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Abstract. This paper addresses the study of subdifferentials for set-valued mappings/multifunctions,
which take values in ordered spaces. First we obtain the main calculus (sum and chain) rules for such
subdifferentials. Then the developed subdifferential calculus is applied to establishing existence theo-
rems for the so-called relative Pareto minimizers in general problems of set-valued optimization with
constraints of various types.
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1. INTRODUCTION

The paper concerns the areas of vector and set-valued optimization, where the achievements
of Professor Christiane Tammer is difficult to overstate. In particular, she introduced and inves-
tigated a number of fundamental concepts in these areas that have been largely developed and
applied by many mathematicians, economists as well as scientists and practitioners in other dis-
ciplines over the words. Professor Tammer wrote numerous very influential papers and mono-
graphs among which we mention the monumental one [1] and the most recent book [2], where
the reader can find comprehensive bibliographies.

Our research here focuses on developing a dual-space approach to optimization problems
related to variational analysis of nonsmooth problems via normal cones to sets, coderivatives
of set-valued mappings, and subdifferentials of extended-real-valued functions in dual spaces
that may not be generated by tangential approximations. The foundation of this approach
with applications to scalar and vector (single-objective) optimization problems can be found
in [3] and the references therein. A characteristic feature of the dual-space approach, mainly
based on extremal principles of variational analysis, is full calculus available for the afore-
mentioned dual-space generalized differential constructions in general finite-dimensional and
infinite-dimensional nonconvex settings. The developed calculus induces broad applications of
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such constructions to various problems of optimization, equilibria, control, stability, applied
sciences, etc.; see, e.g., [1, 2, 3, 4, 5] for more information.

Recall that subdifferentials of variational analysis are usually associated with extended-real-
valued functions ϕ : X → R̄ := (−∞,∞] by using the natural order of real numbers. The sub-
differential notions for multifunctions (set-valued and, in particular, vector-valued mappings)
with values in ordered spaces were introduced in [6, 7] and then were developed and applied
in other publications; see, e.g., [4]. However, adequate calculus rules have not been developed
for such subdifferentials. This paper aims at developing the major sum and chain rules for
the subdifferentials of ordered multifunctions with their applications to the existence of opti-
mal solutions and deriving necessary optimality conditions in various classes of problems in
constrained set-valued optimization.

The solution concepts for set-valued optimization problems investigated in this paper under
various types of constraints are unified in [4, 7] under the name of relative Pareto minimizers in
the general framework of unconstrained set-valued optimization. Along with the conventional
notions of Pareto and weak Pareto optimality (efficiency and weak efficiency, respectively),
the relative Pareto minimizers include other Pareto-type notions for problems with nonsolid or-
dering cones in locally convex spaces. Existence theorems for relative Pareto minimizers for
unconstrained problems were expressed in [4, 7] via subdifferentials of ordered cost multifunc-
tions. The subdifferential calculus rules for ordered multifunctions obtained in this paper allow
us to extend such results to several large classes of constrained set-valued optimization prob-
lems with geometric, functional, operator, and equilibrium constraints. The obtained results
are illustrated by various examples.

The rest of the paper is organized as follows. Section 2 contains some preliminaries from
variational analysis broadly used in the paper. In Section 3, we present the definitions of the
two subdifferentials (basic and singular) of ordered multifunctions studied below and then de-
rive general sum rules for both subdifferentials under the singular subdifferential qualification
condition. Section 4 contains the corresponding subdifferential chain rules for compositions of
ordered set-valued mappings.

The subsequent sections of the paper address applications of the obtained calculus rules to
constrained problems of set-valued optimization by mainly concentrating here on deriving ex-
istence theorems for relative Pareto minimizers. In Section 5, we formulate the three notions of
Pareto-type optimal solutions to such problems and discuss their important properties. Section 6
is devoted to establishing efficient conditions of the subdifferential Palais-Smale type, which
ensure the existence of global Pareto-type minimizers in problems with geometric constraints.
Section 7 contains existence results for set-valued optimization problems with functional con-
straints of equality and inequality types. In Section 8, we establish the existence of optimal
solutions for set-valued problems under general constraints of the operator and equilibrium
types. The concluding Section 9 summarizes the major results of the paper and discusses some
open questions of our future research.

Throughout the paper, we use standard notation of variational analysis, set-valued analysis,
and generalized differentiation; see, e.g., the books [1, 4, 5]. Recall that N := {1,2, . . .} and
that B stands to the closed unit ball in the space in question.
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2. PRELIMINARIES FROM VARIATIONAL ANALYSIS

For simplicity, we confine ourselves in this paper to the finite-dimensional settings, although
most of the presented constructions and obtained results can be extended to infinite-dimensional
spaces; cf. the books [3, 4] and their references for further discussions. The finite-dimensional
notions and facts presented in this section can be founds, e.g., in [4, 5] with different proofs of
the major results therein.

Employing the dual-space geometric approach from [3, 4], we start with recalling the notions
of generalized normal to sets. Given Ω ⊂ Rn and x ∈ Ω, the (Fréchet) regular normal cone to
x ∈Ω is given by

N̂(x;Ω) :=
{

x∗ ∈ Rn
∣∣∣ limsup

u Ω→x

〈x∗,u− x〉
‖u− x‖

≤ 0
}
, (2.1)

where the symbol ‘u Ω→ x’ indicates that u→ x with u ∈ Ω. We let N̂(x;Ω) := /0 if x /∈ Ω. The
(limiting, Mordukhovich) normal cone to Ω at x̄ ∈Ω is defined by

N(x̄;Ω) :=
{

x∗ ∈ Rn ∣∣ ∃xk→ x̄, x∗k → x∗ with x∗k ∈ N̂(xk;Ω) as k ∈ N
}
. (2.2)

Both sets (2.1) and (2.2) reduce to the normal cone of convex analysis if Ω is convex. While
in the general case, (2.1) is always a convex set, the one in (2.2) is often nonconvex; e.g., for
Ω1 := epi(−|x|) and Ω2 := gph(|x|) at (0,0) ∈R2. Nevertheless, the normal cone (2.2) and the
associated constructions for functions and multifunctions enjoy comprehensive calculus rules
due to variational/extremal principles of variational analysis. In contrast, available calculus
for (2.1) is quite limited. Note also that we often have the triviality N̂(x̄;Ω) = {0} at boundary
points x̄∈ bd Ω of closed sets (as, e.g., for the set Ω1 at x̄ = (0,0) above), while N(x̄;Ω) 6= {0} if
and only if x̄ ∈ bdΩ. In what follows, the normal cone (2.2) and the associated coderivative and
subdifferential notions defined below are our basic constructions. Note that the nonconvexity of
N(x̄;Ω) tells us that this basic normal cone cannot be generated in duality by any primal-space
tangential approximation of Ω, since the duality/polarity operation yields convexity. The convex
closure of (2.2) reduces to the (Clarke) convexified normal cone to Ω at x̄. The latter may be
very large, especially for graphical sets as, e.g., for the set Ω2 above, the graph of the simplest
nonsmooth convex function |x|, where the convexified normal cone at (0,0) is the whole plane
R2.

Given further a set-valued mapping F : Rn ⇒ Rm, its domain and graph are defined in the
standard way by, respectively.

domF :=
{

x ∈ Rn ∣∣ F(x) 6= /0
}

and gphF :=
{
(x,z) ∈ Rn×Rm ∣∣ z ∈ F(x)

}
.

Then the coderivative of F at (x̄, z̄) ∈ gphF is introduced by

D∗F(x̄, z̄)(z∗) :=
{

x∗ ∈ Rn ∣∣ (x∗,−z∗) ∈ N
(
(x̄, z̄);gphF

}
, z∗ ∈ Rm, (2.3)

via the normal cone (2.2) of the graph at (x̄, z̄), while graphical sets are the most troublesome
with respect to convexification. If F(x̄) is a singleton at x̄, we skip z̄=F(x̄) from the coderivative
notation (2.3). If F : Rn → Rm is single-valued and continuously differentiable around x̄ ∈
domF , then we have the representation

D∗F(x̄)(z∗) =
{

∇F(x̄)∗z∗
}

for all z∗ ∈ Rm
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via the adjoint/transpose Jacobian matrix ∇F(x̄). This tells us that the coderivative is a natural
extension of the adjoint derivative operator to nonsmooth and set-valued mappings. In general,
the coderivative (2.3) is a positive homogeneous multifunction with possibly nonconvex values,
and thus it cannot be dual to any tangential graphical derivative of F .

One of the major advantages of the coderivative (2.3) is the possibility to completely char-
acterize in its terms some fundamental well-posedness properties of set-valued mappings. The
first property of this type concerns robust Lipschitzian stability of multifunctions with respect to
small perturbations of the initial point. Recall that a multifunction F : Rn ⇒Rm has the (Aubin)
Lipschitz-like property around (x̄, z̄) ∈ gphF with modulus ` > 0 if there exist neighborhoods U
of x̄ and V of z̄ such that

F(x)∩V ⊂ F(u)+ `‖x−u‖B for all x,u ∈U. (2.4)

This clearly extends the standard local Lipschitz continuity of single-valued mappings while
being a graphical localization of the classical (Hausdorff) local Lipschitzian property of set-
valued mappings F around x̄ ∈ domF , which corresponds to the case of V = Rm in (2.4). The
exact Lipschitzian bound of F around (x̄, z̄), denoted by lipF(x̄, z̄) ≥ 0, is the infimum of all `
for which (2.4) holds with some neighborhoods U and V .

It has been well recognized in variational analysis that the Lipschitz-like property of F with
some modulus ` in (2.4) is equivalent to the metric regularity of the inverse mapping G :=
F−1 around (z̄, x̄) ∈ gphG = gphF−1. Recall that an arbitrary multifunction G : Rd ⇒ Rs is
metrically regular around (p̄, q̄) ∈ gphG with modulus µ > 0 if there exist neighborhoods P of
p̄ and Q of q̄ such that

dist
(

p;G−1(q)
)
≤ µ dist

(
q;G(p)

)
for all p ∈ P and q ∈ Q, (2.5)

where ‘dist’ indicates the distance between a point and a set. The exact regularity bound of G
around (p̄, q̄), denoted by regG(p̄, q̄), is the supremum of all µ for which the distance estimate
(2.5) holds with some neighborhoods P and Q. In addition to the aforementioned equivalence
between the Lipschitz-like and metric regularity properties, recall the following relationship
between the exact bounds:

lipF(x̄, z̄) = regF−1(z̄, x̄).

