J. Appl. Numer. Optim. 6 (2024), No. 1, pp. 97-113
Available online at http://jano.biemdas.com
https://doi.org/10.23952/jan0.6.2024.1.06

AN ACCELERATED REGULARIZATION METHOD FOR VARIATIONAL
INCLUSIONS

NGUYEN HAI HA!, DANG VAN HIEU%*, LE DUNG MUU?

! Faculty of Basic Sciences, University of Transport and Communications, Hanoi, Vietnam
2Department of Mathematics, University of Air Force, Nha Trang, Vietnam
3TIMAS - Thang Long University, Hanoi, Vietham

Abstract. The paper proposes an iterative method for solving a variational inclusion with the sum of two
operators in a Hilbert space. The method can be considered as a combination of the proximal contraction
method, the regularization method, and the multi-step inertial technique. Theorem of strong convergence is
established under mild conditions imposed on cost operators and control parameters.
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1. INTRODUCTION

The main purpose of the paper is to introduce a numerical approach for finding a solution of the
following variational inclusion (VI) in a real Hilbert space .7#°, namely

Find u* € 57 such that0 € &/u* + fu”, (1.1)

where <7 : # — 27 is a maximally monotone multi-valued operator and f : J# — J is a L-
Lipschitz continuous, monotone, and single-valued operator. Throughout this paper, we denote
Q = (o + £)~1(0) the solution set of the VI and assume that it is nonempty.

The VI (for the case f = 0) was early studied by Rockafellar [1] with the celebrated proximal
point algorithm. This problem plays a central role in optimization field as well as nonlinear analysis.
It involves some known problems such as variational inequality problems, fixed point problems,
operator equations, and equilibrium problems [1, 2], and it has received a lot of attention from
mathematicians because of its broad application in applied sciences such as image recovery, deep
learning, and data analysis; see, e.g., [3, 4, 5, 6, 7].

Consider the following optimization problem (OP),

min (I'(u) +O(u)),

where I': /7 — R is a subdifferentiable convex function with the subdifferential dT", and ® : 7 — R
is a differentiable convex function with the gradient V®. The problem OP can be reformulated under
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the problem VI with &7 = dI" and f = VO. Another example is for the constraint optimization
problem (COP),

min®(u
ucet ()7

where % is a nonempty, closed, and convex subset of .7 and, ® : 7 — R is a function which is
convex on % and differentiable on a neighborhood of %' In this case, the COP is a special case of
the VI with & = Ny and f = VO (the detail of this claim is analyzed in Section 5), where Ny is
the normal cone of &, given by

Nyg(u)={we A : (wyv—u) <0,YveE}.

Some notable methods were proposed for solving problem VI (1.1) such as the forward-backward
splitting method [6, 8], the modified forward-backward method [7], the proximal contraction method
[9], the forward-reflected-backward splitting method [10], and the others [5, 11, 12, 13]. In Hilbert
spaces, without such an additional condition, these methods in general only provide the weak
convergence, while the strong convergence is more desirable, especially in infinite dimensional
spaces. In order to get this aim, the methods are often combined with one or more techniques
as the viscosity method, the Halpern method, the hybrid (shrinking) projection method or the
regularization method.

In 2018, Zhang and Wang [9] proposed the following proximal contraction methods (PCM) for
solving problem VI (1.1):

Vn = J}i{(”n - lnf(”n))v
d(utn;vn) = tn —vn— An(f (n) — f(vn)), (1.2)
Upy+1 = Uy — '}/Bnd(unyvn)a
where y € (0,2),
_ (P (”na Vn)
Bn=17—m
[l (s, vi) |
¢(”n7 Vn) = <un - Vnad(un7vn)> )
{An} satisfies prediction step-size conditions and lirr_1>inf Ay > A >0, and J;ff = (I + A,/ )" ! is the
n—oo n
resolvent of &7 associated with the parameter A,,. Zhang and Wang [9] proved the weak convergence
of their proposed method.
Let . : 2 — € be a strongly monotone and Lipschitz continuous operator. In 2021, the

authors in [14] introduced the regularization proximal contraction method (RPCM) for solving
problem VI (1.1) in Hilbert spaces:

