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A CONSTRAINED LIGME MODEL AND ITS PROXIMAL SPLITTING
ALGORITHM UNDER OVERALL CONVEXITY CONDITION

WATARU YATA, MASAO YAMAGISHI, ISAO YAMADA∗

Department of Information and Communications Engineering, Tokyo Institute of Technology, Japan

Abstract. The convex optimization has been used for modeling of many estimation problems in data
science and engineering, where convex constraint sets in such a model express respectively a priori
knowledge regarding a certain unknown vector to be estimated. The LiGME model was established re-
cently in [J. Abe, M. Yamagishi, I. Yamada, Linearly involved generalized Moreau enhanced models and
their proximal splitting algorithm under overall convexity condition, Inverse Probl. 36 (2020), 035012]
for a sound utilization of linearly involved regularizers closer to certain ideal discrete measures, for spar-
sity as well as for low-rankness, than their convex envelopes. Despite of the nonconvexity of linearly
involved regularizers, the LiGME model can keep the overall convexity of its optimization model with
a strategic parameter tuning. In this paper, for flexible exploitation of multiple convex constraint sets,
we propose a constrained LiGME (cLiGME) model as an enhancement of the original LiGME model.
Within the frame of convex optimization, the proposed cLiGME model can promote such desired fea-
tures more strategically than standard models using convex regularizers, as well as can admit multiple
linearly involved convex indicator functions for hard constraints. We also propose a proximal splitting
type algorithm for the cLiGME model and demonstrate its effectiveness with a simple numerical experi-
ment. The cLiGME model can be seen as an integration of central ideas in the LiGME model and the set
theoretic estimation.
Keywords. Moreau enhancement; Nonconvex penalties; Proximal splitting; Regularized least squares;
Set theoretic estimation; Sparsity-rank-aware signal processing and machine learning.

1. INTRODUCTION

Many tasks in data science are formulated as the estimation of an unknown vector x? ∈X
from the observed vector y ∈ Y , which follows the linear regression model:

y = Ax?+ ε, (1.1)

where (X ,〈·, ·〉X ,‖·‖X ) and (Y ,〈·, ·〉Y ,‖·‖Y ) are finite dimensional real Hilbert spaces,
A : X → Y is a known linear operator, and ε is an unknown noise vector. To tackle such
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estimations, we commonly formulate the following regularized least-squares problem:

minimize
x∈X

JΨ◦L(x) :=
1
2
‖Ax− y‖2

Y +µΨ◦L(x), (1.2)

where a function Ψ : Z → (−∞,∞] is designed over a finite dimensional real Hilbert space
(Z ,〈·, ·〉Z ,‖·‖Z ), L : X → Z is a linear operator, and µ ∈ R++ is a regularization param-
eter. In problem (1.2), 1

2 ‖Ax− y‖2
Y is called the least-squares term, and Ψ ◦L(x) is called a

regularizer (or penalty), which is designed based on a priori knowledge regarding x? ∈X . The
tuple (Ψ,L) is designed not only depending on each application but also based on mathemati-
cal tractability of the optimization model (1.2). Many models, such as ridge regression [1, 2],
Tikhonov regularization [3, 4], l1-regularization [5, 6, 7] and LASSO (Least Absolute Shrinkage
and Selection Operator) [8], are special instances of the model (1.2).

To design (Ψ,L) in (1.2), one of the most crucial properties to be handled in modern signal
processing is the sparsity of vectors or the low-rankness of matrices. The sparsity and the
low-rankness have been used for many scenarios in data science, such as compressed sensing
[9, 10] and related sparsity aware applications and machine learning [11, 12]. A naive measure
of the sparsity is the l0-pseudonorm ‖·‖0, which stands for the number of nonzero components
of a given vector. However, the problem (1.2) with Ψ := ‖·‖0 is known to be in general NP-
hard [13, 14]. To avoid this burden, the l1-norm ‖·‖1, which is the convex envelope of ‖·‖0
in the vicinity of zero vector, has been used as Ψ in many applications, e.g., Lasso [8] with
(Ψ,L) := (‖·‖1 , Id), the convex total variation (TV) [15] with (Ψ,L) := (‖·‖1 ,D), and the
wavelet-based regularization [16, 17] with (Ψ,L) :=(‖·‖1 ,W ), where Id is the identity operator,
D is the first order differential operator, and W is a wavelet transform matrix.

The convexity of JΨ◦L is a key property to obtain a global minimizer of JΨ◦L even by the
state-of-the-art optimization techniques. If Ψ is a convex function, JΨ◦L remains to be convex
because the sum of convex functions remains convex. However, the convexity of Ψ is just
a sufficient condition for the overall convexity of JΨ◦L. In fact, we can design a nonconvex
penalty for JΨ◦L to be convex. Such penalties are called the convexity-preserving nonconvex
penalties, which were introduced at latest in 80’s by Blake and Zisserman [18] and followed
by, for example, Nikolova [19, 20, 21]. For recent developments of the convexity-preserving
nonconvex penalties, see [22, 23, 24, 25, 26, 27, 28, 29, 30] and the references therein. Most
of these works rely on certain strong convexity assumptions in the least-squares term, which
corresponds to the assumption for the nonsingularity of A∗A.

As an exceptional example of the convexity-preserving nonconvex penalty, which is free from
the strong convexity condition of the least-squares term, Selesnick [31] proposed the general-
ized minimax concave (GMC) penalty:

(‖·‖1)B(·) := ‖·‖1−min
v∈Rn

[
‖v‖1 +

1
2
‖B(·− v)‖2

Rq

]
(1.3)

with parameter B ∈ Rq×n. The GMC penalty in (1.3) is a nonseparable multidimensional ex-
tension of the minimax concave (MC) penalty [32] and it is in general nonconvex except for
B = Oq×n, where Oq×n stands for the zero matrix in Rq×n. However, the function J(‖·‖1)B◦Id
becomes convex if A∗A−µBTB�On is achieved, where On stands for the zero matrix in Rn×n;
see [31, Theorem 1]). Moreover, as seen in [33, Example 2(b)], the GMC penalty can serve
as a parametric bridge between the naive discrete measure ‖·‖0 and its convex envelope ‖·‖1
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and thus we can enjoy certain nonconvex enhancements of ‖·‖1 to promote further the sparsity
without losing the overall convexity of J(‖·‖1)B◦Id.

Abe, Yamagishi and Yamada [33] extended the GMC penalty in (1.3) to the Generalized
Moreau Enhanced (GME) penalty:

ΨB(·) := Ψ(·)−min
v∈Z

[
Ψ(v)+

1
2
‖B(·− v)‖2

Z̃

]
, (1.4)

where (i) Ψ : Z → (−∞,∞] ∈ Γ0(Z ) is a function, which is coercive (i.e., Ψ(x) → ∞ as
‖x‖X → ∞) and satisfies the even symmetry (i.e., Ψ ◦ (− Id) = Ψ) with dom(Ψ) = Z , (ii)

B ∈B
(
Z ,Z̃

)
is a bounded linear operator from Z to a new finite dimensional real Hilbert

space (Z̃ ,〈·, ·〉
Z̃
,‖·‖

Z̃
). Moreover, [33] proposed the Linearly involved Generalized Moreau

Enhanced (LiGME) model:

minimize
x∈X

JΨB◦L =
1
2
‖Ax− y‖2

Y +µΨB ◦L(x), (1.5)

where L : X → Z is a bounded linear operator. In particular, if A∗A− µL∗B∗BL is positive
semi-definite (see [33, Proposition 2] for existence of such B), then the convexity of JΨB◦L is
guaranteed (see [33, Proposition 1]). This implies that we can choose Ψ and L freely in the
LiGME model. Moreover, in [33, Theorem 1], a proximal splitting type algorithm was also
presented for the minimization of JΨB◦L.

In contrast, the goal of the set theoretic estimations [34, 35, 36, 37] is to find, if exists,
a target vector x? satisfying simultaneously Cix? ∈ Ci (i ∈ I), where I is a finite index set,
Ci (i ∈ I) is a nonempty closed convex subset of a finite dimensional real Hilbert space Zi, and
Ci : X → Zi is a linear operator. Remarkable effectiveness of the set theoretic estimations has
been proven in many successful applications [36, 37], e.g., computerized tomography [34, 38],
signal processing [35], and electron microscopy [39].

