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INCLUSION PROBLEMS IN HILBERT SPACES

OLUWATOSIN T. MEWOMO!*, CHIBUEZE C. OKEKE!2, FERDINARD U. OGBUISI!2

School of Mathematics, Statistics and Computer Science, University of Kwazulu-Natal, Durban, South Africa
2DSI-NRF Center of Excellence in Mathematical and Statistical Sciences, Johannesburg, South Africa

Abstract. Our purpose in this paper is to propose an iterative method involving a step-size selected
in such a way that its implementation does not require the computation or an estimate of the spectral
radius. Using our algorithm, we state and prove a strong convergence theorem of a common solution to
a monotone inclusion problem and a fixed point problem of multi-valued Lipschitz hemicontractive-type
mappings, whose image under a bounded linear operator is a fixed point of a demicontractive mapping.
Our result generalizes some important and recent results in the literature.
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1. INTRODUCTION

Let H be a real Hilbert space, and let C be a nonempty, convex, and closed subset of H. Let
T : C — C be a mapping, and let F(T) := {x € C: x = Tx} denote the set of fixed points of T
Recall that 7 is said to be
(i) nonexpansive if ||T (x) — T (y)|| < ||x—y]| for all x,y € C;
(ii) quasi-nonexpansive if F(T) is not empty and ||T(x) —¢|| < ||x —¢]| fr all x € C and
q € F(T);
(iii) p-demicontractive if F(T) is not empty and there exists a constant i € [0, 1) such that

I7(0) —4l* < llx =gl + kT (x) —ql> ¥ xeC, qeF(T),
which is equivalent to

11—k
(Tx—Tq,x—q) < |x—ql|* = ——|ITx—x|> V x€C, g€ F(T). (1.1)

Let CB(C) denote the family of nonempty, closed, and bounded subset of C. The Hausdorff
metric on CB(C) is defined by

(A, B) = max{supd(x, B),supd(y,A)}
x€EA yEB
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for all A,B € CB(C), where d(x,B) = inf{||x — b|| : b € B}. A multi-valued mapping S : C —
CB(C) is called Lipschitzian if there exists L > 0 such that 77 (Sx,Sy) < L||x—y|| forall x,y € C.
If L =1, then S is called a nonexpansive mapping. If L € (0,1), then S is called a contraction.
An element x € C is called a fixed point of S : C — CB(C) provide x € Sx. Let T : H — H be a
mapping. We denote the fixed point set of T by F(T), thatis, F(T) := {x € H : Tx = x}. Fixed
point problems of single-valued or set-valued nonlinear operator have various applications; see,
e.g., [1,2,3,4,5] and the references therein.

Recall that a mapping S : C — CB(C) is said to be a multivalued hemicontractive-type if
F(S) # 0 and, for all p € F(S), x € C, #%(Sx,Sp) < ||x— p||* + ||x — u||? for all u € Sx. For
any point u € H, there exists a unique point Pcu € C such that ||u — Peu|| < ||u—y|| forall y € C,
where Fc is called the metric projection of H onto C. We recall that Pc is nonexpansive from H
onto C and satisfies (x —y, Pcx — Pcy) > ||Pcx — Pey||? for all x,y € H. Pcx is also characterized
by (x— Pcx,Pcx—y) >0 forall y € C.

Recall that a mapping 7 : H — H is said to be

(i) a-strongly monotone if there exists a constant o > 0 such that (Tx— Ty, x—y) > o||x—y||?
for all x,y € H;

(ii) B-inverse strongly monotone (-ism) if there exists a constant § > 0 such that (Tx —
Ty,x —y) > B||Tx— Ty||* for all x,y € H.

Recall that a set valued mapping M : H — 2! is called monotone if, for all x,y € H with
u€ M(x)andv € M(y), (x—y,u—v) > 0. A monotone mapping M is said to be maximal if the
graph of M, denoted as G(M), is not properly contained in the graph of any other monotone
mapping, where for multi-valued mapping M, G(M) = {(x,y) : y € M(x)}. It is known that M
is maximal if and only if, for (x,u) € H x H, (x—y,u—v) > 0 for all (y,v) € G(M) implies
u € M(x). Its resolvent operator with A, introduced by Moreau [6], is the mapping Jf{” ‘H —
H defined by J3!(x) = (I+AM)~'x for all x € H,A > 0. One knows that J}/(x) is single-
valued, nonexpansive, and 1-inverse strongly monotone. The inverse-strongly monotone (also
referred as co-coercive) operators were widely used to solve optimization problems; see, e.g.,
[7, 8,9, 10, 11] and the references therien. It can be easily seen that (i) if 7 is nonexpansive,
then I — T is monotone; (ii) the projection mapping FPc is 1-ism.

