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INERTIAL VISCOSITY WITH ALTERNATIVE REGULARIZATION FOR
CERTAIN OPTIMIZATION AND FIXED POINT PROBLEMS

ADEOLU TAIWO, OLUWATOSIN TEMITOPE MEWOMO*

School of Mathematics, Statistics and Computer Science, University of KwaZulu-Natal, Durban, South Africa

Abstract. In this paper, we study the problem of finding a common solution of split equilibrium, vari-
ational inclusion, and fixed point problems in real Hilbert spaces. We propose two inertial viscosity
algorithms to solve the problem and obtain two strong convergence theorems. The assumption of the
upper semi-continuity of the bifunction in the split equilibrium problem is dispensed. We apply our re-
sults to the common solution of variational inequality, convex minimization, and fixed point problems.
Finally, we give a numerical experiment to illustrate the performance of our algorithms and compare
them with existing algorithms.

Keywords. Alternative regularization; Inertial viscosity method; Nonexpansive mapping; Split equilib-
rium problem, Variational inclusion problem.

1. INTRODUCTION

Throughout this paper, unless otherwise stated, H; and H, are assumed to be real Hilbert
spaces with inner product (-,-) and induced norm || - ||, C and Q are assumed to be nonempty,
closed, and convex subsets of H; and H,, respectively, and A : H] — H; is assumed to be a
bounded linear operator.

Let F1 : C x C — R be a bifunction. The Equilibrium Problem (shortly, EP) in the sense of
Blum and Oettli [1] is to find x* € C such that Fj(x*,x) > 0, Vx € C. The set of solutions of
the EP is denoted by EP(F;,C). The EP attracts considerable research efforts and serves as a
unified framework for many real problems; see, e.g., [2, 3, 4, 5, 6, 7] and the references therein.

Let F> : Q x Q — R be a bifunction. Recently, Kazmi and Rizvi [8] introduced the following
Split Equilibrium Problem, (shortly, SEP): Find x* € C such that

Fi(x",x) >0, ¥V x € C and such that y* = Ax" solves F>(y*,y) >0, Vy € Q. (1.1)

The SEP consists of a pair of EPs such that the set of solutions of one is the image of the other
under a bounded linear operator. We denote the solution set of SEP (1.1) by SEP(Fy,F>).

Let B: H; — H; be an operator and D : H; — 21 be a set-valued operator. The Variational
Inclusion Problem is defined as find x* € H; such that

0 € Bx* + Dx". (1.2)
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It is known that many practical problems arising in areas, such as image recovery, signal pro-
cessing, and linear inverse problems can be modeled mathematically in the variational inclusion
problem. For more details on the variational inclusion problem and existing solution methods,
we refer to [9, 10, 11, 12, 13] and the references therein.

In [14], Cholamyjiak et al. studied the problem of finding a common element of the set of
solutions of SEP (1.1) and variational inclusion problem (1.2) in real Hilbert spaces. They pro-
posed the following algorithm: For xq,x; € Hy, let {x,}, {y,} and {z,} be sequences generated
as follows:

Yn = Xp+ en(xn _xn—l)a

& = Oyn+ (1= )T, (I = YA™ (I = T, A)y, (13)

Xni1 = Buzn+ (1= B) (I +5,D) " (I —5,B)zp,n > 1.
Noted that the step size y in Algorithm (1.3) depends on a prior knowledge of the operator
norm, which is difficult or impossible to calculate. In addition, the algorithm only guaranteed
the weak convergence. In order to obtain strong convergence, they proposed the following
modified inertial shrinking projection algorithm

Yn = Xp+ Gn(xn _xnfl)a

Zn = Oy + (1 — ) Tt (I — YA* (I — T,1)A)yn,

Wi = Buzn+ (1 — Bn)(I+SnD)_1 (I = $nB)zn,

Cur1 ={2€ Gyt lwn —2l1* < {lxn —2l* + 267 P — X 11 — 260 (0 — 2, %01 —xn) },

Xn+1 = Pcnﬂxl,l’l Z 1.

(1.4)

The 6, in Algorithms (1.3) and (1.4) is an inertial extrapolation factor. The term 6, (x, —x,_1)
is called the inertial term. The idea of inertial extrapolation can be traced to Polyak [15], who
proposed it as a discrete version of a second order time dynamical system to speed up conver-
gence rate of smooth convex minimization problems. The main idea of this method is to make
use of two previous iterates in order to update the next iterate, which results in speeding up
the algorithm’s convergence. Due to its tendency to accelerate convergence, inertial-type algo-
rithms have attracted enormous attention of authors; see, e.g., [5, 16, 17, 18, 19]. Note that the
implementation of Algorithm (1.4) requires the computation of the closed convex subset C,, 1
and then the projection of the initial point x| onto C, | per iteration. A major drawback is that
the structure of C, 11 may be very complicated in general, which makes it difficult to calcu-
late the projection, if not impossible (see [20]). Attouch [21] in 1996 introduced the viscosity
approximation method. This was further developed by Moudafi [22] and was used to find the
fixed points of nonexpansive mappings. Motivated by Moudafi [22] and Xu [23], Yang and He
[24] proposed a general alternative regularization method for approximating the fixed point of
nonexpansive mappings in Hilbert spaces.