We mention that the metric regularity property of G around (p̄, q̄) is equivalent to yet another
fundamental property of this multifunction, known as the covering (or linear openness) of G
around the same point but with the exact covering bound reciprocal to regG(p̄, q̄).

Using the coderivative (2.3) allows us to establish complete characterizations of all the above
properties of closed-graph multifunctions with precise formulas for computing the correspond-
ing exact bounds; see [8]. In particular, a closed-graph multifunction F : Rn ⇒ Rm is Lipschitz-
like around (x̄, z̄) if and only if

D∗F(x̄, z̄)(0) = {0} (2.6)

with the exact Lipschitzian bounds computed by

lipF(x̄, z̄) = ‖D∗F(x̄, z̄)‖ := sup
{
‖x∗‖

∣∣ x∗ ∈ D∗F(x̄, z̄)(z∗), ‖z∗‖ ≤ 1
}
. (2.7)

The coderivative characterization of the Lipschitz-like property in (2.6) together with the exact
bound formula (2.7) is labeled as the Mordukhovich criterion in [5].
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3. SUBDIFFERENTIAL SUM RULES FOR ORDERED MULTIFUNCTIONS

First we introduce here the two subdifferential notions for ordered multifunctions that are
studied and applied in this and subsequent sections.

Given an ordering cone Θ as a closed and convex subcone of Rm, define in its term the
preference relation � on Rm by

z1 � z2⇐⇒ z2− z1 ∈Θ

and then associate with F : Rn ⇒ Rm and Θ the generalized epigraph

epi ΘF =
{
(x,z) ∈ Rn×Rm ∣∣ z ∈ F(x)+Θ

}
. (3.1)

Considering the corresponding Θ-epigraphical multifunction EF,Θ : Rn ⇒ Rm defined by

EF,Θ(x) :=
{

z ∈ Rm ∣∣ z ∈ F(x)+Θ
}
, (3.2)

we easily check that gphEF,Θ = epi ΘF . The two subdifferential constructions for F of our
interest in this paper are given next.

Definition 3.1 (subdifferentials of ordered multifunctions). Let F : Rn ⇒Rm with Z ordered
by a closed convex cone Θ. Then:

(i) The BASIC SUBDIFFERENTIAL of F at (x̄, z̄) ∈ epi ΘF is

∂ΘF(x̄, z̄) :=
{

x∗ ∈ X∗
∣∣ x∗ ∈ D∗EF,Θ(x̄, z̄)(z∗), −z∗ ∈ N(0;Θ), ‖z∗‖= 1

}
. (3.3)

(ii) The SINGULAR SUBDIFFERENTIAL of F at (x̄, z̄) ∈ epi ΘF is

∂
∞
Θ F(x̄, z̄) := D∗EF,Θ(x̄, z̄)(0). (3.4)

Observe that the subdifferentials in Definition 3.1(i,ii) expand to the case of ordered multi-
functions the corresponding notions of the basic/general and singular/horizon subdifferentials
for extended-real-valued functions ϕ : Rn → R̄ := (−∞,∞] as developed in [3, 4, 5]. Indeed,
letting Θ := R+, the set of nonnegative numbers, we have

epi Θϕ =
{
(x,z) ∈ Rn×R

∣∣ z ∈ ϕ(x)+Θ
}
=
{
(x,z) ∈ Rn+1 ∣∣ z≥ ϕ(x)

}
= epiϕ.

Fix x̄ with ϕ(x̄)< ∞. The basic subdifferential (3.3) for ϕ at (x̄, z̄) with z̄ := ϕ(x̄) is

∂Θϕ(x̄, z̄) =
{

x∗ ∈ Rn ∣∣ x∗ ∈ D∗Eϕ,Θ(x̄, z̄)(z∗), −z∗ ∈ N(0,Θ), ‖z∗‖= 1
}
.

Since N(0;R+) = R−, it follows that

∂Θϕ(x̄, z̄) =
{

x∗ ∈ Rn
∣∣ x∗ ∈ D∗Eϕ,Θ(x̄, z̄)(z∗), −z∗ ≤ 0, ‖z∗‖= 1

}
=
{

x∗ ∈ Rn
∣∣ x∗ ∈ D∗Eϕ,Θ(x̄, z̄)(1)

} (
by z∗ = 1

)
=
{

x∗ ∈ Rn
∣∣ (x∗,−1) ∈ N

(
(x̄, z̄);gphEϕ,Θ

)}
=
{

x∗ ∈ Rn
∣∣ (x∗,−1) ∈ N

(
(x̄, z̄); epiϕ

)} (
by gphEϕ,Θ = epi Θϕ = epiϕ

)
= ∂ϕ(x̄).

Similarly we check that ∂ ∞
Θ

ϕ(x̄, z̄) = ∂ ∞ϕ(x̄) according to the [4, Definition 1.18].
We say that a mapping F : Rn ⇒ Rm with values ordered by a closed convex cone Θ ⊂ Rm

is Θ-Lipschitz-like around (x̄, z̄) ∈ epi ΘF if the Θ-epigraphical mapping (3.2) is Lipschitz-like
around this point. It follows from the coderivative criterion (2.6) that

∂
∞
Θ F(x̄, z̄) = {0} (3.5)



32 B.S. MORDUKHOVICH, O. NGUYEN

for the singular subdifferential (3.4) of F at (x̄, z̄) provided that F is Θ-Lipschitz-like and closed-
graph around this point.

To establish next subdifferential sum rules for both basic and singular subdifferentials of or-
dered multifunctions, we start with formulating for the reader’s convenience appropriate results
for coderivatives of general set-valued mappings. To this end, recall that an arbitrary multi-
function M : Rd ⇒ Rs is said to be inner semicontinuous at (p̄, q̄) if for every sequence pk→ p̄
there exists a sequence qk ∈ M(xk) that converges to q̄ as k→ ∞. This extends the continuity
notions for mappings and holds, in particular, when M is Lipschitz-like around (p̄, q̄). We also
recall that M is locally bounded around p̄ ∈ domM if there exists a bounded set O ⊂ Rs such
that M(p)⊂ O whenever p is sufficiently close to p̄.

Given two arbitrary multifunctions F1,F2 : Rn ⇒ Rm, consider the auxiliary mapping S :
Rn×Rm ⇒ R2m defined by

S(x,z) :=
{
(z1,z2) ∈ Rm×Rm ∣∣ z1 ∈ F1(x), z2 ∈ F2(x), z = z1 + z2

}
. (3.6)

The first lemma is taken from [4, Theorem 3.9].

Lemma 3.2 (sum rules for coderivatives of multifunctions). Let Fi : Rn ⇒ Rm for i = 1,2
be closed-graph multifunctions, and let (x̄, z̄) ∈ gph(F1 +F2). The following two independent
assertions are satisfied:

(i) Fix (z̄1, z̄2) ∈ S(x̄, z̄) from (3.6). Assume that this mapping is inner semicontinuous at
(x̄, z̄, z̄1, z̄2) and that the qualification condition

D∗F1(x̄, z̄1)(0)∩
(
−D∗F2(x̄, z̄2)(0)

)
= {0} (3.7)

is fulfilled. Then for all z∗ ∈ Rm we have

D∗(F1 +F2)(x̄, z̄)(z∗)⊂ D∗F1(x̄, z̄1)(z∗)+D∗F2(x̄, z̄2)(z∗). (3.8)

(ii) Suppose that the mapping S in (3.6) is locally bounded around (x̄, z̄) and that the
qualification condition (3.7) holds for every pair (z̄1, z̄2) ∈ S(x̄, z̄). Then for all z∗ ∈Rm,
we have the inclusion

D∗(F1 +F2)(x̄, z̄)(z∗)⊂
⋃

(z̄1,z̄2)∈S(x̄,z̄)

[
D∗F1(x̄, z̄1)(z∗)+D∗F2(x̄, z̄2)(z∗)

]
.

The next lemma helps us go from coderivatives to subdifferentials of ordered mappings.

Lemma 3.3 (epigraphical multifunctions for sums of mappings). Let Fi : Rn ⇒ Rm for i =
1,2, let Θ be a closed and convex ordering cone on Rm, and let the Θ-epigraphical multifunction
EF,Θ be taken from (3.2). Then for any x ∈ Rn we have

EF1+F2,Θ(x) = EF1,Θ(x)+EF2,Θ(x).

Proof. Pick x ∈ Rn and z ∈ EF1+F2,Θ(x). Then we get by definition (3.2) that z ∈ (F1 +F2)(x)+
Θ. This ensures the existence of vectors z1 ∈ F1(x)+Θ and z2 ∈ F2(x)+Θ such that z = z1+z2.
Therefore, EF1+F2,Θ(x)⊂ EF1,Θ +EF2,Θ(x).

To verify the opposite inclusion, fix x ∈ Rn and take z1 ∈ EF1,Θ(x) and z2 ∈ EF2,Θ(x). This
implies by definition (3.2) that z1 ∈ F1(x)+Θ and z2 ∈ F2(x)+Θ, which tells us that z1 + z2 ∈
EF1+F2,Θ(x) and thus completes the proof. �
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To proceed further, define the ordering counterpart of the mapping S in (3.6) by

SE (x,z) :=
{
(z1,z2) ∈ Rm×Rm ∣∣ z1 ∈ EF1,Θ(x), z2 ∈ EF2,Θ(x), z = z1 + z2

}
. (3.9)

Now we are ready to establish the subdifferential sum rules for both basic and singular subd-
ifferentials of ordered set-valued mappings defined in (3.3) and (3.4), respectively.

