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CONE ENLARGEMENTS AND APPLICATIONS TO VECTOR OPTIMIZATION
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Abstract. We study four types of enlargements for cones in normed vector spaces. We identify some
commune features and mutual inclusions that these enlargements enjoy under different classical proper-
ties of cones: normality, well-basedness and so on. The effect of such conic enlargements on the behavior
of the Gerstewitz (Tammer) scalarizing functional is shortly presented. Then we prove that, in the virtue
of their inclusions, all these enlargements are involved in the study of the properness of several types of
solutions in a variety of vector optimization problems.
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1. INTRODUCTION

Certain types of conic enlargements are well known to be very useful in a wide range of
applications from stability issues in variational analysis (see [1, 2] and the references therein)
to results concerning the density of proper solutions into the set of strong solutions in vector
optimization (Arrow-Barankin-Blackwell type theorems; see, e.g., [3]). More recently, some
conic enlargement were introduced in order to deal with some concepts of directional solutions
(see [4]) and a study of several possible enlargements was done in [5] within the scope of
presenting their applications to cone separation results and to vector optimization problems
with variable ordering structure in the setting designed in [6].

In this paper, we continue some ideas of investigation opened by the work [5]. Namely, we
reconsider four types of enlargements for a given cone in a normed vector space and we explore
them from several perspectives. In this vein, we provide more calculus rules for their inclusions
and we put into light the exact constants of enlargement in all inclusions we prove. Moreover,
we have a new look on these construction from the point of view of some usual properties of
cones (the property to have a bounded base, to be normal, etc.). Actually, the normality property
seems to be a good tool for obtaining interesting inclusions for the two of these constructions
that are not convex, in general. A second part of the paper concerns the way these enlargements
interacts with some important tools in vector optimization, namely scalarizing functionals and
approximate solutions. Therefore, we are interested in knowing how the famous Gerstewitz
(Tammer) functional is related to the cone enlargements under the study and in understanding
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under which topological conditions some directional approximate minima for sets and solutions
for a class of problems with variable ordering structure can be seen as proper solutions (that is,
solutions with respect to larger ordering cones and cones of directions). We consider that several
facts presented here are actually generators of further results on similar ideas and in this sense
we see these enlargements as the basis of some potential further applications in the theory of
vector optimization.

The paper is organized as follows. Firstly, in Section 2, we identify some properties that
the enlargements we consider share and this allows us to see them from the point of view of
angle property of cones and the property to allow plastering. In particular, we concentrate on
the inclusion of some conic neighborhoods and we make precise the radii of these generalized
neighborhoods. Moreover, we show their mutual inclusions and, in contrast to [5], we provide
exact inclusion constants in all situations. Then, in Section 3, we present some further inclu-
sions using the trace of two (the most general and less demanding ones) of these enlargements
on the unit sphere and this is motivated by the purpose to compensate the lack of convexity.
These inclusions as well as the pointedness of these enlargements are studied under normal-
ity assumption of the underlying cone. The last two sections are dedicated to some potential
application of the enlargements we study to vector optimization problems. We begin with the
description in Section 4 of the behavior of Gerstewitz (Tammer) functional in relation to cone
enlargements. After that, in Section 5, we present the way one (actually, all) of these en-
largements is (are) involved in various situations where a directional solution of a given vector
optimization problem can be seen as a proper one in the commonly understood sense (see [7]).

Throughout this paper, X denotes a normed vector space. We denote by B(x,r), D(x,r), and
S(x,r) the open ball, the closed ball, and the sphere of center x € X and radius r > 0; for x =0
and r = 1, we will write By, Dy, and Sy, respectively. For a set A C X, we denote by intA,
clA its topological interior and closure. The cone generated by A is designated by coneA, and
the distance from a point x € X to a nonempty set A C X is d(x,A) :=inf{|[x—a| |a € A}. We
denote by w the weak topology on X.

2. CONE ENLARGEMENTS AND GENERAL PROPERTIES

Let X be a normed vector space and C C X be a closed cone. One says that C is based if there
exists a convex set B such that 0 ¢ c1B and C = cone B. Obviously, a based cone is convex. If B
is also bounded, one says that C is well-based and in this case, since C is supposed to be closed,
one can take B to be closed as well (see [7, Definition 2.2.14] and the subsequent comments).
Moreover, it is well known that a cone which has a base is pointed.

We consider and compare four kinds of conic enlargements for C. Firstly, we note the obvious
fact that C = cone (C N Sx) and we denote by S¢ the set CN Sx. The first two enlargements are
defined next.

