpansive, one has
W1 =% = (1= Ba) (wn — %) + Bu(Pydu — P ) [|*
= (1= B = 0112+ Bull Pz — Pigbl 2 = Bu(1 = Bo) i — P[> 4.1)
< (1= Bo)llwa — 01+ BullPgdn — Pl
Moreover,
1P — P l® < lldn —[1* || (1 — Pz )du®
= 00> + (1 = &) [wn — 10G* Gwn = W||> — 0u(1 — 0t ) | W — G Gwin|®
— (7= Pg)dull?

< OC,Z||W||2+ (1= 04)[[wn — 1:G"Gwy _VT’H2 - H(I—Psg)dnllz-
4.2)

It follows from (3.2), (4.1), and (4.2) that
1War1 =]
< (1= By)llwn = Wl> + Bull Ppdn — Pz >
< (1= Ba)llwn —W1* + Bal ot 11?4 (1 = 0tn) [|wn — 1:G* Gw = W[|> — || (I = Psz)d]

. . |Gwal*
< O‘anHWHz + (1= tBu)[wn — WH2 — (1= 04) Bupn(2 — Pn) ||G*G:V P - ﬁnH(I_PS,%)dnHz-
4.3)
From Assumption 2 (A3) and (4.3), we have
112 2 <112 |Gwall*
[Wat1 = W= < 06 |W]]° + (1 — 0tafBn) [wn —WI|° = (1 — &) Bupn(2 — Pn) " )
|G*Gwal|

— Bull (I = Pg2)d||?
< anﬁnHWHz + (1= 04 3n) [[wn _WHZ-

Thus ||w,+1 —Ww||* < max{||w||, ||wo —W||*}. This proves that {||w,, —||} is bounded. As a result,
{wy } is bounded too. In view of (3.4) and (4.1), we conclude that

Wit =WII* < (1= Ba) [wa = WII> + Bal| Pad — P2 d|*
< (1= Ba)[wa — @1+ Balldn — |
< (1= 0B [ wn — WI1> + 0 B[ 0[] + 2(1 — @) (W — 1, —10)
+2(1— ) %l |G| ]| Gwall].

4.4)

Finally, we prove that {w, } converges strongly to w* = P-(0) (i.e., the minimum norm element
of I'). Without loss of generality, we assume that there exists € > 0 such that (1 — ) B,0n(2 —
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pn) > €. Thus we find from (4.3) that
[Wag1 —w*||?
* * Gw 4
< G ul|w H2 + (1= ) [[wn —w H2 — (1= ) Bupn(2 — pn) Hl';*G:VH ”2
n

—Bn||(I—PS%)dn||2 (4.5)
e'||Gwa|*
1G*Gwq |1
e'l|Gwa*
1G*Gwy |1

From (4.4) and (4.5), we have the two following inequalities:

W1 = wH[|? < (1= &) [[wn = w*[|> + 8,60,
W1 = w2 < [lwn —w* |2 = & + Sullw* 1%,

< O‘anHW*H2 + (1= aufn)|[wn _W*Hz - _ﬁnH(I_PS%)dnHZ

< 0 B[+ [ — WP — = Ball(1 = Pg)d|*.

where 6, = 0t |[w* |2 +2(1 — 0) (wa — w*, —w*) + 2(1 — 06) % | GI| [w* || Gwll, & = 0By and
£ = e[| Gwal*
TG Gwa?

with {8,} C (0,1),lim, ;e 5, =0, and Y. 8, = oo. Let h, = ||w, —w*||%. To utilize Lemma 2.1,
it suffices to confirm that, for every subsequence {n;} C {n}, lim; ;e &,, = 0 = limsup;_,,,6,, <O0.

8/||GWII‘H4 2 . . .
TG Gm T Bul|(I — Py )dy,||*) = 0, which implies that

€| Gw|*

lim — ————

Since G is a bounded linear operator and {w, } is a bounded sequence, we obtain that lim;_,e || Gwp, ||
= lim;_e ||wp, || = 0.

Next, we show that @,,(wy,) € I'. Since {wy, } is bounded, then ®,,(wy,) # 0. Let w € @,,(wp,).