Theorem 3.4 (subdifferential sum rules for ordered multifunctions). Let F1,F2 :Rn ⇒Rm be
set-valued mappings with the image space Rm ordered by a closed convex cone Θ and such that
the generalized epigraphical set in (3.1) is closed for both F1 and F2 around the corresponding
points. Given (x̄, z̄) ∈ epi Θ(F1 +F2), the following hold:

(i) Fix (z̄1, z̄2) ∈ SE (x̄, z̄) from (3.9) and suppose that this mapping is inner semicontin-
uous at (x̄, z̄, z̄1, z̄2) and that the singular subdifferential qualification condition

∂
∞
Θ F1(x̄, z̄1)∩

(
−∂

∞
Θ F2(x̄, z̄2)

)
= {0} (3.10)

is satisfied. Then for we have the inclusions

∂Θ(F1 +F2)(x̄, z̄)⊂ ∂ΘF1(x̄, z̄1)+∂ΘF2(x̄, z̄2), (3.11)

∂
∞
Θ (F1 +F2)(x̄, z̄)⊂ ∂

∞
Θ F1(x̄, z̄1)+∂

∞
Θ F2(x̄, z̄2). (3.12)

(ii) Suppose that the mapping SE is locally bounded around (x̄, z̄) and that the qualifi-
cation condition (3.8) holds for every pair (z̄1, z̄2) ∈ SE (x̄, z̄). Then we have

∂Θ(F1 +F2)(x̄, z̄)⊂
⋃

(z̄1,z̄2)∈SE (x̄,z̄)

[
∂ΘF1(x̄, z̄1)+∂ΘF2(x̄, z̄2)

]
, (3.13)

∂
∞
Θ (F1 +F2)(x̄, z̄)⊂

⋃
(z̄1,z̄2)∈SE (x̄,z̄)

[
∂

∞
Θ F1(x̄, z̄1)+∂

∞
Θ F2(x̄, z̄2)

]
. (3.14)

Proof. First we verify the basic subdifferential inclusion (3.11) in (i). Picking any x∗ ∈ ∂Θ(F1+
F2)(x̄, z̄) and using (3.3) give us−z∗ ∈N(0;Θ) such that ‖z∗‖= 1 and x∗ ∈D∗EF1+F2,Θ(x̄, z̄)(z

∗).
By Lemma 3.3 we get x∗ ∈ D∗(EF1,Θ +EF2,Θ)(x̄, z̄)(z

∗). It follows from the singular subdiffer-
ential qualification condition (3.10) that

D∗EF1,Θ(x̄, z̄1)(0)∩
(
−D∗EF2,Θ(x̄, z̄2)(0)

)
= {0}.

This together with the assumed inner semicontinuity of SE at (z̄1, z̄2) allows us to apply the
coderivative sum rule from Lemma 3.2 to the epigraphical sum EF1,Θ +EF2,Θ. The latter brings
us therefore to the inclusion

x∗ ∈ D∗EF1,Θ(x̄, z̄1)(z∗)+D∗EF2,Θ(x̄, z̄2)(z∗).

Then employing definition (3.3) and the choice of z∗ tells us that

x∗ ∈ ∂ΘF1(x̄, z̄1)+∂ΘF2(x̄, z̄2),

which readily verifies (3.11). The proof of the singular subdifferential sum rule (3.12) is similar
by using (3.4) and putting z∗ = 0 in the arguments above.

To furnish now the proof of (ii), we proceed with (3.13) while observing that the proof of
(3.14) is similar. Pick any x∗ ∈ ∂Θ(F1 + F2)(x̄, z̄) and then find by definition (3.3) a vector
z∗ ∈ Rm such that −z∗ ∈ N(0;Θ) with ‖z∗‖ = 1 and x∗ ∈ D∗EF1+F2,Θ(x̄, z̄)(z

∗). Since SE is
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locally bounded around (x̄, z̄) and the epigraphical multifunctions EFi,Θ, i = 1,2, have closed
graphs, it follows from Theorem 3.2(ii) that

D∗EF1+F2,Θ(x̄, z̄)(z
∗) = D∗(EF1,Θ +EF2,Θ)(x̄, z̄)(z

∗)

⊂
⋃

(z̄1,z̄2)∈SE (x̄,z̄)

[
D∗EF1,Θ(x̄, z̄1)(z∗)+D∗EF2,Θ(x̄, z̄2)(z∗)

]
,

which justifies (3.13) and completes the proof of the theorem. �

Observe that the singular subdifferential qualification condition (3.10) serves both basic and
singular subdifferential rules in Theorem 3.4. Moreover, the coderivative criterion (2.6) applied
to ordered multifunctions allows us to ensure that this qualification condition fulfillment holds
automatically under the Θ-Lipschitz-like property of either F1 at (x̄, z̄1) or F2 at (x̄, z̄2) in The-
orem 3.4. For simplicity, we formulate the corresponding consequence only for assertion (i) of
the above theorem.

Corollary 3.5 (subdifferential sum rules for Θ-Lipschitz-like mappings). Consider the gen-
eral setting of Theorem 3.4(i) without imposing the qualification condition (3.10) while assum-
ing that either F1 is Θ-Lipschitz-like around (x̄, z̄1), or F2 is Θ-Lipschitz-like around (x̄, z̄2).
Then both subdifferential sum rules in (3.11) and (3.12) are satisfied.

Proof. This follows directly from the fulfillment of the singular subdifferential condition (3.5)
for Θ-Lipschitz-like ordered multifunctions. �

Let us illustrate the results of Theorem 3.4 by the following simple example.

Example 3.6 (illustration of the subdifferential sum rules). Consider the two set-valued map-
pings Fi : R⇒ R2, for i = 1,2 given by

F1(x) :=

{
[0,∞), x≤ 0
x, x > 0

F2(x) :=

{
−x, x < 0
[0,∞), x≥ 0

with the ordering cone Θ := {x ∈ R | x≥ 0}. Then the sum of these two mappings is

F(x) := (F1 +F2)(x) =

{
[−x,∞), x < 0
[x,∞), x≥ 0

which is depicted as the epigraph of |x|. It is easy to compute the basic subdifferentials by

∂ΘF1(x,y) =


[0,1], (x,y) = (0,0)
{0}, x < 0, y = 0
{1}, x > 0
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FIGURE 1. Graph of F1 FIGURE 2. Graph of F2

and

∂ΘF2(x,y) =


[−1,0], (x,y) = (0,0)
{−1}, x < 0
{0}, x > 0, y = 0

.

We can similarly compute the singular subdifferentials of the above mappings at (0,0) by

FIGURE 3. Subdifferential of F1
FIGURE 4. Subdifferential of F2

∂
∞
Θ F1(0,0) = ∂

∞
Θ F2(0,0) = {0}.

This tells us that the qualification condition (3.10) holds. Moreover, the mapping SE defined in
(3.9) is inner semicontinuous at (0,0,0,0) ∈ gph(F1 +F2). Therefore, employing the sum rule
(3.11) in Theorem 3.4 at (0,0) gives us the evaluation

∂ΘF(0,0)⊂ ∂ΘF1(0,0)+∂ΘF2(0,0) = [−1,1].

We derive from Theorem 3.4 its counterpart for finitely many multifunctions.

Corollary 3.7 (subdifferential sum rules for finitely many multifunctions). Let Fi : Rn ⇒
Rm, i = 1, . . . ,k, be set-valued mappings with the image space Rm ordered by a closed convex
cone Θ and such that each Fi is locally epiclosed around the corresponding points. Let Fk :=
F1 + . . .+Fk and take (x̄, z̄) ∈ epi ΘFk. Define

SE (x̄, z̄) :=
{
(z̄1, . . . , z̄k) ∈ Rmk ∣∣ z̄i ∈ EFi,Θ(z̄), i = 1, . . . ,m, z̄ = z̄1 + . . .+ z̄k

}
. (3.15)

Fix (z̄1, . . . , z̄k)∈ SE (x̄, z̄) and suppose that this mapping is inner semicontinuous at (x̄, z̄, z̄1, . . . , z̄k)
and being such that

x∗1 + . . .+ x∗k = 0, x∗i ∈ ∂
∞
Θ Fi(x̄, z̄i) =⇒ x∗i = 0 for i = 1, . . . ,k. (3.16)
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FIGURE 5. Subdifferential of F1 +F2

Then we have the subdifferential inclusions

∂ΘFk(x̄, z̄)⊂ ∂ΘF1(x̄, z̄1)+ . . .+∂ΘFk(x̄, z̄k), (3.17)

∂
∞
Θ Fk(x̄, z̄)⊂ ∂

∞
Θ F1(x̄, z̄1)+ . . .+∂

∞
Θ Fk(x̄, z̄k). (3.18)

Proof. Proceeding by induction, observe that by Lemma 3.3 we have the representation

EFk,Θ(x̄) = EF1,Θ(x̄)+ . . .+EFk,Θ(x̄).

When k = 2, inclusions (3.17) and (3.18) are proved in Theorem 3.4. Assume now that these
inclusions (3.17) are satisfied for k−1, i.e.,

∂ΘFk(x̄, z̄1 + . . .+ z̄k−1)⊂ ∂ΘF1(x̄, z̄1)+ . . .+∂ΘFk−1(x̄, z̄k−1),

∂
∞
Θ Fk(x̄, z̄1 + . . .+ z̄k−1)⊂ ∂

∞
Θ F1(x̄, z̄1)+ . . .+∂

∞
Θ Fk−1(x̄, z̄k−1). (3.19)

We are going to verify the fulfillment of the following ones:

∂ΘFk(x̄, z̄1 + . . .+ z̄k)⊂ ∂ΘFk−1(x̄, z̄1 + . . .+ z̄k−1)+∂ΘFk(x̄, z̄k), (3.20)

∂
∞
Θ Fk(x̄, z̄1 + . . .+ z̄k)⊂ ∂

∞
Θ Fk−1(x̄, z̄1 + . . .+ z̄k−1)+∂

∞
Θ Fk(x̄, z̄k). (3.21)

Applying the subdifferential sum rule in Theorem 3.4(i) to Fk−1 and F , we need to check the
qualification condition (3.10) and the inner semicontinuity of the corresponding mapping SE in
(3.15) for these two multifunctions. To proceed, take any x∗ ∈ ∂ ∞

Θ
Fk(x̄, z̄1 + . . .+ z̄k−1) with

−x∗ ∈ ∂ ∞
Θ

F(x̄, z̄k). The former inclusion ensures by (3.19) that

x∗ ∈ ∂
∞
Θ F1(x̄, z̄1)+ . . .+∂

∞
Θ Fk−1(x̄, z̄k−1).

Thus there exist x∗i ∈ ∂ ∞
Θ

Fi(x̄, z̄i) for i = 1, . . . ,k such that x∗ = x∗1 + . . .+ x∗k−1. This yields
x∗1 + . . .+ x∗k−1 +(−x∗) = 0, and therefore tells us by (3.16) that x∗ = 0, which verifies (3.10)
for the multifunctions Fk−1 and Fk.

