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A CONSTRAINED LIGME MODEL AND ITS PROXIMAL SPLITTING
ALGORITHM UNDER OVERALL CONVEXITY CONDITION
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Abstract. The convex optimization has been used for modeling of many estimation problems in data
science and engineering, where convex constraint sets in such a model express respectively a priori
knowledge regarding a certain unknown vector to be estimated. The LiGME model was established re-
cently in [J. Abe, M. Yamagishi, I. Yamada, Linearly involved generalized Moreau enhanced models and
their proximal splitting algorithm under overall convexity condition, Inverse Probl. 36 (2020), 035012]
for a sound utilization of linearly involved regularizers closer to certain ideal discrete measures, for spar-
sity as well as for low-rankness, than their convex envelopes. Despite of the nonconvexity of linearly
involved regularizers, the LIGME model can keep the overall convexity of its optimization model with
a strategic parameter tuning. In this paper, for flexible exploitation of multiple convex constraint sets,
we propose a constrained LIGME (cLiGME) model as an enhancement of the original LiGME model.
Within the frame of convex optimization, the proposed cLiGME model can promote such desired fea-
tures more strategically than standard models using convex regularizers, as well as can admit multiple
linearly involved convex indicator functions for hard constraints. We also propose a proximal splitting
type algorithm for the cLiGME model and demonstrate its effectiveness with a simple numerical experi-
ment. The cLiIGME model can be seen as an integration of central ideas in the LiGME model and the set
theoretic estimation.

Keywords. Moreau enhancement; Nonconvex penalties; Proximal splitting; Regularized least squares;
Set theoretic estimation; Sparsity-rank-aware signal processing and machine learning.

1. INTRODUCTION

Many tasks in data science are formulated as the estimation of an unknown vector x* € 2~
from the observed vector y € %/, which follows the linear regression model:

y=Ax"+E¢, (1.1

where (Z7,(-,-) 2,1 2-) and (#,(-,-)s,||"||l5) are finite dimensional real Hilbert spaces,
A: Z — % is a known linear operator, and € is an unknown noise vector. To tackle such
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estimations, we commonly formulate the following regularized least-squares problem:
1
minimize Jyoe(x) == ~ |Ax —y||3, +u¥o £(x), (1.2)
xeZ 2

where a function W : 2 — (—oo,00] is designed over a finite dimensional real Hilbert space
(Z, (), |l ), £: & — Z is a linear operator, and u € R, is a regularization param-
eter. In problem (1.2), % [|Ax— yHé, is called the least-squares term, and ¥ o £(x) is called a
regularizer (or penalty), which is designed based on a priori knowledge regarding x* € 2. The
tuple (P, £) is designed not only depending on each application but also based on mathemati-
cal tractability of the optimization model (1.2). Many models, such as ridge regression [1, 2],
Tikhonov regularization [3, 4], [;-regularization [5, 6, 7] and LASSO (Least Absolute Shrinkage
and Selection Operator) [8], are special instances of the model (1.2).

To design (¥, £) in (1.2), one of the most crucial properties to be handled in modern signal
processing is the sparsity of vectors or the low-rankness of matrices. The sparsity and the
low-rankness have been used for many scenarios in data science, such as compressed sensing
[9, 10] and related sparsity aware applications and machine learning [11, 12]. A naive measure
of the sparsity is the lp-pseudonorm ||-||,, which stands for the number of nonzero components
of a given vector. However, the problem (1.2) with ¥ := ||-||, is known to be in general NP-
hard [13, 14]. To avoid this burden, the /;-norm ||-||,, which is the convex envelope of |-||,
in the vicinity of zero vector, has been used as W in many applications, e.g., Lasso [8] with
(W, L) := (||]|;,1d), the convex total variation (TV) [15] with (¥, £) := (||-||;,D), and the
wavelet-based regularization [16, 17] with (¥, £) :=(||-||; , W), where Id is the identity operator,
D is the first order differential operator, and W is a wavelet transform matrix.

The convexity of Jy.¢ 1s a key property to obtain a global minimizer of Jy,¢ even by the
state-of-the-art optimization techniques. If ¥ is a convex function, Jy.¢ remains to be convex
because the sum of convex functions remains convex. However, the convexity of W is just
a sufficient condition for the overall convexity of Jy,e. In fact, we can design a nonconvex
penalty for Jy,¢ to be convex. Such penalties are called the convexity-preserving nonconvex
penalties, which were introduced at latest in 80’s by Blake and Zisserman [18] and followed
by, for example, Nikolova [19, 20, 21]. For recent developments of the convexity-preserving
nonconvex penalties, see [22, 23, 24, 25, 26, 27, 28, 29, 30] and the references therein. Most
of these works rely on certain strong convexity assumptions in the least-squares term, which
corresponds to the assumption for the nonsingularity of A*A.