A fundamental problem is to find a zero of a maximal monotone operator M : H — 2 in real
Hilbert space H. That is,

find xe H: 0¢& Mx. (1.2)

It includes non-smooth convex optimization problems and convex-concave saddle-point prob-
lems as special cases and finds various applications in machine learning. It is known that the
solution of (1.2) is a fixed point of J}' and the set M~'(0) := {x € H : 0 € Tx} is closed and con-
vex. The classical algorithm to solve (1.2) is the proximal point algorithm, which can be traced
back to Minty [12] and Martinet [13]. The proximal point algorithm generates a sequence {x,}
by x,1 = (I+A,M)~(x,), where 4, is a positive regularization parameter. Recall that Rock-
afellar [14] proved that the sequence {x,} generated by the proximal point algorithm converges
weakly to a point x* with 0 € Mx*. To reduce the computational complexity, 7 can be written
as the sum of two monotone operators, i.e., T = M + B, where (I +2AA) ! or (I +AB)~! is eas-
ier to compute than (/4 AT)~!. Let us recall two splitting algorithm: the Peaceman-Rachford
splitting algorithm [15],

Xps1 = ([+AB) 1T = AA) I+ AM) 11— AB)(x,),
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and the Douglas-Rachford splitting algorithm [16],
Xpr1 = I+ AB) (I +AM)" (1 - AB) + AB](x,).

Observe that the two splitting algorithm were originally proposed in the context of linear op-
erators and systems. In [17], Lion and Mercier analysed and developed the splitting algo-
rithms. Their idea was to perform a change of variables x, = (I +AB)~!(v,) such that the
Peaceman-Rachford and Douglas-Rachford splitting algorithms are efficient for A and B be-
ing multi-valued operators. Regarding convergence of the algorithms, the Peaceman-Rachford
algorithm still needs to assume that B is single-valued but the Douglas-Rachford algorithm con-
verges even in the general setting, where M + B is just maximally monotone. Another impor-
tant line of splitting methods was given by the so-called forward-backward splitting technique
[17, 18]. In contrast to the more complicated splitting technique discussed above, the forward-
backward scheme is only based on the recursive application of an explicit forward step with
respect to B, followed by an implicit backward step with respect to M. The forward-backward
algorithm is written as: x,, 1 = (I +A,M)~!(I — 2,,B)(x,,). In the most general setting, the con-
vergence result is rather weak [19] if both M and B are general monotone operators. Basically,
A, has to fulfil the same step-size restrictions as unconstrained subgradient descend schemes. In
addition, if B is single-valued and Lipschtz, that is, B is the gradient of a smooth convex func-
tion, the situation becomes much more beneficial. In fact, if B is L- Lipschitz, and A, is chosen
such that A, < %, the forward-backward algorithm converges to zero of T = M + B [20, 21].
Recently, the forward-backward algorithm is under the spotlight of research. It has been pro-
posed and further improved in the context of sparse signal recovery, image processing, and
machine learning. One refers to [22, 23, 24, 25] for various modifications of the modifications
of forward-backward algorithm.

Let C be a nonempty, convex, and closed set in a Hilbert space Hy, and let Q a nonempty,
convex, and closed set in Hilbert space H,. Let A : Hi — H> be an operator, which is assumed
to be both bounded and linear. A Split Feasibility Problem (SFP) is to find a point x in C with
Ax in Q. The SFP was first introduced by Censor and Elfving [26] for the problems arising from
medical image reconstruction. Moreover, it has been found that the SFP can also be used in
image restoration, computer tomograph, and radiation therapy treatment planning [27, 28]. In
the past decade, various efficient solution methods were devised and investigated for solving
the SFP and its related optimization problems; see, e.g, [29, 30, 31, 32, 33] and the references
therein.

Let B: H; — 2" be a multivalued mapping, and let T : H, — H> be a single-valued mapping.
Let A : H — H; be a bounded linear operator. Recently, Takahashi et al. [33] studied the
following problems: find x € H; such that 0 € B(x) and Ax € F(T). We denote its solution set
by Q, that is, Q := {x € H; : 0 € B(x) and Ax € F(T)}. Takahashi et al. [33] stated and proved
the following two weak convergence results.

Theorem 1.1. ([33]) Let H; and H> be Hilbert spaces. Let B : H; — 2" be a maximal monotone
mapping and let J® = (I1+ AB)~! be the resolvent for B for A > 0. Let T : Hy — H, be a nonex-

pansive mapping and A : Hy — H, a bounded linear operator. Suppose B~ (0)NA~'F(T) # 0.
For any x| = x € Hy, define x, 1 = an (I — mA*(I —T)A)x, for all n € N, where the sequences
{An} and {7y, } satisfy the following conditions:

(i) 0 < liminfy, e A, limsup,,_,, A, < oo,

(ii) 0 < liminf, ey, limsup, ... % < W
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Then {x,} converges weakly to a point zo € B~1(0)NA~'F(T), which is a strong limit of the
projections of {x,} onto B~ (0)NA~'F(T), that is zo = lim, . Pg-1 (0)NA~1F(T)*n-