Inspired by the works of Cholamjiak et al. [14], Yang and He [24], and Luo et al. [25], in
this paper, we propose two inertial viscosity type algorithms for finding the common element
of the set of solutions of split equilibrium problem (1.1), variational inclusion problem 1.2, and
fixed point problems of nonexpansive mappings in real Hilbert spaces. We prove two strong
convergence theorems of the sequences generated by the algorithms without imposing upper
semi-continuity on the equilibrium bifunction as in some existing works on SEP (see for exam-
ple [14, 26, 27]). We also present some consequences of our strong convergence theorems and
give an application. Finally, we show the usability and efficiency of our algorithms by giving a
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numerical example and compare with an existing result. The organization of the remaining part
of this paper is as follows. In Section 2, we collect some useful definitions, notations, and lem-
mas. In Section 3, we present our algorithms and prove two strong convergence theorems.Some
corollaries and an application are also given. In Section 4, we compare the performance of our
algorithms with Algorithm 1.3 via a numerical example. Section 5 ends this paper.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, C be a nonempty, closed,
and convex subset of H, and let / : H — H be the identity mapping on H. We denote by ‘x, — x’
and ‘x, — x’, the weak and the strong convergence of {x,} to a point x € H, respectively. An
element x € H is called a fixed point of a mapping 7 : H — H if x = Tx. We denote the fixed
point set of T by Fix(7). We recall the following definitions:

Definition 2.1. An operator 7 : H — H 1is said to be:

(i) Lipschitzian if there exists a constant 8 > 0 such that ||Tx—Ty|| < B|lx—y|, Vx,y € H.
If B €]0,1), then T is a contraction;
(ii) firmly nonexpansive if | Tx — Ty||*> +||(I — T)x— (I = T)y||> < |lx—|?, Vx,y € H, or
equivalently, ||Tx — Ty||?> < (x—y,Tx —Ty), Vx,y € H;
(iii) nonexpansive if | Tx—Ty|| < ||lx—y|, Vx,y € H;
(iv) B-strongly monotone if there exists 8 > 0 such that (Tx — Ty,x —y) > B]x—y||%;
(v) B-inverse strongly monotone if there exists § > 0 such that (Tx—Ty,x —y) > B||Tx —
Tyl|.

It is obvious that every firmly nonexpansive mapping is nonexpansive, and the set of fixed
points of nonexpansive mappings is closed and convex. Let 4 : C — C be a nonlinear operator.
The Variational Inequality Problem (shortly, VIP) is to find

x* € C such that (h(x*),x—x*) >0 ,VxeC.

Lemma 2.1. [28] Let H be a real Hilbert space. Suppose that h : H — H is K-Lipschitzian and
B-strongly monotone over a closed convex subset C C H. Then, (h(u*),v—u*) > 0,Vv € C has
its unique solution u* € C.

Lemma 2.2. [29] (Demiclosedness Principle) Suppose that T : H — H is a nonexpansive map-
ping. Let {x,} be a vector sequence in H and let p be a vectorin H. If x, — p and x, — Tx, — 0,
then p =T p.

Lemma 2.3. [30] Let H be a real Hilbert space. Then the following assertions hold:
(i) |lx+yl* =[x +2(x,y) + ly||* for all x,y € H;
(ii) forallx; € H and o € [0,1] (i=1,2,...,n) such that ¥} | o; = 1, the following equality
holds: || iy o4xil|* = Xy ol|xill* = Li<ic jon 00t [l — x5

Let D : H — 2/ be a set-valued operator. The graph of D denoted by gr(D) is defined
by gr(D) = {(x,u) € H x H : u € Dx}. D is called a non-trivial operator if gr(D) # 0. D
is called a monotone operator if ¥ (x,u),(y,v) € gr(D), (x—y,u—v) > 0. D is said to be a
maximal monotone operator if the graph of D is not a proper subset of the graph of any other
monotone operator, or equivalently if its graph cannot be enlarged without destroying mono-
tonicity. For a maximal monotone operator D, the resolvent of parameter A > 0 is defined by
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JP = (I+AD)~' : H— dom(D). It is known that D! (0) = Fix(J?) for all A > 0 and J? is
firmly nonexpansive. Also, let B : H — H be an operator and defined the operator Jf’B by

J)% = (I1+AD)""(I-AB) =J2(I-AB).

It is known that x € Fix(Jf’B) if and only if x € (B+D)~!(0). In addition, Jf’B is nonexpansive;
see, e.g., [31].
We make the following assumptions on the bifunction F : C x C — R :

Assumption 2.1. Let C be a nonempty, closed, and convex subset of a Hilbert space H. Let
F : C x C — R be a bifunction satisfying the following conditions:

(A1) F(x,x) =0, forall x € C;

(A2) F(x,y)+F(y,x) <0, forall x,y € C;

(A3) foreach x,y,z € C, limsupF (1z+ (1 —t)x,y) < F(x,y);

t—0
(A4) for each x € C, F(x,-) is convex and lower semicontinuous.

Lemma 2.4. [32] Let C be nonempty, closed, and convex subset of a Hilbert space H. Let
F : CxC — R be a bifunction satisfying Assumption 2.1. Forr >0 and x € H, define a mapping
TF:H - ChyTF(x)={z€C:F(z,y)+ %(y—z,z—x) >0,Vy € C} forall x € H. Then,

(1) Foreachx € H, TrF £ 0;

2) TrF is single-valued;

(3) TF is firmly nonexpansive;

(4) Fix(TF) = EP(F,C) is closed and convex.

Lemma 2.5. [33] Let {s,} be a sequence of nonnegative real numbers satisfying the following
relation: sy < (1 —1ty)$y + thpn, n > ng, where {t,} C (0,1) and {p,} C R satisfying the
following conditions: lim,_.t, =0, Y~ |1, = oo, and limsup,_,..p, < 0. Then s, — 0 as
n —r oo,

Lemma 2.6. [34] Let {I',} be a real number sequence that never gets monotonically decreasing
from a certain ng € N, in the sense that there exists a subsequence {I'y;};>0 of {Ix} such
that Ty; < Ty, 11 for all j > 0. Also consider the sequence of integers {T(n)}n>n, defined by
t(n) := max{k <n | Iy <Tiy1}. Then {T(n)}n>n, is a non-decreasing sequence verifying
lim 7(n) = oo, and, for all n > no, the following two estimates hold: T,y < Ty, I <

n—oo

Lr(ny41-
3. MAIN RESULTS

In this section, we prove two strong convergence theorems in real Hilbert spaces. We also
provide some consequences of our results and an application.