As an exceptional example of the convexity-preserving nonconvex penalty, which is free from
the strong convexity condition of the least-squares term, Selesnick [31] proposed the general-
ized minimax concave (GMC) penalty:

1
(-8 = 1y — min fivily + 5 1B( ~ V)l (1.3)
with parameter B € R?*". The GMC penalty in (1.3) is a nonseparable multidimensional ex-
tension of the minimax concave (MC) penalty [32] and it is in general nonconvex except for
B = O4xpn, where Oy, stands for the zero matrix in R?*". However, the function J(||'||1) pold
becomes convex if A*A — [,LBTB = O, is achieved, where O, stands for the zero matrix in R"*";
see [31, Theorem 1]). Moreover, as seen in [33, Example 2(b)], the GMC penalty can serve
as a parametric bridge between the naive discrete measure ||-||, and its convex envelope ||-||
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and thus we can enjoy certain nonconvex enhancements of ||-||, to promote further the sparsity
without losing the overall convexity of Ji.||,)o14-

Abe, Yamagishi and Yamada [33] extended the GMC penalty in (1.3) to the Generalized
Moreau Enhanced (GME) penalty:

Yg(-) :=¥(-) — min ‘P(v)-l—%HB(-—v) (1.4)

2
veZ “‘ff ’
where (i) ¥ : 2 — (—oo,00] € I['((Z) is a function, which is coercive (i.e., ¥(x) — oo as
|x|| 2~ — o) and satisfies the even symmetry (i.e., ¥ o (—Id) = ¥) with dom(¥) = 2, (ii)
Be % ( Z, 5,’?) is a bounded linear operator from 2 to a new finite dimensional real Hilbert
space (52‘;: (-, 7 -l ). Moreover, [33] proposed the Linearly involved Generalized Moreau
Enhanced (LiGME) model:

1
minimize Jy,o0 = = ||Ax—y||% + u¥po £(x), (1.5)
xeZ 2

where £: 2" — Z is a bounded linear operator. In particular, if A*A — u£*B*B£ is positive
semi-definite (see [33, Proposition 2] for existence of such B), then the convexity of Jy,.g¢ is
guaranteed (see [33, Proposition 1]). This implies that we can choose W and £ freely in the
LiGME model. Moreover, in [33, Theorem 1], a proximal splitting type algorithm was also
presented for the minimization of Jy,.¢.

In contrast, the goal of the set theoretic estimations [34, 35, 36, 37] is to find, if exists,
a target vector x* satisfying simultaneously €x* € C; (i € I), where [ is a finite index set,
C; (i € 1) is a nonempty closed convex subset of a finite dimensional real Hilbert space 3;, and
¢ 1 Z — 3;is a linear operator. Remarkable effectiveness of the set theoretic estimations has
been proven in many successful applications [36, 37], e.g., computerized tomography [34, 38],
signal processing [35], and electron microscopy [39].

In this paper, for evolution of these strategies, we propose to integrate central ideas in the
LiGME model and the set theoretic estimations into the model

minimize Jy,og(X). 1.6
(iel) €ixeC;C3; ¥ 2< ) ( )

Actually in order to deal with model (1.6), we propose its equivalent but seemingly simpler
model (3.1) [and its further equivalent but constraint-free expression (3.3)] as the constrained
LiGME (cLiGME) model (see Remark 3.1 and Proposition 3.1). In Proposition 3.2, we present
an overall convexity condition for model (3.3). We also present a way to design such a matrix
B satisfying the overall convexity condition (see Proposition 3.3 and Corollary 3.1). Moreover,
as an extension of [33, Theorem 1], we present a novel proximal splitting type algorithm (Al-
gorithm 1) of guaranteed convergence to a global minimizer of the model (3.3) under its overall
convexity condition (see Assumption 3.1 and Theorem 3.1). Finally, to demonstrate the effi-
cacy of the proposed model and algorithm, we present in Section 4 a rather simple but fairly
convincing numerical experiment. A preliminary short version of this paper was prepared for a
conference [40].
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2. PRELIMINARIES