It remains to check the inner semicontinuity of SE from (3.15) with respect to Fk−1 and F .
We are going to show that the mapping

ME (x̄, z̄) :=
{
(u,v)

∣∣ u ∈ EFk−1(x) , v ∈ EFk(x) , z̄ = u+ v
}
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is inner semicontinuous at (x̄, z̄, ū, v̄), where ū := z̄1 + . . .+ z̄k−1 and v̄ := z̄k. Indeed, take
{(x j,z j)} ⊂ domME (x̄, z̄) such that (x j,z j)→ (x̄, z̄) as j→ ∞. Since SE is inner semicontin-
uous at (x̄, z̄, z̄1, . . . , z̄k), there exists (z j

1, . . . ,z
j
k) such that

z j
i ∈ EFi(x̄), i = 1, . . . ,k, z j = z j

1 + . . .+ z j
k and (z j

1, . . . ,z
j
k)→ (z̄1, . . . , z̄k) as j→ ∞.

Letting u j := z j
1+ . . .+ z j

k−1 and v j := z j
k gives us that u j ∈ EFk−1(x̄), v j ∈ EFk(x̄), and u j +v j =

z j
1 + . . .+ z j

k = z j. Hence (u j,v j) ∈ ME (x j,z j) and (u j,v j)→ (ū, v̄), which justifies the inner
semicontinuity of ME at (x̄, z̄, ū, v̄).

Finally, employing the subdifferential sum rules for Fk−1 and Fk gives us (3.20) and (3.21),
we complete the proof of the corollary. �

4. SUBDIFFERENTIAL CHAIN RULES FOR ORDERED MAPPINGS

This section is devoted to deriving general subdifferential chain rules for compositions of
ordered multifunctions. Given arbitrary set-valued mappings F : Rm ⇒ Rq and G : Rn ⇒ Rm,
their composition (F ◦G) : Rn ⇒ Rq is defined by

(F ◦G)(x) :=
⋃

y∈G(x)

F(y) =
{

z ∈ Rq∣∣ ∃y ∈ G(x) with z ∈ F(y)}, x ∈ Rn. (4.1)

Our first lemma here presents the coderivative chain rules taken from [4, Theorem 3.11].
Recall that the kernel of a multifunction M : Rd ⇒ Rs is

kerM :=
{

p ∈ Rd ∣∣ 0 ∈M(p)
}
.

Lemma 4.1 (chain rules for coderivatives). Given F : Rm ⇒ Rq and G : Rn ⇒ Rm, pick
z̄ ∈ (F ◦G)(x̄) and consider the auxiliary set-valued mapping:

K(x,z) := G(x)∩F−1(z) =
{

y ∈ G(x)
∣∣ z ∈ F(y)

}
(4.2)

for all (x,z) ∈ Rn×Rq. The following assertions hold:

(i) Fixing ȳ ∈ K(x̄, z̄) from (4.2), suppose that this mapping is inner semicontinuous at
(x̄, z̄, ȳ) and that the qualification condition

D∗F(ȳ, z̄)(0)∩kerD∗G(x̄, ȳ) = {0} (4.3)

is satisfied. Then, for all z∗ ∈ Rq, we have the inclusion

D∗(F ◦G)(x̄, z̄)(z∗)⊂ D∗G(x̄, ȳ)◦D∗F(ȳ, z̄)(z∗).

(ii) Suppose that the multifunction K from (4.2) is locally bounded around (x̄, z̄) and that
the qualification condition (4.3) holds for every ȳ ∈ K(x̄, z̄). Then for all vectors z∗ ∈Rq

we have the inclusion

D∗(F ◦G)(x̄, z̄)(z∗)⊂
⋃

ȳ∈K(x̄,z̄)

[
D∗G(x̄, ȳ)◦D∗F(ȳ, z̄)(z∗)

]
.

The next lemma provides a certain chain rule for epigraphical multifunctions (3.2) that plays
an important role in deriving subdifferential chain rules for ordered mappings.
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Lemma 4.2 (epigraphical multifunctions for compositions of ordered mappings). Let G :
Rn ⇒ Rm and F : Rm ⇒ Rq be set-valued mappings with the space Rm ordered by a closed
convex cone Θ1 and the space Rq ordered by a closed convex cone Θ2. Then for all x ∈ Rn we
have the inclusion

EF◦G,Θ2(x)⊂ (EF,Θ2 ◦EG,Θ1)(x). (4.4)

Moreover, this inclusion holds as an identity if the mapping F is CONE MONOTONE with respect
to (Θ1,Θ2), i.e., the implication[

y1 ∈ y2 +Θ1
]
=⇒

[
F(y1)⊂ F(y2)+Θ2

]
(4.5)

is fulfilled for all vectors y1,y2 ∈ Rm.

Proof. To verify the inclusion in (4.4), take any x ∈ Rn and z ∈ EF◦G,Θ2(x). Then we get that
z ∈ (F ◦G)(x)+Θ2, i.e., there exists y ∈G(x) such that z ∈ EF,Θ2(y). Choosing 0 ∈Θ1 gives us
y = y+ 0 ∈ G(x)+Θ1, which ensures that y ∈ EG,Θ1(x). Hence we conclude that z ∈ (EF,Θ2 ◦
EG,Θ1)(x), which justifies the claimed inclusion (4.4).

Assuming further the cone monotonicity property (4.5), pick any z ∈ (EF,Θ2 ◦EG,Θ1)(x) and
find y ∈ EG,Θ1(x) such that z ∈ EF,Θ2(y). This yields y ∈ G(x) +Θ1 and z ∈ F(y) +Θ2. It
follows from the first inclusion that there exists y0 ∈G(x) with y∈ y0+Θ1, which ensures by the
imposed cone monotonicity (4.5) property that F(y) ∈ F(y0)+Θ2. Therefore, z ∈ F(y0)+Θ2,
i.e., z ∈ EF◦G,Θ2(x) as claimed. �

To derive now the subdifferential chain rules, we need an ordered counterpart of the mapping
K from (4.2), which is defined by

KE (x,z) := EG,Θ1(x)∩ (EF,Θ2)
−1(z) =

{
y ∈ EG,Θ1(x)

∣∣ z ∈ EF,Θ2(y)
}
. (4.6)

Here is the main result of this section.

Theorem 4.3 (subdifferential chain rules for ordered multifunctions). Consider the compo-
sition F ◦G in (4.1) of multifunctions G : Rn ⇒Rm and F : Rm ⇒Rq ordered by closed convex
cones Θ1 ⊂ Rm and Θ2 ⊂ Rq, respectively, such that the generalized epigraphs epi Θ1G and
epi Θ2F are closed around the corresponding points in question. Assume that the mapping F
satisfies the cone monotonicity property with respect to (Θ1, Θ2). Then the following subdiffer-
ential chain rules for both basic and singular subdifferentials hold:

(i) Fix ȳ ∈ KE (x̄, z̄) from (4.6) and suppose that this mapping is inner semicontinuous at
(x̄, z̄, ȳ) and that the qualification condition

∂
∞
Θ2

F(ȳ, z̄)∩kerD∗EG,Θ1(x̄, ȳ) = {0} (4.7)

is satisfied. Then for both subdifferentials (3.3) and (3.4) we have the inclusions

∂Θ2(F ◦G)(x̄, z̄)⊂ D∗EG,Θ1(x̄, ȳ)
(
∂Θ2F(ȳ, z̄)

)
, (4.8)

∂
∞
Θ2
(F ◦G)(x̄, z̄)⊂ D∗EG,Θ1(x̄, ȳ)

(
∂

∞
Θ2

F(ȳ, z̄)
)
, (4.9)

where D∗EG,Θ1(x̄, ȳ)
(
∂Θ2F(ȳ, z̄)

)
:=
{

D∗EG,Θ1(x̄, ȳ)(x
∗)
∣∣ x∗ ∈ ∂Θ2F(ȳ, z̄)

}
and

D∗EG,Θ1(x̄, ȳ)
(
∂ ∞

Θ2
F(ȳ, z̄)

)
:=
{

D∗EG,Θ1(x̄, ȳ)(x
∗)
∣∣ x∗ ∈ ∂ ∞

Θ2
F(ȳ, z̄)

}
.
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(ii) If KE in (4.6) is locally bounded around (x̄, z̄) and the qualification condition (4.7)
holds for every ȳ ∈ KE (x̄, z̄), then we have

∂Θ2(F ◦G)(x̄, z̄)⊂
⋃

ȳ∈KE (x̄,z̄)

[
D∗EG,Θ1(x̄, ȳ)

(
∂Θ2F(ȳ, z̄)

)]
,

∂
∞
Θ2
(F ◦G)(x̄, z̄)⊂

⋃
ȳ∈KE (x̄,z̄)

[
D∗EG,Θ1(x̄, ȳ)

(
∂

∞
Θ2

F(ȳ, z̄)
)]
.

Proof. It suffices to verify the basic subdifferential chain rule in (4.8), while observing that the
singular subdifferential one in (4.9) as well as those in (ii) can be justified similarly; cf. the
proof of the subdifferential sum rules in Theorem 3.4.

To proceed with the verification of (4.8), fix ȳ ∈ KE (x̄, z̄) and take any x∗ ∈ ∂Θ2(F ◦G)(x̄, z̄).
Then Definition 3.3 tells us that there exists −v∗ ∈ N(0;Θ2) such that ‖v∗‖ = 1 and x∗ ∈
D∗EF◦G,Θ2(x̄, ȳ)(v

∗). Employing Lemma 4.2, where we have the identity in (4.4) thanks to
the imposed cone monotonicity property of F , yields

x∗ ∈ D∗(EF,Θ2 ◦EG,Θ1)(x̄, ȳ)(v
∗).

