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ON NONSMOOTH MULTIOBJECTIVE SEMI-INFINITE PROGRAMMING WITH
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Abstract. In this paper, we establish optimality conditions for a nonsmooth multiobjective semi-infinite
programming problem subject to switching constraints. In particular, we employ a surrogate problem
and a suitable constraint qualification to state necessary M-stationary conditions in terms of Clarke sub-
differentials. Moreover, we demonstrate that in different cases these M-stationary conditions becomes
sufficient as well. Finally, we also present Weak and strong duality results of Wolfe an Mond-Weir types.
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1. INTRODUCTION

We take up the following nonsmooth multiobjective semi-infinite programming problem sub-
ject to switching constraints, NMPSC for short

min  f(x) = (fi(x), .., fn(x)),

sit. g(x) <0, VteT,
he(x) =0, Vke K ={1,...,q},
G,‘(X)H,’(X) =0,Viel= {1,...,[},

(1.1)

where the index set 7 is an arbitrary nonempty set, not necessary finite. The real-valued func-
tions f;, jeJ={1,...m}, g, t €T, hy, k € K, G; and H;, i € I are defined on R” and not
necessary convex nor differentiable. The feasible region of (1.1) is given by

IT:={xeR": g(x) <0, € T,h(x) =0,k € K,G;(x)H;(x) = 0,i € [}

The terminology switching constraints” originates from the fact that if the product of two
functions is equal to zero, then at least one of them must be equal to zero. Problems un-
der the form (1.1) were recently introduced to investigate the discretization of optimal con-
trol problems with switching constraints [1, 2, 3], and to study mathematical programs with
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either-or-constraints [4, 5, 6]. Moreover, NMPSC can be seen as an extension of another class
of optimization problems, namely mathematical programming with equilibrium constraints
(MPEC) [7, 8, 9], which has the same form as NMPSC subject to an additional condition
”Gi(x) > 0 and H;(x) > 0 for all i € I”. Although the latter condition does not appear in the
problems studied in many papers of optimal control and related fields, we find that the published
results on NMPSC are very few where compared to the MPEQ, which motivated us to deal with
this type of problems as they provide less restrictive setting.

The major difficulty in solving (1.1) is that it typically violates the majority of classical con-
straint qualifications (such as Mangasarian-Fromovitz constraint qualification, linear indepen-
dence constraint qualification), and hence the standard KKT conditions are not relevant in the
context of mathematical programming with switching constraints (MPSC). This led to introduce
various stationarity concepts (weak, Mordukhovich, and strong stationarity) for MPSC and to
derive some associated constraint qualifications [4]. Kanzow et al. [10] proposed several relax-
ation methods from the numerical treatment of MPEC to MPSC. Li and Guo extended some
weak and verifiable constraint qualifications for nonlinear programs to MPSC in [11]. Later,
Mehlitz investigated a second-order optimality conditions for MPSC in [12]. It is worth noting
that (NMPSC) is closely related to mathematical programs with vanishing constraints and that
these programs can be treated within the general framework of conditional vector optimization
problems recently introduced in [13]. Very recently, Liang and Ye [14] survey recent results on
constraint qualifications and optimality conditions for mathematical programs with disjunctive
constraints, and apply them to MPSC. Moreover, they provide two types of sufficient conditions
for the local error bound and exact penalty results for MPSC.

In this paper, we are concerned with a nonsmooth, multiobjective and semi-infinite version
of MPSC, and introduce a constraint qualification of a surrogate problem, which will guarantee
an optimality condition, called M-stationarity, to hold at a local minimum. We are also inter-
ested in establishing weak and strong duality results of Wolfe and Mond-Weir types. We claim
that this paper is the first work that treats the nonsmooth case for multiobjective semi-infinite
programming with switching constraints.

The organization of the paper is as follows. In the next section, we present the used notations
and recall some definitions. In Sections 3 and 4, we respectively propose necessary and suf-
ficient M-stationary conditions for (weak) efficient solutions of (1.1) involving an appropriate
constraint qualification of a surrogate problem. Section 5 is devoted to formulate the Wolfe and
Mond-Weir type dual models for the problem so that to derive weak and strong duality results.
Finally, a conclusion is given in Section 6.

2. PRELIMINARIES

From now on, we take the following order in the Euclidean space: a,b € R" satisfies

e a<bifandonlyifa; <b;foralli=1,2,... m with strict inequality for at least one i.
e a < bifand only if a; < b;.

Given a nonempty subset . of R", co.” and cl. denote the convex hull, and closure of ., re-
spectively. Also, the polar cone, the strictly negative polar cone and the orthogonal complement
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of .7 are respectively defined by

S = {xeR":(x,d) <0,Vd € &},

S = {xeR": (x,d) <0,Vd € &\ {0}},

St = {xeR": (x,d)=0,vd € ./}.
It can easily be shown that .+ = .%° N (—.%)°. Moreover, at X € cl.7, the tangent cone, the
convex cone generated by . and the linear hull of .% are respectively given by

T(S,x)= {v eR": 3,10, Jv, —» v, X+1,0, e&”},

k
cone(.S) = {y: Zliyi keNL >0,y € Li= 1,2,...,k},
i=1

k
lin(ﬁ’) = {y = Z/'L,-yi ke N,)q' eER, y e i= 1,2,...,k}.
i=1
Further details on tangent cones as well as several concepts of this section can be found in [15].
Recall also that for any two sets .#] and .%; in R” one has lin(.%} U.%%) = lin(.%) + lin(-#2).