Theorem 1.2. [33] Let H| and H) be Hilbert spaces. Let B : H| — 2H1 pe a maximal monotone
mapping and let J® = (I +AB)~! be the resolvent for B for A > 0. Let T : Hy — Hy be a nonex-
pansive mapping and A : Hy — H, a bounded linear operator. Suppose B~ (0)NA~'F(T) # 0.
For any x| = x € Hy, define x,, 1 = Bpxn+ (1 — ﬁn)an (I —A*(I —T)A)x, for all n € N, where
the sequences {f3,} C (0,1) and {A,} C (0,0) satisfy the conditions:

(al) Y;7_q Bu(1—PBn) < oo,

(a2) 0<a<y < W and Y571 | Ay — Aps1| < oo

Then x, — zo € B~ (0)NA~'F(T), where zg = lim,,_s., Pg-1(0)yra-1F(1)%n-

In this paper, we introduce an iterative algorithm and proved a strong convergence theorem
for finding a fixed point of a multi-valued Lipschitz hemicontractive-type mapping, which is
also a solution to monotone variational inclusion problem (1.2), where T = M + B with M being
a maximal monotone operator and B an ¢t-inverse strongly monotone mapping and whose image
under a bounded linear operator is a fixed point of a demicontractive mapping. In our result, the
step-size is selected in such a way that its implementation does not involve the computation or
an estimate of the operator norm. Hence Our result improve and extend many known results in
this direction.

2. PRELIMINARIES

In this section, we give some definitions, lemmas, and results that are needed in the main
results.
Let H be a real Hilbert space. For all x; € H and o; € [0,1] for i = 1,2,...,n such that
o+ 0 + ...+ oy, = 1, the following equality holds:
n
loux + xa + ..+ axal> = Y aillx))> = Y aiollxi — x|
i=1 1<i,j<n

One the other hand, one also has the following celebrated identities

@) [l +y01> = [1x]* + 1> +2¢x):
i) [lx+yl* < [lx)*+2(px+):
Qi) [|Ax+(1=2A)y—z]> = 2[x—z|>+ (1 = A)[ly—2l|* = 2(1 = ) [x = y||*, for any A €
(0,1), x,y,z € H.

Lemma 2.1. [34] Let C be a nonempty, convex, and closed set in a real Hilbert space H. Let
T : C — C be a nonexpansive mapping. Then I — T is demiclosed at 0, (i.e., if x, — x € C and
Xy — Tx, — 0, then x = Tx).

Lemma 2.2. [35] Let H be a real Hilbert space. Let M : H — 2H be a maximal monotone
operator, and let B : H — H be an a-inverse strongly monotone mapping. Then

(i) forr >0, F(T,) = (M+B)~'(0):={x € H:0 € (M+ B)x},

(ii) for 0 < s < rand x € E, ||x — Tyx|| < 2||x — Tpx||, where T, := (I4+rM)~'(I1 —rB) =
JM(1—rB).
Lemma 2.3. [36] Let H be a Hilbert space. Let A,B € CB(H) and a € A. Then, for € > 0,

there exists a point b € B such that |ja—b|| < S (A,B) +¢€. If € = 5 (A,B), then ||a—b|| <
25¢(A,B).
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Lemma 2.4. [37] Let {a,} be a sequence of non-negative real numbers such that a, < (1 —
Op)an + 04,0, + O, for all n > 0, where limsupo, <0, {o,} C [0,1], ¥ 50, =00, 6, >0, and
Yo gOn < co. Then a, — 0 as n — oo.

Lemma 2.5. [38] Let {a,} be a real sequence with its subsequence {n;} of {n} such that
an; < ap;+1 for all j € N. Then there exists a nondecreasing sequence {m;} C N such that
my — oo and the following properties are satisfied by all (sufficiently large) number k € N :
Ay, < A1 and ag < apy 1. In fact, my =max{j <k:a; <aj}.

3. MAIN RESULTS

We now state and prove the following theorem.

Theorem 3.1. Let Hy and H) be two real Hilbert spaces, and let C be a nonempty, convex
and closed subset of Hy. Let A : Hl — H» be a bounded and linear operator, and let A* be
the adjoint of A. Let M : Hy — 2" be a maximal monotone operator, and let B : C — Hy be a
T-inverse strongly monotone mapping. Let S : Hl — CB(H,) be a L-Lipschitz hemicontractive-
type mapping, and let T : Hy — H, be an [l-demicontractive mapping such that Y := F(S) N
(M+B)~Y(0)NA~'F(T) # 0. Let the step size Y, be chosen such that for some € > 0, ¥, €
(8 (1—p) | TAx,—Ax, |*
T AT DA
ber). Suppose that {0y}, {B.}, and {8,} are sequences in (0,1), and the following conditions
are satisfied:

8) , if TAx, # Axy; otherwise 7y, = v (Y being any nonnegative real num-

(i) an+ﬁn+6n =1
(ii) 1i_r>n 0, =0andy, 0 = ;
n—soo
(iii) 0 < liminf,, .1, < limsup,,_, 1, < 27;

: 1
(iv) O+ <Ay <A < i1
(v) Sp={p}VpeX, (I-T)and (I —S) are demiclosed at 0.