{ Vn = J)ff(”n — A (f (tn) + 0 F (un))),
Up41 = Uy — rﬁnd(umvn)a

(1.3)

where r € (0,2) and
. ¢ (M}’la Vﬂ)
Bn = min {B? T/ - NI12 )
1 (1, v ) |2
where 8 > 0. Method RPCM (1.3) is a combination between method PCM (1.2) and the regular-
ization technique [14, Lemma 3]. Thanks to the incorporated regularization, the method RPCM
provides the strong convergence [14, Theorem 1].
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One notable aspect, which draws our attention to the acceleration of the original method, is
the role of inertial-type technique. Alvarez and Attouch in [15] pointed out that it is from the so-
called “heavy ball with friction” second order dynamical system. The method was intensively and
widely utilized for the purpose of speeding up the convergence rate of various iterative algorithms
[15, 16, 17, 18].

The main purpose of this paper is to introduce a new numerical method for solving problem VI
(1.1) in Hilbert spaces. The method is developed from method RPCM (1.3) incorporated with the
multi-step inertial effect. More precisely, let N be a given natural number and the previous iterates
uo,uy,- - ,u, be known. We use an intermediate combination

min{n,N}
Wy = Up + Z 6i7n(un7i+1 - un—i),
i=1
to find the next iterate u, | based on the computations of method RPCM (1.3), where the parameter
6; » > 0 is suitably chosen. The next iterate u, is computed from the information of N previous
iterates. In the case when 6; , = 0, the new method is reduced to the original method RPCM (1.3).
Some one-step inertial methods (N = 1) can be found in [15, 16, 17] and multi-step inertial methods
(N > 1) arein [19, 20, 21]. Almost these methods provide the weak convergence and/or for the
special cases of problem VI (1.1). In this paper, we establish the strong convergence of the new
method under mild conditions imposed on cost operators and control parameters.

The paper is organized as follows: Section 2 supplies basic notions and lemmas used in latter
parts. Section 3 presents some results regarding the regularization technique. Section 4 introduces
our main algorithm and proves the strong convergence of the method. Section 5 discusses the
application of our method to solve a couple of optimization problems.

2. PRELIMINARIES

We take the following concepts in a real Hilbert space .7. Let (-,-) and ||-|| denote the inner
product of .7 and the norm generated by (), respectively. In any Hilbert space, we have the
equality

2Gu,v) = |lul [+ [[v]]* — [fu =], Yu, v € 2,
and the inequality
1
2ffuf [|VI] < VIl [P+ SV v >0, Yu, v € 2.

Let u,, — x stand for the fact that u, is convergent in norm (or strongly converges) to x while u, — x
means that u,, converges weakly to x as n — oo.

An multi-valued operator .« : S — 27 is called:

(i) monotone if (u—v,x—y) >0forallx,y € # andu € o/x,v € Ay,

(ii) strongly monotone if there exists a number ¥ > 0 such that (u—v,x —y) > y||x —y||? for all
x,ye I andu € o/x,v e Ay;

(iii) inverse strongly monotone if there exists ¢ > 0 such that (u —v,x —y) > c||u —v||? for all
x,y€ I andu € o/x,v € o/y. If c =1, then o7 is called firmly-nonexpansive.

An operator f : 7 — F is called Lipschitz continuous if there exists a number L > 0 such that
||f(u) — f(v)|| < L||u—v|| forall u,v € . f is called nonexpansive if L = 1, and contractive if
0<L<1.



100 N.H. HA, D.V. HIEU, L.D. MUU

The graph of an operator o7 : s — 27 is defined by
Graph(of) = {(x,u) € H X H :u € Ax}.

A multi-valued operator <7 : # — 27 is called maximally monotone if it is monotone and
its graph is not properly contained in the graph of any other monotone operator. It follows from
the maximal monotonicity of .27 that, for each pair (x,u) € 5 x , (x—y,u—v) > 0 for all
(y,v) € Graph(<), one has v € o7y. Let o7 : A — 27 be maximally monotone. The resolvent of
o/ associated with a number A > 0 is defined by

I w)=(I+A) Nu), uec 2.
The resolvent operator J f{ is single-valued, nonexpansive, and firmly-nonexpansive.

Lemma 2.1. [22, Lemma 2.4] Let o7 : 5 — 27 be a maximally monotone operator, and let
[ I — A be a monotone Lipschitz continuous operator. Then, X = o/ + f is maximally
monotone.