Observe that the qualification condition (4.7) can be equivalently written as

D∗EF,Θ2(ȳ, z̄)(0)∩kerD∗EG,Θ1(x̄, ȳ) = {0},
and thus we can apply Theorem 4.1 to the composition EF,Θ2 ◦EG,Θ1 . This tells us that

x∗ ∈ D∗EF◦G,Θ2(x̄, z̄)(v
∗)⊂ D∗EG,Θ1(x̄, ȳ)◦D∗EF,Θ2(ȳ, z̄)(v

∗),

which therefore justifies (4.8) and completes the proof of the theorem. �

Next let us present the following efficient consequence of Theorem 4.3, where the subdiffer-
ential qualification condition (4.7) is guaranteed by the fulfillment of the major well-posedness
properties of ordered multifunctions due to their coderivative characterizations. We say a set-
valued mapping M : Rd ⇒ Rs ordered by a closed convex cone Θ⊂ Rs is Θ-metrically regular
around a point (p̄, q̄) ∈ epi ΘM if the Θ-epigraphical multifunction (3.2) is metrically regular
(2.5) around this point. For simplicity, we confine ourselves to formulating just the consequence
of assertion (i) in Theorem 4.3.

Corollary 4.4 (subdifferential chain rules for well-posed ordered mappings). In the setting
of Theorem 4.3(i), suppose that all the assumptions but (4.7) are satisfied. Assume in addition
that either the outer mapping F : Rm ⇒Rq is Θ2-Lipschitz-like around (ȳ, z̄), or the inner map-
ping G : Rn ⇒ Rmis Θ1-metrically regular around (x̄, ȳ). Then both subdifferential chain rules
(4.8) and (4.9) are fulfilled.

Proof. If F is Θ2-Lipschitz-like around (ȳ, z̄), then the qualification condition (4.7) holds due
to singular subdifferential criterion (3.5) for this Lipschitz-like property. In the alternative case
where the inner mapping G is Θ1-metrically regular around (x̄, ȳ), we deduce from the equiva-
lence between this property and the Θ1-Lipschitz-like property of the inverse G−1 around (ȳ, x̄)
due to the discussions in Section 2 that

D∗E −1
G,Θ1

(ȳ, x̄)(0) = {0}
by the coderivative criterion (2.6). It is easy to check that the latter condition reduces to

kerD∗EG,Θ1(x̄, ȳ) = {0},
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by definition (3.4) of the singular subdifferential. This verifies (4.7) and thus completes the
proof of the corollary. �

5. SOLUTION NOTIONS AND UNDERLYING PROPERTIES IN PROBLEMS OF SET-VALUED

OPTIMIZATION

The rest of the paper is devoted to applications of the subdifferential calculus developed
above for both basic and singular subdifferentials of ordered set-valued mappings to the study
of appropriate solution notions in problems of set-valued optimization. Our major attention is
paid to the existence of optimal solutions. As before, we confine ourselves for simplicity to
problems in finite-dimensional spaces and discuss below their possible extensions to infinite
dimensions.

First we recall the definitions of Pareto-type minimizers in set-valued optimization following
the scheme of [4, 7]. Besides the notions of Pareto/efficient and weak Pareto/weak efficient so-
lutions to set-valued problems, we study in what follows the notion of relative Pareto optimality
induced by relative interiors of ordering cones.

Definition 5.1 (Pareto-type minimizers in set-valued optimization). Let F : Rn ⇒ Rm be a
multifunction with values ordered by a nonempty, closed, and convex cone Θ ⊂ Rm, and let
(x̄, z̄) ∈ epi ΘF. We say that:

(i) (x̄, z̄) is a PARETO MINIMIZER of F if

(z̄−Θ)∩F(Rn) = {z̄}.

(ii) (x̄, z̄) is a WEAK PARETO MINIMIZER of F if intΘ 6= /0 and

(z̄− intΘ)∩F(Rn) = /0.

(iii) (x̄, z̄) is a RELATIVE PARETO MINIMIZER of F if

(z̄− riΘ)∩F(Rn) = /0.

Note the mapping F in Definition 5.1 may have empty values at some points. This implies
that we can incorporate the constraint x∈Ω by putting F(x) := /0 for x∈Ω. However, to proceed
efficiently in this direction for by using subdifferentials of F requires subdifferential calculus,
which is done in the subsequent sections.

Appealing to the developments in [4, 7] for general set-valued mappings, we now recall
some properties of ordered mappings F : Rn ⇒ Rm with the ordering cone Θ ⊂ Rm. Such a
mapping F is epiclosed of its generalizes epigraph (3.1) is closed in Rn×Rm. We say that F is
Θ−quasibounded from below if there exists a ball B⊂Rm such that F(Rn)⊂ B+Θ. A set Ω is
Θ−quasibounded from below if the constant mapping F(x)≡Ω enjoys this property.

Given an arbitrary set A ⊂ Rm, define the collection of the Pareto minimal points of A with
respect to the ordering cone Θ on Rm by

Min ΘA :=
{

z̄ ∈ A
∣∣ z̄− z /∈Θ whenever z ∈ A, z 6= z̄

}
.

We say that a Θ-ordered multifunction F satisfies the strong limiting monotonicity property at
x̄ ∈ domF if for any sequence (xk,zk)⊂ gphF with xk→ x̄ as k→ ∞ it holds[

zk � vk, vk+1 � vk
]
=⇒

[
∃ z̄ ∈MinF(x̄) with z̄� vk

]
(5.1)
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with z̄ � v̄ if vk → v̄ as k→ ∞. The reader can find more about this and related properties in
[4, 7]; see, in particular, [4, Proposition 9.8 and Exercise 9.39] about relationships between the
strong limiting monotonicity and domination properties. On the other hand, condition (5.1) may
fail for simple set-valued mappings as, e.g., for F : R⇒ R defined by

F(x) :=

{
{0}, x 6= 0
(−1,0], x = 0

with Θ := {x ∈ R | x≥ 0}, where (5.1) fails at x̄ := 0 since MinF(0) = /0.
The next condition, which was first introduced and applied in [6] in general Banach spaces,

involves–in contrast to the previous ones–the basic subdifferential (3.3) of ordered multifunc-
tions. This condition can be viewed as a nonsmooth and set-valued extension of the classical
Palais-Smale condition that postulates a relationship between convergence properties of deriv-
ative and function values.

Definition 5.2. Let F : Rn ⇒ Rm be a Θ-valued multifunction. We say that the SUBDIFFEREN-
TIAL PALAIS-SMALE CONDITION holds for F if any sequence {xk} ⊂ Rn with

∃zk ∈ F(xk), x∗k ∈ ∂ΘF(xk,zk), x∗k → 0 as k→ ∞ (5.2)

contains a convergent subsequence, provided that {zk} is Θ-quasibounded from below.

The classical Palais-Smale condition for a smooth function ϕ : Rn → R corresponds to the
subdifferential one from Definition 5.2 with ∂Θϕ(xk) = {∇ϕ(xk)} in (5.2).

6. EXISTENCE OF OPTIMAL SOLUTIONS TO SET-VALUED OPTIMIZATION PROBLEMS

WITH GEOMETRIC CONSTRAINTS

This section addresses the existence of Pareto-type minimizers in constrained problems of
set-valued optimization. We begin with presenting an adaptation and specification in the finite-
dimensional setting under consideration of the main existence theorem from [7] (see also [4,
Theorem 9.15]) ensuring the existence of the so-called intrinsic relative minimizers for ordered
multifunctions between Asplund spaces without explicit constraints. Then we derive from this
result and the obtained subdifferential calculus rules the existence theorems for set-valued op-
timization problems with explicit geometric constraints.

First we present the aforementioned theorem in the general unconstrained setting and illus-
trate it by a numerical example.

Theorem 6.1 (existence of relative Pareto minimizers without constraints). Let F : Rn ⇒
Rm be a Θ-ordered multifunction that is epiclosed, Θ-quasibounded from below, and satisfies
the strong limiting monotonicity condition (5.1) on domF, whether the ordering cone Θ is
closed and convex while not a subspace of Rm. If in addition the subdifferential Palais-Smale
condition holds, then there exists a relative Pareto minimizer of F.

Proof. Since riΘ 6= /0 in finite dimensions, the relative and intrinsic relative minimizers of F
agree. Furthermore, the assumed version of the Palais-Smale condition (5.2) yields the one
imposed in [4, Theorem 9.15], and thus the result follows. �

The next existence result is an immediate consequence of Theorem 6.1.
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FIGURE 6. Epigraph of F

Corollary 6.2 (existence of weak Pareto minimizers). If in addition to the assumptions of
Theorem 6.1 we have intΘ 6= /0, then there is a weak Pareto minimizer of F.

Proof. It follows from Theorem 6.1 due to /0 6= intΘ = riΘ. �

Let us illustrate the assumptions of Theorem 6.1 by the following simple example.

Example 6.3 (illustration of the unconstrained existence theorem). Consider the set-valued
mapping F : R⇒ R defined by

F(x) :=

{
|x|, x 6= 0
[−1,0], x = 0

(6.1)

with the ordering cone Θ := {x ∈ R | x ≥ 0}. F is obviously epiclosed and Θ-quasibounded
from below. It follows also that for any x ∈ domF , F satisfies the strong limiting monotonicity
condition (5.1) at x. Indeed, at x = 0, MinF(0) = {−1}, which is smaller than vk whenever
(xk,zk) ∈ gphF , xk→ 0, zk ≤ vk, and vk ↓ 0 as k→ ∞. Whenever x 6= 0, F(x) is single-valued,
and so it has the strong limiting monotonicity property.

Let us now check that the subdifferential Palais-Smale condition (5.2) holds for (6.1). It
follows from the definition of F that gphEF,Θ = epi ΘF = ({0}× [−1,∞))∪

{
(x,y) | y≥ |x|, x∈

R
}

; see Figure 6. This in turn gives us the following calculations of the normal cone to gphEF,Θ

at any point (x̄, z̄) ∈ R2:
• If (x̄, z̄) = (0,0), then

N
(
(x̄, z̄);gphEF,Θ

)
=
({

(x,x)
∣∣ x < 0

})
∪
({

(x,−x)
∣∣ x > 0

})
∪
(
R×{0}

)
.

• If (x̄, z̄) = (0,−1), then

N
(
(x̄, z̄);gphEF,Θ

)
= R× (−∞,0].

• If x̄ = 0, z̄ ∈ (−1,0), then

N
(
(x̄, z̄);gphEF,Θ

)
= R×{0}.

• If x̄ > 0, then

N
(
(x̄, z̄);gphEF,Θ

)
= {(x,−x) | x > 0}.
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• If x̄ < 0, then

N
(
(x̄, z̄);gphEF,Θ

)
= {(x,x) | x < 0}.