In this paper, for evolution of these strategies, we propose to integrate central ideas in the
LiGME model and the set theoretic estimations into the model

minimize
(i∈I) Cix∈Ci⊂Zi

JΨB◦L(x). (1.6)

Actually in order to deal with model (1.6), we propose its equivalent but seemingly simpler
model (3.1) [and its further equivalent but constraint-free expression (3.3)] as the constrained
LiGME (cLiGME) model (see Remark 3.1 and Proposition 3.1). In Proposition 3.2, we present
an overall convexity condition for model (3.3). We also present a way to design such a matrix
B satisfying the overall convexity condition (see Proposition 3.3 and Corollary 3.1). Moreover,
as an extension of [33, Theorem 1], we present a novel proximal splitting type algorithm (Al-
gorithm 1) of guaranteed convergence to a global minimizer of the model (3.3) under its overall
convexity condition (see Assumption 3.1 and Theorem 3.1). Finally, to demonstrate the effi-
cacy of the proposed model and algorithm, we present in Section 4 a rather simple but fairly
convincing numerical experiment. A preliminary short version of this paper was prepared for a
conference [40].
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2. PRELIMINARIES

Let N, R, R+, and R++ be the set of nonnegative integers, real numbers, nonnegative real
numbers, and positive real numbers, respectively. In this paper, we assume that (H ,〈·, ·〉H ,‖·‖H )
and (K ,〈·, ·〉K ,‖·‖K ) are finite dimensional real Hilbert spaces. For S ⊂H , ri(S) denotes
the relative interior of S (see, e.g., [41, Definition 6.9]). B (H ,K ) denotes the set of all
linear operators from (H ,〈·, ·〉H ,‖·‖H ) to (K ,〈·, ·〉K ,‖·‖K ). For L ∈B (H ,K ), ‖L‖op
denotes the operator norm of L (i.e., ‖L‖op := supx∈H ,‖x‖H ≤1 ‖Lx‖K ) and L∗ ∈B (K ,H )

the adjoint operator of L (i.e., (∀x ∈ H )(∀y ∈ K ) 〈Lx,y〉K = 〈x,L∗y〉H ). The identity
operator of general Hilbert spaces is denoted by Id and the zero operator from H to K
is denoted by OB(H ,K ) ∈ B (H ,K ). In particular, if H = K , the zero operator is de-
noted by OH ∈B (H ,H ). For L ∈B (H ,K ), ran(L) := {y ∈K |(∃x ∈H ) Lx = y} and
null(L) := {x ∈H |Lx = 0K }, where 0K stands for the zero vector in K . We express the pos-
itive definiteness and the positive semidefiniteness of a self-adjoint operator L ∈B (H ,H ) as
L�OH and L�OH , respectively. Any L�OH defines a new Hilbert space (H ,〈·, ·〉L ,‖·‖L)
equipped with an inner product 〈·, ·〉L : H ×H → R : (x,y) 7→ 〈x,Ly〉H and its induced
norm ‖·‖L : H → R : x 7→

√
〈x,x〉L. For multiple real Hilbert spaces (Hi,〈·, ·〉Hi

,‖·‖Hi
) (i =

1,2, · · · , p), the product space H :=
Ś

1≤i≤p Hi can be seen as a real Hilbert space equipped
with the vector addition H →H : (x,y) = ((xi)1≤i≤p,(yi)1≤i≤p) 7→ (xi + yi)1≤i≤p, the scalar
multiplication R×H →H : (α,(xi)1≤i≤p) 7→ (αxi)1≤i≤p and the inner product H ×H →
R : (x,y) 7→ ∑

p
i 〈xi,yi〉Hi

. In this paper, unless otherwise stated, the product space of multi-
ple real Hilbert spaces (Hi,〈·, ·〉Hi

,‖·‖Hi
) (i = 1,2, · · · , p) is understood as a new real Hilbert

space in this standard sense (The only exception is found in Theorem 3.1). For a matrix A, AT

denotes the transpose of A, and A† the Moore-Penrose pseudo inverse of A. We use In ∈ Rn×n

to denote the identity matrix for Rn. We also use Om,n ∈Rm×n for the zero matrix. In particular,
if m = n, we use the simplified notation On ∈ Rn×n for the zero matrix.

2.1. Tools in convex analysis, monotone operator theory and fixed point theory of nonex-
pansive operator.
A function f : H → (−∞,∞] is called a proper lower semicontinuous convex function if f is
proper (i.e., dom( f ) := {x ∈H | f (x)< ∞} 6= /0), lower semicontinuous (i.e., the lower level set
{x ∈H | f (x)≤ α} of f is closed for every α ∈ R), and convex. The set of all proper lower
semicontinuous convex functions from H to (−∞,∞] is is denoted by Γ0(H ).

Fact 2.1 (Convexity preserving operations).
(a) (Sum of convex functions [41, Corollary 9.4]). For fi ∈Γ0(H ) (i∈ I : finite index set) with⋂

i∈I dom( fi) 6= /0, ∑i∈I fi ∈ Γ0(H ) holds. In particular, for real Hilbert spaces (Hi,〈·, ·〉Hi
,

‖·‖Hi
) and fi ∈ Γ0(Hi) (i ∈ I),

f :=
⊕
i∈I

fi : H :=
ą

i∈I

Hi→ (−∞,∞] : x = (xi)i∈I 7→∑
i∈I

fi(xi),

called the separable sum of fi ∈ Γ0(Hi) (i ∈ I), satisfies f ∈ Γ0(H ).
(b) (Composition of linear operator and convex function [41, Proposition 9.5]). For f ∈

Γ0(K ) and L ∈B (H ,K ), f ◦L ∈ Γ0(H ) if dom( f )∩ ranL 6= /0.



A CONSTRAINED LIGME MODEL 249

(Subdifferential) For f ∈ Γ0(H ), the subdifferential of f is defined as the set valued operator

∂ f : H → 2H : x 7→ {u ∈H |(∀y ∈H ) 〈y− x,u〉H + f (x)≤ f (y)}.

For each x ∈H satisfying ∂ f (x) 6= /0, the elements of ∂ f (x) are called the subgradients of f at
x.

Fact 2.2 (Some properties of subdifferential).
(a) (Fermat’s rule [41, Theorem 16.3]). For f ∈ Γ0(H ),

x? ∈ argmin
x∈H

f (x) ⇐⇒ 0H ∈ ∂ f (x?). (2.1)

(b) (Sum rule [41, Corollary 16.48]). Let f ,g ∈ Γ0(H ) s.t. dom(g) = H . Then

∂ ( f +g) = ∂ f +∂g. (2.2)

(c) (Chain rule [41, Corollary 16.53]). Let g ∈ Γ0(K ) and L ∈B (H ,K ). Suppose that
0K ∈ ri(domg− ranL). Then

∂ (g◦L) = L∗ ◦∂g◦L. (2.3)

(d) (Subdifferential and Gâteaux differential [41, Proposition 17.31]). Let f ∈ Γ0(H ) and
x ∈ dom( f ). Suppose that f is Gâteaux differentiable at x. Then ∂ f (x) = {∇ f (x)}.

(Legendre-Fenchel Conjugate) The (Legendre-Fenchel) conjugate of f ∈ Γ0(H ) is defined
as

f ∗ : H → [−∞,∞] : y 7→ sup
x∈H
{〈x,y〉H − f (x)} .

For f ∈ Γ0(H ), f ∗ ∈ Γ0(H ) is guaranteed, and we have

(∀(x,u) ∈H ×H ) u ∈ ∂ f (x) ⇐⇒ x ∈ ∂ f ∗(u). (2.4)

(Nonexpansive Operator) An operator T : H →H is nonexpansive if

(∀x ∈H )(∀y ∈H ) ‖T (x)−T (y)‖H ≤ ‖x− y‖H . (2.5)

In particular, T is called α-averaged nonexpansive with α ∈ (0,1) if there exists a nonexpansive
operator T̂ : H →H s.t.

T = (1−α) Id+αT̂ . (2.6)

Fact 2.3 (Some properties of nonexpansive operator).
(a) (Composition of averaged nonexpansive operators [42] [43, Proposition 2.6]). Suppose that

each Ti : H →H (i = 1,2) is αi-averaged nonexpansive with αi ∈ (0,1). Then T1 ◦T2 is
α-averaged nonexpansive with α := α1+α2−2α1α2

1−α1α2
∈ (0,1).

(b) (Krasnosel’skiı̆-Mann algorithm [41, Theorem 5.14]). Let T : H →H be a nonexpansive
operator s.t. Fix(T ) := {x ∈H |x = T (x)} 6= /0. Define (xn)n∈N ⊂H by

(∀n ∈ N) xn+1 = [(1−λn) Id+λnT ](xn)



250 W. YATA, M. YAMAGISHI, I. YAMADA

with any x0 ∈H and λn ∈ [0,1] satisfying ∑n∈Nλn(1−λn) =+∞. Then (xn)n∈N converges
weakly to a point in Fix(T ). In particular, if T is α-averaged with α ∈ (0,1), the sequence
generated by

(∀n ∈ N) xn+1 = T (xn)

converges weakly to a point in Fix(T ).

