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Abstract. We study a new class of variational inclusion problems in the framework of real Hilbert spaces.
We propose two Tseng-type algorithms with inertial extrapolation for solving these problems and carry out
the convergence analysis of these two methods. We also give an application of our results to solve convex
bilevel optimization problems.
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1. INTRODUCTION

Let ¢ and ¢, k = 1,2,...,K, be real Hilbert spaces. For each k, let A; : 7, = ¢ be a
maximal monotone operator, By, : 7%, — ¢, be a monotone and L;-Lipschitz continuous operator,
and Ty : S — 7 be a bounded and linear operator with adjoint 7, : S — J. Let F : A — &
be a strongly monotone and Lipschitz continuous operator.

In this paper, we study the following variational inequality over the solution sets of split variational
inclusion problems with multiple output sets (called VI-SM, for short):

Findx € . :== Ng_, T, ' (Ax +Bx)'(0) (1.1)

such that
(Fx,y—x) >0 Vye.S. (1.2)

Problem (1.1)—(1.2) encompasses many known problems, such as the split feasibility problem with
multiple output sets [1], the split common null point problem with multiple output sets [2], the
variational inequality problem over the solution sets of split variational inclusion problems [3], and
the split common fixed point problem with multiple output sets [4].
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If K=1,5¢ = 7, and T} = I, the identity operator, then (1.1) reduces to the following variational
inclusion problem (VI, for short):

Find x € . such thatx € (A+B)~1(0). (1.3)

Under the given data, VI (1.3) is in general ill-posed, but combining it with (1.2) ensures well-
posedness. A prominent iterative scheme for solving (1.3) is the forward-backward splitting method
(FBSM) [5]: For x1 € 7, let

Xni1 = (I +A,A) " (X — A,Bxy,), n € N, (1.4)

where {4,} is the sequence of step sizes. It is known that the sequences generated by FBSM
converge weakly if 4, € (0, %), where % is the constant of co-coercivity of B. Note that every co-
coercive (inverse strongly monotone) operator is monotone and Lipschitz continuous (see Definition
2.1), but the converse is not true in all cases.

As important as the FBSM is, generally, its convergence is not guaranteed when B is monotone,
but not co-coercive. This drawback motivates the invention of the forward-backward-forward
splitting method (FBFSM) by Tseng [6]: For x| € 57, let

{ Vo = (I +2,A) " (x, — AuBxy,),

Xn+1=Yn— n(Byn —Bx,),n € N, (1.5)

where the step size A, is chosen by a certain line search technique.

VI-SM has recently been studied by Reich et al. [3] for the case where the B;s are co-coercive.
In order to solve the problem, they proposed an iterative scheme which is a combination of an
inertial forward-backward splitting method and a steepest descent method, and they proved a strong
convergence theorem for it. The inertial technique first appeared in Polyak [7]. Since then, it has
been applied to countless iterative schemes; see, e.g., [8, 9, 10, 11, 12] and the references therein
for more details on the inertial technique.

The assumption made in [3] that Bs are inverse strongly monotone is a strong one. In this study,
we weaken this assumption and solve the VI-SM under the assumption that the Bys are monotone
and Lipschitz continuous. However, in view of the drawbacks of the FBSM, one should expect
similar drawbacks in trying to apply the method proposed by Reich et al. [1] to solving the VI-SM
in the case where the Bys are merely monotone. Therefore, motivated by the need to devise a more
general useful iterative scheme, we propose in this paper two self-adaptive Tseng-type forward-
backward-forward splitting methods for solving the VI-SM. We also prove that the sequences
generated by each of these methods converge strongly to a solution of the VI-SM under some mild
assumptions on the control parameters.

We describe the organization of our paper as follows. Preliminaries are presented in Section 2.
Indeed, we present some definitions of key terminologies and state some lemmata that are important
to our study. In Section 3, we present our algorithms and the convergence analysis of each of them.
We devote Section 4 to an application of our results to a convex bilevel optimization problem. We
also present some numerical experiments. The last section, Section 5, contains some conclusions of
our work.

2. PRELIMINARIES

Suppose that .77 is a real Hilbert space with inner product (-,-) and induced norm || - ||. Let C
be a nonempty, closed, and convex subset of .7#. We denote by x,, — x and x,, — x the strong and
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the weak convergence of a sequence {x, } to a point x, respectively. The identity operator on /7 is
denoted by 1. For simplicity, we let [K] := {1,2,...,K}.