Definition 2.1 ([16]). A function ¢ : X — R is said to be locally Lipschitz at xo € X if there are
positive constants k and 0 satisfying, for all x,y € B(xp,0) NX,

19(x) = ()] < Kllx =y

It is said to be locally Lipschitz on X if it is so at each xp € X.

Definition 2.2 ([16]). Let ¢ : X — R be a locally Lipschitz function at x € X. The Clarke
generalized subdifferential of ¢ at x is defined as

A (x) :={y eR": 9°(x;v) > (y,v), ¥v € R"},
where ¢°(x;v) is Clarke’s generalized directional derivative of ¢ along v € R” at x € X, which

is defined as
’ tl0 !

y—x

It is worth noting that we have the following properties:

e Jcd(x) is a nonempty convex compact set in R”.
e The set-valued mapping x — dc ¢ (x) is upper semicontinuous.

e dc(A9(x)) =Adc¢(x) forall A € R.

Definition 2.3. Let Q and X two subsets of R” such that Q C X. Suppose that we are given a
function ¢ : X — R locally Lipschitz at x € R" and a mapping ) : X x X — R". ¢ is called

e invex (resp. strictly invex) on Q at X w.r.t. ) iff
(*,n(x,x)) < (resp. <) @(x) — @(x), Vx € Q, VX" € dcP(x).
e pseudo-invex on Q at x w.r.t. n iff
o(x) < @(x) = (x",n(x,X)) <0, Vx € Q,Vx* € dc(X).
e strictly pseudo-invex on Q at X w.r.t. 1 iff
@(x) < o(x) = (x*,n(x,X)) <0, Vx € Q\ {X},VXx" € dcp(x).
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e quasi-invex on  at X w.r.t. 1 iff
P(x) < o(x) = (X, 1 (x,X)) <0, Vx € Q,Vx" € dc@(X).

Note that
e In what follows, if Q2 = X, the expression ”on " in the above definition will be omitted.
e ¢ is invex at X w.r.t. 1 = @ is pseudo-invex at X w.r.t. 11 = @ is quasi-invex at X w.r.t.
n.
e When 1(x,y) =y — x, we recover the corresponding definitions of convexity instead of
invexity.

Hereafter, we assume that x € IL, f;, jeJ, g, t €T, h, k€ K, G; and H;, i € I are
locally Lipschitz at x. We say that x is a local (weak) efficient solution to (1.1) if there is a
neighbourhood V of X such that for each y € V NII the inequality f(y) < (<)f(x) does not
hold. It is straightforward to check that every local efficient solution for (1.1) is local weak
efficient. When V = R”, the word “local” will be omitted.

We denote by RE‘ the collection of all functions A : T — R taking positive values A, only at
finitely many points of 7', and zero otherwise. Forx € I, we let T (x) := {r € T | g/(x) = 0} be
the index set of all active constraints at X and A(X) := {4 € RlJrTl | Arg:(X) =0,Vt € T} be that of
active constraint multipliers at X. Notice that A € A(X) if there exists a finite index set R C T'(%)
such that A, > O forall € Rand A, =0 for all# € T\ R. Let us also define

Ic =16(x) :={i € 1| Gi(X) =0,H;(X) # 0},

Iy = IH()_C) = {i el ‘ G,‘()_C) =+ O,Hi()_c) = O},
and

Icy = Igu(X) :={i 1] Gi(x) =0,H;(x) = 0}.
We suppose that Iy is a nonempty set and denote by Z(Igy ) the set of all bipartitions of I
ie., <@(IGH) = {(Bl,Bz) : BiUBy =Igy, BiNBy = @}.
The point X is called weakly stationary, W-stationary for short if there exist multipliers solving

the system

0e Y Lidcfi®+ Y, Afdcg(®) + Y Aldchi(x)

jel 1€T (%) kek
+ Y 480cGi(x) + Y AH dcH; (%), 2.1)
i€l i€l .

VjeJ:Aj>0, VieT(x):Af>0,
Viely®) : AP =0, VielsX):A1=0.

It is called Mordukhovich-stationary, M-stationary for short, if in addition to (2.1), liG/liH =0
for all i € Iy (X). Finally, it is strongly stationary, S-stationary for short, if in addition to (2.1),
/’Lf =0and 7LZ.H =0 forall i € Igy(X). Clearly, S-stationarity yields M-stationarity, which yields
W-stationarity.

Now, we present a useful lemmas and theorem which we need to prove our main result.

Lemma 2.1 ([17]). Let {-#}|j € J} be a family of nonempty convex sets in R”". Then, every
nonzero vector of ¢ = cone(Ujc;.}) can be written as a non-negative linear combination of
at most n linear independent vectors, each belonging to a different ..
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Lemma 2.2 ([18]). Let S, T and P be three arbitrary index sets (possibly infinite). Consider
the maps @ : S —R", ¢ : T — R" and y : P — R". If the set co{@(s),t € T} + cone{¢(t),t €
T} +lin{y(p),p € P} is closed, the following two assertions are equivalent:
(9(s),d) <0,1€T,S#0,
(i) § (o(r),d) <0,r €T, has no solution d € R",
(w(p),d)=0,peP
(ii) 0 € co{p(s),t € T} +cone{d(t),t € T} +1lin{y(p),p € P}.