(Monotone Operator) A set-valued operator A : H → 2H is monotone if

(∀(x,u) ∈ gra(A))(∀(y,v) ∈ gra(A)) 〈x− y,u− v〉 ≥ 0,

where gra(A) := {(x,u) ∈H ×H |u ∈ A(x)}. In particular, A is maximally monotone if, for
every (x,u) ∈H ×H ,

(x,u) ∈ gra(A) ⇐⇒ (∀(y,v) ∈ gra(A)) 〈x− y,u− v〉 ≥ 0.

A set-valued operator A : H → 2H is maximally monotone if and only if the resolvent
RA := (Id+A)−1 : H → 2H : u 7→ {x ∈H |u ∈ x+A(x)} single-valued and 1

2 -averaged non-
expansive. For f ∈ Γ0(H ), its subdifferential ∂ f is maximally monotone.
(Proximity Operator) The proximity operator of f ∈ Γ0(H ) is defined by

Prox f : H →H : x 7→ argmin
y∈H

[
f (y)+

1
2
‖x− y‖2

H

]
.

The proximity operator of f ∈ Γ0(H ) is the resolvent of ∂ f , i.e.,

Prox f = (Id+∂ f )−1 = R∂ f , (2.7)

which implies that

x̄ ∈ Fix(Prox f ) ⇐⇒ x̄ = (Id+∂ f )−1 (x̄) ⇐⇒ x̄ ∈ (Id+∂ f )(x̄)

⇐⇒ x̄ ∈ x̄+∂ f (x̄) ⇐⇒ 0H ∈ ∂ f (x̄) ⇐⇒ x̄ ∈ argmin
x∈H

f (x)

with Fermat’s rule (Fact 2.2(a)). The proximity operator of conjugate f ∗ ∈ Γ0(H ) of f ∈
Γ0(H ) can be can be expressed as Prox f ∗ = Id−Prox f .

2.2. LiGME model.

Definition 2.1 (Linearly involved Generalized-Moreau-Enhanced (LiGME) Model [33, Defini-
tion 1]). Let (X ,〈·, ·〉X ,‖·‖X ), (Y ,〈·, ·〉Y ,‖·‖Y ), (Z ,〈·, ·〉Z ,‖·‖Z ) and (Z̃ ,〈·, ·〉

Z̃
,‖·‖

Z̃
)

be finite dimensional real Hilbert spaces, Ψ ∈ Γ0(Z ) coercive with dom(Ψ) = Z , B ∈
B
(
Z ,Z̃

)
and (A,L,µ) ∈B (X ,Y )×B (X ,Z )×R+. Then:

(a) GME penalty function ΨB : Z → (−∞,∞] is defined as

ΨB(·) := Ψ(·)−min
v∈Z

[
Ψ(v)+

1
2
‖B(·− v)‖2

Z̃

]
. (2.8)

(b) Linearly involved Generalized-Moreau-Enhanced (LiGME) penalty is defined as ΨB ◦L :
X → (−∞,∞].
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(c) LiGME model is defined as the minimization of

JΨB◦L : X → (−∞,∞] : x 7→ 1
2
‖Ax− y‖2

Y +µΨB ◦L(x). (2.9)

Remark 2.1 (LiGME model can deal with multiple penalties [33, Example 3]). We can express
multiple LiGME penalties

(
Ψ〈i〉

)
B〈i〉
◦Li (i = 1,2, · · · , p) as the single LiGME penalty ΨB ◦L.

Let Zi and Z̃ i (i = 1,2, · · · , p) be real Hilbert spaces, Ψ〈i〉 ∈ Γ0(Zi) be coercive functions with
dom

(
Ψ〈i〉

)
= Zi, µi ∈ R++, B〈i〉 ∈B

(
Zi,Z̃ i

)
and Li ∈B (Xi,Zi). Then, by setting new

real Hilbert spaces Z :=
Śp

i=1 Zi and Z̃ :=
Śp

i=1 Z̃ i, a new function Ψ :=
⊕p

i=1 µiΨ
〈i〉 and

new linear operators B : Z → Z̃ : (z1, · · · ,zp) 7→ (
√

µ1B〈1〉z1, · · · ,
√

µpB〈p〉zp) and L : X →
Z : x 7→ (L1x,L2x, · · · ,Lpx), we have

ΨB ◦L=
p

∑
i=1

µiΨ
〈i〉

B〈i〉 ◦Li.

The following fact shows the overall convexity condition for the LiGME model.

Fact 2.4 (Overall convexity condition for the LiGME model [33, Proposition 1]). The GME
penalty defined in Definition 2.1 has the following properties:

(a) ΨB ◦L(x) = Ψ(Lx)−
[
Ψ(0Z )+ 1

2 ‖BLx‖2
Z̃

]
if and only if B∗BLx ∈ argmin (Ψ∗).

(b) Let (A,L,µ) ∈B (X ,Y )×B (X ,Z )×R++. Then, for the three conditions (C1) A∗A−
µL∗B∗BL � OX , (C2) JΨB◦L ∈ Γ0(X ) for any y ∈ Y and (C3) J(0)

ΨB◦L(x) := 1
2 ‖A·‖

2
Y +

µΨB ◦L ∈ Γ0(X ), the relation (C1) =⇒ (C2) ⇐⇒ (C3) holds.

A proximal splitting type algorithm was also proposed in [33, Theorem 1] for the LiGME
model under the overall convexity condition (C1) in Fact 2.4.

3. CONSTRAINED LIGME MODEL

3.1. Constrained LiGME model and its overall convexity condition.
We start with simple reformulations of (1.6).

Problem 3.1 (cLiGME model). Let (X ,〈·, ·〉X ,‖·‖X ), (Y ,〈·, ·〉Y ,‖·‖Y ), (Z ,〈·, ·〉Z ,‖·‖Z ),

(Z,〈·, ·〉Z ,‖·‖Z) and
(
Z̃ ,〈·, ·〉

Z̃
,‖·‖

Z̃

)
be finite dimensional real Hilbert spaces and C(⊂ Z)

be a nonempty closed convex set. Let Ψ ∈ Γ0(Z ) be coercive with domΨ = Z . Let
(A,B,L,C,µ) ∈B(X ,Y )×B

(
Z ,Z̃

)
×B(X ,Z )×B(X ,Z)×R++ satisfy C∩ ranC 6=

/0. Consider a constrained LiGME (cLiGME) model:

find x∗ ∈S := arg min
Cx∈C

JΨB◦L(x) (see (2.9)) (3.1)

Remark 3.1 (Model (3.1) is equivalent to model (1.6)). Clearly, model (3.1) can be seen as
a specialization of the model (1.6) with |I| = 1. Conversely, by redefining a new real Hilbert
space Z :=

Ś

i∈I Zi, a new linear operator C : X → Z : x 7→ (Cix)i∈I and a new closed convex
set C :=

Ś

i∈I Ci ⊂ Z with (Zi,Ci,Ci) (i ∈ I) in (1.6), we confirm

Cx ∈ C ⇐⇒ (∀i ∈ I) Cix ∈Ci.
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The following proposition shows that model (3.1) can be reformulated as a constraint-free
model (3.3).

Proposition 3.1. Let Zc := Z ×Z, Z̃ c := Z̃ ×Z, Lc : X → Zc : x 7→ (L(x),C(x)), ΨΨΨ :=
Ψ⊕ ιC : Zc→ (−∞,∞] and Bc := B⊕OZ, where ιC ∈ Γ0(Z) is the indicator function1 of C⊂ Z:

ιC(x) :=

{
0 (x ∈ C)

∞ (otherwise).

Let

ΨΨΨBc(·) :=ΨΨΨ(·)− inf
v∈Zc

[
ΨΨΨ(v)+

1
2
‖Bc(·− v)‖2

Z̃ c

]
(3.2)

and consider a constraint-free optimization problem:

minimize
x∈X

JΨΨΨBc◦Lc(x) :=
1
2
‖y−Ax‖2

Y +µΨΨΨBc ◦Lc(x). (3.3)

Then

(a)

ΨΨΨ ∈ Γ0(Zc).

(b)

ΨΨΨBc = ΨB⊕ ιC. (3.4)

(c)

argmin
Cx∈C

JΨB◦L(x) = argmin
x∈X

JΨΨΨBc◦Lc(x).

Proof. See Appendix A. �

Remark 3.2 (Model (3.3) can deal with multiple LiGME penalties). In a way similar to Re-
mark 2.1, cLiGME model can deal with multiple penalties. For real Hilbert spaces Zi and
Z̃ i (i = 1,2, · · · , p), multiple penalties Ψ〈i〉 ∈ Γ0(Zi) with dom(Ψ〈i〉) = Zi, µi ∈ R++, B〈i〉 ∈
B
(
Zi,Z̃ i

)
, and Li ∈B

(
X ,Z̃ i

)
, define (Z ,Z̃ ,Ψ,B,L) as in Remark 2.1. Then, by (3.4),

we have

ΨΨΨBc ◦Lc =

(
p

∑
i=1

µiΨ
〈i〉

B〈i〉 ◦Li

)
+(ιC ◦C).