Definition 2.1. [13] A mapping T : 7 — J is said to be
(i) L-Lipschitz continuous if there exists a constant L > 0 such that
ITx=Ty|| <Llx—yl, Vx,y €2,

and a strict contraction if L € (0,1);
(ii) B-strongly monotone if there exists a constant 3 > 0 such that

(Tx—Ty,x—y) > Bla—y|?, Vx.ye
(iii) B-inverse strongly monotone if there exists a constant 8 > 0 such that
(Tx—Ty,x—y) > B||ITx—Ty|?, Vx,y € #;

(iv) monotone if (Tx—Ty,x—y) >0, Vx,y € .

Definition 2.2. [13] Let A : 57 = J¢ be a set-valued operator.
(i) A is called monotone if
(x—y,u—v) >0 Y(x,u),(y,v) €4(A) :={(x,u) € I x H :u € Ax}.
(ii) The monotone operator A is called a maximal monotone operator if ¢ (A) is not properly
contained in the graph of any other monotone operator.

(iii) For a maximal monotone operator A and a number A > 0, the resolvent of A of parameter A
is the operator given by J; 4 := (I+2AA)" L.

Lemma 2.1. [14] Let 7 be a real Hilbert space. Let A : 7 = F be a maximal monotone
operator, and let B : 7€ — ¢ be a monotone and Lipschitz continuous operator. Then the mapping
M = A+ B is a maximal monotone operator.

Lemma 2.2. [15] Let S be a real Hilbert space. Suppose that % : 7 — € is k-Lipschitz and
B-strongly monotone over a closed and convex subset C C 7. Then the variational inequality

problem
Find i € C such that (Fia,v—i) >0 YveC

has a unique solution i € C.
Lemma 2.3. [16] Let {¥,} be a sequence of non-negative real numbers, {a,} be a sequence of

real numbers in (0,1) such that Y, a, = oo, and {b,} be a sequence of real numbers. Assume

n=1
that W1 < (1 —a,)¥, +anby, n > 1. If limsupb,, < 0 for every subsequence {¥,,} of {¥,}
k—yo0
satisfying liminf (Pt — Pn,) =0, then lim ¥, =0.

3. MAIN RESULTS

We are now in a position to present our iterative schemes and carry out their convergence analyses.
Below are the assumptions on the control sequences of our iterative schemes.

Assumption 3.1.

(a) The sequence {0y, } C (0, 1) satisfies ligl o, =0and Y o = ;
m—oo _

m=1
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(b) The sequence {o;,} satisfies 0 < o, < 6 and li_r)n % = 0 for some ¢ > 0;
m—soo Ym
(c) For each k € [K], Ay : 7 = 4, is a maximal monotone operator and By, : 74 — 7 is a
monotone and L;-Lipschitz continuous operator;
(d) The operator .% : 7 — F is y-strongly monotone and L-Lipschitz continuous;
(e) Foreach k € [K|, Ty : /# — 7 is a bounded linear operator with adjoint 7,* : 5 — 7,
(f) 7 ={x€H :x €My (A +Br)~1(0)} #0;

(®) T€(0,3).

Algorithm 3.1. Tseng-type Method 1

Initialization: Let xo,x; € 77, u € (0,1), 8 > 0, and A; > 0 be given.
Iterative steps: Calculate x,,; as follows:

Step 1: Given the iterates x,,— and x,, (m > 1), choose

min< 0, —22— b if X, # X1,
me*xm—l H

0, =
0, otherwise.
Compute
Wi = X + O (X — Xm—1)- (3.1)
Step 2: Compute
Yo = T (Tewm — AnBiTwn). (3.2)

Step 3: Select k,, such that
H)’ﬁam — Ti, wmll = m]?X Hyfn — Tiwn|

and compute
Im = y;m — A (Bkmyl;,ln — By, Tkam)7

Vi = Wy, — anan(Tkam —tm), (3.3)
2
where 1), is chosen so that for some € > 0 small enough, 7n,, € {87 HTUT%{WTV t:nf” € when
kp \ T KkmTmtm
Ti,,Wm —tm # 0, else, N, =1 > 0.
Step 4: Compute
X1 = (I — O TF )vpy. (3.4)
Update
min? A /JHy;mekmme if By yk'" # By T w
Ami1 = " 1Byt B T Wil | mem o
A, otherwise.
Set m :=m+ 1 and go back to Step 1.
Remark 3.1. (1) From Step 1 and Assumption 3.1(b), one can deduce that li_r>n g—m||xm —
m—soo Ym

Xm—1]| = 0, which implies that there exists a number M > 0 such that g—Z 1t — xm—1|| <M
Vm € N.
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(2) The sequence {A,,} generated by Algorithm 3.1 is decreasing and we have

lim A, =4 > min{ll,%}

m—yoo

(see, for example, [10]).
Proposition 3.1. The sequence {x,} generated by Algorithm 3.1 is bounded.