Lemma 2.2. [23, Sect. 4] Let o :  — 27 be a maximally monotone operator, and let f : 7 —
A be an operator. For each A > 0, define the mapping

Ty () =T (u—Af(u))

forallu € 7. Then
u* € (o +f)~10) & u* € Fix(9),
where Fix(7)) is the fixed point set of 7.

For solving problem VI (1.1), we consider the following assumptions:

(A1) <7 is maximally monotone;

(A2) f 1s monotone and Lipschitz continuous;

(A3) The solution set Q := (&7 4 f)~'(0) of problem VI (1.1) is nonempty.

Let 7 : 5 — ¢ be a ¥ - strongly monotone and L - Lipschitz continuous operator. In order to
solve problem VI (1.1), i.e., to select an element in , we are interested in solving the following
variational inequality (VIP):

Find u" € Q such that <9uiu* — uT> >0, V" € Q. @2.1)

Thanks to the given properties of .# and the fact that Q is convex, closed, and nonempty (assumed),
problem VIP (2.1) has a unique solution u'. The iterative sequence {u,} generated by our proposed
method is proved to be convergent to the solution u' of problem VIP (2.1). If .Zu = u, then u" is
the smallest norm solution of problem VI (1.1), while if .#u = u — u®, where u8 is a suggested point
in .77, the solution u" of (2.1)is u’ = Po(u?), the point in Q is the nearest to u8. Considering the
operator .% as in problem (2.1) helps us to find a solution of problem VI with a desired property.
Problem (2.1) can be considered as a bilevel problem that the constraint is the solution set to problem
VI (1.1).
Finally, we need the following technical lemma.

Lemma 2.3. [24] Let {¥,,} be a sequence of nonnegative real numbers. Suppose that
‘Pn+1 < (1 - pn)\Pn +qn
for all n > 0, where the sequences {p,} in (0,1) and {q,} in R satisfy the conditions:
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(i) lim, e py = 0,

(ii) Y1 Pn = oo, and
(iii) limsup,,_, ., % <0.
Then lim,,_o. ¥, = 0.

3. REGULARIZATION

In this section, we recall the Tikhonov-type regularization to the class of monotone variational
inclusion problem [14]. For each o > 0, we associate our problem VI (1.1) with the following
regularized variational inclusion (RVI) problem:

Find u € 77 such that 0 € Fu—+ fu+ . u, (3.1

where %% : 7 — S is a y-strongly monotone and L-Lipschitz continuous operator Under our
assumptions, problem RVI (3.1) has a unique solution for each & > 0, denoted by u,. Furthermore,
we remark that, for each A > 0, the point u, is a solution to problem RVI (3.1) if and only if it is a
fixed point of the mapping Jj{{(l —Af+aF)),ie.,

Uy = ij{(ua —A(fug+0Fugy)).
This can follow directly from Lemma 2.2. We have the following result.

Lemma 3.1. [14, Lemma 3] (i) The sequence {uqy} is bounded.

(i1) There exists a number M > 0 such that, for all o¢; > 0 and o > 0,

O — 04
gy — 1] < 122 =1Ly
(041

(iil) ®(ug) C Q, where ®(ugy,) is the set of weak cluster points of the sequence {uq }.

@iv) lir{)l+ ug =u' € Q, the unique solution of problem VIP (2.1).
o—

We remark that if {a, } is a sequence of positive real numbers such that lim o, = 0, then we
n—soo

have by Lemma 3.1(iv) that lim,,_co tg, = u’. However, in practice, finding uq, for each n > 1 can
be expansive and time-consuming. In the next section, we introduce an iterative-regularization
procedure which generates a sequence {u, } C ¢ satisfying ||u, — uq, || — 0 as n — co.

4. REGULARIZATION MULTI-STEP INERTIAL PROXIMAL METHOD

In this section, we introduce an iterative-regularization method with multi-step inertial effect. In
order to design the method, we need an operator .% : 7 — J being y-strongly monotone and
k-Lipschitz continuous. In addition, we take the sequence {a,,} C (0,+cc) such that

(Cl): lim oy, =0,
n—oo

(C2): ) o4 = +oo,and

n=1

T _ -2 _
(C3) .’}glgo(an Oy 11)0, 0.