Then the sequence {x,} generated below for any xy,u € Hy by

wp = Pe(xp + %A (T —1)Axy),

20 = (I +r,M)" (wy — r,Bwy,),
Yn = (1= Au)zn =+ Antt,

Xn+1 = anu+ﬁnvn+6nzna n>1,

(3.1)

where u, € Sz, and v, € Sy, converges strongly to g € Y where g = Pyu.

Proof. We first demonstrate that {x,} is a bounded sequence. Let ¢ = Pyu, and define 7, :=
J% (I —ryB) for all n > 1. Then, T, is nonexpansive for all n > 1 and

120 = gl = 1 Tawn = Tugl| < [Iwn — 4l
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From (1.1), (3.1), and g € Y, we have

Iwn —ql?

IN

|Pe(xa+ %A™ (T —1)Ax,) — g
% — ql|* + B IA(T — DAx||* + 2% (xw — ¢, A™ (T — I)Ax,)
% — ql|* + B IA(T — D)Ax,||>
+2%[(Ax, —Ap, TAx, — Aq) + (Ax, — Aq,Aq — Ax,)]
% — ql|* + V1A (T — 1) Ax, ||
+27,[(Ax, — Aq, TAx, — Aq) — || Ax, — Aq||*]
“ 2
10— ql|> + | A*(T — 1)Axy |

1 —
2~ Agl — U2 7%, — Axy P~ A, — AP

lben = ql® + %[l |A*(T = DA% |* + (1 = 1| TAx, — Axa*). (3.2)

From the choice of ¥, and (3.2), we see that ||w, — ¢||* < ||x, — g||*. Since S is a hemicontractive-
type mapping and u,, € Sz,, we obtain from (3.1) that

2
v —ql” =

IA A

<

(1= ) llzn = all? + Aulln = gl = 2n (1 = 2) |20 = un|®

(1-

An)HZn _‘IH2 —|—l,,<%”2(5zn,5q) —Au(1 _An)HZn - ”n”2

(1= A)llzn = a1+ 2 (2w =l + llzn = 0l?) = (1 = A 2 =

Hzn - QH2 +7Ln||zn - “nH2 —A(1 _An)HZn - ”nH2

e = ql® + A, |z — |

Since § is hemicontractive-type and v, € Sy,, we conclude from (3.1) that

[va—ql> = (d(va.Sq))* < H*(Syn,Sq)
2 2
< Alyn—all” + llyn = vall
2 2 2 2
<l —qll” + Ay |z — ™+ [y — vall™. (3.3)
In view of (3.1), we have
|2 —ynH2 = ||z — ((1 _)Ln>zn+ln”n)uz = /lr%HZn_unHZ- (3.4)

Since S is L-Lipschitzian mapping and ||u, — vy || < 25 (Szy,Sy,), we obtain from (3.4) that

1y = vall®

ININ A

(1 =) llzn — Vn”2 + A | un _VnH2 —An(1 = An) |20 — ”n”z

(1 _ln)HZn _VnH2 +7Ln||”n _VnHz _An(l —An)”Zn - ”nH2

(1= An)llzn = vall* + 4207 (T2, Tyn) — An(1 = An) l2n — tn®

(1= A |20 = vall* +4A3L2 |20 — ) = An(1 = X)) |zn — un| >, (3.5)

Hence, substituting (3.5) into (3.3), we obtain that

2
va—qll* =

b = a1 4 (1= 2) 120 = val* + An (4L2 A7 + 22 = 1)l|z0 — a|*.~ (3.6)
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Thus, from (3.1) and (3.6), we have that

X1 —ql|?
_ 2 o 2 5 o 2 5 _ 2
Ol —q||” + Bullvi — ql|” + Oullzn — 4| B 6nl|zn — val|

et =gl + B {10 =gl + (1= A1z = vall* + Aa(4L2A7 422 — 1) |20 — 1|

IN

+6p||2n _CIH2 — Bnbnl|zn — Vn||2

< Oyllu _ClH2+ (1= 0ty)][xn _QHZ + (1= 61— An) |2 _VnH2
~Ban(1 = AL2AT — 22|20 — 1. (3.7)
From assumption (iv), we have
141222 =22, > 1—4L*2% =21 >0 and (0, +B,) — 4, <0, Vn>1. (3.8)