Proof. Let x € .. Then, for each k € [K], 0 € (Ay + By) Tix. It follows from (3.2) that, for each
k € [K],
Tiwm — AmBiTiwm — Yo 4 AmBiX, € (A + Bi)yr . (3.5)

According to Lemma 2.1, the operator (A + By) is maximal monotone. Therefore, it follows from
(3.5) that

(Tiwm — Y, — A (BiTiwm — Biyy,), Y — Tix) > 0. (3.6)
Let tyy, := ykm — A (B, Y5 — By, Ty, Wi ). Then we obtain
v = x> = (W — M T, (T, — ) — ]|
= [[wm _XHZ = 2N (Wi — X, kan(Tkam —tm)) + niHTk;(Tkam —ty)
= [lwm —x]1* = 20T, Win — T, X, Ty Win — tm) + M| T (Tho Wi — 1) || > (3.7)

2
I

Moreover, using (3.6) and the identity (a,b) = 3[||a||* + ||b]|* — |la — b]|], we find that

(Te, Wi — T, %, Ty Wi —tm) = (Ti,y Win — yl,‘n’", Tk, Win — tm) + <y§1’” — T, %, T, Win — t)

> <Tkmwm_y§1maTkam_tm>
1
- 5(\|Tkmwm—ylfé”\|2+HTkam—meZ—Hyk’”—fm||2)- (3.8)

From the choice of {n,,} in Step 3, we see that
Mon (| Ti, Wi — tanl|* = M| T, (T, win = 1) |7) 2 €Mal| T3, (T Win — 1) 1

> || (T W — tw)||*- (3.9)

m

Substituting (3.8) and (3.9) in (3.7), we obtain
v =xl* < (Wi = 21> = (| To, Wi = 35 17 4+ 1| T o = 1> = [y — 11%)
ANl T (T wim — ) |1
= i = x| = (| T, Wi = Yo II” = A1 Bio, Yo = B, T, W)

=N T, Won — tonl|* = M| T3, (Th wn — 1) 1)

AZ'UZ
< Wi — ] = (1 — /Imz ) T, wm =y 1> = €21 T (T Won — ) || (3.10)
m—+1
Also, using [17, Lemma 2], we see that
|Xmte1 —x|| = ||(I— 0T )y — (I — CuTF )x— 0, T.7 ||

(I — 0 TF )y — (I — uTF )x|| + o T||.Z ||

<
< (L= anV)|[vm — x| + o7l Fx]), (3.11)
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where

0<v::1—\/1—r(2y—rL%)<1.

Furthermore, it follows from Remark 3.1 (2) that

12
lim (l—lzm uz)zl—u2>1—u>0.

m—oo
'm+1
Using (3.10), we can now find m( € N such that

vin =261 < 1w =] = T (1= )| To, win = Y > = €| T, (Tiy W — 1) | Ym > mo. (3.12)

In view of Remark 3.1 (1) and (3.1), we see that
lwn — x| < [|xn — x|| + M. (3.13)
Therefore it follows from (3.11), (3.12), and (3.13) that

M+ T.F
Bt =l < (1= 05Vl — ] + oy PN

M+ 1.7
S max{”xm_xH,(_i_—x)}
\Y
M+t
< max{||xm0—x||,¥}.

Thus, using the above analysis, we conclude that {||x,, — x|| } is a bounded sequence. Consequently,
the sequence {x;,} is bounded, as asserted. O

Theorem 3.1. Under Assumption 3.1, the sequence {x,,} converges strongly to x' € ., where xt
is the unique solution to the variational inequality problem (VIP) (Zx',y —x") > 0 forall y € .%.