Let N, R, Ry, and R, | be the set of nonnegative integers, real numbers, nonnegative real
numbers, and positive real numbers, respectively. In this paper, we assume that (2, (-,-) .z, ||| »)
and (J,(-,-) ,||-| ) are finite dimensional real Hilbert spaces. For § C /7, ri(S) denotes
the relative interior of S (see, e.g., [41, Definition 6.9]). % (s, % ) denotes the set of all
linear operators from (72, (,-) ;- ||| ) 0 (S, () 5|l ). For L € B(H,), [IL|op
denotes the operator norm of L (i.e., [|L|o, = sup,c s |y , <1 [ILx]| ) and L* € B (A, )
the adjoint operator of L (ie., (Vx € ) (Vy € ') (Lx,y) » = (x,L*y) ). The identity
operator of general Hilbert spaces is denoted by Id and the zero operator from 7 to %
is denoted by Oz, 4y € B (A, ). In particular, if 7 = I, the zero operator is de-
noted by O € B (H,5). For L € B(H, %), ran(L) :={y € H|(Ix € ) Lx = y} and
null(L) := {x € 5€|Lx = 0}, where 0_ stands for the zero vector in .#". We express the pos-
itive definiteness and the positive semidefiniteness of a self-adjoint operator L € Z (, ) as
L~ Oy and L = O, respectively. Any L > Oy defines a new Hilbert space (.27, (-,-),, ||-[|,)
equipped with an inner product (-,-); : # x J — R : (x,y) — (x,Ly) , and its induced
norm ||| : 7 — R : x> /(x,x);. For multiple real Hilbert spaces (4, (-,") 2, ||l ) (i=
1,2,---,p), the product space 57 := X 1<i<p J¢; can be seen as a real Hilbert space equipped
with the vector addition JZ — 2 : (x,y) = ((xi)1<i<p, (Vi)1<i<p) — (Xi +Yi)1<i<p, the scalar
multiplication R x 7 — J : (¢, (xi)1<i<p) — (0X;)1<i<p and the inner product & x J& —
R : (x,y) = X (xi,yi) s In this paper, unless otherwise stated, the product space of multi-
ple real Hilbert spaces (4, (-,*) 2, ||| ) (i=1,2,---,p) is understood as a new real Hilbert

space in this standard sense (The only exception is found in Theorem 3.1). For a matrix A, AT
denotes the transpose of A, and A' the Moore-Penrose pseudo inverse of A. We use I,, € R"*"
to denote the identity matrix for R”. We also use O,, , € R™*" for the zero matrix. In particular,
if m = n, we use the simplified notation O,, € R"™*" for the zero matrix.

2.1. Tools in convex analysis, monotone operator theory and fixed point theory of nonex-
pansive operator.

A function f : J# — (—oo,o9] is called a proper lower semicontinuous convex function if f is
proper (i.e., dom(f) := {x € S| f(x) < e} # 0), lower semicontinuous (i.e., the lower level set
{xe |f(x) <a} of fis closed for every & € R), and convex. The set of all proper lower
semicontinuous convex functions from .7 to (—eo, 0] is is denoted by I'o(F7).

Fact 2.1 (Convexity preserving operations).

(a) (Sum of convex functions [41, Corollary 9.4]). For f; € I'o(#) (i € I : finite index set) with
Nierdom(f;) # 0, Yie; fi € To(22) holds. In particular, for real Hilbert spaces (4, (-, ) .,
I ) and f; € To(J4) (i € 1),

f = @f, I = >< %—) (—00,00] X = (.Xl‘)ie[ —> Zfi(xi),

i€l il iel

called the separable sum of f; € Ty(7) (i € I), satisfies f € ['o(H7).
(b) (Composition of linear operator and convex function [41, Proposition 9.5]). For f €

To(A)and L e B(H, %), foLeTy(s) if dom(f)NranL # 0.
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(Subdifferential) For f € I'g(.7¢), the subdifferential of f is defined as the set valued operator
of : A =27 ix s {u € H|(Vy € H) (y—x,u) 5+ f(x) < F)}-

For each x € 7 satisfying d f(x) # 0, the elements of d f(x) are called the subgradients of f at
X.

Fact 2.2 (Some properties of subdifferential).
(a) (Fermat’s rule [41, Theorem 16.3]). For f € T'y(57),

x* € argmin f(x) <= 04 € df(x¥). (2.1)
xeH
(b) (Sum rule [41, Corollary 16.48]). Let f,g € I'o(4#) s.t. dom(g) = 5. Then
JI(f+g) =df+dg. (2.2)

(c) (Chain rule [41, Corollary 16.53]). Let g € I'o(#) and L € B (7, ). Suppose that
0 €ri(domg —ranL). Then

d(goL)=L"odgolL. (2.3)

(d) (Subdifferential and Gateaux differential [41, Proposition 17.31]). Let f € I'o() and
x € dom(f). Suppose that f is Gateaux differentiable at x. Then d f(x) = {V f(x)}.