The following proposition presents the overall convexity condition for the model (3.3).

1Let C ⊂H be a nonempty closed convex set. For every γ ∈ R++, ProxγιC coincides with the projection onto
C, where the projection onto a closed convex set C ⊂H is defined as

PC : H →H : x 7→ argmin
y∈C

‖x− y‖H .

.
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Proposition 3.2 (Overall convexity condition for model (3.3)). Let (A,L,µ) ∈ B(X ,Y )×
B(X ,Z ) × R++. For three conditions (C1) A∗A − µL∗B∗BL � OX , (C2) JΨΨΨBc◦Lc ∈
Γ0(X ) for any y ∈ Y , (C3) J(0)

ΨΨΨBc◦Lc
:= 1

2 ‖A·‖
2
Y +µΨΨΨBc ◦Lc ∈ Γ0(X ) , the relation (C1) =⇒

(C2) ⇐⇒ (C3) holds.

Proof. See Appendix B. �

3.2. A proximal splitting algorithm for the cLiGME model.
We present a proximal splitting algorithm (Algorithm 1) of guaranteed convergence to a

global minimizer for model (1.6), or equivalent model (3.3), under the following assumption.

Assumption 3.1. Suppose that Ψ ∈ Γ0(Z ) satisfies even symmetry Ψ ◦ (− Id) = Ψ and is
proximable (i.e., ProxγΨ is available as a computable operator for every γ ∈ R++) and assume
that C⊂ Z is a closed convex subset onto which the metric projection PC : Z 7→C is computable.
Suppose also that (A,L,C,Bc,y,µ)∈B(X ,Y )×B(X ,Z )×B (X ,Z)×B(Zc,Z̃ c)×Y ×
R++ satisfies A∗A−µLB∗BL� OX and 0Z ∈ ri(C− ranC).

In the next theorem, (a) and (b) show that the set of all global optimal solutions of model
(3.3) can be expressed in terms of the fixed-point set of an averaged nonexpansive operator in a
certain Hilbert space, and (c) shows an iterative algorithm for model (3.3).

Theorem 3.1 (averaged nonexpansive operator TcLiGME and its fixed point approximation).
Consider Problem 3.1 under Assumption 3.1 with notations in Proposition 3.1. Define a real
Hilbert space (H := X ×Z ×Zc,〈·, ·〉H ,‖·‖H ) as a product space. Define TcLiGME : H →
H : (x,v,w) 7→ (ξ ,ζ ,η) with (σ ,τ) ∈ R++×R++ by

ξ :=
[

Id− 1
σ
(A∗A−µL∗B∗BL)

]
x− µ

σ
L∗B∗Bv− µ

σ
L∗cw+

1
σ

A∗y

ζ := Prox µ

τ
Ψ

[
2µ

τ
B∗BLξ − µ

τ
B∗BLx+

(
Id−µ

τ
B∗B

)
v
]

η := ProxΨΨΨ∗ (2Lcξ −Lcx+w) ,

where ProxΨΨΨ∗(w1,w2) = (w1−ProxΨ(w1),w2−PC(w2)). Then
(a) The solution set S of Problem 3.1 can be expressed as

S = Ξ(Fix(TcLiGME)) := {Ξ(x,v,w) |(x,v,w) ∈ Fix(TcLiGME)} ,
where Ξ : H →X : (x,v,w) 7→ x.

(b) Choose (σ ,τ,κ) ∈ R++×R++× (1,∞) satisfying{
σ Id−κ

2 A∗A−µL∗cLc � OX

τ ≥
(

κ

2 +
2
κ

)
µ ‖B‖2

op .
(3.5)

Then

P :=

 σ Id −µL∗B∗B −µL∗c
−µB∗BL τ Id OB(Zc,Z )

−µLc OB(Z ,Zc) µ Id

� OH (3.6)

holds and TcLiGME is κ

2κ−1 -averaged nonexpansive in the real Hilbert space
(H ,〈·, ·〉P ,‖·‖P).
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(c) Assume that (σ ,τ,κ) ∈ R++×R++× (1,∞) satisfies (3.5). Then, for any initial point
(x0,v0,w0) ∈H , the sequence (xk,vk,wk)k∈N generated by

(∀k ∈ N) (xk+1,vk+1,wk+1) = TcLiGME(xk,vk,wk)

converges weakly to a point (x�,v�,w�) ∈ Fix(TcLiGME) and

lim
k→∞

xk = x� ∈S .

Proof. See Appendix C. �

Remark 3.3. For example, choose any κ > 1. By letting σ :=
∥∥κ

2 A∗A+µL∗cLc
∥∥

op +(κ − 1)

and τ := µ
(

κ

2 +
2
κ

)
‖B‖2

op +(κ−1), it is not hard to verify that (σ ,τ,κ) satisfies (3.5).

The proposed algorithm based on Theorem 3.1 is presented in Algorithm 1. Algorithm 1 can
be seen as a generalization of [33, Algorithm 1] (Note: See [33, Remark 4] for comparisons
between [33, Algorithm 1] and possibly related proximal splitting algorithms).

Algorithm 1 for cLiGME model

Choose (x0,v0,w0) ∈H .
Let (σ ,τ,κ) ∈ R++×R++× (1,∞) satisfying (3.5).
Define P as in (3.6).
k← 0.
do

xk+1←
[
Id− 1

σ
(A∗A−µL∗B∗BL)

]
xk− µ

σ
L∗B∗Bvk− µ

σ
L∗cwk +

1
σ

A∗y

vk+1← Prox µ

τ
Ψ

[
2µ

τ
B∗BLxk+1− µ

τ
B∗BLxk +

(
Id−µ

τ
B∗B

)
vk

]
wk+1← ProxΨΨΨ∗ (2Lcxk+1−Lcxk +wk)
k← k+1

while ‖(xk,vk,wk)− (xk−1,vk−1,wk−1)‖P is not sufficiently small
return xk

3.3. How to choose B to archive the overall convexity of JΨΨΨBc◦Lc .
We present a choice of B to guarantee the overall convexity of JΨΨΨBc◦Lc .

Proposition 3.3 (A design of B to ensure the overall convexity condition in Proposition 3.2). In
Problem 3.1, let (X ,Y ,Z ) = (Rn,Rm,Rl), (A,L,µ) ∈Rm×n×Rl×n×R++ and rank(L) = l.
Choose a nonsingular L̃ ∈ Rn×n satisfying

[
Ol×(n−l) Il

]
L̃= L. Then

B = Bθ :=
√

θ/µΛ
1/2UT ∈ Rl×l,θ ∈ [0,1] (3.7)

ensures JΨΨΨBc◦Lc ∈ Γ0(Rn), where [
Ã1 Ã2

]
:= AL̃−1 (3.8)

and UΛUT := ÃT
2 Ã2− ÃT

2 Ã1

(
ÃT

1 Ã1

)†
ÃT

1 Ã2 is an eigendecomposition.

Proof. The proof is similar to that of [33, Proposition 2] (for completeness, see Appendix D).
�
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The following corollary shows the choice of B〈i〉 (i = 1,2, · · · , p) in Remark 3.2 to ensure the
condition for the overall convexity in Proposition 3.2. For self-containedness, we present the
following corollary in the context of cLiGME model (3.3) although it is essentially same as [33,
Corollary 1] in the context of LiGME model.

Corollary 3.1 (A design of B〈i〉 to ensure the overall convexity condition in Proposi-
tion 3.2). In Remark 3.2, let (X ,Y ,Zi) = (Rn,Rm,Rli), (A,Li,µ) ∈ Rm×n × Rli×n ×
R++ and rank(Li) = li (i = 1,2, · · · , p). For each i = 1,2, · · · , p, choose nonsingular
L̃i ∈ Rn×n satisfying

[
Oli×(n−li) Ili

]
L̃i = Li and ωi ∈ R++ satisfying ∑

p
i=1 ωi = 1. For

each i = 1,2, · · · , p, apply Proposition 3.3 to
(√

ωi
µ

A,Li,µi

)
to obtain B〈i〉

θi
∈ Rli×li sat-

isfying
(√

ωi
µ

A
)T(√

ωi
µ

A
)
− µiL

T
i

(
B〈i〉

θi

)T
B〈i〉

θi
Li � On. Then Bθ :

Śp
i=1R

li →
Śp

i=1R
li :

(z1, · · · ,zp) 7→
(√

µ1B〈1〉
θ1

z1, · · · ,
√

µpB〈p〉
θp

zp

)
ensures JΨΨΨBc◦Lc ∈ Γ0(Rn). This is verified by

ATA−µLTBTBL= ATA−µ

p

∑
i=1

µiL
T
i

(
B〈i〉

θi

)T
B〈i〉

θi
Li

= µ

p

∑
i=1

(
ωi

µ
ATA−µiL

T
i

(
B〈i〉

θi

)T
B〈i〉

θi
Li

)
� On.