Conditions (C1)-(C3) hold for sequences such as ¢, = % with 0 < p < 1. For simplicity, we

employ the following conventions: 8 = +oo and % = oo,



102 N.H. HA, D.V. HIEU, L.D. MUU

Algorithm 1 Regularization Multi-Step Inertial Proximal Method - RMSIPM

Initialization: Take ug, u; € S arbitrarily, r € (0,2), 6y > 0, 6 > 0, and a positive integer
N > 0. Foreachi=1,2,...,N, choose a sequence L; , of positive numbers such that
i v
(C4):1lim =2 =0 and ) pin < +eo.

n—e O,

n=1

Iterative Steps: Compute u, | for n > 1 as follows
Step 1. Compute
min{n,N}
Wy = Uy + Z Oi,n(unfiJrl - Mn—i)»
i=1
where
,ui,n
9,'7,, = ||un7i+1 - un—i“
6o otherwise.

it wy i1 7 Un—i

Step 2. Compute v, = ijf(wn — A (fwn + 0, Fwy)), where A, > 0.
Step 3. Compute u,, 1 = wy, + r,q(vy, wy), where

Q(Vnywn) =Vn—Wnp— }Ln(fvn _fwn)
D(va,wn) = (v = Wn, (v, W)
D(Vl’lawn) }

(e} :min o, —————— =
! { ’H‘I(Vnawn)Hz

As in [14], we say that the sequence {4, } in Algorithm 1 satisfies Predicted Stepsize Conditions
(PSC) if there exist four positive numbers ¢y, ¢z, A, and A and an integer ny > 0 such that the
following inequalities hold

D(vp,wy) > c1l|vn —w,,||2 and 0, > ¢ 4.1)
and
0<A<A <A< Hoo 4.2)

for all n > ny.
The following lemma gives some cases where condition PSC holds.

Lemma 4.1. The condition PSC is satisfied if one of the following cases holds:
(i) {An} C [a,b] C (0,7), where L is the Lipschitz constant of f.
(ii) Let 6 >0,1€ (0,1), u € (0,1). Foreachn > 0, A, is the largest A € {G,O‘l,O‘lz,---} such
that
Al f (Vi) = Fwa)l| < pl[vn — wall-

(iii) Let 40 >0, u € (0,1), {k,} C [0,40) be a summable sequence. For each n > 0, we take

) K[V — wal| }
Aps1 = An + K, . 4.3
. “““{ 7o) = o] )
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Proof. The proof of items (i) and (ii) can be found, for example, in [14, Lemmas 5 and 6]. We
give a proof for item (iii). First, since 0 < u < 1, we are able to choose a number & > 0 such that
(1+&)u < 1. Since Y1 Ky < oo, we have lim,,_,., k;, = 0, which implies from (4.3) that

A < Ki
1 >~ )'O + Ko, (44)
An—i—l < An + K-
Thus it inductively follows that
n
M1 <A+ Y K, Vn. (4.5)
i=0
It follows from (4.5) that
T <o+ Y K (4.6)
i=0
for every n. Besides, the Lipschitz continuity of f results in
I[[va — wa| >/~1H"n_wn||zﬁ
fWn) = fwa)ll = Lllva —wal| L
It is obvious that
: 1yo —zol|
M :mln{).o—i—lco, ,
[1f (o) = £ (20|
> min{?ﬁo—i— Ko,%}.
Hence, we once again use induction to obtain
> mi il . il . il
n+1 = N A‘n-l_Kn?Z Zmln Afl’hz Zmln AO-l_K()7Z (47)

for each n > 0. Now, we let

_ T . u
A=A+ ) K,and A :=min< Ay + Ky, — ¢ .
n;) { OL}

Thus condition (4.2) is directly achieved from (4.6) and (4.7).
Next, it is necessary to indicate that {4, } converges to some number A. We take a sequence
{sn};_, defined by

n
Snt1 i= Mgl — Z Ki
i=0

for each n > 0. We see that {s,,} is non-increasing. Indeed, due to (4.4), we have

Sn+1 —S8nh = 2'n—ﬁ—l - (ln + Kn) <0.