Then there exists a subsequence {W”ij} of {wy, } such that W, — W. Without loss of generality, we

+ Ball (1 = Pyg)duI?,

If lim;_se0 &y, = 0, then lim; e (

= lim || (1 — Py )dy,|| =0.
1—o0 nj

can assume that wy,, — w. Since Pg (wp,) € S2 C Sp,, we have s(wy,) < (M, W, — Pg wy,;), where
Nn; € ds(Wn,). Since 7y, is bounded, we obtain from the property of / — Pg, that
SWn;) < (s (= Pz Ywni) < ([T [[11 = Pz [[[[wn;[| = O
as i — oo. Since s is w-Isc, it follows that w € S. Hence,
0 < ||Gw|*> = (w,G*GW) = lim (w,,,, G*GW) = lim (Gw,,., GW) < lim ||Gw,, ||||GW| — 0

1—ro0 1—r© 1—o0

as i — oo. Thus Gw = 0, which implies that w € T, i.e., ®,,(w;,) € I'. Observe that
limsup; .6, = limsup;_,.,[0; [[w* “2 +2(1 = 0y, ) Wy, —w", —w")
+2(1 = 04) Vs |G| [[w" [[ | G ]
=2 limsup;_, . (wy, —w*, —w")

=2 max (w—w",—w") <0.
WE®y (Wn;)
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From Lemma 2.1, we can infer that {w, } converges strongly to w* = P-(0). The proof is complete.
0

5. THE THIRD ALGORITHM

In this section, we propose the last modified relaxed algorithm for solving SEP (1.2) .

Algorithm 3. Initialization: Choose sequence {, };_; satisfying (i) lim, e 06, = 0; (ii) ¥ 0t =
oo, and sequence {p, }_, satisfying Assumption 2 (A3), respectively. Select initial wo, w; € H and
setn:=1.

Iterative Step: Given the iterate wy,, construct w, | by

Wpi1 = (1= 06) [wn — Yu(wp — Pow, + G Gwy)],
where S2 and ¥, are defined as follows respectively S2 = S, N S,_| and
~ Palllwn = Pggwall? + [|Gw ]
I = Pgwin+ G- Gwi |

Stopping Criterion: If |[w, — Powy + G*Gwy|| = 0, then terminate. Otherwise, set n:=n+1
and proceed to Iterative Step.
That is,

{xnﬂ = (1= o) {xn — Yalxtn — Peaxn + A" (Axy — Byn)] },
Yn+1 = (1= ) {0 — Yalyn — PQ}%yn — B*(Ax, — Byn)]},
where C,zl, Q%, and v, are respectively defined by C,zl =C,NCy_1, Q% =0,N0,_1,and
o ming Pl Pzl 1A (A B ]
[xn — Pezxn +A* (Axn — Byn) |12
Pnll[yn _PQ%)’nHz + ||B* (Ax, — By,) ”2]
[y — PQ,%yn — B*(Ax, _Byn)Hz

Lemma 5.1. If |y — Pown + G*Gwy || = 0 for some n > 0, then wy, € I,

.

Proof. Letw € I'. Since [[wy — Powy, + G*Gwl| = 0, then
0= (w,— Powy, + G*Gwy,wy, — W)
= (Wn — Pwn, Wy — W) + (Gwn, G(wy — W)) (5.1)
> [|lwn = Psgwall* + | Gwa| >
Thus w,, = PS}%wn and Gw, = 0. That is, w,, € I'. Hence, Algorithm 3 is well defined. ]

Theorem 5.1. The sequence {wy,} generated by Algorithm 3 converges strongly to w* € T', where

w* = Pr(0).

Proof. Let e, = wy — Y (wy, — Powy + G*Gwy). Thus w11 = (1 — o, )ep,. Fixing w € T, one has
s — 1 = 111 = i) (en — ) + o (—D) < (1 = a)llen— 9[>+ 002 (5:2)

From the definition of ¢,,, we see that

llen — W = [|wn —W||* + 72| wn —Pow, + G Gwu* = 2% (W — W, Wy — Pow, + G Gwy).
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According to (5.1), we have
lew =% < [[wa = WI* + % [ wa — Pgw + G*Gwa|* = 29[ — Pgwa|* + | Gwal|*)
P ([[wn — Pgwall® + 1Gwall)*  2pu(llwn — Powall* + [|Gwal|*)?
W — Pown + G*Gwy |2 W — Pown + G*Gwy |2
(Ilwn = Powall + || Gwal|*)?
W — Powy, + G*Gw||?

2

< [lwn — 2|

< |[wn _WHZ —Pu(2—p0n)

(5.3)
It then follows from (5.2) that
[Wnt1 _VT’H2 <(1 _O‘n)”en_"T’||2'f'05n||w||2
< (1= 0ty)||wn — W||> + o, |02
< (1= ) wa = 91+ 0 ] 5

([wn — Pawn | + [|Gwal*)?
W — Powy, + G*Gw||?