Therefore, from (3.7) and (3.8), we have

2 2 2

i —alP < aullu—al®+(1— a)llsa—al
2 2
< max{|lu—q|||x.—ql"}

2 2
max{||u— gl [lx1 —¢["}-

Hence, {x,} is bounded. It follows from (3.1) that

||Xn+1—61||2 = ”O‘nu‘*'ﬁn"'n‘i‘Snzn_QH2
< 1Ba(v— ) + 8a(zn — @)II> + 206 (u = ¢, 5011 — )
< ﬁnHVn_Q|’2+5n||zn_CIHZ_ﬁnSnHZn_”n||2+2an<”_%xn+l_Q>
< B |l = ql” + A(AL2AT 4220 — 1) 120 — tta|* + (1= An) [0 — vl )

+ 6|2 — Cl“z — B6allzn — ”nH2 + 20, (U — q,Xp41 — q)
(1 —a)lxn — QHZ — BaAa(1 _479%142 —22n) |20 — ”nHz
B0+ Bu = An)l| 20 — vall* + 200 (1 — g, %011 — q), (3.9)

which implies that

i1 —ql* < (1= )| — ql|* + 206 — ¢, %041 — q)- (3.10)

Now, to obtain the strong convergence, we divide the proof into two cases
Case 1. Suppose that there exists ng € N such that {||x, —¢|| } is decreasing for all n > ngy. Thus
{|[x» — ¢l| } is convergent, and

%01 —qlI> = %0 —g||* = 0, n— oo. (3.11)
In view of (3.8) and (3.9), we have that
Bn)tn(l _4L27an _Z)Ln)HZn _”nHz < (1 - O‘n)Hxn _CIHZ - ||xn+1 _CIH2+2(Xn<”_CIaxn+1 _‘1>‘

Form (3.8), (3.11), and the fact that o, — 0 as n — oo, we have that ||z, — u,|| — 0 as n tends to
oo, which implies that

d(zn,Szn) < ||zn — tn|| = 0 as n— oo. (3.12)
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Since § is Lipschitz, we obtain from (3.4) that

|z —=vall < lzn — |l + [|ttn — val|
< ||Zn_”n|| +2L||Zn_)’n|| = ||Zn—”n|| +2L}Ln||zn _“nH —0 (3.13)

2
as n — oo. If TAx,, # Ax,, then ¥, € <8, (T;*)(HTT‘_L‘;)”A;AW’;H - 8). From (3.2), we have

< = gl + Yl WA (T = DA > + (1 — 1)[| TAx, — Ax||]
< xn—qll* = el AT — 1) Ax, ||, (3.14)
By using (3.1), (3.6), and (3.14), we have

2
Iwn =4

2
[%n+1 — 4l
< 2 2 B 2 ) 2
< llu—qll”+ Bullva — qll” + 8ullzn — qlI” — BuOullzn — vall
< O‘nHu_QHZ‘i‘én”Wn_CIHZ_‘Snﬁn”Zn_Vn”Z
B Il = P 4+ (1= &)z = vill? + A (41223 4+ 22 = 1)z =
< O‘nHu_Q||2+ﬁn||xn_Q||2+ﬁn(1_/ln)HZn_Vn”z_snﬁnnzn_vnHz

+ﬁnln(4L212 + 24, —1)|lzn — ”nH2 + 8|2 — QH2
— 8.1l AN(T = DAxa %, (3.15)
which implies that
S 1€ ||A* (T — 1) Ax, ||
< opllu—ql* — (1= )|l —qll* = %01 — qll?
+B(1 =8 — A |20 — vall* + BuAn (AL2A2 422 — 1) ||z — uan || (3.16)
From (3.11), (3.13), and the fact that o;,, — 0 as n — o, we obtain
li_r>n |A*(T —1)Ax,|| = 0. (3.17)
It also from (3.14) and (3.15) that
< allu—ql® + (1= ) [ —gll* = 15nr1 = ql1> + Ba(1 = 85 — A)l|z0 — vl

Bl (BLPA2 4+ 22 — 1) |20 — || + S Yl A* (T — I Axy || (3.18)
From (3.11), (3.13), (3.17), and the fact that ¢, — 0 as n — oo, we obtain
lim || TAx, — Ax,|| = 0. (3.19)
n—soo

Now, from (3.1), we have
wa =gl < (wn—q, %+ %A (T —1)Ax, —q)
= Sl gl + gl + A" (T~ DA
+(1 = D[ TAx, = A P] = [[wn — %0 — A" (T = 1)Ax, — ]

1 2 2 2
Q[HWn—CZH A |1xn = qll” = [[wn — xal|” + V|| AWy — Ax || [[(T — I)Ax,a][].