Definition 2.1. Let € > 0 and C C X be a closed pointed cone. Define the following enlarge-
ments of the cone C:
(1) the first type enlargement is

CV€ = cone ({x € Sx | d (x,C) < &}) ={ueX |du,C) < e|ul|};
(i) the second type enlargement is

C ¢ = cone ({x € Sx | d (x,S¢) < €});
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Remark 2.1. Notice that no convexity is involved in these definitions since C can be a noncon-
vex cone. For instance, C (1€ was used in [1] under the name of ’conic € —neighborhood” in the
context of some continuity properties of cone-values multifunctions, while C (2)€ was introduced
in [4] in order to deal with directional efficiency in vector optimization.

In relation with these enlargements, we use the notation:
sUE = synce = {xe Sy |d(x,C) <€},
S = sy NC@® = {xe Sy |d(x,Sc) < €}

Notice that the above sets are closed subsets of Sy, and since C (*)€ — cone S(C* e forx € {1,2},
these cones are closed.

The conic enlargement for based cones mostly used in literature was given by the Henig cone
dilating procedure (see [7, Lemma 3.2.51]).

Definition 2.2. Let € > 0 and C C X be a closed convex based cone with the base B. The third
type enlargement is C3)€ = cone ({x € X | d (x,B) < £}).

Remark 2.2. C®)¢ is a closed convex cone for all € € (0,d (0,B)).

Remark 2.3. All three types of enlargements can be the whole space for € large enough (€ > 1
for C(V€, & > 2 for C?%, & > d (0,B) for C)€) so we are interested to work with small values
of € in order to avoid thlS situation.

To define the fourth type of enlargement, one needs to recall the following ancillary result
(see [7, Section 2.2]).

Lemma 2.1. Let C C X be a closed and convex cone. Then

(i) C is based if and only if there is x* € X* such that x* (x) > 0 for all x € C\ {0} . In this
case CN{x € X | x* (x) = 1} is a base for C,

(ii) C is well-based if and only if there are x* € X* and o > 0 such that x* (x) > o ||x|| for all
x € C. In this case CN{x € X | x* (x) = 1} is a bounded base for C.

Now we can define a specific enlargement for well-based cones.

Definition 2.3. Let C C X be a closed, convex, well-based cone and € > 0. Let x* € X* be the
functional from Lemma 2.1 (ii) and A := {u € X | x* (1) = 1} . The fourth type enlargement is:

C™e = cone({x €A |d(x,CNA) <e}).

Remark 2.4. Since A and CNA are convex and closed, the set B :== {x € A | d (x,CNA) < €}
enjoys the same properties. Moreover, 0 ¢ B¢ since 0 ¢ A, while the boundedness of C N A
implies the boundedness of B.. Therefore, CWE ig always a proper, closed, convex, well-based
cone.

Remark 2.5. While in every normed vector spaces one can easily construct well-based cones,
and on finite dimensional spaces every closed convex pointed cone is well-based, among the
classical infinite dimensional normed vector spaces only for /! and L! (Q) the natural ordering
cones are well-based.
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These enlargements share some similar features. For instance, for x € {1,2,3,4} and € > 0,
C\ {0} C intC™E, but in fact, these inclusions can be significantly improved in the sense that
these enlargements, except CcOe, enjoy a property that is used in literature in relation to cones
that “allow plastering” (see [8]). In this vein, we have the following result.

Proposition 2.1. For all x € {1,2,4} and € > 0, there is p > 0 such that
D(x,p|lx|) c C™E vxecC. 2.1)
(Here we consider D (0,0) = {0} .) More precisely,

(1+8)€717 ifx=1,
p=1{ 27e ifx=2,
ea? e
iotae e F*=4

with o from Lemma 2.1 (ii) (and, implicitly, from Definition 2.3).

Proof. Firstly, we show the assertion for « = 1. Indeed, let x € C\ {0} and take u € D(x, (1 +
€)~'e||x||). It is obvious that
lull > [lxll = (1 + &)~ e llx]| = (1 +€)~" [lxl].
On the other hand,
d(u,C) < u—x| < (1+€) " elx]| <elul.
This shows that u € C(VZ.
Now we show the conclusion for x = 2. Let x € S¢ and take u € D(x,2~'€). Then there is
veD (0, 2*18) such that u = x4+ v. Consequently,
xX+v
e+

1
l——
e+
< il + [yl = 1] <27 e+ [l = 1]