3.1. Algorithms and their convergence analysis. We first state some notations and assump-
tions that are needed in the sequel.

Assumption 3.1. Suppose that {o,, }, {Bn}, {T}, {An}, {0On}s {tn}, {x:}, {sn}, and {r,} satisfy
the following assumptions:

B1) {on}, {Bx} C (0,1) such that

i) 0 <liminfeoy, <limsupo, < 1;
n—eo n—oo
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i) 0 < hmmf Bn <limsupf, < 1;
n—yco

(B2) {An}, {on}, {un} € (0,1)suchthat0 <a <oy, Uy <b< 1, Ay+ 0+, =1, ¥ A, =00,
n=1
and lim A, =0;
(B3) For 9 € >0, {9,} is a positive sequence satisfying 0 < 5, < 0, €, and '}1_{130 ;L” =0;
(B4) {rn} C (0,00) such that hn;mfrn > 0;
n—oo

BS) 0<a<k,, 7 <b<1,a,becR,and yis any nonnegative real number;
(B6) {s,} C (0,2a) such that 0 < hmlnfsn < limsups, < 2a.

n—oo

Algorithm 3.1. Parallel inertial viscosity-type algorithm.

Initialization: Let xo,x; € H; be arbitrary.

Iterative steps: Calculate x,,, | as follows:

Step 1. Given the iterates x,_; and x, (n > 1), choose 6, and ¢, such that 0 < 6, < 6, and
0 <¢g, <eg,, respectively, where

) 5, . . 5, .
9F — { mln{Q,M} 1fxn %Xn_l, 8; _ { mln{g,m} 1fxn %Xn_l,

" 0 if otherwise, € if otherwise.

Step 2. Compute
Wp = Xp + en(xn _xn—l); Up = Xp + 8n(xn _xn—l)~
Step 3. Compute

20 = 0wy + (1= 0)T,7 (I — %A (I = TI2)A)wa, Yo = Buttn + (1 — Bu) T2 P,

where
Tl (1= T2 ) Awi |2 12
=1 A ,?)AWHZ if A 72 Ty A,
Y if otherwise.

Step 4: Compute
Xn+1 = Sn(lnf(xn> + Opzn + .unyn)7
where
Sn = (1 — K+ K;,S.
Setn:=n+1 and go to Step 1.

Remark 3.1. From Step 1, it can be deduced that li_r>n O |lxn — x4—1]| = 0 and lim %Hxn -
n—oo n—oco \n
Xp—1]| = 0. Similarly, lim &,[x, —x,—1]| =0 and lim 2*|]x, —x,_1[| = 0.
n—oo n—oo \n

Theorem 3.2. Let Hi,H) be real Hilbert spaces, and let C C Hy, Q C Hy be nonempty, closed,
and convex subsets. Let S : H — H| be a nonexpansive mapping, and let f: H — Hy be a
contraction mapping with contraction coefficient v € [0, \[) Let A : Hy — Hy be a bounded
linear operator with adjoint A*, and let F| : C xC — R and F> : Q X Q — R be bifunctions
satisfying Assumption 2.1. Let B : Hl — H\ be an o-inverse strongly monotone operator, and
let D : Hy — 2 be a maximal monotone operator. Denote Q. := Fix(S) N (B+ D)~1(0) N
SEP(F\,F,), and assume Q # 0. Let {x,} be generated by Algorithm 3.1 and Assumption 3.1
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hold. Then, {x,} converges strongly to x* € Q, where x* is the unique solution to VIP (3.1):
Find p € Q such that

(I f)px—p)=0¥xeQ. 3.1)
Proof. We divide this proof into three steps as follows.

Step 1: The sequence {x,} is bounded.

We first show that Fix(S) = Fix(S,,) for each n € N. Let x € Fix(S). Then S,x = (1 — k)X +
K,SX = X. Also S, is nonexpansive. Indeed, ||S,x —S,y|| < (1 — &) ||x — y|| 4+ &:[|Sx — Sy|| <
|x—y|. Let p € Q. Then p € Fix(S) = Fix(S,), T p = p, T22Ap = Ap, and p € Fix(J25).
Since Trfz is nonexpansive, we find from Lemma 2.4 and Lemma 2.3(1) that

2Ap — Aw, (1= T Aws) = |Ap— T/ Awa|2 — |Ap — Aw |2 = | (1~ T.2) o, |
< | Ap —Awall* = |Ap — Awall* = [|(1 = T,72)Aw, |
= (| =T2)Awy|*.

which together with Lemma 2.3(i), and the fact that Trf‘ is nonexpansive obtains that
T =A™ (I = T,2)A)wa =T pl|?
<= %A™ (I = T2)A)wn — plI?
= [l — pII* +2%(Ap — Awn, (I = T,12)Aw) + 11 |A* (1 = T,72)Awa |*
= [lwn = pII> = 1l (I = T2)Awa | + 7 A" (1 = T2 Aw, ||
Tu(1—7)|| (1 = Trfz)AWnH4
IA* (1 = T3, ) Aw 2

= wa—pl* -

< flwa—pl1*.
From Lemma 2.3(ii), we have
lzn = pI* = [lowwn+ (1= 0) T2 (I = %A™ (I = T2)A)wy — pl|?
= oullwn = plPP+ (1= o) | T, (I = %A™ (I = T,2)A)wy —
— (1= 06) | TN = %A* (1= T,2)A) w —wy||?
(1_O‘n)fn(l_Tn>||(I_TrI;2>AWn||4

< Wn—Pp 2

” ” 1A% (I = T2 Aw 2

— 0 (1 — 04) | TE (I — A™ (I = T2 A)wy — | (3.2)
< lwa—pl*. (3.3)