IN
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That is,
wa—qll* < N —qll* = [Wn = xal|* + 27l|Awn — Ax, | | (T — DAx, . (3.20)

From (3.16) and (3.20), we obtain

X1 — gl
2 2 2 242 2
< ollu—ql|”+ Bu |[1xn — qll” + (1 = An)l|zn — vall” + A (AL A + 22, — 1) |20 — ]|
+5n||Wn_‘]||2_SnﬁnHZn_VnHz
< O‘n‘|”_qnz+ﬁn’|xn_Q|’2+ﬁn(1_5n—7tn)HZn_VnHz

+Bn)tn(4Lzlr% + 24— 1)|zn — ”n||2+ On |Xn _QHZ — &pllwn _xn||2
8.2l Awa — A (T~ DA .

which implies that
2 2
Sullwn —xall* < allu—gql* + (1= o) |xn — gl = [xn1 — g

+8u Yl Awn — A ||| (T — 1) Axa .

From (3.11), (3.13), and the fact that o, — 0 as n — o, we obtain lim,_e |w, — x,|| = 0.
Observe that

2
%41 — 4|
< 2 2 5 2 6 2
< Ollu—ql|” + Ballvi — qlI” + 8ullzn — ql|” — GuBullzn — val|
< ayllu—qlP+ B [0 — gl + (1 Aa)lew — P+ Au(AL2A2 2 — 1) — ]
+6, [||(Wn_rnBWn)_(Cl_rnBCI)Hz _Bn5n||zn_vn||2
= O‘n‘|”_qnz+ﬁn(1_5n_)~n)”Zn_Vn‘|2+ﬁnzfn(4l‘21r%+27tn_1)Hzn_”n‘|2
Bl = al + 8 [ Iw = I = 26l — 4, B — Bg) + 12 B — B’
< apllu—ql* + (1 = ) %0 — ql|* + urn(r — 27) | Bwn — Bg||®
+Bu(1—6s — An)|zn _Vn||2+ﬁn;\'n<4L2)~r%+27Ln —1)||zn _“n||27
and then

8urn(2T — 1y)||Bwy — By
< ollu—ql* + (1= &) xa — qll* = [[xas1 —ql>
+Bn(1 = 00— Au) |20 — Vn||2 +Bn7l,n(4L27L,12+21n — 1)z — ”n||2~
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Condition (iii) yields that lim,_,« || Bw;, — Bq|| = 0. Observe that (I — r,B) is nonexpansive and
J% is firmly nonexpansive mapping. Thus

lzn—dall® = V2 (g —raBq) =} (wn — raBwy)||?

<(Wn - rnBWn) - (q_ rmBq, 2y _Q>
1
2
| = ruBwn) = (g = 1aBa) — (2n — )|

IN

(1w = raBw = (g = raBa) |+ |12 — gl

IN

2 [ —alP + 1w —alP — 0w —2) = ra (B — Ba) P
= [ gl w1 v — 2o+ 26 (0 — 2. Br — Ba)
3 n—dq in—4q Wn —Zn 'n\Wn — Zn,DWp q
—13[Bwa —Bqg|*|.
Therefore
Iz —qll* < W —qlI* = wn — zull* +2r(wn — zn, Bwn — Bq) — 13 || Bwa — B,
which together with (3.1) yields
bt —all® < aullun =gl + (1= o) lbin — g1 + Bu(1 = & — An)l|z0 — val |
+BuAn (AL A + 220 = 1)z = un|* = &1l wn — za®
+28,7[Wn — 2ull | Bwa — Bal| — 17| Bw, — Bg|*.
Thus
Sallwn —zal® < allu—aql* + (1= o) llw — g1 = a1 — gl
+Bn(1 =00 — Au) || 2n _Vn”2+ﬁnkn(4lfzﬂ‘nz+2)“n_ I)HZn—un”2
+28uru([Wall + [12n D[ Bwn — Bql.

Since 1211 o, = 0 and both {z,,} and {w, } are bounded, we have
n—oo

lim || T,w, —wy|| = lim ||w, — z,]| = 0. (3.21)
n—oo n—oo
It follows from (3.21) that
1zn = x| < llzn = wall + [[wn —2n[| = 0, 1 — co. (3.22)
The fact that o, — 0 as n — oo, (3.1), and (3.22) demonstrate that

X1 —xnll < xna1 = zall + |20 — x|

= Oy|lu—zul| + Bullve — zull + |20 — xa|| — 0, as n — eo. (3.23)
Now, let z = Pyru. We claim that lim (u — z,x,4+1 —2z) < 0. Since {x,41} is a bounded vector
n—yoo

sequence in a Hilbert space H, which is a reflexive space, there exists a subsequence {xnj+1} of
{Xn+1} and an element in H, say p, such that
Xpj+1 — p and limsup(u —z,%,41 —2) = lim (u — 2, %, 11 — 7).
n—»oo J—ree
Since C is weakly closed, we have p € C and from (3.23), which demonstrates that Xp; = P as
Jj — oo. From (3.22), we obtain that z,; — p as j — . Using the fact that (/ — ) is demiclosed
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at zero and (3.12), we conclude that p € F(S). Since liminfr, > 0, there exists € > 0 such that
n—soo