X

xX+v
x+v—v——H < |[v|| + |x+ V||
[[x + v

But 1 -2 'e <|jx+v|| < 1+271¢, whence |||x+v| — 1| <27 g, s0

<o

We conclude that u € C?€. Now, for x € C\ {0}, one has ||x|| "' x € S¢, whence

D (i 21£> c e

I

which means that D (x,2 e ||x||) c C (2)€_ Finally, we consider the case * = 4. Take first

eo’ 0
oc(0—%  )andy=—2_
( ||x*||(2+8a)> "=1720

x_
[

Furthermore, consider { > 0 such that

ea?
x| 2+ &)

We firstly prove that for x € C\ {0}, D(x,y|x||) € C*E. Consider u € D(x,y||x||). Therefore,

d(u,C) < [|u—x|| < yllx].

0+¢ <
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But [[ul| > ||x[| = [Ju —x|[ > ||x[| — |lx[| whence
Y
du,C) < .
(0.C) < 12l
Denote
vyt 9
-y 1+6

59

Clearly, for all § > 0, there is ¢ € C such that ||u — cg|| < v||u|| + 8. Notice that, for small 8§,

cs # 0since v < 1 whence x* (cg5) > a||cg|| > 0. We obtain
lu—csll <Vllu—csl[+vllesll+6,
which yields
14 0
- — — =90 —_—
Ju—call < T2 llesll + o = 0 sl + >
Then

(NS RON)

> Jlull (1=v) =8 >27"ul| (1 -v)

for small 6. Observe now that

X (u) =x" (cs) +x" (u—cs) = alles|| — 17| [lu—cs]|

> -0 | — 1.
> allcsll—0lesl| |x* 1_VHX |
[esl| (o =6 ]x"|) 0 "l
=||c —0|x|)———|x
5 1—v
200 I
>271 1—v)- — >0
Jull (1 =v)- 5 = o Il > 0,

for all small §. Therefore,

—_caand =2 _ecna.
x* (u) x* (cs)

We aim to show that, for small &,

u cs <e
x(u) ¥ (es) ||~
By denoting y := u — cg, this becomes
ytcs _ % g
() +xt(es) (sl ~

that is,

I (cs)y —x" (v) esll < € (x" (v) +x7 (c5)) X" (c5)

(V) [lul = (U4 V) [l + 8 > les|| = [Jull = [Ju—cs]]

(2.2)
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Now, the left-hand side of (2.2) satisfies

I (es)y —x" () esll < 2[1" [ Iyl les

<2(0llesl + 2 ) Il

el + 29— I lesll
2
ex ) o
<2||x* - 2 *
<2 ||(||X*H(2+w) C) lesll? 2= 1" lles
2

Ex 2 . 2 %
=2 -2 2 .

5= llesIP =28 [l lles I +2 7= ¥ s

The boundedness of the norm of c¢g and this inequality ensure that there is & > 0 such that

2
EA 2
S lesl ¢,

again, for all small 8. The right-hand side of (2.2) satisfies

e(x" (y) +x"(cs))x" (c5) = eatles]| (e lles]| =[x Iyl

X 0
> ealesl (alesl - Il (sl + 1= ) )

lx* (cs)y —x* (y) csl| <2

ealesl (= 2 ) — ear gl 7| -2
= c ——||¥"|| ) = csll|1x
o I 2 +ea) ° 1—v

2ea’ 5 L. O

= —ea :

sl — e sl Il -
These inequalities yield that that for small &, (2.2) holds. Therefore, for all x € C\ {0},

(4)e
(x g 1) <

for all

2
Ex
0c (0 )
e[| (2 + eax)

Since C(% is closed, by making 6 — (||x*|| (2+&a)) ' €02, we obtain the conclusion.

O

Remark 2.6. Consider now the case x = 3. If C is based but not well-based, then C®)€ does not
have property (2.1) since this cone is always convex. In such a case, (2.1) implies that the cone
is well-based (see [8]). However, if B is bounded, then there is M > 0 such that for all b € B,
|b|| < M, and we can take p = M~ '¢. Indeed, for x € C\ {0}, pick u € D (x,p ||x||) . Then there

is b € B and o > 0 such that x = ab. Clearly, ||x|| < aM. Then
d(a'uB) <o u—a x| =a " u—x|| <a "M Te|x| <k,

so o~ 'u € C)% and this proves the assertion.