Furthermore, since JsDn is nonexpansive, Lemma 2.3 (ii) gives

s — plI>
= Bullua — pl* + (1= B2y — pl* — Ba(1 = Ba) [T B Uy — w2

< Bullun _P||2 + (1= Bn) ([|un _PH2 — sn(20 —sn)||Bun —Bsz) —Bu(1 - Bn)HJsDn’B”n - ”nH2
< ||”n_P||2_ﬁn(1_Bn)Hsz’B”n_”nHz (3.4)
< un—pl*. (3.5)
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Aswy, =x,+ 0, (x, — x,—1), we have ||wy, — p|| < ||xn — pl| + Onllxn — xn—1]| < ||x0 — p|| + XM,

where M| = sup,,cy %Hxn —Xu—1|| ¢ Similarly, |ju, — p|| < ||x, — p|| + 2,M>, where M, =

SUP,,cN %Hxn — xp—1]| ¢- Note that the existence of M| and M, follows from Condition (B2)

and Remark 3.1. Let M* := max{M;,M, || f(p) — p||}. Then, from (3.3) and (3.5), we obtain

[xn1 =l < Aullf(xn) =PIl + Gullzn — Pl + tnllyn — pll
< AaVxn = pll + Al £(p) — pll + Gullzn — pIl + tallyn — Pl
< (1= A+ AV) |0 — pll + G AaMi + n kMo + A £ (p) — |
< (A=)l A1) 2T
< max{ - pll 72 |

1—v

2M*
< max{ - pll, 7o b

This from (3.6) that {||x, — p||} is bounded. Consequently, {x,},{wn}, {u.},{z.}, and {y,} are
bounded.
Step 2: Let M3 = sup{6,||x, —xn—1]|,1x. — P||}» Ma = sup{&ul|xn — xn—1, ||xn — ||}, and
neN neN

b, = Gfﬂun Zn + Gn‘j:un vn. Then, the following inequality holds:

X1 — P> < (1= pu) X — P> + P, (3.6)

where p, = A,(1 — (1 +A,)v?) and

- 3y Sol=octl 3y il Lo #(p) — pl+2(0 = M) (p) = p.bu — p)
" 1— (14 2A,)v? '

(3.7
Indeed, let b,, = 6,2, + H,,yn, Where G,, = Gﬂ‘i’#n and [, = Gn‘ﬁun' From Lemma 2.3(ii), we have

b _pH2 = Gy l|zn _PH2 + M lyn —PHZ — G|z —ynHz- (3.8)
Observe that

1 Can) = pIIP < (1 Can) = F( + 1L (P) = PID? < 2V2|w — p 1>+ 201/ (p) - pII?

and
(f(xn) = pybn—p) < f(xn) = F(P)l|bn = pll +{f(P) — P;bu— D)
< V|xn = pllllbn = pll + (f(P) — P,bn — P)

1
< S (V1= I+ [1bn = pIP) + (f (2) = prbn — p)-
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We also have

G]’l n
apl = Sn(lnf(xn)+(1—),n)(1_Anszr1£l/lnyn))

Gn n
= S o)+ (1= A) (5t )

= Sn(lnf(xn) + (1 - )Ln)bn) (3.9)

From (3.8), (3.9), Lemma 2.3(i), and the fact that S,, is nonexpansive, we have

Pt =PI < 1Anf (n) + (1= 2)bn — p|?
A f () = I 4 (1= 20| by = plI* 422 (1 = 2) (f (xn) = P bu — p)

< (VA2 0 = plP + (1= ) B —
(20l ) I+ 201 = 2T~ pibn =)
< QA AV =PI+ Gl = pIP 4 pallon =PI = 5l
+ln(2ﬂthf(P)—PHz+2(1—M)(f(l?)—l?,bn—l?))- (3.10)
By Lemma 2.3(1), we obtain
Iwn—pI? < ln =PI+ 62150 — x>+ 26450 — p s — 51
< on — P14 3M50,|x0 — X1 3.11)
Similarly,
|| —sz < |]xn—p|]2—}—3M48onn — Xp—1]|- (3.12)

Substituting (3.3), (3.5), (3.11), and (3.12) in (3.10), we have

o1 =Pl < (v + 252 30 = plI* + 6|13 — plI* 4+ 3M36, 150 — x,1])
by
O + Un

T, (27tn\|f(p)—p\|2+2(1 —zn><f<p>—p,bn—p>)

(1—2A +7LnV2 +13V2)||xn _PH2

Iz =yl

([ = PII> + 3Magn 0 — xn-1])

IN

6, £
+An 3M3_ncn||xn —Xn—1 || + 3M4_n.un||xn —Xn—1 ||
A«n A’n

oy (zxn||f<p>—p||2+2<1—An><f<p>—p,bn—p>)

< (L= pa)llxn = plI* + pun.

Step 3: The sequence {x,} generated by Algorithm 3.1 converges strongly to x* € Q, where x
is the unique solution of the following VIP: Find p € Q such that

((I—=f)p,x—p)>0VxeQ.
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Let d, = A, f (X)) + Onzn + Wnyn- Then by Lemma 2.3(ii) and the fact that S is nonexpansive, we
have

%01 _PH2 = (1 —%)]|dn —p||2 + Knl|Sdn _SPH2 — Kn(1 = 1) Sdn _dn||2
< Al f () = pIP 4 Gullzn = PIP + tallyn = pII* = 20l £ () — 21
—Don | £ (%) = yul* = Outtallzn = yul|* = (1 = ) [|Sd — . (3.13)
Substituting (3.2), (3.4), (3.11), and (3.12) into (3.13), we have

s = pII?

gznnf(xn)—pH2+on(Hwn—p||2—

(1 —0ty) T (1 — ) | (T — Trfz)AWnH4)
|A*(1 = T,12) Awy |2

— 0,0 (1 — Otn)||Tr1;1 (I—A,A (I — Trfz)A)wn —wnH2

+ (||t _PH2 —Bu(1— Bn)HJsD,,’B”n - ”n||2) — AuGnl| f (x) _Zn“2

— Xl || f (xn) _ynH2 — Oplln||zn _)’nHZ — Kn(1 — K)[|Sdy _dnH2

G0, || x, — X n€nllXn — Xn—
< (0= Al I 4 2 (1705 = -4 3v 2225 =t Bl = )

ln 2’I’l

(L=04) (1 =) [|(/ - Trfz>AWn||4 _
|A* (I = T2 Aw, |2

— U (1 _ﬁn)”-]sLZ’B“n - ”nHZ — K (1 — &) [|Sdy _dnHZ-

010 (1 — o) |5 (1 — 20A* (I — TP2) A)wy — wi |

n

(3.14)
We further divide this step into two cases.