— (1= au)pn(2—pn)

From Assumption 2 (A3) and (5.4), we have
IWa1 =12 < (1= ) [[wn = WI|> + 06 ]

Thus ||wyy 1 —W||? < max{|w||?,|[wo — w||?}. Hence, {w,} is bounded. According to (5.3), we
have
(Ilwn — Powal® +1|Gwn|1*)?

lew —II* < [[wn —WI> = pa(2— pa) < [lwa =Wl

Thus
[IWaer =% = [[(1 = o) (en — ) + 0t (=) |
= (1= )?[len —W]I* + 0 [W]1> +2(1 = o) 0ty {w — 0, =)
+2(1 — o) Y (W — Pow, + G*Gwy, W) (5.5)
< (1= 06) W = W1+ a0t W% +2(1 = 06,) (W — 0, =)
+2(1 = 06) Y[ Wl[wn — Pagwn + G*Gw[].
Without loss of generality, we may assume that there exists € > 0 such that p,(2—p,)(1 — ;) > €.
It follows from (5.4) that

Wt —=wH 1> < (1= 0t) [ — w*[|* + |||
(wn = Powall* + [|[Gwy|1*)?

1w — Ppwn + G*Gw,|1? (5.6)
E([lwn — Pawn|* + [ Gwa1?)?

Wi — Powy + G*Gw||?

— (1= )pn(2 —pn)

< [lwn = w [+ ol |* —

In view of (5.5) and (5.6), we have

[IWaer = w* (> < (1= a) [[wn = w*[|* + 00,6,
Wi = w12 < llwn = w12 = &+ om w2,
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where 6, = o, ||W]|* +2(1 — @) (wy — W, =) +2(1 — &) 1 ||| wn — Powy + G*Gwy|| and

e([lwn — Pawu||* + [ Gwa1?)?
Wy — Powy + G*Gwy |2

gn = 9
with {04, } C (0,1),lim, e 0 = 0 and Y5 4, = 0. Let hy, = ||w,, —w*||?. To utilize Lemma 2.1,
it suffices to confirm that, for every subsequence {n;} C {n}, lim;_;e &,, = 0 = limsup;_,,,6,, <O0.
Note that G is a bounded linear operator and {w, } is a bounded vector sequence. If lim; ;. &, =0,
then lim; e ||y, — Psp Wy, || = limje0 [[Gwy, || = 0. Thus limj e [[wy,[| = 0.

Next, we show that w,,(w,,) € I'. Since {w,, } is bounded, then w,,(wy,) # 0. Let w € @,,(wp,).
Thus there exists a subsequence {W”ij} of {wy, } such that Wiy — W Without loss of generality, we
can assume that wy,, — W. Since Pg (w,) € SZ C Sy, we have s(wy,) < (M Wn, — Pg wy,), where

Nn; € ds(Wn,). Since 1y, is bounded and / — Py is firmly nonexpansive, we see that
500) < (Wi — Py W) < [ 1= P ] = 0 (6 = o)
Since s 1s w-lIsc, it follows that w € S. Thus
0 < [|G#|* = lim (Gwy,, GWw) < lim || Gw, [[[|GW]| — 0 (i = <o),
11— [—>o0

which implies that w € T, i.e., @,,(wy,) € I'. Observe that
limsup; .6y, < 2 limsup;_,o.[(Wn, —Ww", =w") + Yo, [[W7[| ([|Wn; — Pop Wi, || + [|G*Gwy, )]

=2 max (w—w",—w") <0.
we (Ow(Wn,-)
From Lemma 2.1, we conclude that {w,, } converges strongly to w* = Pr(0). The proof is complete.
0

6. NUMERICAL EXPERIMENT

In this section, we present a series of numerical experiments pertaining to signal recovery. We
designate Algorithms 1, 2, and 3, Lopez’s algorithm in [10] and Yang’s algorithm in [19] as Algl,
Alg2, Alg3, Lopez Alg, and Yang Alg, respectively, for the sake of convenience. The code is
implemented in MATLAB R2022a and is running on a personal computer with Inter(R) Core(TM)
15-8250U CPU @1.60GHz.

The following lemma is crucial for our numerical experiments.

Lemma 6.1. [20] Let u; and uy be two vectors in H. Let 1 and 1y be two real numbers. Let
oaq |||z ||? > |(ur,uz)|?. Let C = {x € H|{(x,u1) < m}N{x € H|{x,us) < n2}. Then C # ® and
Pex = x —viuy — voup, where exactly one of the following holds:

(i) (x,u1) <My and (x,uz) < My. Then vy = v, =0.