Let x* € X* and a € (0,1). Define Cy+ o = {x € X | x*(x) > a||x| ||x*||}. The interesting
situation is x* # 0 and it is obvious that in this case Cy+ 4 is a closed convex pointed cone with
nonempty interior. Actually, intCy o = {x € X | x* (x) > o/ ||x|| ||x*|| }. A well-known result (see
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[7, p. 2]) says that a cone K is contained into a cone of this type (in which case K is said to have
the angle property) iff it is well-based. For the relationships between the properties of cones we
use, see also [9].

Proposition 2.2. With the above notation, take B € (a,1). Then, for all x € Cy- g \ {0},
D(x,(B — ) lxl}) € Cr
In particular,
Cy- g \ {0} CintCy+ o.
Proof. Indeed, for all x € Cy- g \ {0} and u € Dy,
X (o (B —a) [Ix]u) = x" (x) + (B — &) [lx][ " ()

= B bl llx*ll + (B — ) [l (= 1" [} lael})

= B[ [l = (B = a) [lx fl"

= otlx fl"][,
and the conclusion follows. UJ
Remark 2.7. Let C be a closed convex pointed cone, p > 0 and define a generalized conic

neighborhood of C (with radius p) by Cp := U,cc D (x,p ||x||) - This is a cone. We have shown
that in several situations there is a p such that C,, is a subset of an enlargement of C. If x* €
(Cp)+ , then x* (x) > p [|x[| [|x*|| for all x € C, that is, C C Cy+ p. Consequently, if (Cp)+ # {0}
the cone C is well-based. We conclude that if C is not well-based the duals of both C(1€ and
CE are {0}.

In fact, if C(V€ or C(?)% is convex proper cone then, by a standard separation result, their duals
are not trivial whence there is p > 0 such that (CP)Jr # {0}. Consequently, C is well-based.
Then, if C is not well-based, the enlargements C% and (Y are convex only if they coincide
with the whole space.

On the other hand, if C,, is convex, then again C is well-based (see [10, p. 222]). The converse
is not true, in general. If C is well-based then one can find p and a convex cone K such that
Cp CK.

In [5], some inclusions between these types of enlargements were given, but in some of them
no concrete constant were pointed out. In the next result we provide such constants, improving
in this way [5, Proposition 2.7].

Proposition 2.3. Letr C C X be a closed convex cone, and let € € (0,1). Then
(i) C2E c Ve gng cVO = e ywhere

o _ Ver+12e+4—e-2
= 1 :
(ii) if C is has a base B, then C®? c CWVZ for all
€-d(0,B
0c (0,¥> ,

14+¢

and if C is well-based with boundedness constant M, then C (16 = O vwhere
€
e+ M
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(iii) if C is well-based, then C®® c CVE where

9_8

I

and CV? < CUE for all

2
EA
oc|o, .
( 8a2+||x*||(2+8a))

Proof. (i) The first part is obvious. For the second part, let y € S(Cl) ® This means that ly[| =1
and for all § > 0 there is x € C such that ||y —x|| < 6 + §. Clearly,

1+(64+06)>|x]|>1—-(0+9).

In particular x # O for small §. Therefore,

X 1 (1l y = [l 2+ [[oc ]} x — x|
d(7.50) < Hy—— = Lyl <
[l (1] 1-(6+9)
< Iy =l + Nl Jllxl = 1] _2-(1+6+6)(6+9)
- 1—-(60+9) 1-(60+9)
Passing to the limit as 0 — 0, we deduce that
20(1+06
d(y;SC> < % =§&,

and this is enough to conclude the proof of this item.

(ii) As seen before (first part of Proposition 2.1), for all x € C, D(x, (1 +¢&) e |x|) c C(Ve,
Since 0 ¢ clB, ||b|| > d(0,B) > 0 for every b € B. Then, from the above inclusion, for every
b € B one has D(b,(1+¢)~'e-d(0,B)) c CVE. This means that if x € X satisfies d (x,B) <
(1+€)~'e-d(0,B), then x € C(V¢ 50 we get the announced the inclusion.

For the second part, take x € S(C1 )9. Then, for all & > 0 there are o > 0 and b € B such that
|x — ab|| < 6 + 8. This shows that

l—aM <1—a|b| = x| —[ab| < |x—oabl < 6+3,

that 1s,
o> 1-6-6
i .

Therefore, for all § > 0 small enough,

R e =

whence
d (ﬁ B) < —9 =€
o)~ 1-6 ’
and the conclusion follows.
(ii1) For this part, see the proof of [5, Proposition 2.7] [
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3. PROPERTIES UNDER NORMALITY CONDITION

In this section, we use the notion of normal cone (see [7, Definition 2.1.21] for the definition)
by means of some of its characterization (see [7, Theorem 2.2.10]) in order to further explore the
concepts studied before. Rather than the formal definition we present some characterizations of
this concept.