Case I: Assume there exists some 19 € N such that {|x, — p||*} is monotonically non-
increasing for n > np. Since it is bounded, it implies that it is convergent. Consequently, we
have ||x, — p||> — ||[xp11 — p||*> — 0 as n — co. From (3.14), we obtain
(1= 06) %1 = %) | (7 = T2 ) Aw |

A% —T2) Aw,
+ (1 — ﬁn)HJQB”n - ”nH2 + K (1 — %3,)[| S, — dnH2

+ 010 (1 — 04) | TEH (I — 1A (1 = TE2)A)wyy — w2

n

6,60, ||x, — X, n€nllXn — Xn—
< (7€) plP o 3nay 2Bt gy oo =l ) 4, — 2
n n
— |Pas1 — plI>.

(3.15)

Taking the limit of (3.15) and using Assumption 3.1, we obtain
T (1 =A™ (I — TF2)A)wy — wa|| — 0 as n — oo, (3.16)
T2y — || — 0 as n — oo, (3.17)
|Sdy — dp|| — 0 as n — oo, (3.18)

and
17— T,22) Aw, |2
|A*(I = T,12) Awy|

—0asn— . (3.19)
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It then follows from (3.19) that
(I = T2 ) Aw |2

1= T2)Aw, || < A% ””A*(I_ aymiad L (3.20)
It also follows from Algorithm 3.1 and Remark 3.1 that
|Wn — xn|| — 0 as n — eo, and ||u, — x,|| — 0 as n — oo. (3.21)
In addition, using (3.16) and (3.17), respectively, we obtain
120 = wall = (1 = @) | T (I = %A™ (I = T,2)A)wn — wy|| = 0 as n — oo, (3.22)
and
yn = ttall = (1= Bu) 15 Ptn — ]| — 0 a5 n — oo. (3.23)

From (3.21), (3.22), and (3.23), we obtain lim,,_,c ||y, — X»|| = lim,—e ||z — X5 || = 0. It follows
that ||dp, — xu|| < Aul|f(xn) — Xul| + Onllzn — Xn || + n||yn — Xa|| — 0. In view of (3.18), we have

[xn1—Sxall = [[(1—Ka)(dn —Sdy) + Sy — Sx||
< (L=K)|dn — Sdn|| + || Scln — Sxa]|
< (1—=13)||dn — Sdy|| + ||dn — xn|| — 0 as n — oo. (3.24)

It is easy to see that
|| — Sxp|| — 0 as n — eo. (3.25)

Hence, combining (3.24) and (3.25), we arrive at ||x,4+1 — Xn|| < |[xXn1 — Sxn|| 4 [|Sx — 20 || — O
as n — oo,

Next, we prove that limsup &, < 0. To achieve this, we choose a subsequence {x,, } of {x,}
n—soo

such that
lim ((/ — f)p,bn, — p) = limsup((I — f)p,bn — p).

m—roo n—yoo
Since {x,, } is bounded, then there exists a subsequence {xy,, } of {xy,, } such that x,, — X € H,
as k — oo. Without any loss of generality, we may assume that x, — X € H; as m — oo. Thus
we can conclude from (3.21) that w,, — X and u,, — X, as m — oo. Since A is a bounded
linear operator, it implies that Aw,,  — AX. Since S is nonexpansive, it follows then from (3.25)
and Lemma 2.2 that ¥ € Fix(S). Similarly, by (3.17) and the fact that JQ’B is nonexpansive,
we have that ¥ € Fix(Jo") and hence & € (B4 D) !(0). Replacing n with n,, in (3.20), we
have lim,_,e || (I — T,ffn JAwy, || = 0. Since TVZ is nonexpansive, then (I — Trii) is demiclosed

at 0. From Lemma 2.2, we have that AX € Fix(Trffﬂ), that is, Ax € EP(F»,Q) by Lemma 2.4.
Furthermore, letting ¢, = (I — 1, A* (I — Trizn JA)wy, , we conclude from (3.20) that

lem,, = Wn || < W, [JAT I = T2 YAwn, || = 0

Snm

as m — oo. It then follows that ¢, — X. Now using (3.16), we have

175 en,, = cn,ll S NTE cn,y = Wi, ||+ Wiy, — €| = 0

Tnm
as m — oo. Since Trf;1 is nonexpansive and (I — Trfjn) is demiclosed at 0, we conclude from
Lemma 2.2 thatx € Fix(T,fjn ), thatis, ¥ € EP(F;,C) by Lemma 2.4. So, we obtain that F (%, y) >
0, Vy € C and F>(A%,q) > 0 Vg € Q. Thus ¥ € Q := Fix(S)N (B+ D)~ (0)NSEP(F,F). It
can be deduced from Lemma 2.4 that Q is a closed and convex subset of H;. In addition, since
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f is a v-contraction mapping, it holds that I — f is (1 + v;)-Lipschitzian and (1 — v;)-strongly
monotone; see [2]. It implies from Lemma 2.1 that the VI(f,Q) (3.1) has a unique solution,
say, x* € Q, i.e., (I — f)x*,x —x*) > 0 for all x € Q. Indeed, since X € Q and x,, — X, we
obtain