Proof. Note that . is a closed and convex subset of .7#. According to Lemma 2.2, there exists a
unique solution x" € . to the VIP

(FxT,y—x") >0 Vye.7. (3.14)
It follows from (3.4) that
Pont =217 = [0 = 0 TF) (v = x") — o4t |?
= || (I = ouTZ) (i —xD)||> = 207 ((1 — CuT.F) (v —x1), Fx")
+o27?||.ZxT|?
(I = CnTF) (v — X)) ||? = 20T (Fx"  xp 1 —xT) — 0272||.FxT|?
(F

< NI = 0uT.F) v — XD |? = 2000 T(Fx" X1 —x7)

< (1=amV)||vm —xT||2 — 2(er<§xT,xm+1 —xT>. (3.15)
Also, from (3.1), we obtain

[[Wn _XTH2 = [J%m + O (Xm — Xm—1) _XTH2

< me _XT”Z +29m<xm —Xm—1,Wm _XT>
< pow = x>+ 20w — x| (3.16)
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Thus it follows from (3.12), (3.15), and (3.16) that, Vin > my,

P < (1= 0l =1 = 11 = ) (1= @) T i — 1

—e(1 - 0 V)| T, (T W —tw)|I* + 200 T(Fx" x" — 1)
426 || Wi — x| (3.17)

2’L’(9’)CT,)CJf — Xmt1) _I_szme —xw
% o,V '

me—i-l —X

< (1= 0pV)||xm —xWZ + amv<

At this juncture, we define ¥, := ||x,, —x'||> and T}, := <27<3ZXT’T,TX’"“> + 26’”HW7’:V = l) . Hence,
the last inequality becomes
W1 < (1= 04, V) ¥+ 0 vy, (3.18)
By Assumption 3.1 (b) and Proposition 3.1, one sees that {I',,} is bounded. In order to use Lemma
2.3, one assumes that {¥y,, } is a subsequence of {¥y,} such that hmmf(‘P —W¥,,;) > 0. Then
j=

mjt1

it follows from (3.17) that
timsup(Mm, (1= )| T, W, =y 1>+ €T (T Wiy — 1)) |1°)

J—eo
< lim sup((¥m; —¥mj+1) + Cn; V(L — i)
J—reo
< —liminf(Wy,+1 —¥m;)
J—e
< 0. (3.19)
Using (3.19), we infer that

lim || Ty, Wi, — Yy || = 0 and 1im (| T3¢ (T, Win; — ;)| = 0. (3.20)
Jj—reo J—reo

In view of the choice of k;,, and (3.20), it is not difficult to see that

lim || Twm, — yp, || =0, for each k,
jreo j

and therefore, lim; e || By Txwm; — Bkyfnj | = 0. It also follows from (3.20) and (3.3) that
lim [|vy; — Wi, || = 0. (3.21)
J—e

In view of Remark 3.1 (1) and (3.1), it is easy to see that
lim [|wp; — Xm; || = 0. (3.22)
j—roo

Combining (3.21), (3.22), and (3.4), we now obtain

hm N X1 = hm Vi, = lim wy,, = lim x,,, .. (3.23)
R

Since {x;, } is bounded, there exists a subsequence {xm;, } of {xu, } such that x,,; — ¥asi— coand

limsup(.Zx',x" X' = Xpyp1) = lim (Zx", x" X" =X 1)
j—>o<> 1—»00 1
= (Fx" xT—%). (3.24)

From (3.20) and (3.22), it follows that )’5” — Tix for each k € [K] and as i — eo.
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Now, let (¢, f) € 4 (A + By). Invoking (3.2), we obtain, for each k € [K],
Tkwm]'i - )LmjinTkaji _y;]'{nji + A‘mjinyfnji G A'mji (Ak +Bk)y]:rt]l
Since (A + By) is a monotone operator, it follows that
-~ Tiwmy, = Aon; BiTiwm;, — Vi + Ao, By,
f— : : ' Leé—ym )>0. (3.25)
Taking the limit as i — oo in (3.25), we then obtain ( fe— T;X) > 0. Since each Ay + By, is a maximal
monotone operator, it follows that ¥ € .%. Consequently, it follows from Assumption 3.1 (b), (3.14),

and (3.24) that limsupI',,; < 0. Therefore, applying Lemma 2.3 to (3.18), we infer that x,, — x' as
J—eo
m — oo, as asserted. U

In our next method, we consider the possibility of performing regularization and an inertial
procedure simultaneously at the first step of the iterative algorithm. This approach was motivated
by a recent study of Reich and Taiwo [10].