Proposition 3.1. A convex cone C in a normed vector space X is normal iff there exists o« > 0
such that a||x|| < ||y|| whenever x,y € C,y —x € C iff there exists B > 0 such that ||x+y|| > B
whenever x,y € Sc.

In infinite dimensional vector spaces, this property of normality is in general weaker than the
property of the cone to be well-based (see [7, p. 3]). For instance, if one considers the normed
space (C ([0,1]),]|-||..) and C = {x € C([0,1]) | x(¢) > 0, ¥r € [0, 1]}, then C is normal but it is
not well-based.

We readily get the following assertion.

Proposition 3.2. If C is normal, then Cy, is pointed for p € (O, 2_105) , Where o is the constant
from the equivalences in Proposition 3.1.

Proof. Take u, —u € Cp. Then there are x,y € C such that
lu—x]| < pllx]| and [[—u—y[ <p |yl
So,
% (el Y1) < Hle 4yl < floe = x| + [[ = = yII < p (llxl[ + [I¥]])

which is possible iff x =y = 0, that is, u = 0. U
Proposition 3.3. If C is normal, then

(i) CVE is pointed for all € € (0, 2+a)! a) :

(ii) C?)% s pointed for all € € (0,271B8);
(where o and B are the constants from the equivalences in Proposition 3.1).
Proof. (i) Take € € (0, 2+a)”! OC) and suppose, by way of contradiction, that C()¢ is not

pointed. Then for all § > 0, one can find x € S, u,v € C such that ||x—u| < €+ 0 and
|—x—v|| < €+ 6. In particular, ||u|| > 1—(e+ ) and ||v|| > 1—(€+J). Since
(04
vl = = (el +[]vl]) > (1~ (e +6))

and
Jutvll=llu—x+(x+v)[ <2(e+9),
we have o (1 —(e+6)) < 2(e+6) for all §, that is, ot (1 —¢€) < 2¢, which contradicts the
choice of €.
(ii) Take € € (0,2_1 B) . The argument is similar with that of (i). Suppose that C% is not
pointed. Then, for all § > 0, one can find x € Sx, u,v € Sc such that

|x—u|| <€+ 0 and||—x—v| < e+34.

‘We obtain that
B<|u+v|=|lu—x+x+v)|<2(e+9),
and we reach a contradiction. L]
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As we mentioned, the first two types of enlargement are not necessarily convex so a inclusion

of the form C¥E + C("E « C(¥)€ does not necessarily hold for € {1,2}. Instead, we provide
()

some inclusions for SC € + S(C*)g.

Proposition 3.4. Suppose that C is normal and let o, B be the constants from the equivalences
in Proposition 3.1.

(i) Let € <271B. Then S(Cz)e +S(C2)8 c ¢l ywhere

2¢
0=—-——.
B —2¢
(ii) Let € < (24 ) " ot Then Sg)g +S(Cl)8 c CM® ywhere
A —
ao—e(2+a)

(iii) Let € < 27'B. Then S&¢ + S €9 where

8¢
o= ¢
B(B—2¢)
(iv) Lete < (2+a) " a. Then S(Cl)s —|—S(C1)£ c C@8 \vwhere
8e(l+¢)

0= .
a2 (1—€)*—2ae(l—¢)

Proof. (i) Let us take yq,y, € S(Cz)g. Then for all § > 0 there are x1,x; € S¢ such that |[y; — x| <
€+ 0 and ||y, —xz]| < €+ 8. Then

yi+ym 1
(2 e
2l ’C) = ol )

2(e+09)
< ——— [+ — @ +xn)| < —-.
lv1 + 2] lv1 + 2]
But
Iyt +y2ll > [Jx1 +22|| = [[y1 +y2 = (x1 +x2) | > B —2(e+0) >0

for all small 0. Therefore, for all small enough 9,

yit+y2 ) 2(e+96)
d{————C| < ————.
(”)’1 + 2| B—2(e+9)

Making & — 0, we have
d( yi+y2 C) o 28
y1+y2ll” /)~ B—2¢
and the conclusion follows.
(i1) Even the arguments are similar, there are some differences that give us the impetus to
write all the details. So, let y1,y, € S(Cl)g. Then, for all § > 0, there are x;,x,» € C such that
lvi —x1|| < €+ 8 and ||y, —x2|| < €+ 8. In particular,

el > flyall = [y = x| > 1= (e +6),
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and similarly for ||x;|| . One has, as before,