500 Mm—soo
= lim (I — f)x*, G}, 20, + tiry Y,y — X°)
m—roo
= ((I—f)x*,x—x")
> 0.

Replacing p with x* in (3.7), and using Remark 3.1 and the fact that lim,_.., A, = 0, we obtain
that limsup,, .. &, < 0. By the definition of p,, = A,(1 — (14 4,)v?) in Step 2 and the condition
on A, it holds that lim, ., p, = 0. In addition, since p, = A,(1 — (1 +A,)v?) > (1 —2v?)A,,
we deduce that ) >, p, = . By replacing p with x* in (3.6) and invoking Lemma 2.5, we
derive lim,, e ||, —x*|| =0
Case II: Assume {||x, — p||} is not monotonically decreasing. Define 7: N — N by
7(n) := max{m € N|m < n, [|xn — p[| < [|xm+1—pll}

for all n > ng (for some ng large enough). Obviously, {7(n)} is non-decreasing with lim,,_,.. T(n) =
oo and

0< ety — Il < esgupsr — pll- ¥ > . (3.26
Following the similar arguments as in Case I, we see that, as n — oo,

770 oty — el = 0, 1= T2 YAwegu | > 0, [y — Tl 0.
limsup((1 — f)x",bg(y) —x*) >0, and lim &, (x") <0,
n—soo

n—yoo
Using (3.6) and (3.26), and replacing p with x*, we obtain
0 < (1 —Pr(n )er X*H_”xr x”"‘pr g‘c ( ")
< (=P Xz +1—X*H—er — X" ||+ P S ()

= —Ptn ||x‘c ) B ||+P1,- 517 ( )

which implies that |x;(,) 41 — X*[| < &7y (x*). Thus [|lx;(,)1 — x*|| — 0 and consequently,
[*z(n) —x*|| — 0. From Lemma 2.6, we have

0 <l — ]| < max{ o —x* [, ey =1} < ey =] (327)

Hence, we can infer from (3.27) that lim, e ||x, —x*|| = 0. Thus {x,} converges strongly to
x* € Q. So in both cases, we have that {x, } converges strongly to x* € Q, where x* is the unique
solution to (3.1). [

We next present the following strong convergence theorem. The proof is similar to the proof
of Theorem 3.2 and hence it is omitted.

Theorem 3.3. Let H,H, be real Hilbert spaces, and let C C H; and Q C Hy be nonempty,
closed, and convex subsets. Let S : Hy — Hi be a nonexpansive mapping, and let f : H — H, be
a contraction mapping with contraction coefficient v € |0, \[) Let A : Hi — Hj be a bounded
linear operator with adjoint A*, and let F{ : C xC — R and F, : Q x Q — R be bifunctions
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satisfying Assumption 2.1. Let B : H — Hy be an o--inverse strongly monotone operator, and
let D : H — 2 be a maximal monotone operator. Denote Q. := Fix(S) N (B+ D)~1(0) N
SEP(F\,F,) and assume Q # 0. Let {x,} be the sequence generated by Algorithm 3.2 and
Assumption 3.1 hold. Then, {x,} converges strongly to x* € Q, where x* is the unique solution
to the following VIP (3.1): Find p € Q such that {(I — f)p,x— p) >0, Vx € Q.

Algorithm 3.2. : Inertial viscosity-type algorithm.

Initialization: Let xo,x; € H; be arbitrary.

Iterative steps: Calculate x,, | as follows:

Step 1. Given the iterates x,,_; and x,, (n > 1), choose 6, such that 0 < 6, < 6, where

ot — { min{6, _Hx'lf;n_l”.} if x, £ x,_1,

" 0 if otherwise.

Step 2. Compute
Wy = Xp+ Op(Xp — X5—1)-
Step 3. Compute
2n = 0wy + (1= ) T (I — 1 A* (1= T2)A)w,

where
Tl (- To ) Awa® P
= T LAY T A,
Y if otherwise.
Step 4 Compute

Yn = Baza+ (1= Ba)JD Pz
Step 5: Compute
X1 = Sp(Anf (xn) + (1 = An)yn),
where
Sn = (1 — Ky +K;,S.
Setn:=n+1 and go to Step 1.

3.2. Some subresults.

Corollary 3.1. Let H|,H, be real Hilbert spaces, and let C C Hy and Q C Hp be nonempty,
closed, and convex subsets. Let f : Hi — H; be a contraction mapping with contraction co-
efficient v € |0, \%) Let A : Hy — Hj be a bounded linear operator with adjoint A*, and let
F1:CxC—Rand F,: Q x Q — R be bifunctions satisfying Assumption 2.1. Let B: Hl — H;
be an o-inverse strongly monotone operator, and let D : H; — 211 be a maximal monotone op-
erator. Denote Q := (B+D)~(0)NSEP(F, F>) and assume Q # 0. Let {x,} be the sequence
generated by Algorithm 3.3 and Assumption 3.1 hold. Then, {x,} converges strongly to x* € Q,
where x* is the unique solution to the following VIP: Find p € Q; such that ((I— f)p,x—p) >0
Vx € Q).




INERTIAL VISCOSITY WITH ALTERNATIVE REGULARIZATION 417

Algorithm 3.3.

Initialization: Let xo,x; € H; be arbitrary.

Iterative steps: Calculate x,,, | as follows:

Step 1. Given the iterates x,_; and x, (n > 1), choose 6, and g, such that 0 < 6, < 6, and
0 <¢g, <eg,, respectively, where

. 5, . . 5, .
9*: mln{G,m} lfxn #)Cn,h 8* _ mln{e,m} lfxn %xn,h
" 0 if otherwise, £ if otherwise.

Step 2. Compute
Wp = Xp + 6n(xn _xn—l)a Up = Xp +8n(xn _xn—l)-
Step 3. Compute

Zn = Oywy + (1 — OCn)Trf1 (I =A™ (I — Trfz)A)Wna Yn = Buttn + (1 — ﬁn)JsDn7Bun7

where
Tl (=T Aw,|? F
Il 2 if Awy, # T) 2 Awy,
)
Y= HA*(I_TrnZ)AWnHz "
Y if otherwise.