4. NUMERICAL EXPERIMENT

We conducted a numerical experiment based on a scenario of image restoration for piecewise
constant N-by-N image, which is the same as [33, Sec. 4.2] but with considering additionally
multiple convex constraints. Set (X ,Y ,Z1,Z2) =

(
RN2

,RN2
,RN(N−1),RN(N−1)

)
, N = 16,

Ψ〈1〉 = Ψ〈2〉 = ‖·‖1 , µ1 = µ2 = 1 and L= D̄ := [DT
H,D

T
V]

T, where DV is the vertical differential
matrix:

DV :=


D

D
. . .

D

 ∈ RN(N−1)×N2

with

D :=

−1 1
. . . . . .
−1 1

 ∈ R(N−1)×N

and DH is the horizontal matrix:

DH :=

−1 0TN−1 1
. . . . . . . . .

−1 0TN−1 1

 ∈ RN(N−1)×N2
.

The blur matrix is designed by

A := Ā⊗ Ā ∈ RN2×N2
,
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where ⊗ denotes the Kronecker product and Ā ∈ RN×N is defined by

Āi, j :=

{
1√

1.62π
exp
(
− |i− j|2

1.62

)
|i− j|< 6

0 (otherwise).

The observation vector y ∈ RN2
is assumed to satisfy the linear regression model:

y = Ax?+ ε,

where x? ∈ RN2
is given by the vectorization of a piecewise constant image which is displayed

in Figure 3(A) and ε ∈ RN2
is additive white Gaussian noise. The signal-to-noise ratio (SNR)

is set by

10log10
‖x?‖2

X

‖ε‖2
Y

= 20dB.

As available a priori knowledge on x?, we use (i) every entry in x? belongs to [0.25,0.75], (ii)
every entry in the background Iback is same but unknown valued (similar a priori knowledge
is found, e.g., in a blind deconvolution [44]). By letting X =: Z1 =: Z2, Z := Z1×Z2, C1 :=
C2 := IN2 , C :=

[
CT

1 ,C
T
2
]T,

C1 :=
{

x ∈ RN2
= Z1

∣∣∣(i = 1,2 · · · ,N2) 0.25≤ xi ≤ 0.75
}
,

C2 :=
{

vec(X) ∈ RN2
= Z2

∣∣∣X ∈ RN×N , (∀(i1, j1) ∈ Iback)(∀(i2, j2) ∈ Iback) Xi1, j1 = Xi2, j2

}
,

where

Iback := [{1,2,3,14,15,16}×{1,2, · · · ,16}]∪ [{1,2, · · · ,16}×{1,2,3,14,15,16}] ,

we consider the following four cases:
(♣) Cx? ∈ C♣ := Z := RN2×RN2

(♦) Cx? ∈ C♦ :=C1×RN2

(♥) Cx? ∈ C♥ := RN2×C2
(♠) Cx? ∈ C♠ :=C1×C2.
For each case (s =♣,♦,♥,♠), we compared the following two models as instances of Problem
3.1:
(a) the anisotropic TV with constraint Cx ∈ Cs:

minimize
Cx∈Cs

J(‖·‖1)O2N(N−1)◦D̄
(x)(= J‖·‖1◦D̄(x)), (4.1)

where O2N(N−1) ∈ R2N(N−1)×2N(N−1) is the zero matrix,
(b) cLiGME for (Ψ,L) = (‖·‖1 , D̄) with constraint Cx ∈ Cs:

minimize
Cx∈Cs

J(‖·‖1)Bθ
◦D̄(x), (4.2)

The vectorization of a matrix is the mapping:

vec : Rm×n→ Rmn : A 7→
[
aT1 ,a

T
2 · · ·aT

n
]T

,

where ai is the i-th column vector of A for each i ∈ {1,2, · · · ,n}.
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where (i) the block diagonal matrix expression Bθ =

[
B〈1〉

θ1
ON(N−1)

ON(N−1) B〈2〉
θ2

]
∈R2N(N−1)×2N(N−1)

is given from Corollary 3.1 with θ1 = θ2 = 0.99 and ω1 = ω2 =
1
2 , and (ii) L̃1 and L̃2 with p = 2

in Corollary 3.1 are given respectively by

L̃1 = D̃V :=
[

E
DV

]
∈ RN2×N2

, L̃2 = D̃H :=
[[

IN ON×N(N−1)
]

DH

]
∈ RN2×N2

,

with E = [Ei, j] ∈ RN×N2
and

Ei, j =

{
1 ((i−1)N +1 = j)
0 (otherwise)

(Note: (i) x? is not guaranteed to be a minimizer of the models (4.1) and (4.2), (ii) The case (♣)
reproduces the experiment in [33, Sec. 4.2], (iii) For applications of LiGME model, as a special
case of cLiGME model, to low-rankness promoting scenario, see [33, Sec 4.3, 4.4]).

For all cases, we applied Algorithm 1 to (x0,v0,w0) = (0X ,0Z ,0Zc) with κ = 1.001 and
(σ ,τ) in Remark 3.3. Proxγ‖·‖1

is available as the soft-thresholding

[Proxγ‖·‖1
]i : R2N(N−1)→ R : (z1,z2, · · · ,z2N(N−1))

T 7→

{
0 (|zi| ≤ γ)

(|zi|− γ) zi
|zi| (otherwise).

Projections onto C1 and C2 are realized by

[PC1(x)]i =


0.75 (0.75 < xi)

xi (0.25≤ xi ≤ 0.75)
0.25 (xi < 0.25),

[PC2(x)]i =

{
1
|Iback|∑ϒ−1( j)∈Iback

x j (ϒ−1(i) ∈ Iback)

xi (otherwise),

where ϒ(i, j) := i+ j(N−1) (See Appendix E).
Figure 1 shows the dependency of recovery performance on the parameter µ in Problem 3.1.

The recovery performance is measured by the mean squared error (MSE) defined by the average
of

squared error (SE): ‖xk− x?‖2
X

over 100 independent realizations of the additive white Gaussian noise. We see that constraints
are effective to improve the estimation and cLiGME model in (4.2) can achieve better estimation
than TV model in (4.1).

Figure 2 shows convergence performances observed over 5000 iterations. Common weights
are used as µ = µTV := 0.013 for (4.1) and µ = µcLiGME := 0.03 for (4.2), where these values
are best ones for the TV model and cLiGME model in the case of (♣). Even if we use C1 and
C2, the model (4.1) cannot achieve the level 10−1 while the model (4.2) achieves this level only
with C1.

Figure 3 shows the original image, an observed image and recovered images by the models
(4.1) and (4.2).
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(A) (B)

FIGURE 1. MSE versus µ (around best µ) in Problem 3.1 just after 5000 itera-
tions for (A) TV model in (4.1) and for (B) cLiGME model in (4.2)

(A) (B)

FIGURE 2. SE versus iterations for (A) TV model in (4.1) and for (B) cLiGME
model in (4.2)

5. CONCLUSION

In this paper, we proposed the constrained LiGME (cLiGME) model, as an enhancement
of LiGME model proposed in [33], for using closer nonconvex regularizers to naive discrete
measures for desired properties than their convex envelopes in the constrained least square
model without losing overall convexity. The proposed model covers multiple penalties and
multiple convex constraint sets. Therefore, we can apply the proposed model to many problems
in data science. We also proposed a proximal splitting algorithm for the proposed model under
the overall convexity condition. The numerical experiment on a simple scenario shows the
efficiency of the proposed cLiGME model and Algorithm 1 based on Theorem 3.1.

Acknowledgments
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(A) (B)

(C) TV C♣ (D) TV C♦ (E) TV C♥ (F) TV C♠

(G) cLiGME C♣ (H) cLiGME C♦ (I) cLiGME C♥ (J) cLiGME C♠

FIGURE 3. (A) original piecewise constant image of pixel values in
{0.25,0.5,0.75}, (B) observed noisy blurred image, (C-J) recovered images.
Each recovered image is obtained by Algorithm 1 at 5000 iteration and shown
with the pixel value range [0(black),1(white)].
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APPENDIX A. PROOF OF PROPOSITION 3.1

(a) Ψ ∈ Γ0(Z ), ιC ∈ Γ0(Z) and Fact 2.1(a) yield ΨΨΨ ∈ Γ0(Zc).
(b) For every w = (w1,w2) ∈Zc = Z ×Z and Bc = B⊕OZ ∈B

(
Zc,Z̃ c

)
, we have

ΨΨΨBc(w) =ΨΨΨ(w)− inf
v∈Zc

[
ΨΨΨ(v)+

1
2
‖Bc(w− v)‖2

Z̃ c

]
= Ψ(w1)+ ιC(w2)− inf

(v1,v2)∈Zc

[
Ψ(v1)+ ιC(v2)+‖Bc((w1,w2)− (v1,v2))‖2

Z̃ c

]
= Ψ(w1)+ ιC(w2)− inf

(v1,v2)∈Zc

[
Ψ(v1)+ ιC(v2)+‖(B(w1− v1),OZ(w2− v2))‖2

Z̃ c

]
= Ψ(w1)+ ιC(w2)− inf

v1∈Z

[
Ψ(v1)+‖(B(w1− v1)‖2

Z̃

]
− inf

v2∈Z
ιC(v2)

= Ψ(w1)− min
v1∈Z

[
Ψ(v1)+‖(B(w1− v1)‖2

Z̃

]
+ ιC(w2)

= (ΨB⊕ ιC)(w),

where the 5th equality holds by the coercivity of Ψ (see, e.g., [41, Proposition 11.15]) and
dom(Ψ) = Z .