Moreover, {s,} is lower bounded since

| oo
Snzln_nz KiZ&_ZKi
i=0 i=0
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for each n > 1. The fact that {s, } is non-increasing and lower bounded implies that it converges.
The convergence of two sequences {s,} and {Y/"" k;}>_, simultaneously infers that {1,} also
converge. Moreover, from the definition of D(v,,w,,), we have

D(vn,wn) = (vn — Wy, Vp — Wy — )vn(fvn —an)>

= ||V71 _Wn||2 _ln<Vn_Wn7an _an>

An
= an_wnHz_l A 1V = Wa, [V — fWa)
n+1
A
2 ||Vn_Wn||2_l At || Fvn = fwal |-V — wal|- (4.8)
n+1

It is obvious from the definition of {4, } that

A1 || fvn = fwal| < il[ve —wal|. (4.9)

On the other hand, since lim,,_,. A, = A > A, we easily see that

. My
lim
n—=° Api1

=1.

Consequently, there exists a positive integer ng large enough such that, for all n > ny,

. <1+&. (4.10)
A«nJrl

We combine inequalities (4.8), (4.9), and (4.10) to reach

D(vp,wp) > ||Vn_Wn||2_ (1 +§)/~L||Vn_wn||2
= c1]|va —wal? (4.11)

for all n > ng, where ¢y := 1 — (14 &)u, which is already shown to be positive by (1+&)u < 1..
Let ¢; := min{0o,c; }. Using (4.11), one sees that

D(vy,wy)

1 . C1l
O, = min\ O, Zmln O, ——— =¢ 4.12
! { ||61(vn,wn)||2} { 1+7LL} 2 (4.12)

for each n > ny. Finally, for each n > ng, we derive (4.1) from (4.11) and (4.12). The lemma is
proved. U

Theorem 4.1. Assume that the assumptions (C1)-(C4) hold and { A, } satisfies condition PSC. Then
the sequence {uy,} generated by Algorithm I converges strongly to a solution u' € Q of problem VI
(1.1), which uniquely solves problem VIP (2.1).

Proof. First of all, condition (4.1) ensures that D(v,,w,) and o, are positive numbers for every n.
Next, because ¥ > 0 and k > 0, we are able to find the (enough small) numbers &,&,& >0
which satisfy 2y — keg; > 0 and

2yrcy —kgiro — & —& > 0. (4.13)
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From now on, let uq, denote the solution of problem RVI (3.1) with & = o,. We have

||”n+1_“an||2 = ||Wn_”Otn||2+2”6n<wn_”Otn7CI(anWn)>+"2(7;12||Q(Vn7wn)||2
= ||wn— s, |I* + 276 (v — 1, (v, Wn)) + 27 G (Wi — Vi, G (Vi W)
+r76, (v, wa)|[?
= ||wn — ey, |[* +2r6, (v — ta,, (Vi W) ) — 276, D (v, W)
+1262||qg(va, wn)||*- (4.14)

Next, it follows from the establishment of o,, that

oy < D(v"’wn)z,
[V — wal|
or equivalently,
||V — wal[* < D(vi, wy). (4.15)

We combine (4.14) and (4.15) to find that

||ttt — ||
< ||wn — uq,| ]2 +2r0y (vn — gy, s G(Vi, Wn)) — 2r6,D (v, wy) + rZGnD(vn,wn)

= ||wp — ug, | ]2 +2r0y (vy — gy, G(Vn,Wn)) — 16, (2 — r)D(vy, wy).

On the other hand, since u, is the solution to problem RVI (3.1), then 0 € @ xq, + fxo, + 0 F X,
which immediately leads to

— 0y Fug, € (A + f)xq,- (4.16)
Furthermore, by v, = J i‘f (Wn — A (fwn + - Fwy)), we obtain
Wn — A (fwn + G Fwy) — vy € Apl vy,
or equivalently,
Wi — Vi — Ay (Wi — fon) — 2@ Fwy € 2y( + fvy.
Consequently, we deduce
—q(Vns Wn) = MO Fwy € Ay(F + f)vn. (4.17)
We combine (4.16), (4.17), and the monotonicity of o7 + f to arrive at
(v — Xgys —q(Viy Wn) — Ay O F Wy + A0y F ug,) > 0,
which can be rewritten as

<Vn —Moc,,J](VmWn)) S _)Lnan<vn_uanaﬁwn_yuan>- (418)
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Besides, we use the Lipschitz continuity and the y-strong monotinicity of .7, as well as the inequality
£ .
ab < 2 + ﬁbz to obtain