(ii) (o[> (e, ur) = M) > (ur,u2) ((x,u2) — M) and [|ua || (e, uz) — M) > (ur, u2) (G, 1) — 1)
Then

oo (o) = m0) — G ua) ((x,u2) — 12)
[l |22 ||* = [ w1, u2) |2

>0 (6.1)

and
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e 1P (e u2) — 1) — G u2) (Gxy ) — 1)
a2 feaa]|* = ey, u2) 2

(i) (x,02) > 1 and [z |2({x,01) = 11) < {w,102) ((x,102) — 12). Then

> 0. (6.2)

> 0. (6.3)

vi=—————>0and v, =0. (6.4)
o |2

The signal recovery problem is established as min, g 5||Ax — y||3 subject to ||x||; < s, where
AeRMN M <N,yeRM s>0,| || is ;-norm defined by ||x||; = ¥_, |x,|, and A is a matrix of
perceptions, which is constructed from a standard normal distribution. The genuine sparse signal
x* is formed by uniformly distribution within the interval [—1,1] by using random K nonzero
elements. The sample data y = Ax* without any assumption of noise.

For convenience, we define B = I in Algorithm 1, Algorithm 2, and Algorithm 3. Then SEP (1.2)
reduces to SFP (1.1). In this situation, we define C = {x € RN : ||x[|; < s},s = K, and Q = {y}. By
using the relaxed CQ algorithms, we define the convex function c(x) := ||x||; — s and designate the
half space C,, as: G, = {x € RV : ¢(t,,) < (&,,1, —x)}, where &, € dc(t,). The subdifferential dc at
t, € RV is defined by [dc(t,)]; = sign((t,);), where sign(-) presents the sign function.

The metric projection of a point x € RN onto C,, is as follows:

P (x) = {x, if c(ty)+ (En,x—1,) <0,

X — —C(l”)ﬁéfﬁ’zx_m &En, otherwise.

The initials are as xy = x; = (0,0,...,0)” € RV. The parameters for Algl, Alg2, Alg3, Lopez’s
Alg, and Yang Alg are adjusted as in Table 1. To gauge the precision of the recovery, we employ
the following mean square error technique: MSE = 5, ||x, —x*||, where x, is the recovered signal
at nth iteration.

On the other hand, we use the stop criterion of the iteration as MSE < 107% and MSE < 1078, Tt
is demonstrated that our relaxed CQ-algorithms exhibit lower iterations and CPU time compared
with the Lépez algorithm and Yang algorithm across various K-sparse scenarios in Table 2. Fig-
ure 2 illustrates the relationship between MSE values and the number of iterations for M = 256,
N =512, and K = 40 when MSE < 1078, As illustrated in Figure 1 and Figure 2, our proposed
algorithms have the capability to accurately estimate the signal x*. Simultaneously, the CPU time
of our proposed methods is less and the MSE is smaller with the same number of iterations.

In this numerical example, it is evident that our algorithms outperform the Lopez’s algorithm
and Yang’s algorithm when the parameters are suitable.

7. CONCLUSION

In this paper, we proposed three novel relaxed CQ-algorithms for solving SEP (1.2) and obtained
the strong convergence of the three algorithms under mild conditions. For our algorithms, there
are two features. One is the projection onto the intersection of two half-spaces, and the other one
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FIGURE 1. Comparison of Different Algorithms of Signal processing
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TABLE 1. Algorithms and Their Setting of Parameters

Algorithm | Setting of Parameters
Algl  |o,=-—— p.=1

= 5
Alg2 an:m]Tnvpnzl’ ﬁn:%
A1g3 Oy = ]Iog n’ Pn = 1

Yang Alg | y= A

Lopez Alg | p, =1

TABLE 2. Calculative Results of the Five Algorithms with M =256, N =512 and
different K-sparse signal, MSE < 10~% and MSE < 1073

K-sparse signal | Algorithms | MSE < 107° MSE < 1078
Iter | CPU time | Iter | CPU time
K=20 Algl 169 | 0.0783 | 260 | 0.1103
Alg2 213 | 0.0840 | 335 | 0.1240
Alg3 201 | 0.1349 | 303 | 0.1830
Yang Alg | 619 | 5.1785 | 852 | 7.0907
Lépez Alg | 571 | 0.4551 | 773 | 0.6279
K=30 Algl 270 | 0.1181 | 416 | 0.1823
Alg2 341 | 0.1262 | 524 | 0.2301
Alg3 302 | 0.1616 | 496 | 0.1802
Yang Alg | 923 | 17.1308 | 1239 | 16.0637
Lépez Alg | 1477 | 1.0487 | 1496 | 1.6438
K=40 Algl 279 | 0.1251 | 433 | 0.1685
Alg2 338 | 0.1297 | 529 | 0.2041
Alg3 335 | 0.2156 | 479 | 0.1776
Yang Alg | 1023 | 16.7836 | 1345 | 18.2422
Lépez Alg | 1687 | 1.4419 | 1544 | 1.5986

is the step-sizes, which does not need the prior operator norm. The efficacy of our algorithms is
demonstrated through numerical experiments conducted on signal recovery problems.
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