Algorithm 3.2. Tseng-type Method 2

Initialization: Let xo,x; € 77, u € (0,1), 8 > 0, and A; > 0 be given.
Iterative steps: Calculate x,,, | as follows:

Step 1: Given the iterates x,,_; and x,, (n > 1), choose

. G]n .
min { 0, | }, if X # Xm—1,

)y =
0, otherwise.
Compute
Wi = (I — 0 TF )X + Oy (X — Xim—1)- (3.26)
Step 2: Compute
Yoy = I3 (T — DB Tw). (3.27)
Step 3: Select k,, such that
Ik = Ti ol = max [, — Tiown
and compute
lm - y}l’c}”ln - km(Bkmyf;ln - Bkakam)7
Xmi1 = Wi = N T, (T Win — tm), (3.28)

||Tkam_th2

— €| when
’ ‘lTan(Tkam_tm)‘|2

where 1, 1s chosen so that for some € > 0 small enough, n,, € {8

Ty, ,Wm —tm # 0, else, N, =1 > 0.
Update

km
: -7 :
mm{)t Ml ~Tigy | }, if By, y<n = By, Ty, Wi,
A'm—o—l =

m %
"By =By T Wi |

Am,s otherwise.

Set m :=m+1 and go back to Step 1.

Proposition 3.2. The sequence {x,,} generated by Algorithm 3.2 is bounded.
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Proof. Since the proof is similar to the proof of Proposition 3.1, we only sketch it. Let ¢, :=
Yo — on(By, Y — By, Ty, wi) and x € .. Then, using (3.7) — (3.10) and (3.12), we find that

[Pt = xl* < [Iwa = x> = (1 = ) (1 = 0 V)| T, win — v |1
—&2(1 = 0V | Ty (Th, Win — 1) [|* Y > mo. (3.29)
In addition, employing a similar argument to the one that has led to (3.11), we find that

Wi —x|| < [|(I = 0 TF )xm — x[| + O [ X3 — X1 |
< (1= oY) |xm — x|| + || Z x|| + Onl|Xm — Xm—1]|, (3.30)

where

0<vi=1-y/1-tQy—td) <1.
Therefore, substituting (3.30) in (3.29), we see that

T||.Z# 0, — Xy
[ (1—amv)||xm_xy|+amv( ”vx||+ b X — i lll)

VO,
7| Fx| M
< (L= 0nV)||xm —x|| + o4 v +—
\% \%
T||Fx|| M
< maxy [Jx, —x||, ——+ —
1% v
7| Fx|| M
< maxy [[xp, — x|, ——— +— ¢.
\% \%
Therefore, using the above inequality, we infer that {||x,, — x|| } and {x,,} are bounded. O

Next, we establish the strong convergence of the sequences generated by Algorithm 3.2.

Theorem 3.2. Under Assumption 3.1, the sequence {x,,} generated by Algorithm 3.2 converges
strongly to x' € .7, where x' is the unique solution to the variational inequality problem (VIP)
(ZxT,y—x")>0forallyc .&.

Proof. Let x' € .7 be the unique solution to the VIP
(FxT,y—x") >0 Vye.7.
Define b, := (I — 04, T% )x,,. Using a similar argument to the one that has led to (3.15), we obtain
b — xT|12 < (1= V) ||xm — xT||* = 204, T(FxT, by — x7). (3.31)
Moreover,

(b —x" 00 (X —xm-1)) = (I = OuTT )X —x", O (X — Xpn_1))
= <xm_xT76m(xm_xm71)>_O‘m7<ﬁxm76m(xm_xm71>>
Ol 11| (1 =+ Ol 5]

O ([[2%m — x| + 04 T|| Fxm])) - (3.32)

IA A
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Furthermore, using (3.31) and (3.32), we have
”Wm_)CTH2 = ||bm—xT+9m(xm—xm71)||2
= |lbm _XTHz +2(bm _x’r7 O (Xm — Xm—1)) + Gr%z”xm —Xm—1 ||2
< (1= 0V)|Jxm — x> = 20, T(Fx" by — xT)

+26 (||xm — x| + 06 T|| T x| |) + O (3.33)
Thus, substituting (3.33) in (3.29), we find that
Ponsr — x|1?
< (1= 0tpV)||xm —xT||> = 20,7 (Fx" by —x7) + 26 (|]xm —x'||+ O T||-F xml))

67— (1 — 1) (1= V)T wim — 30 2 — €2(1 = ) |5, (Tig, i — 1)

< (1= aV)|pon — x|
20(Fx" x" — by, O (||Xm — xT|| + || Fx bop
(B )l )
v OV OV
,Vm > my. (3.34)

At this point, we define ¥, := ||x,, — x7||* and

P I 1 (el ARka )
m = % + oV
m

2
+ G—) . Hence, (3.34) becomes

(Xmmv
W1 < (1= V)P + AV, Ym > my. (3.35)

Therefore, by following similar arguments to those used in the proof of Theorem 3.1, starting from
(3.18), we find that x,, — x', as asserted. L]

The following corollary is an immediate consequence of our main results.