(c) From (3.4), we have

JΨΨΨBc◦Lc(x) =
1
2
‖y−Ax‖2

Y +µΨΨΨBc ◦Lc(x)

=
1
2
‖y−Ax‖2

Y +µ(ΨB⊕ ιC)(Lx,Cx)

=
1
2
‖y−Ax‖2

Y +µΨB ◦L(x)+ ιC(Cx),

which implies

argmin
x∈X

JΨΨΨBc◦Lc(x) = argmin
Cx∈C

1
2
‖y−Ax‖2

Y +µΨB ◦L(x).

APPENDIX B. PROOF OF PROPOSITION 3.2

First, we prove (C1) =⇒ (C2). Fix y ∈ Y arbitrarily. Then, for every x ∈X , we have

JΨΨΨBc◦Lc(x) =
1
2
‖y−Ax‖2

Y +µΨΨΨBc ◦Lc(x)

=
1
2
‖y−Ax‖2

Y +µ(ΨB⊕ ιC)(Lx,Cx)

=
1
2
‖y−Ax‖2

Y +µΨB ◦L(x)+ ιC(Cx) (B.1)

=
1
2
‖Ax‖2

Y −〈y,Ax〉Y +
1
2
‖y‖2

Y +µΨB ◦L(x)+ ιC(Cx) (B.2)

Let us focus on RHS of (B.1). Since Ψ and L satisfy the condition for the LiGME model in
Definition 2.1, Fact 2.4 yields JΨB◦L = 1

2 ‖·− y‖2
Y ◦A+ΨB ◦L ∈ Γ0(X ). On the other hand,

C∩ ranC 6= /0 and Fact 2.1(b) yield ιC ◦C ∈ Γ0(X ). Then, from dom(JΨΨΨBc◦Lc) = C−1(C∩
ranC) 6= /0, we can apply Fact 2.1(a) to RHS of (B.1), which yields JΨΨΨBc◦Lc ∈ Γ0(X ).
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Next, let us focus on RHS of (B.2). Since 1
2 ‖y‖

2
Y −〈y,A·〉Y is affine function, (C2) ⇐⇒

1
2 ‖A·‖

2
X +µΨB ◦L+ ιC ◦C ∈ Γ0(X ) ⇐⇒ (C3) holds.

APPENDIX C. PROOF OF THEOREM 3.1

(a) We divide proof of (a) into two steps.
(Step 1) First, from Fermat’s rule and the definition of S , S ={

x� ∈X |0X ∈ ∂JΨΨΨBc◦Lc(x
�)
}

holds. In Step 1, we characterize S in terms of an
affine operator and a set-valued operator.

Claim C.1. In Problem 3.1, for every x� ∈X , we have x� ∈S if and only if there exists
(v�,w�) ∈Z ×Zc s.t.

(0X ,0Z ,0Zc) ∈ F (x�,v�,w�)+G(x�,v�,w�) ,

where F : H →H and G : H → 2H are defined by

F(x,v,w) := ((A∗A−µL∗B∗BL)x−A∗y,µB∗Bv,0Zc) ,

G(x,v,w) := {µL∗B∗Bv+µL∗cw}× (−µB∗BLx+µ∂Ψ(v))

× (−µLcx+µ∂ΨΨΨ
∗(w)) .

(Step 2) Next, we prove that

(x�,v�,w�) ∈ Fix(TcLiGME) ⇐⇒ (P−F)(x�,v�,w�) ∈ (P+G)(x�,v�,w�) (C.1)

holds for every x� ∈X , by using P in (3.6).
Proof of (Step 1)
First, we decompose (B.1) as

JΨΨΨBc◦Lc(x) =
1
2
‖y−Ax‖2

Y +µΨ(Lx)−µ min
v∈Z

[
Ψ(v)+

1
2
‖B(Lx− v)‖2

Z̃

]
+ ιC(Cx)

=

(
1
2
‖y‖2

Y −〈y,Ax〉Y +
1
2
‖Ax‖2

Y

)
+µΨ(Lx)+ ιC(Cx)

−µ min
v∈Z

[
Ψ(v)+

(
1
2
‖BLx‖2

Z̃
−〈BLx,Bv〉

Z̃
+

1
2
‖Bv‖2

Z̃

)]
=

1
2

(
‖Ax‖2

Y −µ ‖BLx‖2
Z̃

)
−〈y,Ax〉Y +

1
2
‖y‖2

Y +µΨ(Lx)

+ ιC(Cx)+µ max
v∈Z

ψv(x)

=
1
2
〈x,(A∗A−µL∗B∗BL)x〉X −〈y,Ax〉Y +

1
2
‖y‖2

Y

+µΨ(Lx)+ ιC(Cx)+µ max
v∈Z

ψv(x),
(C.2)

where

ψv : X → R : x 7→ −
(

Ψ(v)+
1
2
‖Bv‖2

Z̃
−〈Bv,BLx〉

Z̃

)
. (C.3)
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We evaluate the subdifferential of the RHS of (C.2). At this point, we use

max
v∈Z

ψv(x) = max
v∈Z

(
−Ψ(v)− 1

2
‖Bv‖2

Z̃
+ 〈Bv,BLx〉

Z̃

)
=

[(
Ψ+

1
2
‖B·‖2

Z̃

)∗
◦B∗

]
◦BL(x), (C.4)

0Z ∈ ri(dom(ιC)− ran(C)) (C.5)

and

dom
((

Ψ+
1
2
‖B·‖2

Z̃

)∗
◦B∗

)
= Z̃ , (C.6)

where (C.5) is in Assumption 3.1 and (C.6) is verified, with the coercivity of Ψ, by

(∀z ∈ Z̃ )

(
Ψ+

1
2
‖B·‖2

Z̃

)∗
(B∗z)

= sup
v∈Z

(
〈v,B∗z〉Z −Ψ(v)− 1

2
‖Bv‖2

Z̃

)
≤ sup

v∈Z
(−Ψ(v))+ sup

v∈Z

(
〈v,B∗z〉Z −

1
2
‖Bv‖2

Z̃

)
= max

v∈Z
(−Ψ(v))+max

v∈Z

(
〈Bv,z〉

Z̃
− 1

2
‖Bv‖2

Z̃

)
< ∞.

In the RHS of (C.2), the first three terms are differentiable and we obtain

∂JΨΨΨBc◦Lc(x) = ∇

(
1
2
〈x,(A∗A−µL∗B∗BL)x〉X +

1
2
‖y‖2

Y −〈y,Ax〉Y
)

+∂

(
µΨ◦L+µ max

v∈Z
ψv + ιC ◦C

)
(x)

= (A∗A−µL∗B∗BL)x−A∗y+µ∂

(
Ψ◦L+max

v∈Z
ψv + ιC ◦C

)
(x). (C.7)

From dom(Ψ◦L) = X and dom(maxv∈Z ψv) = X , the sum rule (2.2) decomposes (C.7)
as

∂JΨΨΨBc◦Lc(x) = (A∗A−µL∗B∗BL)x−A∗y+µ∂ (Ψ◦L)(x)

+µ∂

(
max
v∈Z

ψv

)
(x)+∂ (ιC ◦C)(x).

(C.8)

From [33, Lemma 1], we have

0Z ∈ ri
(

dom
((

Ψ+
1
2
‖B·‖2

Z̃

)∗)
− ran(B∗)

)
. (C.9)

By applying the chain rule (2.3) to ιC ◦C, (C.4) and Ψ◦L, we have

∂ (ιC ◦C)(x) = C∗∂ ιC (Cx) , (C.10)

∂

(
max
v∈Z

ψv

)
= (BL)∗∂

[(
Ψ+

1
2
‖B·‖2

Z̃

)
◦B∗

]
◦BL, (C.11)
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and

∂ (Ψ◦L)(x) = L∗∂Ψ(Lx), (C.12)

where (C.10) is verified by (C.5), (C.11) by (C.6) and (C.12) by dom(Ψ) = Z . Applying
again the chain rule (2.3) to (C.11) with (C.9) , we have

∂

(
max
v∈Z

ψv

)
= (B∗BL)∗ ∂

(
Ψ+

1
2
‖B·‖2

Z̃

)∗
(B∗BL) . (C.13)

Moreover, (C.10), (C.12), and the definition of ΨΨΨ in Proposition 3.1 yield

µ∂ (Ψ◦L)(x)+∂ (ιC ◦C)(x) = µL∗∂Ψ(Lx)+C∗∂ ιC(Cx) = µL∗c∂ΨΨΨ(Lcx). (C.14)

Then we simplify (C.8) with (C.13) and (C.14) as

∂JΨΨΨBc◦Lc(x) = (A∗A−µL∗B∗BL)x−A∗y+µL∗c∂ΨΨΨ(Lcx)

+µ (B∗BL)∗ ∂

(
Ψ+

1
2
‖B·‖2

Z̃

)∗
(B∗BLx) .