2
(Fwy— Fug,,vn—ua,) = (Fwn—Fug,,vn—wn)+ {(Fwy,—Fug,, Wn—Ug,)
> —k|Wn — gy, |||V — wal | + ¥l W — uq, ||
ke k
= = = e | = 5l = wall?+ Al — e, |
2 —k81 k
= S e P = v = P (4.19)
The inequality (4.18) together with (4.19) yields that
2y — ke k
(v — ttgg s @y W) < — A [ L [y — sty |2 — [y — wal ) - (4.20)
2 2€;
Substituting (4.20) into (4.16), we obtain that
2y —ke k
o= < = ] = 200ty (2255 = = = )
—r6,(2—71)D(vy,wy)
2 kanantn 2
= (1 =ronkna(2y — k€1)) ||wn — e, ||* + —————[va — wal|
—r0,(2—r)D(vy,wp). (4.21)
We combine (4.21) and the condition (4.1) to reach
kro,A, o
ltn1 =, ||> < (1= rGuAn0u(2y —ker)) [|wn — ttgy, || + =" [vs — | |*
—r0,(2—r)ct||vn —wnH2
= (1 =100 (27— ke1)) [ wy — uq, ||*
kri, o
o, <r(2—r)cl - rg” ”) 1V — wal |- (4.22)
1
From the definition of {0, } and (4.1), it is easy to see that
n<o,<0c Vn 4.23)

Next, since lim,_o &2 = 0 fori = 1,2,...,N, li_r}n o, =0, {A4,} C[A,A] by (4.2), and {0,,} C
n n—>o00
[c2,0] as seen in (4.23), there exists a number K large enough such that, for every n > K,

(N
Z,ui,n < 821,,06,1,
i=1

1-— ﬂ‘nOCn(z’)/an —k81) > 0, (4_24)
1 —ro,Ayo, (2y —kep) > 0,
r(2—r)c; — ki > 0.

\ €1
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Therefore, by the definiton of {6; , }, we observe that, for all n > max{K,N},
| |Wn - uan ‘ |2

min{n,N} 2

(un - Motn) + Z Gi,n(un—i—H - un7i>
i=1

N 2
< <||“n — g, ||+ Z 6i |t i1 — Mn—i||>

N
= ||ty — ug,||* +2) ;
i=1

- ”an||||”n—i+1 — U i|

+2 Z elnejnHun i+1 — Up— lHHun Jj+1 — Un— ]||+Zen‘|un i un—i—i—le
I<i<j<N i=

< Ity — ||

—Ug, || +2 Z .uzn.ujn'i‘z.uln

i=1 I<i<j<N i=

<H“n_”anHz+Z (Wi |1t — ”anH + Uip) +2 Z .“zn.ujn"'ZNzn

i=1 1<i<j<N i=1

< [ltn — g | >+ € — uanr\2+zu,n+z y umujnJrZu,n

1<i<j<N

= (1+&A,06) ||y — uanHz + [,

where

Z.um'f'z Z /'Lln.ujn‘f'ZUzn

1<i<j<N

Combining the above relation and (4.22), we obtain

41— s, ||*

< (1= r6,A 04, (2 — key)) (1 + £24,06,) | |1ty — 11y, ||

+ (1 =roAya,(2y —key)) iy

kri, o
— Op (F(Z—F)Cl— relz n)||vn_wn||2 (4.25)

< (1= 1G04 (27 — k&) (1 + €220,06) |1ty — 11y, | |*
+ (1 —royApyo, (2y — kep)) iy

for all n > max{K,N}.
On the other hand, using the inequality

1 2
<_
ab 2a +283b
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and the result from Lemma 3.1(ii), we have, for all n > max{K,N}

Hul’l—‘—l - uan+l H2

= ||un+1 - l/lan||2 + ||Man+1 - Man||2 +2<Mn+1 - uan’uan - Man+1>

2 2
S Hul’l+1 _uan” + ||uan+l _uanH +2Hun+1 _uan” ||uan+1 _uanH

< ||t 1 —”an||2+ |y, _”an|\2+830‘n/1n\|un+l —”an||2

2
MHL‘%H — Ug, ||

(4.26)

R )||uan+1 s

1+ &a,A, M? Oy —

< (14 o) a1 g |2 (BN (Ot )

_ 2 (1+&0u4,) M (an+1 —Ocn)

_(1+£3ocn),n)\|un+1—uan|| + 3, OC,% .