Step 4: Compute
X1 = A f (Xn) + Onzn + HnYn-
Setn:=n+1 and go to Step 1.

Proof. The result directly follows from Theorem 3.2 by making S = I, where [ is the identity
mapping on Hj. 0J

Corollary 3.2. Let Hy,H, be real Hilbert spaces, and let C C Hy, Q C H, be nonempty, closed,
and convex subsets. Let S : Hl — H| be a nonexpansive mapping, and let f : Hl — H\| be a
contraction mapping with contraction coefficient v € [0, %) Let A : Hy — H; be a bounded

linear operator with adjoint A*, and let F; : C X C — R and F, : Q X Q — R be bifunctions
satisfying Assumption 2.1. Let B : Hy — H\ be an Q-inverse strongly monotone operator, and
let D : Hy — 2" be a maximal monotone operator. Denote € := Fix(S)N (B+ D)~'(0)N
SEP(Fi,F,) and assume Q # 0. Let {x,} be the seqeunce generated by Algorithm 3.4 and
Assumption 3.1 hold. Then, {x,} converges strongly to x* € Q, where x* is the unique solution
to the following VIP: Find p € Q such that (I — f)p,x—p) > 0Vx € Q.

Algorithm 3.4.

Initialization: Let xo,x; € H; be arbitrary.

Iterative steps: Calculate x,, | as follows:

Step 1. Given the iterates x,,_; and x,, (n > 1), choose 6, such that 0 < 6, < 6, where

. S, .
0*: mln{@,m}lfxn 7§xn_1,
" 0 if otherwise,

Step 2. Compute
Wy = Xp+ Op(Xp — Xp—1)-
Step 3. Compute

Zn = OyWy + (1 — (Xn)Trfl (I— ’}/nA*<I_ Efz)A)an Yn = ﬁnwn + <1 _ﬁn)JSLZvBWm
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where
F
Al ([_Tr112 JAWn ||2
F-
Y= [A*(I=T,2 ) Awy |2
Y if otherwise.

if Aw, # T2 Aw,,

Step 4: Compute
X1 = Sp(Anf (Xn) + Onzn + Hnyn),
where
Sn=(1—Ky)I+K;,S.
Setn:=n+1 and go to Step 1.

Proof. The proof is similar to the proof of Theorem 3.2 by making 6 = € in Algorithm 3.1. [J

Next, we give an application to split variational inequality, convex minimization, and fixed
point problems.

3.3. An application. Let C be a nonempty, closed, and convex subset of a real Hilbert space
Hy, and let G| : H] — H; be a single-valued mapping. The Variational Inequality Problem (in
short, VIP) associated with G| and C is to find x* € C such that (G1x*,y —x*) >0, Vy € C.
We denote its the solution set by VIP(Gy,C). The VIP has been studied by many authors and
several methods have been proposed for finding its solution and related optimization problems;
see, e.g., [5, 35, 36] and the references therein. Here, we assume G is a monotone mapping,
ie., (Giy—Gix,y—x) >0, Vx,y € H;. In addition, let Q be a nonempty, closed, and convex
subset of a real Hilbert space H,, and G; : Hy — H> a monotone mapping, and A : Hy — H» a
bounded linear operator. We consider the Split Variational Inequality Problem (in short, SVIP)
of finding

x* € C such that (G1x*,y—x") >0VyeC (3.28)
and
t = Ax* € Q such that (Got,z—1t) >0V z € Q. (3.29)

We denote the solution set of SVIP (3.28)-(3.29) by SVIP(G1,G,,C, Q).

Furthermore, let & : H — R U {400} be a function that can be expressed as sum of two
functions M,m, i.e., h(x) = m(x) + M(x), where M : H| — R U {+oo} is proper, convex, and
lower semicontinuous, and m : H; — R is convex and differentiable. We consider the problem
of finding x* € H; such that

h(x*) =m(x*) +M(x") < m(x) +M(x) = h(x), Vx € H. (3.30)

It is observed that (3.30) serves as a model for several optimization problems in signal and im-
age processing, such as image segmentation, image restoration, image compression and in paint-
ing, image deconvolution, non-negative matrix and tensor factorization (see e.g., [37, 38, 39]).
We assume that m has a Lipschitz continuous gradient Vm. Thus Vm satisfies the following
inequality (see [40]):

(Vm() ~Vm(y),x—3) = 1[Vm(x) ~ V() | (3.31)



INERTIAL VISCOSITY WITH ALTERNATIVE REGULARIZATION 419

where L is the Lipschitz constant of the gradient of m. Therefore, we see from (3.31) that Vi
18 %—inverse strongly monotone. Also, dM : H; — 2H1 is maximal monotone. Note that (3.30)

is equivalent to the following problem:
find x* € H; such that 0 € Vm(x*) + M (x™).
Our aim in this subsection is to solve the following problem:

find x* € H; such that x* € Fix(S)NSVIP(Gy,G,,C,Q) Narg m}}l h(x), (3.32)
XEH]

where S : H; — H is nonexpansive. By making Fi (x,y) = (G1x,y—x), (x,y € Hy) and F>(x,y) =
(Gox,y —x) (x,y € Hy), the SVIP (3.28) - (3.29) becomes the SEP(Fy, F,) and Assumption 2.1
is satisfied. Thus, by setting F; = (Gx,y —x), F, = (Gox,y —x), and B= Vm and D = dM in
Theorem 3.2, we obtain the following result.