rp > € foralln > 1. By Lemma 2.2, we have lim,_o || Tew;,, — wy|| < 21imy,—se0 || Tywn — wy|| = 0.
In view of Lemma 2.1, we conclude that p € F(Te) = (M +B)~!(0). Moreover, since ||w, —
Xn|| = 0, as n — oo, we have that Awy,; converges weakly to Ax*. From (3.19) and the fact that
[ —T is demiclosed at 0, we arrive at Ap € F(T). Hence p € Y. Since z = Pcu and Xn; = P, W€
conclude that

limsup(u — z,%1 —2) = lim (u — 2,41 —2) = (u—2z,p —2) < 0.
n—oo j—reo

From z € Y, (3.10), condition (ii), and Lemma 2.4, we see that ||x, —z|| — 0 as n — oo. Hence,
X, — 7= Pru.

Case 2. Assume that{||x, —¢||} is not a monotonically decreasing sequence. Set I, = ||x, — ¢||*
and let 7 : N — N be a mapping for all n > ng ( for some ng large enough) defined by

t(n) :=max{k e N:k <n, I} <Tyy1}.
Clearly, 7 is non decreasing sequence such that 7(n) — e asn — e and 0 < Uz(n) < Tg(n)41 for
all n > ng, which implies that ||x;(,) — g < [|x¢(,)41 — ¢|| for all n > ng. Thus lgll [*z(n) — 4l
exists. Again, from (3.16), one has

Or(n) Ye(m) ENA™(T — I)Axy(, H

2 2
< Oy IIM ql* = (1= () [Xe(y — all = [Foen +1—CIH

By (1= Sz () = A 122y = Vet II” + Be(my Aetn) (ALPAZ ) + 22 (m) — D2e(m) — e
Thus limy,—,e [|[A*(T — I)Ax(,)|| = 0. From (3.18), we have
3 HTAxT( —Axq(y H
< Oy ||u q* + (1 = Og()) ey —61||2—||xf —61||2
+Be(n) (1= 82y = Aoy |2 () — Ve I + Bein) e ( 4722
+2e(n) —1)|!Zr(n)—uf(n)||2+5 m IA™(T = I)Axr )12
Hence limy 0 || TAX; () — AXg(y) || = 0. By using the same argument as in Case 1, we obtain that

there exists a subsequence {xf nj)} of {xz(n) }, which converges weakly to x* € Y as 7(n;) — .
From (3.10), we see that, for all n > ng,
0 < ey 1 =2 |° = [xe(m) — %I
< gy |20 — X Xy 1 — X7 = oy — X7
which implies that (due to () > 0) [[x7(,) —x* 1 < 2(u — X", Xg(n)+1 —X*). Thus

limsup||x;(,) —x * < 2limsup(u — x*, X7 ()41 —x*) < 0.

n—oo n—yoo
which demonstrates that lim e ||x7(,) —x*|| = 0. It follows from (3.23) that
||xr(n)+1 || < Og(p ||” Zr(n || +ﬁr ||V1:( —Zz(n ” + ||Zr —Xz(n || —0

as n — . Hence, we deduce that

[eny+1 =% < xeguyr1 = Xegn | + [y = *" 1 = 0
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as n — oo, so limIy,) = limI';(,), 1 = 0. Furthermore, for n > np, it is easy to see that
n—soo n—soo
Crny < Tipny41 if n # T(n) (that is, 7(n) <n ) because I'; > Ty for 7(n) +1 < j <n. As
a consequence, we obtain, for all n > ny,
0<T,< max{r’c(n)arr(n)—i—l} = 1ﬂ?:(n)-i—l .

Hence lim I, = 0, which demonstrates that {x,} converges strongly to x*. This completes the
n—oo

proof. 0

Corollary 3.1. Let H, and H be two real Hilbert spaces, and let C be a nonempty, convex, and
closed subset of H. Let A : H| — Hj be a bounded and linear operator, and let A* be the adjoint
of A. Let M : Hy — 2" be a maximal monotone operator, and let B : C — H| be a T-inverse
strongly monotone mapping. Let S : Hi — CB(H\) be a L-Lipschitz hemicontractive-type map-
ping, and let T : Hy — H, be a nonexpansive mapping such that X := F(S) N (M +B)~1(0) N
2
A~YF(T) #0. Let the step size Y, be chosen such that for some € >0, ¥, € (8, % - > ,
if TAx,, # Axy; otherwise Y, = Y (Y being any nonnegative real number). Suppose {c,}, {Bn},
and {8, } are sequences in (0, 1) and the following conditions are satisfied:
(i) an+ﬁn+5n =1
(ii) 1i_r>n 0, =0andy, ,0 = ;
n—oo
(iii) 0 < liminf,, .1, < limsup,,_, 1, < 27;
: 1
(iv) O+ Py <A <A< i1
(v) Sp={p}VpeY, (I-T)and (I —S) are demiclosed at 0.