This tells us by definition (3.3) that the basic subdifferential of F at any point (x̄, z̄) ∈ epi ΘF is
computed by

∂ΘF(x̄, z̄) :=
{

x∗ ∈ R
∣∣ x∗ ∈ D∗EF,Θ(x̄, z̄)(z∗), −z∗ ∈ N(0;Θ), ‖z∗‖= 1

}
=
{

x∗ ∈ R
∣∣ x∗ ∈ D∗EF,Θ(x̄, z̄)(1)

}

=



{−1,1}, (x̄, z̄) = (0,0)
R, x̄ = 0, z̄ =−1
/0, x̄ = 0, z̄ ∈ (−1,0)
{1}, x̄ > 0
{−1}, x̄ > 0

which ensures the fulfillment of the subdifferential Palais-Smale condition from in (5.2) for the
mapping F . Indeed, taking any {xk} ⊂ R, consider zk ∈ F(xk). If x∗k ∈ ∂ΘF(xk,zk) and x∗k → 0.
Then for k large enough, (xk,zk) has to be (0,−1), which obviously means that {xk} has a
convergent subsequence. Therefore, all the assumptions of Theorem 6.1 are satisfied, and we
have the existence of a relative Pareto minimizer of this mapping, which also is a weak Pareto
minimizer of F by Corollary 6.2 since intΘ 6= /0.

To pass from Theorem 6.1 in the unconstrained format to existence results for set-valued
optimization problems with explicit constraints of different types, we are going to use in what
follows calculus rules for the basic subdifferential (3.3) in the subdifferential Palais-Smale con-
dition from Definition 5.2. Proceeding in this way, we address in this subsection set-valued
optimization problems with geometric constraints given by:

minimize F(x) subject to x ∈Ω, (6.2)

where F : Rn ⇒Rm is a Θ-ordered mapping, and where Ω is a nonempty subset of Rn. Observe
that problem (6.2) can be equivalently rewritten in the unconstrained form

minimize FΩ(x) := F(x)+∆(x;Ω), x ∈ X , (6.3)

via the indicator mapping of Ω defined by

∆(x;Ω) :=
{

0 if x ∈Ω,
/0 if x /∈Ω.

(6.4)

The following result employs the sum rule for subdifferentials of ordered set-valued map-
pings in Theorem 3.4 to derive the existence condition for problem (6.2).

Theorem 6.4 (existence of relative Pareto minimizers under geometric constraints).
Let F :Rn ⇒Rm be a Θ-ordered multifunction satisfying all the assumptions of Theorem 6.1 but
the subdifferential Palais-Smale condition. Supposed in addition that the constraint set Ω⊂Rn

in (6.2) is closed and that the following qualification condition

∂
∞
Θ F(x,z)∩

(
−N(x;Ω)

)
= {0} (6.5)

holds on epi ΘF. If furthermore any sequence {xk} ⊂Ω such that

there are zk ∈ F(xk) and x∗k ∈ ∂ΘF(xk,zk)+N(xk;Ω) with ‖x∗k‖→ 0 (6.6)
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contains a convergent subsequence given that {zk} is Θ-quasibounded from below, then problem
(6.2) admits a relative Pareto minimizer.

Proof. We need to show that the assumptions imposed in the theorem ensure that the summation
multifunction FΩ defined in (6.3) satisfies all the assumptions of Theorem 6.1. First check that
FΩ is epiclosed. Indeed, for any (x,z) ∈ gphFΩ we have that

epi ΘFΩ =
{
(x,z) ∈ Rn×Rm ∣∣ z ∈ FΩ(x)+Θ

}
= {(x,z) ∈Ω×Rm ∣∣ z ∈ F(x)+Θ

}
by the definition of ∆(x;Ω) in (6.4). Take any {(xk,zk)} ⊂ epi ΘFΩ with (xk,zk)→ (x̄, z̄) as
k→∞. This tells us that zk ∈ F(xk)+∆(xk,Ω)+Θ, and so zk ∈ F(xk)+Θ with xk ∈Ω. The last
inclusion yields {(xk,zk)} ⊂ epi ΘF , and hence (x̄, z̄) ∈ epi ΘF by the epiclosedness of F , which
ensures that (x̄, z̄) ∈ epi ΘFΩ and thus verifies that the summation multifunction FΩ is epiclosed.

Next we check that FΩ is Θ-quasibounded from below. Since F has this property, there exists
a ball B ⊂ Rm such that F(Rn)⊂ B+Θ. For any x ∈ Ω we get that FΩ(x) = F(x)+∆(x;Ω) =
F(x), and hence FΩ is Θ-quasibounded from below.

Let us now verify that FΩ enjoys the strong limiting monotonicity property on its domain.
Indeed, pick any (x̄, z̄)∈ domFΩ = domF∩Ω and consider a sequence {(xk,zk)} ⊂ gphFΩ with
xk→ x̄ and zk � vk,vk+1 � vk. The first inclusion implies that zk ∈ FΩ(xk)+∆(xk;Ω) = F(xk).
The strong limiting monotonicity property of F tells us that there exists z̄ ∈ MinF(x̄) with
z̄� x̄, and therefore z̄ ∈MinFΩ(x̄), which verifies the strong limiting monotonicity property of
the multifunction FΩ.

Finally, we are going to prove that the imposed assumption (6.6) in terms of the initial data
of the constrained problem (6.2) guarantees the fulfillment of the subdifferential Palais-Smale
condition from in Definition 5.2 for the multifunction FΩ. To furnish this requires applying the
subdifferential sum rule from Theorem 3.4 to the summation mapping (6.3). Observe first that
for any (x,z) ∈ gphF , the corresponding mapping SE in (3.9) with respect to F and ∆ is inner
semicontinuous at (x,z,z,0) ∈ gphSE . Indeed, note that

SE (x,z) =
{
(z1,z2) ∈ Rm×Rm ∣∣ z1 ∈ EF,Θ(x), z2 ∈ E∆,Θ(x), z = z1 + z2

}
.

Since z ∈ F(x)⊂ F(x)+Θ and 0 ∈ ∆(x,Ω)+Θ for x ∈Ω, it follows that (z,0) ∈ SE (x,z), i.e.,
(x,z,z,0) ∈ gphSE . To show the inner semicontinuity of SE at (x,z,z,0), take any (xk,zk)→
(x,z) from the set domSE and choose z1k := zk and z2k := 0 for all k ∈ N. Then (z1k,z2k) ∈
SE (xk,zk) and (z1k,z2k)→ (z,0) as k→ ∞. which ensures that SE is inner semicontinuous at
(x,z,z,0).

Next we compute the basic and singular subdifferentials of the indicator mapping ∆(x;Ω)
from (6.4). We claim that

∂Θ∆(x;Ω) = ∂
∞
Θ ∆(x;Ω) = N(x;Ω). (6.7)
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Let us check (6.7) for the case of ∂Θ∆(x;Ω) while observing that the singular subdifferential
case can be treated similarly. It follows from the definitions that

x∗ ∈ ∂Θ∆(x;Ω)

⇐⇒


x∗ ∈ D∗E∆,Θ(x,0)(z∗)
−z∗ ∈ N(0;Θ)

‖z∗‖= 1

⇐⇒


(x∗,−z∗) ∈ N

(
(x,0); epi Θ∆

)
,

−z∗ ∈ N(0;Θ)

‖z∗‖= 1

⇐⇒


(x∗,−z∗) ∈ N

(
(x,0);Ω×Θ

)
−z∗ ∈ N(0;Θ),

‖z∗‖= 1

⇐⇒


(x∗,−z∗) ∈ N(x;Ω)×N(0;Θ)

−z∗ ∈ N(0;Θ)

‖z∗‖= 1

⇐⇒


x∗ ∈ N(x;Ω)

−z∗ ∈ N(0;Θ)

‖z∗‖= 1
⇐⇒ x∗ ∈ N(x;Ω)

which verifies (6.7). This tells us that the imposed assumption (6.5) ensures the fulfillment of
the qualification condition (3.10) in Theorem 3.4 for the mappings F and ∆(·;Ω). Employing
the basic subdifferential sum rule (3.8), we arrive at

∂ΘFΩ(x,z) = ∂Θ(F +∆)(x,z)⊂ ∂ΘF(x,z)+∂Θ∆(x;Θ) = ∂ΘF(x,z)+N(x;Ω). (6.8)

Now we are ready to verify the fulfillment of the Palais-Smale condition for FΩ. Take any
sequence {xk} ⊂ Rn with

∃zk ∈ FΩ(xk), x∗k ∈ ∂ΘFΩ(xk,zk), ||x∗k || → 0 as k→ ∞,

where {zk} is Θ-quasibounded from below. Then it follows from (6.8) that

∃zk ∈ FΩ(xk), x∗k ∈ ∂ΘF(xk,zk)+N(xk;Ω), ||x∗k || → 0 as k→ ∞,

which shows that the relationships in (6.6) are satisfied. Thus the imposed assumption (6.5)
implies that {xk} contains a convergent subsequence. Applying finally Theorem 6.1 to the
mapping FΩ verifies the existence of a relative Pareto minimizer in problem (6.3) and thus in
the original constrained problem (6.2). �

It follows from Corollary 6.2 and Theorem 6.4 that problem (6.2) admits a weak Pareto
minimizer provided that, in addition of the assumptions of Theorem 6.4, we have intΘ 6= /0.

Using the fundamental intersection rule for the normal cone (2.2) leads us to the existence
theorem for set-valued optimization problems with many geometric constraints.
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Corollary 6.5 (existence of optimal solutions under many geometric constraints). Consider
the set-valued optimization problem:

minimize F(x) subject to x ∈Ωi for i = 1, . . . ,s, (6.9)

where F : Rn ⇒ Rm is a Θ-ordered multifunction satisfying all the assumptions of Theorem 6.4
together with the ordering cone Θ, and where Ω1, . . . ,Ωs are closed subsets of Rn such that the
relationships

vi ∈ N(x;Ωi) for i = 1, . . . ,s and v1 + . . .+ vs = 0 (6.10)

hold only when v1 = . . .= vs = 0 whenever x ∈
⋂s

i=1 Ωi. Suppose further that

∂
∞
Θ F(x,z)∩

(
−

s

∑
i=1

N(x;Ωi)
)
= {0}

for all (x,z) ∈ epi ΘF with x ∈
⋂s

i=1 Ωi, and that every sequence {xk} ⊂
⋂s

i=1 Ωi such that

there are zk ∈ F(xk) and x∗k ∈ ∂ΘF(xk,zk)+
s

∑
i=1

N(x;Ωi) with ‖x∗k‖→ 0

contains a convergent subsequence when {zk} is Θ-quasibounded from below. Then problem
(6.9) admits a relative Pareto minimizer. If furthermore intΘ 6= /0, then there exists a weak
Pareto minimizer of (6.9).