Theorem 2.1. (Lebourge mean-value Theorem) Assume that ¢ : R" — R is a locally Lipschitz
function and x,y € R". Then there exists a point u in the open line segment {tx+ (1 —1t)y |0 <
t < 1}, and u* € de@(u) such that ¢(y) — @(x) = (u*,y —x).

3. M-STATIONARY CONDITIONS FOR WEAK EFFICIENT SOLUTIONS

In this section, we derive M-stationary conditions for weak efficient solutions of (1.1). To
proceed, we consider the following nonlinear programming problem with respect to a partition
(B] ,Bz) of IGH

(min  £(x) = (fi(x),es fin (),

sit. g(x) <0, VteT,

3 hi(x) =0, Vk € K, (3.1)
Gl(x) 0, Vi e IgUBy,

Hi( ) =0,VielgUB,.

\

Note that the feasible set of (1.1) contains that of (3.1). Moreover, one has the union of all
the feasible sets of (3.1) over (By,B2) € #(Igy) corresponds to the feasible set of (1.1) locally
around x.

In the following, we mention a result by Mehlitz [4] showing the relationship between prob-
lems (1.1) and (3.1).

Lemma 3.1 ([4], Lemma 4.2). Let X be a feasible point to (1.1). X is an M-stationary point of
(1.1) if and only if there is a partition (By,B2) € & (Igy) such that X is a KKT point of (3.1).

Let us define the following type of Abadie constraint qualifications (ACQs):

aC_ACQ(BhBZ) : A(Bl,Bz)()_C) - T(H(Bl,Bz)a)_C)a

where

A, 5y)(®) = (| dcgi(®) N (| dchu(x))

teT keK
( U aGi®) n( |J ocHi(x
zeIGUB] IGIHUBZ

and I1(p, p,) is the feasible set of (3.1) corresponding to (B, B3).
We are now in a position to give necessary optimality conditions for local efficient solutions
of (1.1).
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Theorem 3.1. Let X be a weak efficient solution to (1.1). Assume that there exists a partition
(B1,B2) € P(Igy) such that dc-ACQ(By,B,) holds for X and

Dzwm(U&gﬁO

teT
(3.2)
—l—lll’l(Uachk U U acG U U acH ))
kekK ZEIGUIBI ZGIHUIBZ

is closed. Then X is an M-stationary point of (1.1).
Proof. We claim that
(Jadefi(®) NT(I1,%) = 0. (3.3)

jer

Indeed, suppose that there exists ® € (U, dc fj (¥))’NT(IL,%). Then, from ® € (Ujes9cf ()’
it follows that

(xX,w) <0, Vx*edcfj(x),Vjel, (3.4)

and from @ € T (I1,X), there is ¢, | 0 and @, — @ satisfying X+, ®, € IT for all n.
According to Theorem 2.1, one has that, for each n € N, there is u, in the open line segment
(X,X+1,@,) and u, € dc f1(uy) such that

fl(x“f’tna)n)_fl()_c) :tn<u:;7a)n>~ (3.5)
Because the mapping x — dc fi(x) is upper semicontinuous and u, — X, there exits a subse-
quence uy of uy, such that u;, — i and it € dc f1(X). By (3.4) and (3.5), we have
(t,0) <0 and fi(X+1n,0n,) — f1(X) =t (1, ,, On,) <O.
Hence, by taking into account that (u;, , @,,) — (i, ®) and #,, > 0, we deduce that

fiX+1t,,0,,) < fi(x), for p large enough.

By denoting {x+t,®,} by {x+t,§”a),§”} and reproducing the same arguments above for f,, we

deduce that there exist a subsequence {X+ 1,22) a),(lz)} of {x+ t,(ll) a),gl)} such that for large enough

indexes we have
{ﬁ(+m W) < fi(®)
ﬁ@+MMM)<ﬁ&)

And so on, we obtain a subsequence {X+ e w,S’")} of {x+1,w,} such that

(AGE+" 0™ < fi(F)
fu+é><><ﬁ<>

| fnx+6" o™) < fn(®).
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Using the fact that {x + r,S"” w,ﬁm)} C IT and the above relations we get a contradiction with the
weak efficiency of x, and consequently, (3.3) is fulfilled. Since I1 g, 3,) C I, then T(H( B1.By) ,X) C
T (I1,X). Hence
( U 8cfj()_c))s N T(H(Bl,Bz)aJ_C) = (.
JjeJ
On the basis of dc-ACQ(B1,B), we have

(LGJJ@ch ) (ley degi (X )Oﬁ<kg(3chk(f))L
m( U aCG,-(x))Lm( U 8CHi(;—c)>L:(/).

i€lgUB) ielyUB;
Then, we see that the system
0, VjelJ, VCancfj()_C>,
0, VteT, VS € degi(X),
Me,y*) =0, VkeK, VN € dehi(X)
Oi,y*) =0, VielgUB;, V6O; € acGi(f),
((&i,y") =0, VielyUBy, Y& € dcH;(X),

has no solution y* € R". On the other hand since dcfj(X) is compact for all j € J, the set