2(e+6
d( yity ,C>§ (e+8)
lv1 + 2| lv1 + 2|
Now

Iy +y2ll =[x 422l = [[y1 +y2 = (1 +22)[| = 27 o ([fx |+ [|x2]l) =2 (e 4 6)
>27la(2—-2(e+8))—2(e+8)=a(l—(e+8))—2(e+8) >0
for all small 8. Therefore, for § small enough,

yi+y2 2(e+9)
d(||y1+' y2||’c> S (- (e+0)-2(e10)

2
J (MC) <2
ly1 +y2|] a—e(2+a)

Again, we obtain the conclusion.

Making 6 — 0, we have

(ii1) To prove that, let us consider yy,y; € S(Cz)e. As before, for all § > 0 there are x1,x; € S¢
such that
||y1 —X1|| < €+0 and ||y2 —XQH < €E+0.
Then

( yi+y2 ) H yity:  Xitx ‘ _ e +xal O+ y2) — [vn =+ y2l| (k1 4-x2) |
[y1+y2l” v +y2ll [+ x| [y +y20 - [lx1 +x2] '
On the one hand, ||x; +x2| > B and ||y; +y2]| > B —2(€+ ) > 0 for small . On the other
hand,

Hlxr +x2[ (1 4 y2) = [[y1 + 2l (x1 +x2) |

= |[lxr 22l (71 +32) = [l + x| (x1 4+x2) 4 [Jx1 42 (o1 +22) = [y +y2] (51 +x2) |

< lxr x| [ +y2) = (e +x2) |+ [l + 2] - [[[x1 +x2]| = [[y1 + 2]

<2:2(e+8)+2- |1 +y2) — (1 +x2) || <4(e+8)+2-2(e+8) =8(e+6).
We conclude that, for small 8,

yi+y 8(e+9)
¢ (||y1+yz||’sc) : B-(B-2(e+9))

Now we pass to the limit as & — 0 and this concludes the proof of this item.

(iv) Let y1,y2 € S(Cl)e. Then, for all § > 0, there are x1,x; € C such that ||y; — x;|| < €+ 0 and
|lv2 —x2|| < €+ 8. Then, again,

(2 ) < UtnlOnts) bt )]
[y +y2 [y1+y2ll- [lx1 +x2]]
Using the same estimations steps, we have

2(14+e+8) > |lxi +xof > 2 ta (|l | + |l l) > 27t 2(1 = (e +8)) = a (1 — (4 5)),
[y1 +y2ll = e (1= (e +8)) =2 (e +9);

ler 422l (1 +y2) = llyr +y2ll (1 +x2) | <8 (1 +€+6) - (e +9).
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So, for all small 0,
d( yi+y SC)< 8(1+&+8) (e+9) |
ity ) T a(l—(e+6)) (a(l—(e+8))—2(e+9))

We conclude that

8e(l+¢
d( yit+y ,Sc)é 2( +€) ’
[y1 + 2]l a?(1—€)"—2ae(l—¢)
and the assertion follows. O

4. GERSTEWITZ (TAMMER) FUNCTIONAL FOR CONE ENLARGEMENTS

In this section, we study the behavior of the Gerstewitz (Tammer) functional in relation to
cone enlargements.

Let C C X aclosed pointed cone e € C\ {0}. In this case, the Gerstewitz (Tammer) scalarizing
functional is @c, : X — R defined by

¢Oce(x):=@(x):=inf{r e R|x cte—C}. 4.1)

Here we use the convention inf() = +co. Notice that in this setting ¢ is proper, i.e., does not take
the value —eo. Indeed, this would happen if it would exist x € X such that for all # € R one has
—x+te € C. In particular, this implies

1 1
n(——x—i—e) ECandn(——x—e) €C, Vne N\ {0}.

n n

Since C is a closed cone, this yields e, —e € C and this is not possible in view of the pointedness
of C.
We list here the properties of ¢ we would like to recall in this section (see [7, Theorem 2.3.1],

[11]).

Theorem 4.1. The functional @ in (4.1) has the following properties:

(i) @ is lower semicontinuous and positively homogeneous;

(ii) dom @ = Re — C;

(iii) for every A e Rand x € X, {u € X | o(u) <A} =Ae—C,and ¢(x+Ae) = @(x)+ A;

(iv) for all x € dom @, the inf in (4.1) is attained, that is, x € ¢(x)e —C;

(v) if C is convex, then @ is convex and for all X € dom @ the Fenchel subdifferential of ¢ at
xis dQ(x) ={u* € C* | u*(e) = 1,u*(X) = @(X)};

(vi) if, additionally, intC # 0 and e € intC, then @ is also d(e,bd(K))~'-Lipschitz.