Then the sequence {x,} generated below for any x|,u € H by

wyn = Po(x, + 1A* (T —I)Ax,),
Iy = (1+ rnM)_1 (wn — rann),
Yn = (1 - A‘n)zn + Anltn,
Xnt+1 = an”“"ﬁnvn + Onzn, n2>1,
where u, € Sz, and v, € Sy, converges strongly to q € X where g = Pyu.
Next, we give some theoretical applications of our main results. In particular, we apply our
main results to the solution of minimization problems and equilibrium problems.
Let f and g two lower semi-continuous and convex functions from H to RU {+co} such that

f is differentiable with L-Lipschitz continuous gradient, and g is ’simple”, that is, its “proximal
map” can be directly computed

. [|x y||2
% PR .
X — arg ;rém {g(y) + o

and assume that this problem has at least a solution.
Recall that the subdifferential of a function g : H — R at x is the set-valued operator on a
Hilbert space H defined by

Af(x)={z€H: f(y)>fx)+(zy—x}; VyeH,
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and prox,,(x) = (I +yd g)~!(x), y> 0. It is known that a point x* € H is a solution to problem
(3.24), that is, x* is a minimizer of f(x)+ g(x), if and only if 0 € V f(x*) + dg(x*), where Vf
is the gradient of f. For any y > 0, this optimality condition holds if and only if the following
equivalent statements hold:

€ YVS(x")+7dgx)

€ YVFIT) —x 4"+ ydg(x’)

(I+7dg)(x") € (I—-YPVf)")

X= (I+y9g) I -V ))

X' = proxy, (x" —yVf(x")).

The last two expressions hold with equality because the proximal operator is single-valued. The
final statement says that x* minimizes f + g if and only if it is a fixed point of prox,, (I—yVf).

Recall that a mapping 7 : H — H is said to be averaged if it can be written as 7 = (1 — a)I +
oS, where a € (0,1) and S : H — H is a nonexpansive mapping. The condition y € (0, %],
where L is the Lipschitz constant of Vf, guarantees that prox,, (I — yVy) is averaged, which
indicates that it is nonexpansive.

In Corollary 3.1, If T := prox,, (I — %V f) with ¥, € (0, %], then we obtain a strong con-
vergence result of the fixed points of multivalued Lipschitz Hemicontractive mappings and the
solution of monotone variational inclusion problems and the image under a bounded linear op-
erator is a minimizer of the sum of two functions in real Hilbert spaces.

Let C be a nonempty, convex and closed subset of a real Hilbert space H, and let F : C x C —
R be a bifunction. Consider the equilibrium problem: find x* satisfying

F(x*,y)>0, VyeC. (3.25)

Denote the solution set of problem (3.25) by EP(F). For solving equilibrium problem (3.25),
one assumes that F' satisfies the following properties:

(Al) F(x,x) =0, Vx€C;

(A2) F is monotone, i.e F(x,y) + F(y,x) <0,V x € C;

(A3) for each x,y,z € C, limsup,_,o+ F(tz+ (1 —1t)x,y) < F(x,y);

(A4) for each x € C, y — F(x,y) is convex and lower semicontinuous;

o O

* ~—

Lemma 3.1. [39] Let C be a nonempty closed convex subset of a real Hilbert space H, and let
F : C x C — R be a bifunction satisfying (A1) — (A4) let r > 0 be a positive real number and
x € H. Then there exists z € C, such that F (y,x) + %(y—x,x—z) <OforallyeC.

Lemma 3.2. [40] Assume that the bifunction F : C x C — R satisfy (A1) — (A4). Forr >0 and
for all x € H, define a mapping J* : H — C as follows:

1
TFx={z€C:F(z,y)+-(y—2z,2—x) >0, VyecC}.

-
Then the following hold:
(i) TF is a single-valued firmly nonexpansive mapping;
(ii) F(TF) = EP(F) EP(F) is closed and convex.

In Corollary 3.1, taking T := T.F', we obtain a strong convergence result for a common solu-
tion of a fixed point of multivalued Lipschitz Hemicontractive mappings and monotone varia-
tional inclusion problems whose image under a bounded linear operator is a solution of some
equilibrium problem.
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4. CONCLUDING REMARK

We studied the monotone inclusion and fixed point problems of multi-valued Lipschitz hemi-
contractive-type mappings in real Hilbert spaces. We proposed an iterative method with a step-
size selected in such a way that its implementation does not require the computation or an esti-
mate of the spectral radius. Moreover, under some mild conditions on the control sequences, we
proved that the sequence generated by our proposed method converges strongly to the common
solution of the two problems. Finally, we applied our result to the minimization and equilibrium
problems. Our result generalizes some important results in the literature.
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