U dcf;(%x) is also compact, and hence U dcfj(X) + D is closed because so is D. Thus, by

j=1 j=1
virtue of Lemma 2.2, we are led to

0¢e c0< U acfj(x)) +cone< U dcgi (% ) +lin( U 8chk(f)>

JjeJ teT (x kekK
+lin( U acG,-(x)>+zm( U 8CH,~(X)>.
i€elgUB, ielyUB;

m
On the basis of Lemma 2.1, we deduce that there exist A = (41,...,4,) € R with Z Ai=1,
j=1
A8 €A(X), A= (Al ... lh) €R?, p=(p1,...,p;) €R and 6 = (01, ...,07) € R’ such that

0eY Ajocfi®+ Y, Afdcg(®+ Y, Aldch(x)

jel teT(x) kek
—+ Z p,-c?cG,-(x) + Z G,BCH,-(X).
i€lgUB, ielgUB)
By taking
AG: Pi; iEIG(_)UBla /*LH: Oa iEIG(_)UBla
! 0, lEIH( )UBz, ! o;, lEIH( )UBz,

and using the fact that for all # € T(x) : A° > 0, we deduce that X is an M-stationary point
of (1.1). U
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To illustrate Theorem 3.1, we present the following example of (1.1).

Example 3.1. Consider the functions f = (f1, /) :R> = R?, g, : R? = R, Vt € T = [0,1],
h:R*> = R,G=(G,G2,G3) : R? = R, H = (H|,H,,H3) : R? — R? defined by

fl(xay):ya fZ(x7y):x+|y|7

0, y<1,

gt(xay) = ]x]—i—(l _t)b’_ 1’ —(1-1) (t € T)’ h(x,y) - { 1, otherwise

Gi(x,y) =x, Ga(x,y)=x, G3(x,y) =1
Hi(x,y) =x, Hy(x,y) =1, H3(x,y) =x.

We have that IT = {0} x [0, 1] and X = (0,0) € ITis a local efficient solution of (1.1). It is easily
seen that

aCfl()_C):{(O?l)}a aCfZ(x>:{l}X[_lvl]a
deqi® =[x~ 1} e, | deg @) = 1,1]x [-1,0]

teT (%)
dch(x) = 9cG3(x) = dcHa(x) = {(0,0)},
dcG (f) = acGz(f) = dcH, (f) = acH3()_C) = {(1,0)},
T(ILx) ={0} xRy, Igy(x) = {1}, Ig(x) = {2}, In(X) = {3}.
In choosing By = 0 and B, = Igy(X), we can easily check that the qualification constraint
dc-ACQ(B1,B;) holds at X and that D, defined by (3.2), is closed. Consequently, X satisﬁes
the assumptions of Theorem 3.1. In taking 4; = A, = 1,A8 =0, At =1, AC = A =11 = —g
and /13G = lfl = le = 0, condition (2.1) is verified with ﬂ,Gl QLG)QH AGA3H =0, which
means that X is an M-stationary point of (1.1).

4. SUFFICIENT OPTIMALITY CONDITIONS

In order to provide sufficient optimality conditions for initial problem (1.1), we introduce the
following notations:

={xe€Il:Gi(x) >0forallicl},G ={xecIl:Gj(x) <Oforalliel},
={xeIl:Hj(x) >0forallicI},H ={xeIl:H;(x)<O0foralliel},
—{keK:A'>0,K ={kcK:A'<0},
={iclg: A7 >0},I; ={icls: A° <0},
Ly={icly: 2" >0},1; ={icly: A" <0},
Ity =A{iclon : A° >0,A =0}, 15, ={i€lon: AF > 0,2} <0},

1% ={iclon: AS =001 >0},10 = {i € Ioy : A¢ < 0,47 =0}.

Our next step is to investigate sufficient optimality conditions for efficient solutions of (1.1).
We always suppose that f;, j€J, g, t €T, hy, k € K, G; and H;, i € I are all locally Lipschitz
at a reference point x € I1.
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Theorem 4.1. Suppose that x € 11 is M-stationary point of (1.1) such that f;, j € J, is strictly
pseudo-invex atx and g, t € T (X), hy, k € K™, —hy, k € K, are quasi-invex at x w.r.t. 1. If one
of the following cases holds
(i) GTNH™ #0, G;i(i € IgUIgy), H; (i € IgUlgy), are quasi-invex on G~ NH ™ at X w.rt.
N, and I; Ul Uloh UIY, = 0.
(i) GFTUHT #£0, —G;(i € I Ulgy), —H; (i € Iy Ulgy), are quasi-invex on GT NH™ at x
w.rt. m, ana’I&L L,IIJr UI+0 UIOH =0.
(i) GFUH™ #0, — (l € IG Ulgy), H; (i € Iy Ulgy), are quasi-invex on Gt NH™ at X
w.rt. 1, and Ig Ul Ulgg Ulg;{ =0.
(iv) GTUHT #£0, Gi(i € IgUIgy), —H; (i € Iy Ulgy), are quasi-invex on G- NH™ at X
w.rt. 1, and I; UL Ul UISE =0,

then X is an efficient solution to (1.1).