We deduce from (4.25) and (4.26) that, for all n > max{K,N},
ltn 1 = ttgy,,, |
< (1= 100 (27 — k1)) (1 + €220, ) (1 + E34,04,) | [ — tg,, ||*
+ (1 —rop Ay, (2y — k1)) (1 + &34,00) iy 4.27)
M2(1 +&32,06,) (O 1 — an>2
+ 3 .
sho;
Furthermore, by a simple calculation, we easily find that, for every n > max{K,N}
(1 —ro Ao, (2y —ker)) (1 + e34,0p)
=1 — A, 0,(2yro, — ke ro, — €3) — ro, A2 o2 e3(2y — key) (4.28)
<1—A,a,(2yro, —kejro, —e3) < 1,
where 2yro, — k& ro, — €& > 0 results from (4.13) and (4.23) as
2yro, — ke ro, — & > 2yrcy —kero — &
> 2yrcy —kerc — & — & > 0.
Similarly, we have, for every n > max{K,N},
(1 —A,0,(2y —k€1)) (1 + &2A4,06,) (1 + €34, )
< (1 = A0, (2yro, —kero, — &)) (1 + &4,04) (4.29)

<1-=A0,,(2yro, —kero, — & — €3).



AN ACCELERATED REGULARIZATION METHOD 109

It follows from (4.27), (4.28) and (4.29) that

i1 =t [P < (1= A0, (27r0, — ke ro, — & — €3))||un — g, ||
+ (1 = Ay, (2yro, — kejro, — &)
M2(1 +83A'nan) (anJrl - an)z
+ : -
g, o)

IN

(1= A0 (27rC, — ke 10, — & — )|ty — g, ||> + fi
N M*(1+&34,00,) (Quy1 — 0)?

e, pe (4.30)
for all n > max{M,N}. Set ¥, = ||up, — uq,| 2, pn = (2yro, —kero, — & — &) A, @, and
o — 1 MO Eshnt) (01 —an)?
s, o
Then, relation (4.30) can be rewritten as follows:
Yor1 < (1= pn)¥n+gn, Yn>max{M,N}. (4.31)
It implies from condition (C1) and relations (4.2), (4.23) that
pn—0 as n — oo, 4.32)

Indeed, for n > max{M,N},
pn = (2yro, —kero, — & — &) 4,04
< (2yro —kejre, — & —€3)A0, — 0
since ¢, — 0. Besides, from conditions (C2) and (C4) and relations (4.2) and (4.23), we see that,

for some positive number N > max{M,N}

)

Z Pn= ZL}Lnan@yan —kejro, — & — &)

n=N n=N

> (2yrc; —keiro —g —€3)A ) 0y = oo
n=N

and hence,

Y. pu=+oo. (4.33)
n=N

It can be seen that lim,,_,c0 % = (. Moreover, by conditions (C3) and (C4), one has

. qn
limsup —
n—e  Pn
1 M2(1+82;Lnan) (an+1 _an)z ,‘In
=i =
v 2yro, —kejro, — & — & ( oy o - oy 4.34)

lim sup +—

< 1 Mz(l "‘SZAnan) (an—H - an)z .lIn —0
= 2Yrc) — k€70 — & — €3 pseo e, ol o,
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We use the combination of inequality (4.31), relations (4.32)-(4.34), and Lemma 2.3 to conclude
that ¥, = ||uy — g, ||> — 0 as n — oo. By Lemma 3.1(iv) and condition (C1), we obtain uq, — u'.
Thus u, — u' as n — oo, which completes the proof. 0

5. APPLICATIONS

5.1. Optimization problem. Let I": .7 — R be a subdifferentiable function on .7, i.e, for each
u € J, the subdifferential of T at u,

ol (u)={we A : (v—u,w)+T(u) <T(v)}

is nonempty. According to [25, Theorem 20.40], JT" is maximally monotone.
Let prox denote the proximal mapping of I', which is defined by

1
proxp(u) = arg min {F(v) +=||lv— qu} for each u € J7.
vesHt 2
By Fermat’s rule [25, Theorem 16.2], s = prox; (u) if and only if
1
0ed (ll"(~) + §|| : —u||2> (s) =AdT(s) +5—u,

or equivalenty, s = (I +A9T) ' (u) = J)‘?F, where A > 0. Thus, we have that
prox;r = Jfr .