Theorem 3.4. Let H,H, be real Hilbert spaces, and let C C Hy and Q C H, be nonempty,
closed, and convex subsets. Let S : Hi — H be a nonexpansive mapping, and let f : Hy — H,
be a contraction mapping with contraction coefficient v € |0, %) Let A: Hy — Hj be a bounded
linear operator with adjoint A*, and let G| : C — H and G, : Q — H be continuous monotone
mappings. Let m : H — R be convex, differentiable with Lipschitz continuous gradient Vm,
M : Hy — RU{+eo} be a proper convex and lower semicontinuous functions, and Jf Mvm (I+
sOM)~1(I — sVm) for s > 0. Denote Q3 := Fix(S) NSVIP(Gy,G,,C,Q) Nargminyey, m(x) +
M (x) and assume Q3 # 0. Let {x,} be the sequence generated by Algorithm 3.5 and Assumption
3.1 hold. Then, {x,} converges strongly to x* € Q3, where x* is the unique solution to the
following VIP: Find p € Q3 such that (I — f)p,x—p) >0, Vx € Q.

Algorithm 3.5. : Parallel inertial viscosity-type algorithm.

Initialization: Let xo,x; € H; be arbitrary.

Iterative steps: Calculate x| as follows:

Step 1. Given the iterates x,_| and x, (n > 1), choose 6, and &, such that 0 < 6, < 6, and
0 <g, <eg,,respectively, where

. S, . . S, .
9*: mln{@,m} lf.xn %Xn_l, 8*: mln{s,m} lfxn #Xn_l,
" 0 if otherwise, £ if otherwise.

Step 2. Compute
Wp = Xp + en(xn _xn—l); Up = Xn +8n(xn _xn—l)'
Step 3. Compute
_ Fi * 23 _ oM. Vm
Zn = Cuwy + (1 —06,)T, (I = A" (I =T, 2)A)Wp, Yo = Buttn + (1 — Bn)J5, Uy,
where
Tl (1= T2 ) Awa |

F;
Y= [A*(I=T;,2 )Aw, |2
Y if otherwise.

if Awy, # T2 Aw,,

Step 4: Compute
Xn+1 = Sn(lnf(xn> + Opzn + .any}’l)7
where
Sp=(1—1x,)+K,S.
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Setn:=n+1 and go to Step 1.

4. NUMERICAL EXAMPLE

In this section, we give an example in an infinite dimensional space to illustrate the appli-
cability and behaviour of our Algorithms 3.1 and 3.2 as well as compare them with a related
method.

Example 4.1. Let Hy = Hy = (L2(R), || - ||2), where £5(R) := {x = (x1,x2,...,%p,...),x ER:
Y x| < oo}, ||x]a = ( |x,\)2 Vxebh(R),C=0={x€h(R): x|, <10}, and Ax = 2x.

li i=1

Let the bifunctions F] : C xC — R and F> : Q x Q — R be defined by Fj(x,y) = (G1x,y — x),
Vx,y € C and F(x,y) = (Gax,y — x), Vx,y € Q, respectively, where Gix = 7 and Gox = 3x.
Also, let B: H; — Hy and D : H; — 2! be defined by Bx = 2x+ (4,—2,1,---) and Dx = {4x}
Vx € Hj, respectively. Define the nonexpansive mapping S : Hy — H; by Sx = x Vx € Hy. It
can be verified that F| and F; satisfy Assumption 2.1, B is %-inverse strongly monotone, D
is maximal monotone, and 0 € Fix(S) N (B + D)~'(0) NSEP(F,F>). Moreover, by a simple
calculation, we obtain, for x € Hy,r,7 > 0,

2(75 25x—12
T (1 =y (1~ T ) = 2T 1200

25(r+2)(3r+1)
and for A >0
)P = (I+AD)™'(I—-2AB)=J2(I—AB)x

(1-24)x A(4,-2,1,--+)

1+4A 1+41
We choose o, = ﬁn=4n+1,7t —n+1, ,Lln— /l” Kn—3n’}|_47 :znn_uv :10n+3’0_
€=0.5, 5n—(Jr1)2,}/ 0.1,and 7, = 5, +1 Wethenmakedlfferentchmces of xq,x1 as follows:
Case la: xp = (4,— ,4, )X (3717:1‘,7 )
Case Ib: xo = (-3 ,2, -3, ) =(4,-2,1,-);
Case Ic: xo = (5 ,2,4--') (8 2741;7 ),
Caseld:xo—(4,1,4, ), x1 = (= 1757 )

Using MATLAB R2019(b), we compare the performance of our Algorithms 3.1 and 3.2 with
Algorithm 1.3, which is Algorithm (3.1) of Cholamyjiak et al. [14]. The stopping criterion used
for our computation is ||x,1 — x,||2 < 1075. We plot the graphs of errors against the number
of iterations in each case. The figures and numerical results are shown in Figure 1 and Table 1,
respectively.

Remark 4.1. The numerical example shows that our algorithms is easy to compute. In addition,
it reveals that our algorithms perform better in time of computation and number of iterations
than Algorithm (3.1) of Cholamjiak et al. [14].

5. CONCLUSION

We studied the split equilibrium, variational inclusion, and fixed point problems in real
Hilbert spaces. We proposed two inertial viscosity algorithms with self-adaptive step-size and
proved strong convergence theorems without imposing upper semi-continuity condition on the
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TABLE 1. Numerical results.

Alg. 3.1 | Alg.3.2 |Alg. (3.1
Chola [14]

Casela | CPU time (sec) | 0.0056 0.0036 0.0074

No of Iter. 14 10 16
CaseIb | CPU time (sec) | 0.0010 0.0012 0.0013

No. of Iter. 15 10 17
Case Ic | CPU time (sec) | 0.0016 9.5560e-4 | 0.0020

No of Iter. 15 11 17
CaseId | CPU time (sec) | 0.0033 0.0013 0.0042

No of Iter. 13 10 15

error
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.
4

. . .
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bifunctions. We applied our main results to split variational inequality, convex minimization,
and fixed point problems. Finally, we illustrated our main results with a numerical example and
compared with existing related result that can be computed. The numerical results indicate that
our algorithms perform well.
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