Proof. Contrary to our claim, suppose that X is not an efficient solution. This means that we can
find a vector x € IT satisfying f;(x) < fj(x), for all j € J with strict inequality for at least one i.
Since fj, j € J, is strictly pseudo-invex at ¥ w.r.t. 1, then (x7,7(x,X)) <0, Vx} € dcf;(X). In
multiplying both sides of this inequality by A; and summing over i, we are led to
(Y Aixin(x,x) <0, V) € dcfi(x) 4.1)
jeJ
On the other side, since X is M-stationary point of (1.1), then by (2.1) there exist x € acfi(%x),
i=1,...m Yy € 8cg,(f), re T()_C) , th € achk<)_c), k=1,...,q, V:ﬁ € acGl'()_C) and W;-k S acHi(f),
i € [ satisfying

Y Apx+ Z AEy; —}—Z/'L,f‘zlt—l—Z?Lin}k—}—leH F=0

jeJ teT (x keK iel iel
VieTX) :AF >0, Viely(®):A7=0, Viclsx):A7 =0,

with A4 = 0 for all i € Igy(X). Hence

Z Ayl Y Mg+ LA+ YA == ) A

teT (x kekK i€l i€l jeJ

Multiplying both sides of the above equality by 1 (x,X), it follows that

Z AEyr —|—Z?L zZ—FZAGv*—f—ZlH 5 n(x,X)) lexj,n (x,%)).

teT () kek i€l i€l JjeJ

According to (4.1), one has

Z AEyE Z ZZ—FZ?LGV*—FZ?LH n(xx)) >0 42)

teT (x) kek il il

In the remainder of the proof, we confine ourselves to the first case of the theorem say (i), and
the other cases can be proved in the same way.

Since in the case (i) we have G- NH~ # 0, we have that there exists x € G~ N H~. We have
the following inequalities:
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—h(x) <0=—m(x), VkeK,
() <0=m(x), VkeKkT,
Gi(x) <0=G;(x), VielgUlgn,
H;(x) <0

, hi, k € K, —hy, k € K—, the assumption of

case (i), and the fact that 8c( ¢() :—3C¢() we deduce that
(i ,m(EX) <0, VieT(x),
(T, n(®x) >0, VkeK .
(Z,n(®x) <0, Vkek™.
(vin(xx) <0, ViclgUIgy,

win@EF) <0, VielyUly.

Multiplying both sides of the above inequalities respectively by A¢, A/", 1, and A/, we obtain
under the condition /; Ul UI&IE)I Ulg;I = ( that

Ay, (%, )><0 vt € T(x),

AhzEm(x%) < Vk e K.
(ALvin(xx)) < Vie lgUIgH,
AHwrn(x3) < VielgUlgy.

By summing the above inequalities while taking into account that ),l-G =0 forall i € Iy and
Al = 0 for all i € I, one obtains

Z Ayi+ Y M+ Y A + Y Al n (@) <0,
teT(x keK i€l iel

which presents a contradlctlon to (4.2). O

Remark 4.1. Assume that in the previous theorem one of these two conditions is verified

e fj, j €J, are just pseudo-invex at X w.r.t. 1) (instead of being strictly pseudo-invex at X

w.r.t. ).

e all the involved functions are supposed invex at x w.r.t. 1).
Then by making use of identical proof steps, we can prove that X is a weak efficient solution to
(1.1).
Remark 4.2. Since the nonsmooth multiobjective semi-infinite mathematical programming
with equilibrium constraints falls under the second case of the previous theorem, the latter
generalizes the main result in [19].

5. DUALITY

Related to (1.1), we investigate in this section dual problems according to Wolfe [20] and
Mond-Weir [21], and explore weak, strong and converse duality relations.
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5.1. The Wolfe duality. Let (1, 4,48, A" 20 AH) e R x R” x R/ x RI x R! x R with ¥ | 4;
=1land 7= (1,...,1) € R™. We first formulate the Wolfe type dual problem for (1.1)

max  f(u, A, A8, A" LG AH) = ( Z i)+ Y Alh(u)
tGT kek
+Z)~iGGi(u)+ZAiHHi u >‘L’,
i€l 161
S.t. 0e Zl acfj + Z lg acg[ —l— Zlk achk( ))
(WP) jeJ teT (u) kek
+Y A8 (9cGi(w) + Y A (9cH;(w)),
161 iel
in =1, A% =0,Vi € Iy(u), A =0,Vi € Ig(u), ACAH = 0,Vi € Iy (u)
i=1
\ (u, A, 28,48 A6 A1) e R* x R x R x RY xR x R

Its feasible set is given by
HW - {(’/hl?Agulhya‘G,AH) e R" x Rﬁ X RE' x R x Rl X Rl :

0e Y 4 (acfiw)+ ¥ A8 0cew)+ ¥ AL (Och(u)) + Y AC (9cGi(u))

jeJ teT (u) keK iel

—f—ZAZH (acHi(u)), Zli: 1, ll-GzO,ViEIH(u), )L,H:O,‘V’iEI(;(u),

iel i=1
ﬁ,iGliH =0,Vie IGH(M) }

Let us start with a weak Wolfe duality theorem.