Corollary 3.1. Suppose that 7€ is a real Hilbert space, A : 7 = € is a maximal monotone
operator, and B : 7 — F is a monotone and Li-Lipschitz continuous operator. Let F . 7 —
be a y-strongly monotone and L-Lipschitz continuous operator, and assume that . := {x € 7 :
(A+B)~! (0)} # 0. Then the sequences generated by Algorithms 3.3 and 3.4 converge strongly to
x' €., where x7 is the unique solution to the variational inequality problem (VIP) (7 Xy —xT> >0
forally € &.

Algorithm 3.3.

Initialization: Let xo,x; € 77, u € (0,1), 8 > 0, and A; > 0 be given.

Iterative steps: Calculate x,,; as follows:

Step 1: Given the iterates x,,_ and x,, (m > 1), choose

. Gm .
min AT — if —
{6’ HXm_Xm—lH }7 Xm %xm L

0, otherwise.

=
Compute
Wi = Xm + Om (X — Xi—1)-

Step 2: Compute
Vim = Ji‘m (Wi — A Bwp,).



TSENG-TYPE ALGORITHMS 51
Step 3: Compute
Vm = (1 - nm)Wm + nm()’m - )Lm(B)’m - BWm)>7

where 1, is chosen so that 1, € [€,1 — €], for some € > 0 small enough.
Step 4: Compute

Xmi1 = ([ — 0 TF vy
Update
min { A {2 L, By B,

Ams otherwise.

)vm+l -

Set m :=m+-1 and go back to Step 1.

Algorithm 3.4.

Initialization: Let xo,x; € 77, u € (0,1), 8 > 0, and A; > 0 be given.
Iterative steps: Calculate x,,, as follows:

Step 1: Given the iterates x,,—; and x,, (n > 1), choose

m —

min{@, #}, if X0 # X1,
0, otherwise.
Compute

Wi = (I — QpTF )X + O (X — Xi—1)-
Step 2: Compute

Ym = Jffm (Wi — ApBwp,).
Step 3: Compute
X1 = (1= 1) Wi+ M (Y — A (BYm — BWi)),

where 7, is chosen so that n,,, € [€, 1 — €], for some € > 0 small enough.
Update

. mfwm .
mln{lm,%}, lfom#BWm,
Am—i—l - " "

Ams otherwise.

Set m :=m+1 and go back to Step 1.

Proof. Letk=1, ¢ = 74 and T = I in Assumption 3.1. Then Algorithms 3.3 and 3.4 reduce to
Algorithms 3.1 and 3.1, respectively. Therefore, the proof follows from Theorems 3.1 and 3.2. [
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4. AN APPLICATION AND A NUMERICAL EXAMPLE

4.1. Composite Bilevel Optimization Problem. For k € [K] and n; € N, let
Ti : R™ — R™ be a bounded linear operator with the adjoint 7" : R"™* — R™,

and let @ : R"™ — R U {+oo} be defined by @ (x) := fi(x) + gr(x), where f; : R — R is a
continuously differentiable function with an L;-Lipschitz continuous gradient V f;, and g; : R™* —
R U {400} is closed and convex, but not necessarily differentiable. In addition, let 4 : R” — R be
a y-strongly convex and differentiable function with an L-Lipschitz continuous gradient Vh. We
consider the following convex bilevel optimization problem (CBOP):

in_h 4.1
Pl B ), 1)

where X* is the solution set of the composite optimization problem
N T, ! (arg min . 4.2
reik) T ( g min P (x)) (4.2)

In optimization terminology, (4.1) is called the outer level problem and (4.2) is said to be the inner
level problem. This formulation generalizes some bilevel optimization problems studied in the
literature. For the case where K = 1, m = n, and 7}, is the identity operator, we refer interested
readers to [18, 19, 20] and some of the references therein for studies related to the CBOP (4.1)—(4.2).
In our framework, by the optimality condition, finding X* is equivalent to solving the inclusion
problem (see [21, Theorem 3.43])

x €M T, (Viic+dg) 1 (0). (4.3)