Proof. Consider the set

Ω :=
s⋂

i=1

Ωi,

and observe first that Ω is closed since all the sets Ωi are closed for i = 1, . . . ,s. Applying the
normal cone intersection rule to Ω, which holds under the qualification condition in (6.10) by
[4, Corollary 2.17], we have that

N(x;Ω)⊂ N(x;Ω1)+ . . .+N(x;Ωs)

for any (x,z) ∈ gphF . Substituting the latter into the corresponding conditions of Theorem 6.4
gives us the existence of relative Pareto minimizers in (6.9). If in addition intΘ 6= /0, we get the
existence of weak Pareto minimizers as in Corollary 6.2. �

7. EXISTENCE OF SOLUTIONS TO SET-VALUED OPTIMIZATION PROBLEMS WITH

FUNCTIONAL CONSTRAINTS

In this section, we consider a constrained problem of set-valued optimization of type (6.2),
where the constraint set Ω is described by finitely many equalities and inequalities via Lipschitz
continuous functions as

Ω :=
{

x ∈ X
∣∣ ϕi(x)≤ 0, i = 1, . . . ,m; ϕi(x) = 0, i = m+1, . . . ,m+ r}. (7.1)

Using appropriate calculus rules leads us to deriving efficient conditions for the existence of
optimal solutions to this problem expressed in terms of the basic subdifferentials of the Θ-
ordered mapping F and of the functions ϕi in (7.1).
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Theorem 7.1 (existence of solutions under functional constraints). Consider the set-valued
optimization problem (6.2), where Ω is given by (7.1). Suppose that F and Θ satisfy the assump-
tions of Theorem 6.4, and that the functions ϕi, i = 1, . . . ,m+r, are locally Lipschitz continuous
on domF. In addition, impose following conditions:

(i) For any x ∈ domF ∩Ω, the inclusion

0 ∈
m

∑
i=1

λi∂ϕi(x)+
m+r

∑
i=m+1

|λi|
(
∂ϕi(x)∪∂ (−ϕi)(x)

)
(7.2)

with λi ≥ 0 and λiϕi(x) = 0 for i = 1, . . .m implies that λi = 0 for all i = 1, . . . ,m+ r.

(ii) For any (x,z) ∈ epi ΘF with x ∈Ω, the inclusions x∗ ∈ ∂ ∞
Θ

F(x,z) and

−x∗ ∈
m

∑
i=1

λi∂ϕi(x)+
m+r

∑
i=m+1

|λi|
(
∂ϕi(x)∪∂ (−ϕi)(x)

)
with λi ≥ 0 and λiϕi(x) = 0 for i = 1, . . .m imply that x∗ = 0.

(iii) Every sequence {xk} ⊂Ω such that

∃zk ∈ F(xk) and x∗k ∈ ∂ΘF(xk,zk)+
m

∑
i=1

λik∂ϕi(xk)+
m+r

∑
i=m+1

|λik|
(
∂ϕi(xk)∪∂ (−ϕi)(xk)

)
,

where ‖x∗k‖ → 0 as k→ ∞ and λik ≥ 0 with λikϕi(xk) = 0 for i = 1, . . .m and k ∈ N, contains a
convergent subsequence provided that {zk} is Θ−quasibounded from below.

Then the problem of minimizing F under the constraints in (7.1) admits a relative Pareto mini-
mizer. If intΘ 6= /0, then there exists a weak Pareto minimizer of this problem.

Proof. To verify the existence of a relative Pareto minimizer in the problem under considera-
tion, we check that the explicit assumptions imposed in this theorem in terms of ϕi ensure the
fulfillment of the assumptions in Theorem 6.4 for the set Ω given in (7.1).

First we show that the qualification condition (6.5) of Theorem 6.4 is satisfied in the current
setting. To furnish this, let g := (ϕ1, . . . ,ϕm+r) and define the set

S :=
{
(α1, . . . ,αm+r)

∣∣ αi ≤ 0 for i = 1, . . . ,m; αi = 0 for i = m+1, . . . ,m+ r
}
.

Observe that the set Ω from (7.1) is represented as the inverse image Ω = g−1(S). Indeed, x ∈
g−1(S) means that g(x)∈ S, which yields the inverse image description of Ω by the constructions
of g and S. Using the indicator mapping (6.4) of the set S, we claim that

N
(
x;g−1(S)

)
= D∗

(
∆S ◦g

)
(x,0)⊂ D∗g(x)◦N

(
g(x);S

)
=
⋃{

D∗g(x)(λ )
∣∣ λ ∈ N

(
g(x);S

)}
.

(7.3)

This claim is verified by using the upper estimate of basic normals to inverse images given in
[4, Corollary 3.13]. To apply this result in the setting of the theorem, we need to check that the
qualification condition

N
(
g(x);S

)
∩kerD∗g(x) = {0}, x ∈ domF ∩Ω, (7.4)

which is required for using [4, Corollary 3.13] in our setting, follows from the qualification
condition (7.2) imposed in the theorem. Indeed, picking λ = (λ1, . . . ,λm+r) ∈ N(g(x);S)∩
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kerD∗g(x,z) yields 0 ∈ D∗g(x)(λ ). Since the functions ϕi, i = 1, . . . ,m+ r, are locally Lips-
chitzian, we deduce from the scalarization formula of [4, Theorem 1.32] that

D∗g(x)(λ ) = ∂ 〈λ ,g〉(x) = ∂

(
m+r

∑
i=1

λiϕi

)
(x).

Furthermore, the subdifferential sum rule from [4, Corollary 2.21] tells us that

∂

(
m+r

∑
i=1

λiϕi

)
(x)⊂

m+r

∑
i=1

∂ (λiϕi)(x).

On the other hand, it is easy to see that

N
(
g(x);S

)
=
{
(λ1, . . . ,λm+r) ∈ Rm+r ∣∣ λi ≥ 0, λiϕi(x) = 0 for i = 1, . . . ,m

}
,

and that for all λi ≥ 0 with λiϕi(x) = 0 as i = 1, . . . ,m and for all λi ∈ R as i = m+1, . . . ,m+ r
we have the equalities

m+r

∑
i=1

∂
(
λiϕi

)
(x) =

m

∑
i=1

∂
(
λiϕi

)
(x)+

m+r

∑
i=m+1

∂
(
λiϕi

)
(x)

=
m

∑
i=1

λi∂ϕi(x)+
m+r

∑
i=m+1

|λi|
(
∂ϕi(x)∪∂ (−ϕi)(x)

)
.

Unifying the above tells us that the imposed qualification condition (7.2) ensures the fulfillment
of (7.4) required in[4, Corollary 3.13], which justifies the inclusion in (7.3).

To proceed further, let us show that the assumption imposed in (ii) guarantees the fulfillment
of the qualification condition (6.5) of Theorem 6.4 for the constraint set Ω from (7.1). Pick
x∗ ∈ ∂ ∞

Θ
F(x,z)∩

(
−N(x;Ω)

)
for (x,z) ∈ epi ΘF with x ∈ Ω. Employing (7.3) and the above

representations gives us the inclusion

N(x;Ω)⊂
{ m

∑
i=1

λi∂ϕi(x)+
m+r

∑
i=m+1

|λi|
(
∂ϕi(x)∪∂ (−ϕi)(x)

) ∣∣∣∣
λi ≥ 0, λiϕi(x) = 0 as i = 1, . . . ,m

}
.

(7.5)

It follows from (ii) that x∗ = 0, and hence the qualification condition (6.5) is satisfied.
It remains to check that assumption (iii) of this theorem ensures the fulfillment of condition

(6.6) in Theorem 6.4. But this follows directly from the upper estimate (7.5) of the normal cone
to the set Ω in (7.1). This completes the proof of the theorem. �

To conclude this section, observe that the term
m+r

∑
i=m+1

|λi|
(
∂ϕi(x)∪∂ (−ϕi)(x)

)
in (7.2) and everywhere below can be replaced by its upper estimate

m+r

∑
i=m+1

λi∂
0
ϕi(x)

with λi ∈ R via the symmetric subdifferential of each function ϕ := ϕi defined by

∂
0
ϕ(x) := ∂ϕ(x)∪

(
−∂ (−ϕ)(x)

)
.
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It easily follows from the plus-minus symmetry property of the latter construction meaning that
∂ 0(−ϕ)(x̄) =−∂ 0ϕ(x), which does not hold for the basic subdifferential.

8. EXISTENCE OF SOLUTIONS TO PROBLEMS WITH OPERATOR AND EQUILIBRIUM

CONSTRAINTS

This section is devoted to deriving efficient conditions of the existence of relative Pareto
minimizers for two large classes of constrained problems of set-valued optimization. The first
class deals with the so-called operator constraints described by

G(x)∩P 6= /0, (8.1)

via a set-valued mapping G : Rn ⇒ Rq and a set P⊂ Rq.
The next theorem establishes the existence of relative Pareto minimizers in problems of this

type in terms of their initial data.

Theorem 8.1 (existence of solutions under operator constraints). Given a Θ-ordered multi-
function F : Rn ⇒ Rm, consider the set-valued optimization problem:

minimize F(x) subject to G(x)∩P 6= /0, (8.2)

where F and Θ satisfies the corresponding assumptions of Theorem 6.4, and where the sets
gphG and P are closed. Suppose in addition that:

(i) The qualification condition

N(y;P)∩kerD∗G(x,y) = {0}
holds for all y ∈ G(x)∩P with x ∈ domF.

(ii) If x∗ ∈ ∂ ∞
Θ

F(x,z) is such that

−x∗ ∈
⋃{

D∗G(x,y)(y∗)
∣∣ y∗ ∈ N(y;P), y ∈ G(x)∩P

}
with some y ∈ G(x)∩P and (x,z) ∈ epi ΘF, then x∗ = 0.