Also, let ® : 77 — R be a differentiable function with its gradient V® being Lipschitz continuous.
Evidently, 0@ is single-valued and d® = VO. Recall the convex optimization problem (OP)
mentioned in Section |

Find u* € 77 such that u* € arg mg}(r(u) +0(u)). (5.1
ue

Applying Fermat’s rule, we see that the OP (5.1) can be equivalently written as
Find u* € ¢ such that 0 € JT"(u™) + VO(u").

Thus optimization problem (5.1) is reformulated to the problem VI (1.1) with &7 = dI" and f = V.
The following theorem follows directly from Theorem 4.1.

Theorem 5.1. Let I': 7 — R be a subdifferential function and ® : 7 — R be differentiable with a
Lipschitz continuous gradient. Furthermore, assume that the solution set Q = argmin j»(I'+ ©) is
nonempty. Let positive numbers r € (0,2), 6o, o, N arbitrarily and the sequences {0, }, {lin} for
i=1,2,...,N satisfy conditions (C1)-(C4). Choose a y-strongly monotone and Lipschitz continuous
operator F : H — F and two starting points ug, uy € . Let {uy,} be a sequence in 7 generated
by the following procedure

Wy = U+ Z?;H]l{n’lv} 9i,n<un—i+l - un—i)a

Vi = proxX; r(wp — A, (VOW, + 0. F wy)),

Upt1 = Wy + anQ("’n»Wn):
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where
q(Vn,wn) = vy —wy — 4,(VOV, — VOW,,),
D<Vn7 Wp) = <Vn - Wn7Q(vn> Wn)>>
D(vy,wy) }
lg(vmwa)ll* )
where A, > 0 and satisfies the condition PSC and 6;, is taken exactly the same as Algorithm

1. Then, sequence {u,} converges in norm to u' € Q which satisfies the variational inequality
(F "), u* —u') >0, Vu* € Q.

5.2. Bilevel optimization problem. Let % be a nonempty, closed, and convex subset of a Hilbert
space 7. Let g : 7 — R be a function, which is convex on % and differentiable on a neighborhood
of & with Vg being Lipschitz continuous. Let & : 57 — R be a strongly convex and differentiable
function such that VA is Lipschitz continuous. We are interested in the following bilevel optimization
problem (BOP):

o, :min{c

minh(u), (5.2)

ues
where S = argmin, ¢ g(u) which is assumed to be nonempty. Let 1 be the indicator function of

%, ie.,
lp: T — (—°°,+°°]

0, ifue®,
u+— X
+oo otherwise.

Therefore, S is the solution to the optimization problem
in (1 .
min (1 () + ()

Problem (5.2) can be reformulated as

Find u' € S such that <Vh(uT ) — uT> >0, Vu* €8, (5.3)
where S is the solution to the variational inclusion problem: Find u* € # such that

0€d(1g(u)+8(u")) = Ng(u’)+Ve(u'). (5.4)

We are now ready to solve problems (5.3) and (5.4) by applying Algorithm | with &/ = Ny, f = Vg
and .% = Vh. Note that, for every A > 0, Jiv%’ = prox,, = Py, where Py is the metric projection
from 7 onto €. We have the following result which follows from Theorem 4.1.
Theorem 5.2. Let g: 77 — R be a function, which is convex on € and differentiable on a neigh-
borhood of € such that Vg is Lipschitz continuous. Let h: 7 — R be a strongly convex and
differentiable function with Vh being Lipschitz continuous. Furthermore, assume that the solution
set S = argming g is nonempty. Choose positive numbers r € (0,2), 6y, o, N arbitrarily and the
sequences {0}, {Uin} for i =1,2,... N satisfying conditions (C1)-(C4). Choose two certain
starting points ug, uy € . Let {u,} be a sequence in S generated by the following procedure

min{n,N
Wp = Uy + Zizl{ ) ei,n(un—i—i-l - Mn—i):

v = Pg(wy — 4, (Vgw, + o, Vhwy,)),

Upir] = Wu+ anCI(VmWn)»
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where
q("na Wn) =Vn—Wnp— 2fn(vgvn - ngn)7
D(va,Wn) = (va = Wn,q(Vn, Wn)),
D(vy,wy) }
g, wa)l1 )
where A, > 0 and satisfies the condition PSC and 6, is taken exactly the same as Algorithm 1.
Then, {u,} converges in norm to u' € S, which is the unique solution to problem (5.2).

o, :min{c
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