Furthermore, solving the outer level problem (4.1) is equivalent to solving the following variational
inequality problem (see, for example, [13, Prop. 27.8, p. 501]):

Find x € X™ such that (VA(x),y—x) >0 Vy € X*. 4.4)

Thus, by combining (4.3) and (4.4), we find that solving (4.1)—(4.2) is equivalent to solving the

following inclusion problem
Find x € R" such that x € X* = Nf_, 7, ' (Vi +dgr) ' (0) and (Vh(x),y—x) > 0 ¥y € X*. (4.5)
Our next theorem is an application of our main results to the composite bilevel optimization

problem (4.1)—(4.2).

Theorem 4.1. Assume that the conditions of Assumption 3.1 hold. Under the data in Section 4.1,
suppose X* # (0. Then the sequences generated by Algorithms 4.1 and 4.2 converge to a point
x* € X*, which satisfies
(Vh(x"),x—x") > 0Vx € X",
and x* is the unique optimal solution to the outer level problem (4.1).
Algorithm 4.1. Tseng-type Method 1 for solving the BOP (4.1)—(4.2).
Initialization: Let xo,x; € 7, u € (0,1), 8 > 0, and A; > 0 be given.
Iterative steps: Calculate x,, | as follows:
Step 1: Given the iterates x,,—; and x,, (m > 1), choose

. Gln .
min { 0, o | }, if X # Xm—1,

0, otherwise.

m —
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Compute
Win = Xm + O (X — Xi—1)-
Step 2: Compute
)
i = I3 (T — AoV fi W)
Step 3: Select k,,, such that
3% = T, winl| = max||y}, = Tiow
and compute

Vm = Wm — anan (T W _y]};,ln + Am(vfkmylr{y’ln — VS TiyWm)),
where 1, is chosen so that for some € > 0 small enough,
Ty W3+ 2n (V i K= iy T w2 }
PN (T Win =0+ A (¥ Fi Y = Fi T Win)|12
when Ty, Wy — Y5 + A (V fi, Vi — V i T, W) # 0, else, N =1 > 0.
Step 4: Compute

Mm € |€

Xmt1 = (I — QpTVh)vy,.
Update

ki
1 »tumm_Tk Wm” . k
min< A m if ka yhm ka Tk W
A1 = { "NV fn = S T Wl [ Y 7V Jion T Wi

Aoy otherwise.

Set m := m+ 1 and go back to Step 1.
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Algorithm 4.2. Tseng-type Method 2 for solving the BOP (4.1)—(4.2).

Initialization: Let xo,x; € 77, u € (0,1), 8 > 0, and 4; > 0 be given.
Iterative steps: Calculate x,,; as follows:
Step 1: Given the iterates x,,_ and x,, (n > 1), choose

. Gm .
min —_ if x Xpp—
{wam—xml}’ m 7 =1,

0, otherwise.

m —

Compute
Wi = (I — 04 TVR) X + O (X — X—1)-
Step 2: Compute
d
y51 = J/ljk (Tewm — AV fiTiwm)-
Step 3: Select k,,, such that
I3 = T winl| = max[ly}, — Tiow|
and compute

Xm+1 = Wm — an]::n(Tkam _y;l/{r’ln + km(kamyl,ﬁ;” - kamTkam)):
where 1,,, is chosen so that for some € > 0 small enough,

k k;
H T Wi =Yt +Am (kamymm *kam T Wm) ”2
k k;
’ HT]:;, (Tkm Win—Ym" +Am (ka,nyn?l _kam Tk, Wm)) HZ
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when Ty, Wy — Y5 + 4 (V fi, Yo =V o T, W) # 0, else, N, = 1 > 0.
Update

k
: wya" =T Winl| . k
min< A m if Vv m £V T, w
Ayl = { "NV f eV fio Tl [ FinY' 7V i Tin W

Ao otherwise.

Set m :=m+1 and go back to Step 1.

Proof. The proof can be derived from the proof of Theorems 3.1 and 3.2 by setting . = X*,
Ay = dgyi, and B, = V f; in Algorithms 3.1 and 3.2, respectively. O

4.2. Numerical Illustration. Let ¢; : R? - R, ¢ : R? = R, and @3 : R* — R be defined by
¢1(a) := |lal3 = (3,7)-a+|lall1, a € R?,
@2(b) := |63+ (1,-3,=5)-b+3+[|bll1, b € R?,

and
. l 2 _ 4
(pg(C) T 2|’C”2+ (07 1, 174) ¢, c € RY,
respectively, where - stands for the scalar dot product, || - ||, is the Euclidean norm and || - ||; is the

¢1-norm. We define the function 4 : R — R by

2 2 2 2 2

X X X X X
h(x) ::31+52+33+§4+35—x1+x2+5—3x5.