(C.15)

Furthermore, by

w� ∈ ∂ΨΨΨ(Lcx�) ⇐⇒ Lcx� ∈ ∂ΨΨΨ
∗(w�),

v� ∈ ∂

(
Ψ+

1
2
‖B·‖2

Z̃

)∗
(B∗BLx�)

⇐⇒ B∗BLx� ∈ ∂

(
Ψ+

1
2
‖B·‖2

Z̃

)
(v�)

⇐⇒ B∗BLx� ∈ ∂Ψ(v�)+B∗Bv�

due to the relation between the subdifferential and conjugate (2.4) and the sum rule (2.2)
with dom(Ψ) = Z , we deduce from (C.15)

x� ∈S

⇐⇒


0X ∈ (A∗A−µL∗B∗BL)x�−A∗y+µL∗cw�+µ (B∗BL)∗ v�

B∗BLx� ∈ ∂Ψ(v�)+B∗Bv�

Lcx� ∈ ∂ΨΨΨ∗(w�)

⇐⇒


0X ∈ (A∗A−µL∗B∗BL)x�−A∗y+µL∗cw�+µL∗B∗Bv�

0Z ∈ −µB∗BLx�+µB∗Bv�+µ∂Ψ(v�)
0Zc ∈ −µLcx�+µ∂ΨΨΨ∗(w�)

⇐⇒ (0X ,0Z ,0Zc) ∈ F (x�,v�,w�)+G(x�,v�,w�)

which completes the proof of Claim C.1.
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Proof of (Step 2)
(C.1) is verified by

TcLiGME(x,v,w) = (ξ ,ζ ,η)

⇐⇒


[σ Id−(A∗A−µL∗B∗BL)]x−µL∗B∗Bv−µL∗cw+A∗y = σξ

2µB∗BLξ −µB∗BLx�+(τ Id−µB∗B)v ∈ (τ Id+µ∂Ψ)(ζ )

2µLcξ −µLcx+µw ∈ (µ Id+µ∂ΨΨΨ∗)(η) = µ(Id+∂ΨΨΨ∗)(η)

⇐⇒ (P−F)(x,v,w) ∈ (P+G)(ξ ,ζ ,η), (C.16)

where we use the relation between the proximity operator and the resolvent of subdifferen-
tial (2.7).

(b) First, under condition (3.5), we prove P � OH . The Schur complement (see e.g. [45,
Theorem 7.7.7]) yields

P� OH

⇐⇒ σ Id−
[
−µL∗B∗B −µL∗c

][ τ Id OB(Zc,Z )

OB(Z ,Zc) µ Id

]−1[−µB∗BL
−µLc

]
� OX

⇐⇒ σ Id−
[
−µL∗B∗B −µL∗c

][ 1
τ

Id OB(Zc,Z )

OB(Z ,Zc)
1
µ

Id

][
−µB∗BL
−µLc

]
� OX

⇐⇒ σ Id−µ2

τ
L∗ (B∗B)2L−µL∗cLc � OX

⇐⇒
(

σ Id−κ

2
A∗A−µL∗cLc

)
+

(
κ

2
A∗A− µ2

τ
L∗ (B∗B)2L

)
� OX .

From (3.5), it is sufficient to show
(

κ

2 A∗A− µ2

τ
L∗ (B∗B)2L

)
� OX . Using (3.5), we have

(∀x ∈X )

〈
x,

µ2

τ
L∗ (B∗B)2Lx

〉
X

=
µ2

τ
‖B∗BLx‖2

Z

≤ µ2

τ
‖B‖2

op ‖BLx‖2
Z̃

≤ µ
2
[(

κ

2
+

2
κ

)
µ ‖B‖2

op

]−1

‖B‖2
op ‖BLx‖2

Z̃

≤ µ
κ

2
‖BLx‖2

Z̃
= µ

κ

2
〈x,L∗B∗BLx〉X ,

which yields

(∀x ∈X )

〈
x,
(

κ

2
A∗A− µ2

τ
L∗ (B∗B)2L

)
x
〉

X

≥
〈

x,
κ

2
A∗Ax

〉
X
−µ

κ

2
〈x,L∗B∗BLx〉X

=
κ

2
〈x,(A∗A−µL∗B∗BL)x〉X ≥ 0,

where the last inequality holds by the assumption A∗A− µL∗B∗BL � OX in Assumption
3.1.
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Next, we prove that TcLiGME is κ

2κ−1 -averaged nonexpansive over (H ,〈·, ·〉P ,‖·‖P). By
applying P� OH to (C.16), we have

TcLiGME(x,v,w) = (ξ ,ζ ,η) ⇐⇒ (P−F)(x,v,w) ∈ (P+G)(ξ ,ζ ,η)

⇐⇒ P−1(P−F)(x,v,w) ∈P−1(P+G)(ξ ,ζ ,η)

⇐⇒ (Id−P−1 ◦F)(x,v,w) ∈ (Id+P−1 ◦G)(ξ ,ζ ,η). (C.17)

Moreover, as will be shown later, P−1 ◦G is maximally monotone over (H ,〈·, ·〉P ,‖·‖P),
which implies its resolvent (Id+P−1 ◦G)−1 is single-valued and 1

2 -averaged nonexpansive
over (H ,〈·, ·〉P ,‖·‖P). Therefore, from (C.17), we obtain the expression

TcLiGME = (Id+P−1 ◦G)−1 ◦ (Id−P−1 ◦F)

= (Id+P−1 ◦G)−1 ◦
((

1− 1
κ

)
Id+

1
κ

(
Id−κP−1 ◦F

))
,

where the nonexpansiveness of Id−κP−1 ◦F over (H ,〈·, ·〉P ,‖·‖P) is proven as follows
by using

M :=

A∗A−µL∗B∗BL OB(Z ,X ) OB(Zc,X )

OB(X ,Z ) µB∗B OB(Zc,Z )

OB(X ,Zc) OB(Z ,Zc) OZc

� OH . (C.18)

With M∗ = M and the expression (∀(x,v,w) ∈H )

F(x,v,w) = M

x
v
w

+
−A∗y

0Z

0Zc

 ,
we have for all u1,u2 ∈H ,∥∥(Id−κP−1 ◦F

)
u1−

(
Id−κP−1 ◦F

)
u2
∥∥2
P

=
∥∥(u1−u2)−κ

[(
P−1 ◦F

)
(u1)−

(
P−1 ◦F

)
(u2)

]∥∥2
P

= ‖u1−u2‖2
P−2κ 〈u1−u2,F (u1)−F (u2)〉H +κ

2∥∥(P−1 ◦F
)
(u1)−

(
P−1 ◦F

)
(u2)

∥∥2
P

= ‖u1−u2‖2
P−2κ 〈u1−u2,M (u1)−M (u2)〉H +κ

2 〈P−1Mu1−P−1Mu2,Mu1−Mu2
〉
H

= ‖u1−u2‖2
P−2κ

〈
u1−u2,

(
M− κ

2
MP−1M

)
(u1−u2)

〉
H

,

which implies, by the property of Schur complement,(
Id−κP−1 ◦F is nonexpansive

)
⇐⇒ M− κ

2
MP−1M � OH

⇐⇒
[

M M
M 2κ−1P

]
� OH ×H .
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Moreover, by

(∀(u1,u2) ∈H ×H )

〈[
u1
u2

]
,

[
M M
M 2κ−1P

][
u1
u2

]〉
H ×H

= 〈u1,Mu1〉H + 〈u1,Mu2〉H + 〈u2,Mu1〉H +2κ
−1 〈u2,Pu2〉H

= 〈u1 +u2,M(u1 +u2)〉H +2κ
−1
〈

u2,
(
P− κ

2
M
)

u2

〉
H

,

we have

(
Id−κP−1 ◦F is nonexpansive

)
⇐⇒ P− κ

2
M � OH ,

where

P− κ

2
M =

 σ Id −µL∗B∗B −µL∗c
−µB∗BL τ Id OB(Zc,Z )

−µLc OB(Z ,Zc) µ Id



− κ

2

A∗A−µL∗B∗BL OB(Z ,X ) OB(Zc,X )