Theorem 5.1. (Weak duality) Assume that (u, A, A8, A" 2.6 AH) c Iy. Iffj, jed, gt €T (u),
+hy, k € K, £G;j, i € I(u) Ulgy (u), £H;, i € Iy(u) Ulgy(u), are all invex at u w.r.t. 1. Then
there exists r > 0 such that, for each x € B(u,r) NI1, we do not have f(x) < f(u,A, A8, A" A¢ AH).

Proof. Let (u,A, A8, A" A6 AH) € TTyy. Then there existx} € defj(u), i=1,....,m,y; € dcg:(u),
teT(u), zkeachk( u), k=1,...,q, v € dcGj(u) and w} €8CH( )s lEIsatlsfylng

Y A+ Z ASyi+ Y Atz + Y A0+ ) Al =0, 5.1)
jeJ teT (u kek i€l i€l
By contradiction, assume that, for each r > 0, there is x € B(u,r) N1II such that
F(x) < flu, A 28,0026 2H).
Then Y7, A;(fj(x) — fj(u, A, A8, A", 26, A1)} < 0. Hence,

5 4,00 (T ata+ T Ao+ LaG + LA ) ) <o
Jj=1 t

€T (u) kek icl i€l
Thus,

Z Aj (fj ) f /l,( Y Afgi(u )+ZA,?hk(u)+Z/l,.GG,~(u)+ZA,HHi(u)) <0.

teT (u) kek i€l i€l
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m
From Z Aj =1, it follows that
j=1

y %(fj@)—fj(u)) —( Y Aew)+ Y Ahi(u)+ Y. ACGi(u) + Y A Hi(u )<o.

J=1 teT (u) kek i€l i€l
(5.2)

However, by virtue of the invexity at u w.r.t. nof f}, j€J, g, t € T(u), £hi, k€ K, £G;, i €1,
+H;, i € I, one sees that

fj(x) f]( ) > <x;7n(x7u)>7 ij € aij(u)v V] EJ;

8r(x) — g (u) > (i nxu), Yy €dcg(u), Vi €T (u),

Iy (x) — Iy (u) > (5, m(x,u)), Vzi € dchi(u), Yk €K,
(—he)(x) = (=he)(w) = (., n(xu)),  Vz € de(—hi)(u), Vk €K,

Gi(x) — Gi(u) > (vi,n(xu), Wi €dcGi(u), Vielg(u)Ulgu(u),
(=Gi)(x) = (=Gi)(w) = (7, n(xu)), VW €dc(=Gi)(u), Vi€ Ig(u) Ulgu (u),
Hi(x) — H;(u) > (wi,n(xu), Vw! € dcHi(u), Vi € Iy (u) Ulgu (u),
(—Hj)(x) = (Hi)(u) = W;,n(xu), VW € dc(—Hi)(u), Vi€ In(u) Ulgn(u).

By taking 7j = —z;, Vk € K, v; = —v}, Vi€ Ig(u) Ulgy(u) and w; = —wj, V Iy(u) Ulgy (u)
one has

i) = fiw) > (x5mxu), Vxi € defj(u), ¥V jEJ,

g(x)—gu) = (p,nxu), Vv €dcg(u), Vi €T (u),

hi(x) —hi(u) = (g, n(x,u)), Vzi € dchi(u), Vk € K,

Gi(x) = Gi(u) = (vi,n(x,u)), Wi €dcGi(u), Vi€ Igu)Ulgu(u),
Hi(x)—H;(u) = (W;,n(x,u)), VW € dcH;(u), Vi€ Iy(u) Ulgy (u).

Multiplying both sides of the above inequalities respectively by 4, A, A, ¢ and A} while
considering that g,(x) <0 (r € T(u)), hy(x) =0 (k€ K),A° =0 (i € Iy(u)) and AT =0 (i €
I (u)), we obtain

M@ = fiw) = A nxnu)), Ve,
—Afg(uw) = (AyEm(xu)), VieT(u)
—Althy(u) = M,fzk, n(x,u)), Vkek,

/IGG W) = Ainlxu), Viel,
—7LGH( ) = (ASwin(xu), Viel

In combining the above inequalities with (5.1), we deduce that

Z%X + Z AEyY Z ZZ+Z7LGV*+Z7LH 5n(x,x))

jeJ teT (u kekK iel iel
< Z ﬂ«j (f](x) ) ( Z A, gt ) + Z l,ﬁlhk(u) + Z%GG,'(M) + Zﬂ«iHHi(u)) ,
J=1 teT (u kek i€l iel
which stands in contradiction to (5.2). ]

Now, we establish the following strong Wolfe duality theorem.
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Theorem 5.2. (Strong duality) Let u be a weak efficient solution to (1.1), D in (3.2) be closed,
and dcACQ(B1,B,) hold at u. Then, there is (A,A%,A" A0 A1) ¢ R x ]R'jf' x R x R! x R!
such that (u,A,A8, A" A6 AH) € Ty and f(u) = f(u,?t,lg,lh,lG,)LH). Moreover, if fi, j €
J, gt €T(u), £hy, k€ K, £G, i € 1, £H;, i € I, are all invex at u w.r.t. N, then (u,A, U, Vv,p)
is a local weak efficient solution to (WP).