For k = 1,2,3, let Ty, : R> — R**! be defined by

1 0
Tix= (1 1

I 1
sz: 0 2
0

S = O S =
w o O S =

—_—

and

T3X =

S O =
—_— N
—_ o O O
—_ o O O

0 —1

for each x € R?. Our aim is to solve the BOP (4.1)—(4.2) for the above data. It can be verified
that (0,1,2) = arg mirg ¢©2(D) [10, Ex. 5.2]. Similarly, (1,3) = arg min @y (a),and (0,1,—1,—4) =
beR acR

arg min @3(c). Furthermore, (1,—1,0,0,3) = m2—1Tk_1 (arg min @(x)) and it turns out that the
ceR4 N xERKHI

minimum value of 4 is attained at x = (1,—1,0,0,3). We apply our Algorithms 3.1 and 3.2 to find
the solution to the BOP using the following initial points.

Case a: xo = (—3,7,6,0,1) and x; = (1,0,8,2,—3);

Case b: xo = (2,2,—1,3,—5) and x; = (9,3,—4,1,2);

Case c: xo = (0,2,9,15,—5) and x; = (23,3,-23,1,6);

Case d: xog = (—25,22,—6,1,11) and x; = (26,3,—4,7,0).
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The control parameters for the implementation of our algorithms are chosen as o, = mLH Om =

m++l, u=0.51t=0.4,1n1=0.3,and A; =0.2. The codes for the algorithms are written in MATLAB
2021b and run on an HP Laptop Windows 10 with Intel(R) Core(TM) i5 CPU and 4GB RAM with
the stopping criterion given by E, = ||(1,—1,0,0,3) —x,11||> < 107°. Figure 1 and Table 1 provide
the numerical results we obtained for four different choices of the initial values.

——Tseng-type Meth. 1] ——Tseng-type Meth. 11
—+— Tseng-type Meth. 2 ——Tseng-type Meth. 2

| | . | I I
0 5 10 15 20 2 30 35 0 5 10 15 20 2 20 ES
Iteration number (n) Iteration number ()

T T T T T T
—— Tseng-type Meth. 1] [——Tseng-type Meth. 1|
—+— Tseng-type Meth. 2 —+—Tseng-type Meth. 2|

Iteration number (n) Iteration number (n)

FIGURE 1. Top left: Case a; Top right: Case b; Bottom left: Case c; Bottom right:
Case d.

5. CONCLUSIONS

In this paper, we introduced two Tseng-type methods for solving variational inequalities over
the solution sets of split variational inclusion problems in the setting of a real Hilbert space. We
proved strong convergence theorems for these methods, and provided an application and numerical
illustrations of our results. These numerical examples confirm the efficiency and applicability of
our methods.
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TABLE 1. Numerical results.

Tseng-type Meth. 1 Tseng-type Meth.2
Case | CPU time | 0.0428 0.0576
a (sec)
No. of Iter. 28 33
Last iterate (0.9996, -0.9997, 5.3726e-4, -|(0.9998, -0.9998, 5.2018e-4, -
8.6871e-6, 2.9994) 8.4189e-6, 2.9995)
Case | CPU time | 0.0029 0.0042
b (sec)
No. of Iter. 27 31
Last iterate (1.0003, -1.0002, -4.4425e-4, -|(-1.0000, -1.0000, -5.6853e-4, -
4.8289¢-5, 3.0004) 9.1023e-5, 3.0006)
Case | CPU time | 0.0025 0.0031
c (sec)
No. of Iter. 32 36
Last iterate (1.0003, -1.0002, -5.5950e-4, -| (1.0000, -1.0000, -7.8448e-4, -
2.3154e-5, 3.0005) 4.6932¢-5, 3.0004)
Case | CPU time | 0.0022 0.0023
d (sec)
No. of Iter. 31 32
Last iterate (1.0002, -1.0004, 1.3695e-4,| (1.0004, -1.0004, 5.3389¢-4,
1.0908e-4, 3.0008) 2.4871e-5, 3.0005)
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