Proposition 4.1. Let € > 0, C C X a convex closed pointed cone, and e € Sc. Consider one of
the enlargements C™)¢ of C for which there is p > 0 such that CP C C®% and C™E is pointed.
Denote ¢c . by ¢ and Qp(e , by Qc. Then:

(i) for all x € Re, @ (x) :7(pg (x) = o, where x = ate;

(ii) forallx € (X \Re)N(Re—C), e (x) < @ (x) —p |l (x)e—x] .

Proof. Since C C C2 it is clear that @ (x) < ¢ (x) for all x € X.

(i) Suppose that there is & € R such that x = ace. Then ¢ (x) = a and if there exists f > 0
such that (@ (x) — B) e —x € C*)€. We obtain —fe € C*)€, and this contradicts the pointedness
of C¥)€_ Then ¢ (x) = a.
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(i) Take x € (X \ Re)N(Re —C). Then ¢ (x) € R and ¢ (x)e—x € C\ {0} . Since, CP ¢ C(¥)E,
we deduce that D (¢ (x)e —x,p ||@ (x)e —x|) € C*)%. In particular,
¢(x)e—x—pox)e—x|eec e,
which implies that (¢ (x) — p ||@ (x) e —x||) e —x € C*)E. We deduce that
Pe (x) <@ (x) —p [ (x)e—x],
whence the conclusion. 0J

The inequality in the second item of Proposition 4.1 can be strict even if ¢ takes only finite
values as the next example demonstrates.

Example 4.1. Take X :=R? C=R2,

(1,2) (2,1) 1 2v/5-4
e = , X = s p = —, E = —_—,
V5 V5 V5 V5
in which case C? = C2¢ if one considers the Euclidean norm. Observe that:

0()=2 900~ pllo(e—xl =1 el = ;.

5. APPLICATION TO OPTIMIZATION PROBLEMS

In this section, we consider some types of generalized vector optimization problems under
the vectorial approach. We aim at presenting topological conditions under which a certain type
of efficiency can be seen with respect to an (all) enlargement(s) studied above. This perspective
is widely motivated by the concept of proper efficiency that is very useful in the standard vector
optimization problems (see [7, Section 3.2.6], [12, Chapter 10] and [13]).

We start with a problem concerning directional minima of sets. Consider a nonempty set
L C Sx and take K as a pointed closed cone in X. The following notion of directional efficiency
is introduced and briefly studied in [14].

Definition 5.1. Let M C X be a nonempty set. One says that X € M is a local directional Pareto
minimum point for M with respect to L and K if
(MN(xX+coneL)—x)N(—K) C {0}. (5.1)
If intK # 0, one says that X € M is a weak directional Pareto minimum for M with respect to L
and K if
(MN(x+coneL) —x)N(—intK) = 0. (5.2)
It is simple to see that relation (5.1) is equivalent to
(M —Xx)NconeLN(—K)={0},
while relation (5.2) actually means
(M —X)NconeLN(—intK) =0.
Therefore, (5.1) is relevant only if cone LN —K # {0}, while for (5.2) it is important to have
coneLN—intK # 0.

We have the following result which basically says that under certain conditions one can en-
large both the set of directions and the ordering cone from Definition 5.1.
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Proposition 5.1. Let X € M be a local directional Pareto minimum point for M with respect to
L and K. Suppose that X is reflexive, cone (M —X), coneL, K are weakly sequentially closed
and, moreover, K is well-based. Then there is € > 0 such that X is a local directional Pareto

(?iL and K¢,

minimum point for M with respect to S,

Proof. We have to show that there is € > 0 such that
(M —%) N (coneL) P (—K(2)£> = {0}.
Suppose, by way of contradiction, that for all n € N\ {0}, there exists
ay € (M —%)N (coneL)®" ' (—K<2>"”) \ {0}.