Proof. From Theorem 3.1, there exist (1,48, A", ¢, AH) e R x RIS x RT x R! x R satisfying

0e Y A (ocfiw)+ Y Af(dcgi(w)+ Y Al (Achi(u))

jeJ teT (u) kek
+Z?L (0cGi(u +ZAH (dcH;(u)),
iel il

with Y7 A =1,1% =0, Vi € Iy(u), A =0,Vi € Ig(u), AC AT =0, Vi € Igy (u), which means
that (u,A,A8, A", A9 A1) € TTyy. On the basis of A°g;(u) = 0 for any ¢ € T (u), h(u) = O for
any k € K, and A°G;(u) = A/’ H;(u) = 0 for any i € I, we see that

Y 2w+ Y M)+ Y ACGiw) + Y A Hi(u)

teT (u) kek i€l icl

Consequently, f(u) = f(u,l,?tg,/lh,lG,lH). Furthermore, since f;, j € J, g, t € T(u), Thy,
ke K, £G;,i€l, £H;, i €1, are all invex at u w.r.t. 17, we see from Theorem 5.1 that we can
find 7 > 0 such that for each x € B(u,r) NI1 we do not have f(x) < f(u,A,A8,A" AG AH).
Hence, we conclude that (1, A,A2, A", A% AH) is a local weak efficient solution to (WP).  [J

Remark 5.1. We can easily verify that, if we require the function f to be strictly invex in
Theorem 5.1, then we will obtain that there exists r > 0 such that, for each x € B(u,r) NII, the
inequality f(x) < f(u, A, A8 A" A9 AH) does not hold. This stronger assumption when added
in Theorem 5.2 will yield that (u,A,A%,A", A% AH) is a local efficient solution of (WP).

5.2. The Mond-Weir Duality. We are concerned here with the Mond-Weir duality type for
(1.1). To proceed, for an arbitrary (u,A,A18, A" A6 A7) € R" x R7 x RE' x RY x R! x R! with
m

Z A; = 1, we consider
i=1

(max  f(u),
st.  0€e Z )u acfj —I— Z Af (Dcgi(u)) + Z )“k (dchi(u))
jeJ teT (u) kek
+ Y28 (0cGi(w)) + LA (cHi(w)),
icl icl
(MWP) 4 Z Mg () + Y Alh(u) + Y ACGi(u)+ Y Al Hi(u) > 0,
teT (u keKk i€l i€l
ue ]R”, (A, 28,40 AC AH) e R x RIS x RI xR < R,
Zli = 17 }LiG = 07VZ € IH(”)? ;LIH = 07Vl € IG(”)? a’iGA’iH = 07Vl € IGH(M)’
\ i=1
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which has a feasible set given by

m
Ip = {(u,l,u,v,m ER"xRY xRY xRY xint(RY) : Y 4 =1,
i=1

0€ Y 2 (Acfiw)+ Y Af(dcgi(w)+ Y A (Achi(u))

jel t€T (u) kek
+ Y A8 (0cGi(u) + Y A (9cH;(u))
icl icl
Y Afgi(w)+ ) Alh(u) + Y ACGi(u) + Y A Hi(u) > 0,
teT (u) kek il il

A =0Viclyu), M =0Vicls(u), APAF =0,Vic Iou(u), }

The following theorem presents a weak Mond-Weir duality result.

Theorem 5.3. (Weak duality) If (u, A, A8, A" AC AH) € TIp and f, j€J, g, t € T(u), £y,
k€K, £G;, i € Ig(u)Ulgy(u), £H,;, i € Iy(u) Ulgy (u), are all invex at u w.r.t. 1, then we can
find r > 0 such that for each x € B(u,r) NI the inequality f(x) < f(u) does not hold.

Proof. Since (u,A,A%,A", A9 AH) is a feasible point for (MWP), there exist there exist x; €
dcfij(u), i=1,...m, y; € dcg/(u), t € T(u) , zj € dchi(u), k=1,...,q, v € dcGi(u) and
w; € dcH;(u), i € I satisfying

Z Ajx; + Z l,g + Z Mzi+ Z?Ll-Gv;-k —I—Z?Linf =0, (5.3)
jeJ teT (u keK i€l icl )
and
Y M)+ Y Mh(w)+ Y ACGi(w)+ Y A Hi(u) > 0. (5.4)
teT (u) kek il il

By contradiction, we assume that for each r > 0 there is x € B(u,r) NII such that f(x) < f(u).
Then

i Ai(fi(x) = fi(w)) <O0. (5.5)

By virtue of the invexity at u w.r.t. n of f, j€J, g, t € T(u), £h, k € K, £G;, i € I, =H,;,
i € I, one has

fi(x) = fi(u) > <x;‘~,n(x,u)), ijE&cfj(u), Vjeld,

gt(x) _gl‘(u) Z <)’?<777(Xa u))v vy;k S aCz?t(“)» Vie T(u),

Iy (x) — by (u) > (zf,n(x,u)), Vzi € dchi(u), Vk € K,
(—he)(x) = (h)(w) > (Zn(xu), Yz € de(—hi)(u), Vk €K,

Gi(x) — Gi(u) > (vi,n(x,u)), Wi € dcGi(u), Vie lg(u) Ulgu (u),
(=Gi)(x) = (=Gi)(w) = (f,n(xu)), W €de(=Gi)(u), Vi€ Ig(u) Ulgn(u),
H;(x) — H;(u) > (wi,n(xu)),  Yw; € dcHi(u), Vi€ In(u)Ulgu(u),
(—H))(x) — (Hi)(w) > (Wi,n(x,u), VW] € dc(—H;)(u), Vi€ In(u)Uloh(u).