OB(X ,Z ) µB∗B OB(Zc,Z )

OB(X ,Zc) OB(Z ,Zc) OZc



=

σ Id−(κ/2)A∗A OB(Z ,X ) −µL∗c
OB(X ,Z ) OZ OB(Zc,Z )

−µLc OB(Z ,Zc) µ Id



+

(κµ/2)L∗B∗BL −µL∗B∗B OB(Zc,X )

−µB∗BL τ Id−(κµ/2)B∗B OB(Zc,Z )

OB(X ,Zc) OB(Z ,Zc) OZc

 .
By the property of Schur complement, we have

σ Id−(κ/2)A∗A OB(Z ,X ) −µL∗c
OB(X ,Z ) OZ OB(Zc,Z )

−µLc OB(Z ,Zc) µ Id

� OH

⇐⇒ σ Id−(κ/2)A∗A−µL∗cLc � OX (⇐ (3.5))
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and

OH �

(κµ/2)L∗B∗BL −µL∗B∗B OB(Zc,X )

−µB∗BL τ Id−(κµ/2)B∗B OB(Zc,Z )

OB(X ,Zc) OB(Z ,Zc) OZc



⇐⇒ OX ×Z �
[

L∗ OB(Z ,X )

OB(X ,Z ) Id

][
(κµ/2)B∗B −µB∗B
−µB∗B τ Id−(κµ/2)B∗B

]
[

L OB(X ,Z )

OB(Z ,X ) Id

]

⇐= OZ ×Z �
[
(κµ/2)B∗B −µB∗B
−µB∗B τ Id−(κµ/2)B∗B

]
, (C.19)

implying thus (RHS of (C.19)) =⇒ P− κ

2 M � OH . The RHS of (C.19) is guaranteed by

(v1,v2 ∈Z )

〈[
v1
v2

]
,

[
(κµ/2)B∗B −µB∗B
−µB∗B τ Id−(κµ/2)B∗B

][
v1
v2

]〉
Z ×Z

= 〈v1,(κµ/2)B∗Bv1〉Z −〈v1,µB∗Bv2〉Z −〈v2,µB∗Bv1〉Z
+ 〈v2,(τ Id−(κµ/2)B∗B)v2〉Z

=
2µ

κ

∥∥∥κ

2
Bv1−Bv2

∥∥∥2

Z̃
− 2µ

κ
‖Bv2‖2

Z̃
+ 〈v2,(τ Id−(κµ/2)B∗B)v2〉Z

=
2µ

κ

∥∥∥κ

2
Bv1−Bv2

∥∥∥2

Z̃
+ τ ‖v2‖2

Z −µ

(
κ

2
+

2
κ

)
‖Bv2‖2

Z̃

≥ τ ‖v2‖2
Z −µ

(
κ

2
+

2
κ

)
‖Bv2‖2

Z̃

≥
(

τ−µ

(
κ

2
+

2
κ

)
‖B‖2

op

)
‖v2‖2

Z ≥ 0.

Consequently, we have proven that Id−P−1 ◦F is 1
κ

-averaged nonexpansive and, by Fact
2.3(a), TcLiGME = (Id+P−1 ◦G)−1 ◦ (Id−P−1 ◦F) is κ

2κ−1 -averaged nonexpansive over
(H ,〈·, ·〉P ,‖·‖P).

Finally we show the maximal monotonicity of P−1 ◦G over (H ,〈·, ·〉P ,‖·‖P). Let G1
be a set-valued operator:

G1 : H → 2H : (x,v,w) 7→ {0X }× (µ∂Ψ(v))× (µ∂ΨΨΨ
∗(w))

and G2 be a linear operator:

G2 : H →H : (x,v,w) 7→ (µL∗B∗Bv+µL∗cw,−µB∗BLx,−µLcx) .

Then, from [41, Theorem 20.40, Proposition 16.9, 20.23], G1 is maximally monotone
over (H ,〈·, ·〉H ,‖·‖H ). Also, G2 is bounded linear skew-symmetric operator (i.e. G2 ∈
B (H ,K ) and G∗2 = −G2) and thus is maximally monotone over (H ,〈·, ·〉H ,‖·‖H )
from [41, Example 20.35]. Moreover, from dom(G2) = H and [41, Corollary 25.5 (i)],
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G = G1 +G2 is maximally monotone over (H ,〈·, ·〉H ,‖·‖H ). Thus, P−1 ◦G is mono-
tone over (H ,〈·, ·〉P ,‖·‖P). Next, we confirm the maximal monotonicity of P−1 ◦G
over (H ,〈·, ·〉P ,‖·‖P). Assume that there exists (u,z) /∈ gra

(
P−1 ◦G

)
, which implies

(u,Pz) /∈ gra(G), s.t. (∀(u′,z′)∈ gra(P−1◦G)) 〈u−u′,z− z′〉P = 〈u−u′,P(z− z′)〉H ≥
0. However, because of (u′,Pz′) ∈ gra(G), it contradicts to the maximal monotonicity of
G. Hence, P−1 ◦G is maximally monotone over (H ,〈·, ·〉P ,‖·‖P).

(c) From (b), we can apply Krasnosel’skiı̆-Mann algorithm (Fact 2.3(b)) to TcLiGME, which
yields (c).

APPENDIX D. PROOF OF PROPOSITION 3.3

If θ = 0, we have Bθ = Ol and JΨΨΨBc◦Lc ∈ Γ0(Rn) for all y ∈ Rm by Proposition 3.2.
Let θ ∈ (0,1]. From Proposition 3.2, it is sufficient to show

ATA−µLTBT
θ BθL� On.[

Ol×(n−l) In
]
L̃= L and the definition (3.8) show

On � ATA−µLTBT
θ BθL

= ATA−µ

([
Ol×(n−l) In

]
L̃
)T

BT
θ Bθ

([
Ol×(n−l) In

]
L̃
)

⇐⇒ On �
(

AL̃−1
)T(

AL̃−1
)
−µ

[
Ol×(n−l) In

]TBT
θ Bθ

[
Ol×(n−l) In

]
=
[
Ã1 Ã2

]T [
Ã1 Ã2

]
−µ

[
Ol×(n−l) In

]TBT
θ Bθ

[
Ol×(n−l) In

]
=

[
ÃT

1 Ã1 ÃT
1 Ã2

ÃT
2 Ã1 ÃT

2 Ã2−µBT
θ

Bθ

]
. (D.1)

ÃT
1 Ã1�Ol holds obviously and ÃT

1 Ã1

(
ÃT

1 Ã1

)†
ÃT

1 Ã2 = ÃT
1 Ã2 due to ran

(
ÃT

1 Ã2

)
⊂ ran

(
Ã1

)
=

ran
(

ÃT
1 Ã1

)
= null

(
ÃT

1 Ã1

(
ÃT

1 Ã1

)†
− In−l

)
. Thus, by [46, Theorem 1], we have

(RHS of (D.1)) ⇐⇒ ÃT
1 Ã2−µBT

θ Bθ − ÃT
2 Ã1

(
ÃT

1 Ã1

)
ÃT

1 Ã2 � Ol. (D.2)

Since Bθ satisfies θ−1µBT
θ

Bθ = ÃT
2 Ã2− ÃT

2 Ã1

(
ÃT

1 Ã1

)†
ÃT

1 Ã2, we have

(RHS of (D.2)) ⇐⇒ θ
−1

µBT
θ Bθ −µBT

θ Bθ � Ol. (D.3)

Since θ−1 ≥ 1 and BT
θ

Bθ � Ol , RHS of (D.3) holds and therefore we have proven JΨΨΨBc◦Lc ∈
Γ0(Rn).

APPENDIX E. PROOF OF COMPUTATION OF PC2

First, from the definition of the projection, we have

PC2(x) = argmin
y∈C2

‖x− y‖Z2
= argmin

y∈C2

N2

∑
i=1

(xi− yi)
2 .
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Since C2 influences only background entries
{

i ∈ {1, · · · ,N2}|ϒ−1(i) ∈ Iback
}

with some con-
stant level, say c ∈ R, we have

[PC2(x)]i =

{
c (ϒ−1(i) ∈ Iback)

xi (otherwise).

Moreover, by

∆(c) := ∑
ϒ−1(i)∈Iback

(xi− c)2

= |Iback|

c− 1
|Iback| ∑

ϒ−1(i)∈Iback

xi

2

− 1
|Iback|

 ∑
ϒ−1(i)∈Iback

xi

2

+ ∑
ϒ−1(i)∈Iback

x2
i

≥− 1
|Iback|

 ∑
ϒ−1(i)∈Iback

xi

2

+ ∑
ϒ−1(i)∈Iback

x2
i ,

which implies

argmin
c∈R

∆(c) =
1
|Iback| ∑

ϒ−1(i)∈Iback

xi.
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