This means that for all such a,, one can find ¢,, € L and k,, € Sk such that
2

)
n

dap

lan |

a
[lan|

2
< —,Vn>0.
n

n

Since the space is reflexive and cone (M —X) is weakly sequentially closed, the bounded se-
quence (Haanl an) is weakly convergent on a subsequence to some a € cone (M —X). The

above relations show that a is also the weak limit of (¢,) and (k,) . Because coneL and —K are
weakly sequentially closed, one deduces that a € cone LN (—K).
Now, if a = 0, then k, 2 0. But, since K is well-based it is supernormal (see [7, p. 37]) and

one gets that k, — 0 which means that (Han | an) — 0. The last convergence is obviously not
true, whence a # 0. This yields the contradiction 0 # a € cone (M —X)NconeLN(—K). O

Now we consider a vector optimization problem with variable ordering structure in the sense
presented in [6]. Let us take F,Q : X = Y as multifunctions (set-valued maps), where F acts as
the objective mapping, while Q is the ordering mapping. Recall that the domain of F is

DomF ={x € X | F (x) # 0}.

Definition 5.2. Letx € A, c € Y \ {0}, € > 0 and L C Sx a closed set. The point (%,y) € GrF
is a local ec—directional nondominated point for F on A with respect to Q and L if there is a
neighborhood U of X such that

(F(x)—y+ec)N(—Q(x)) =0, vxe ANUN (Xx+conel).

If intQ (x) # 0 for every x € A the point (X,y) € GrF is a local ec—directional weak nondomi-
nated point for F' on A with respect to Q and L if there is a neighborhood U of X such that

(F(x)—y+ec)N(—intQ(x)) =0, Vxc ANUN (X+conel).

Some stability issues for this type of solutions in a nondirectional setting were studied in [5].
Clearly, the first of the above notions can be rephrased as follows: (,y) is a local ec—directional
nondominated point for F on A with respect to Q and L if there is ¥ > 0 such that

(F(x) —5+€c)N(—Q(x)) =0, Vx € AN (F+[0,7]L).

A similar assertion holds for the second concept.
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Definition 5.3. Let X,Y be topological spaces and F : X =2 Y a set-valued map. One says that F
is upper semicontinuous (usc, for short) at X € Dom F if for every open set V such that F (x) C V
there is a neighborhood U of X such that F (U) C V. One says that F is upper semicontinuous
on a set if it is so at every point of that set.

Lemma 5.1. Let X,Y be topological spaces such that Y is normal and F,G : X = Y be set-
valued maps. Let X € X such that F,G are usc at X, and F (X),G (X) are nonempty closed
disjoint sets. Then there is a neighborhood U of X such that for all x € U, F (x) NG (x) = 0.

Proof. Since Y is normal, the closed sets F (X),G (X) can be separated by open sets, which
means that there are V,W C Y open such that F (x) C V, G(X) C W and VNW = 0. By the fact
that F and G are usc at X, one can find a neighborhood U of X such that forall x e U, F (x) CV
and G (x) C W. Now, the conclusion follows. 0J

Proposition 5.2. Suppose that (X,y) is a local ec—directional nondominated point for F on A
with respect to Q and L. Suppose that one of the following sets of hypotheses holds:

(i) A is closed, L is compact or X is finite dimensional, F,Q have nonempty closed values and
are (||, |[-|l)—usc on x+10,y] L.

(ii) A is weakly closed, L is weakly sequentially compact, F,(Q have nonempty closed values
and are (w, ||-||)—usc on x+1[0,7] L.

Then there is 0 > 0 such that (X,y) is a local ec—directional nondominated point for F on A

with respect to Q and S(l)6

conelL

Proof. Suppose, by way of contradiction, that the conclusion is not true. This means that for
every positive natural number » one can find u,, € L' , O, € ]0,7] such that x,, :==X+ otu, €A
and y, € (F (x,) —y+£c)N(—Q(x,)) . By the definition of L(1%_ for every u,, there is a v, € L
such that ||u, —v,|| <2-n~ L.

Suppose that assumptions from (i) hold. This ensures that (v,) converges (on a subse-
quence) to some u € L, and we deduce that (u,) converges to the same limit. Clearly, (a,)
converges (on a subsequence) to some @ € [0,7], sox, — x: =X+ au € AN(x+[0,y]L). Then
(F(x)—y+€ec)N(—Q(x)) = 0. By Lemma 5.1, there is a neighborhood U of X such that for
allze U, (F(z) —y+¢&c)N(—Q(z)) = 0, which means that this applies to (x,) , eventually. We
reach a contradiction, so the conclusion is true.

For the assumptions (ii) the reasoning is similar using the weak convergence on the input
space X. 0

Remark 5.1. Of course, in view of the mutual inclusions between the four types of cone en-
largement we studied in Proposition 2.3, one can replace in several ways the type of enlargement
considered in the above results.
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