NONSMOOTH MULTIOBJECTIVE SEMI-INFINITE PROGRAMMING 107

By taking 7j = —z;, Vk € K, Vi = —v}, Vi€ Ig(u) Ulgy(u) and w; = —wj, V Iy (u) Ulgy (u)
one has

fi(x) = fiw) = (x5nxu), Vxi € defju), ¥V jeJ,

w0 —g() > Ohn(nw), W eacgu), VieT(w),

hk(x) —hk(u) = <Z;:,T](X, Lt)), VZk S achk(u), VkeKk,

Gi(x) —Gi(u) = (v/,n(x,u)), Wi € dcGi(u), Vi€ Ig(u) Ulgh (u),
H,‘()C) —H,-(u) = (w?‘,n(x,u)), le € acH( ), Vie IH(M)U[GH(M).

Multiplying both sides of the above inequalities respectively by 4, A, A", ¢ and A} while
considering that g;(x) <0 (t € T (u)), it(x) = 0 (k € K), and A°G;(x) = A1 H;(x) = 0 for any
i € I, we obtain

Aj(fi(x) = fi(w)) = (Axj,n(xu)), Vjeld,
_A’fggt<u) 2 <7Ltgyt 777(35»”)% Vie T(“)?
—Althy(u) = (Azp.n(xu), VEkeEK,

AGG (u) = (ASvin(xu), Viel,
—?LiGH( ) = (ASwin(xu), Viel

The combination of the above inequalities with (5.3) tells us that

=(Y Ajixi+ Z Avi+ Y M+ Y A0+ Y A wi n(x,%))

jeJ teT (u kekK iel iel
< Z Aj (fj(x) ) ( Z 7L, gr(u)+ Z %ﬁlhk(u)-I-Z/liGGi(u)-i-Z?LiHHi(u))a
j= teT (u keK iel iel

From (5.4), we see that

f Ai(fi(x) = fi(u)) >0,

l:

which stands in contradiction to (5.5). ]
Next, we establish the following strong Mond-Weir duality result.

Theorem 5.4. (Strong duality)Let u be a weak efficient solution of (1.1), D in (3.2) be closed
and dcACQ(B1,B) holds at u. Then, there is (A,A8,A" 29 AH) € R x ]R' |« RI xR x R/
such that (u,A, A8, Ah QG ,AH) € Tp. Moreover, iffi,jelJ, gnte T( ), ihk, ke K, +G,,
i€l, £H, i €1, are all invex at u w.r.t. 1, then, one has (u,A,l,v,p) is a local weak efficient
solution of (MWP), and the objective values of (1.1) and (MWP) are equal.

Proof. According to Theorem 3.1, there exists (A,48,A4", 16 A1) € R x RE' x RY x Rl x R!
satisfying

0€ Y A (dcfiw)+ Y, Af(9cgi(u +Z)Lk (Achy(u))

jel €T (u) kek
+ Y A7 (0cGi(u) + Y. AT (dcH;(u))
iel i€l

with Y A =1, AS =0, Vi € Iy(u), A1 =0, Vi € Ig(u), A°AH =0, Vi € Igu(u), From
Afg:(u) =0 for any t € T (u), hy(u) = O for any k € K, and L°G;(u) = A H;(u) = 0 for any
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i € I, we see that

Z Mg (u) + Z l,?hk(u) + ZliGGi(u) + Z?LiHH,-(u) =0.
teT (u) kek i€l iel
Consequently (u,A,A%,2" 1% AH) c ITp. As fisjeJ, gt €T (u), xhy, ke K, £Gj, i €,
+H;, i €I, are all invex at u w.r.t. 1), Theorem 5.3 tells us that there exists r > 0 such that for
each x € B(u,r) NTI we do not have f(x) < f(u). Hence, we obtain that (u,A,A8,A" A% AH)
a local weak efficient solution of (WP). It is easy to see that the objective values of (1.1) and
(MWP) are equal to f(u). O

Remark 5.2. Again, we can easily verify that if we require the function f to be strictly invex in
Theorem 5.3, then we will obtain that there exists » > 0 such that for each x € B(u,r) NII, the
inequality f(x) < f(u) does not hold. This stronger assumption when added in Theorem 5.4
will yield that (u,A,A8,A" A% AH) is a local efficient solution of (MWP).

6. CONCLUSION

In this work, we established necessary M-stationary conditions for a nonsmooth multiobjec-
tive semi-infinite programming with switching constraints by using an equivalent problem and
Clarke’s generalized subdifferentials. Moreover, we h employed the ACQs which are weaker
than most of known nonsmooth constraint qualification (Slater, Cottle, Zangwill, etc). We also
established the sufficient M-stationary conditions for (1.1), formulate its Mond-Weir and Wolf
dual problems and prove weak and strong duality results. To the best of our knowledge, there
is no paper dealing with nonsmooth case for multiobjective semi-infinite programming with
switching constraints. For future research, we can derive optimality conditions for the same
problem we studied by using weaker subdifferentials such as tangential subdifferentials and
convexificators.
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