(iii) Every sequence {xk} ⊂ G−1(P) for which

there are zk ∈ F(xk) and x∗k ∈ ∂ΘF(xk,zk)+D∗G(xk,yk)(y∗k),

where yk ∈G(xk)∩P, y∗k ∈N(yk;P), and ‖x∗k‖→ 0 as k→∞, contains a convergent subsequence
provided that {zk} is Θ−quasibounded from below.

Then problem (8.2) admits a relative Pareto minimizer. If furthermore intΘ 6= /0, then there
exists a weak Pareto minimizers of (8.2)

Proof. Denote Ω := G−1(P) and observe that taking x ∈ G−1(P) means that there exists y ∈
G(x)∩ P. Check that the imposed conditions in (i)–(iii) ensure that all the assumptions of
Theorem 6.4 with this set Ω are satisfied.

First we verify that the qualification condition (6.5) in Theorem 6.4 holds under the fulfill-
ment of the assumption in (i). Let Ω1 := gphG and Ω2 := Rn×P, and then note that

Ω1∩Ω2 = G−1(P)×P. (8.3)

Indeed, it is straightforward to check that

(x,y) ∈Ω1∩Ω2⇐⇒ y ∈ G(x) and y ∈ P⇐⇒ (x,y) ∈ G−1(P)×P.
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We now claim the fulfillment of the inclusion

N(x;Ω)⊂
⋃{

D∗G(x,y)(y∗)
∣∣ y∗ ∈ N(y;P), y ∈ G(x)∩P

}
. (8.4)

To verify (8.4), we take x∗ ∈ N(x;Ω) and obtain that

(x∗,0) ∈ N(x;G−1(P))×N(y;P) = N((x,y);G−1(P)×P).

By representation (8.3), this yields

(x∗,0) ∈ N
(
(x,y);Ω1∩Ω2

)
. (8.5)

To employ in (8.5) the normal cone intersection rule, we check the qualification condition

N
(
(x,y);Ω1

)
∩
[
−N

(
(x,y);Ω2

)]
= {0}. (8.6)

Indeed, pick any (x∗,y∗)∈N((x,y);Ω2)=N(x;Rn)×N(y;P) such that (−x∗,−y∗)∈N((x,y);Ω1).
The first inclusion implies that x∗ = 0 and y∗ ∈N(y;P) while the second one gives us (0,−y∗)∈
N((x,y);gphG), which means that y∗ ∈ kerD∗G(x,y). It follows from the imposed assumption
(i) that y∗ = 0, and thus the qualification condition (8.6) is justified. Now we are in a position to
apply the basic normal cone intersection rule from [4, Theorem 2.16] to the set intersection in
(8.5). This yields (x∗,0) ∈ N

(
(x,y);gphG

)
+N

(
(x,y);Rn×P

)
. The last inclusion implies that

(x∗,0) ∈ N((x,y);gphG)+{0}×N(y;S), and hence

(x∗,0) = (x∗,−y∗)+(0,y∗) for some y∗ ∈ N(y;P) and (x∗,−y∗) ∈ N
(
(x,y);gphG

)
.

The latter inclusion implies that x∗ ∈D∗G(x,y)(y∗), which therefore justifies the claim in (8.4).
Taking further x∗ ∈ ∂ΘF(x,y)∩(−N(x;Ω)) and using(8.4) tell us by assumption (ii) that x∗ = 0.
Thus we arrive at the qualification condition (6.5) of Theorem 6.4.

To complete the proof of this theorem, it remains to show that the conditions imposed in
(iii) yields the fulfillment of assumption (6.6) in Theorem 6.4 for the operator constraint set
Ω = G−1(P) from (8.1). Indeed, take {xk} ⊂ G−1(P) such that there are zk ∈ F(xk) and x∗k ∈
∂ΘF(xk,zk)+N(xk;Ω) as k ∈ N with ‖x∗k‖ → 0 as k→ ∞ and {zk} is Θ−quasibounded from
below. Using the normal cone inclusion (8.4) gives us yk ∈ G(xk)∩P and y∗k ∈ N(yk;P) such
that x∗k ∈ ∂ΘF(xk,zk)+D∗G(xk,yk)(y∗k). Now the imposed assumption (iii) guarantees that the
sequence {xk} contains a convergent subsequence, i.e., (6.6) holds. Combining all the above
verifies the existence of a relative Pareto minimizer in problem (8.2) and also the existence of a
weak Pareto minimizer in this problem provided that intΘ 6= /0. �

The final result of this section addresses set-valued optimization problems with the so-called
equilibrium constraints given by

0 ∈ G(x)+Q(x), (8.7)

where both G and Q are generally set-valued mappings from Rn into Rq, while of different
natures. While G may often be a single-valued mapping, Q is always a multifunction, which
is often described by the normal cone to a set, or a subgradient mapping for an extended-real-
valued functions. In particular, model (8.7) is convenient to study vector variational inequalities
and other variational systems modeling various equilibria; see, e.g., [3, Section 5.3] for more
discussions, references, and commentaries.

Here is the existence theorem for set-valued optimization problems with constraints of type
(8.7) expressed in terms of the initial problem data.
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Theorem 8.2 (existence of solutions under equilibrium constraints). Given a Θ-ordered
multifunction F : Rn ⇒Rm, consider the set-valued optimization problem with equilibrium con-
straints defined by:

minimize F(x) subject to 0 ∈ G(x)+Q(x) (8.8)

where F and Θ satisfies the corresponding assumptions of Theorem 6.4, and where both multi-
functions G and Q are closed-graph. Impose in addition the following conditions:

(i) The only vector x∗ ∈ Rn satisfying the inclusions x∗ ∈ ∂ ∞
Θ

F(x,z) and

−x∗ ∈ D∗G(x,y)(y∗)+D∗Q(x,−y)(y∗),

where (x,z) ∈ epi ΘF, (x,y) ∈ gphG and (x,−y) ∈ gphQ, is x∗ = 0.

(ii) If for such (x,y) we have that x∗1 ∈ D∗G(x,y)(y∗), x∗2 ∈ D∗Q(x,−y)(y∗), and x∗1 + x∗2 = 0,
then y∗ = 0 and x∗1 = x∗2 = 0.

(iii) Every sequence {xk} ⊂ Rn for which there are zk ∈ F(xk),yk ∈ G(xk)∩ (−Q(xk)),

x∗k ∈ ∂ΘF(xk,zk)+D∗G(xk,yk)(y∗k)+D∗Q(xk,−yk)(y∗k),

and ‖x∗k‖→ 0 as k→∞, contains a convergent subsequence provided that {zk} is Θ-quasibounded
from below.

Then problem (8.8) admits a relative Pareto minimizer. If intΘ 6= /0, there exists a weak Pareto
minimizer of problem (8.8).

Proof. It is similar to the proof of Theorem 8.1 by using the sets Ω1 := gphG and Ω2 :=
gph(−Q) and applying to them the normal cone intersection rule. �

We finish this section with two important remarks. The first remark discusses the usage of
subdifferential calculus in deriving necessary optimality conditions for local Pareto-type mini-
mizers in constrained set-valued optimization.

Remark 8.3 (optimality conditions for constrained set-valued problems). The developed
and utilized results of subdifferential calculus, which are used above to establish the existence of
optimal solutions in constrained problems of set-valued optimization, can be similarly applied
to deriving subdifferential necessary optimality conditions for local counterparts of all the three
kinds of local Pareto-type minimizers given in Definition 5.1. To proceed in this way, we start
from the subdifferential necessary condition 0 ∈ ∂ΘF(x̄, z̄) for minimizing unconstrained Θ-
ordered multifunctions F as in [4, 7] and then utilize calculus rules similarly to the device in
Sections 6–8 for the existence theorems.

The second remark concerns extensions of the obtained results to constrained set-valued op-
timization problems in infinite-dimensional spaces.

Remark 8.4 (infinite-dimensional extensions). As mentioned above, in this paper we confine
ourselves for simplicity to the finite-dimensional framework, since the employed machinery of
variational analysis and generalized differentiation does not require any additional assumptions
in this setting. However, basic variational tools have been well understood and developed in
infinite dimensions; mainly in Asplund spaces, i.e., Banach spaces where every separable sub-
space has a separable dual (as, e.g., in any reflexive space); see a comprehensive account in [3].
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A major ingredient for infinite-dimensional developments consists of imposing the so-called se-
quential normal compactness (SNC) conditions, which are automatic in finite dimension while
admit a rich calculus in Banach/Asplund spaces. Using these tools together with variational
principles, some existence theorems and necessary optimality conditions for vector and set-
valued optimization problems have been established in [3, 4, 7], while the set-valued results in
[4, 7] mostly concern unconstrained problems with no subdifferential calculus behind. Nev-
ertheless, the approach of this paper married to the SNC calculus developed in [4] makes it
possible to extend the obtained results to to constrained set-valued optimization problems in
Asplund spaces.

Note to this end that the case of infinite-dimensional ordered spaces offers more varieties of
relative Pareto minimizers due to several possibilities of relaxing the restrictive assumption on
nonempty interiors of convex ordering cones. We refer the reader to [4, 7], and also to [1, 9],
for comprehensive discussions and various results in this direction.

9. CONCLUSIONS

This paper develops major calculus rules for basic and singular subdifferentials of ordered
multifunctions and then applies them to obtain existence theorems for relative Pareto minimiz-
ers in constrained problems of set-valued optimization in finite-dimensional spaces. Besides
extensions of the obtained results to the existence of optimal solutions and necessary optimality
conditions for problems in infinite-dimensional spaces as discussed in Remark 8.4 and Re-
mark 8.3, respectively, we intend to address the following important issues, unsolved even in
finite dimensions, in our future research:

(i) An attractive question arises about the existence of (usual) Pareto minimizers from Defi-
nition 5.1(i) in the unconstrained framework of set-valued optimization. We plan to attack this
question by using tools of variational analysis and generalized differentiation.

(ii) In [10], existence results for the usual Pareto efficient solutions (i.e., Pareto minimizers)
and Geoffrion-properly efficient solutions are obtained for problems of vector optimization with
Lipschitzian cost functions in finite-dimensional spaces. The approach developed in [10] is
based on tools of variational analysis and generalized differentiation married to those in semi-
algebraic geometry. Our intention in the future research is to extend the methods and results of
[10] to problems of set-valued optimization.
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