(Legendre-Fenchel Conjugate) The (Legendre-Fenchel) conjugate of f € I'yg(#) is defined

as
[T — [—o0 00 iy = sup {(x,y) o — f(x)}.
xest
For f € To(S€), f* € T'o(.5) is guaranteed, and we have

(V(x,u) € Hx AH)u€df(x) < x€df*(u). (2.4)

(Nonexpansive Operator) An operator T : 5 — J is nonexpansive if
(vxe )Wy e A) |T(x) =T W)llw < llx—yll- (2.5)

In particular, T is called o-averaged nonexpansive with a € (0, 1) if there exists a nonexpansive
operator T : 7€ — € s.t.

T=(1-a)ld+af. (2.6)

Fact 2.3 (Some properties of nonexpansive operator).

(a) (Composition of averaged nonexpansive operators [42] [43, Proposition 2.6]). Suppose that
each T; : S — (i = 1,2) is a;-averaged nonexpansive with @; € (0,1). Then Tj o 75 is
a-averaged nonexpansive with o := O“ﬁo_‘zT_lzogm € (0,1).

(b) (Krasnosel’skii-Mann algorithm [41, Theorem 5.14]). Let T : 5 — 7 be a nonexpansive
operator s.t. Fix(T') := {x € J€|x =T (x)} # 0. Define (x,),en C 4 by

(VneN) x,41 = [(1 — Ap) Id+A,T)(x,)
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with any xp € 7 and A, € [0, 1] satisfying },cny An (1 — A,) = +o0. Then (x,),en converges
weakly to a point in Fix (7). In particular, if T is o-averaged with a € (0, 1), the sequence
generated by

(VrneN) xy11 =T (x,)
converges weakly to a point in Fix(T).

(Monotone Operator) A set-valued operator A : 77 — 277 is monotone if
(V(x,u) € gra(A))(V(y,v) € gra(A)) (x—y,u—v) >0,

where gra(A) := {(x,u) € A x #|u € A(x)}. In particular, A is maximally monotone if, for
every (x,u) € 7 x A,

(x,u) € gra(A) <= (V(y,v) € gra(A)) (x—y,u—v) > 0.

A set-valued operator A : 7 — 277 is maximally monotone if and only if the resolvent
Ry:=(Id+A)~': 0 =27 1urs {x € #|u € x+A(x)} single-valued and j-averaged non-
expansive. For f € T'g(.#7), its subdifferential d f is maximally monotone.

(Proximity Operator) The proximity operator of f € T'g(7) is defined by

1
Proxf:%%%:xwargen;siﬂn f(y)—i—EHX—)’Hif .
ye.

The proximity operator of f € I'o(J¢) is the resolvent of df, i.e.,
Prox; = (Id+df) "' =Ry, 2.7)
which implies that

% € Fix(Proxs) <= i=([d+df) ' (¥) <= ie (ld+df) (%)

= TEX+If(X) < 04 € df(X) < X € argmin f(x)
xeH

with Fermat’s rule (Fact 2.2(a)). The proximity operator of conjugate f* € I'o() of f €
['o(A2) can be can be expressed as Prox s« = Id —Prox .

2.2. LiGME model.

Definition 2.1 (Linearly involved Generalized-Moreau-Enhanced (LiGME) Mgiiel [33, Defini-

tion 1]). Let (27, () 5 Il 2)> (5 (0 -l ) (25C) e oMl o) and (2, 5) 3 (1| 57)
be finite dimensional real Hilbert spaces, ¥ € I'g(2) coercive with dom(¥) = %, B €

B (ff, fZW) and (A, &, 1) € B (X, %) x B (X, %) xR, Then:
(a) GME penalty function Wp : 2 — (—o0,00] is defined as

(2.8)

() 1= W() — min [%(0) + 5 B~

(b) Linearly involved Generalized-Moreau-Enhanced (LiGME) penalty is defined as Wpo £ :
2 — (—o0, 0.
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(¢) LiGME model is defined as the minimization of
1
Jygoe t X — (—o0,00] 1 x> EHAx—yH?W/—i-/,L‘PBo!)(x). (2.9)

Remark 2.1 (LiGME model can deal with multiple penalties [33, Example 3]). We can express
multiple LIGME penalties (‘P<i>>B<i> o&; (i=1,2,---,p) as the single LIGME penalty ¥go £.
Let % and & (i=1,2,---,p) be real Hilbert spaces, W' € [)(2;) be coercive functions with
dom (‘P<i>> =2, LRy, B ¢ 5 (%, é’i) and £; € #(Zi, Z:). Then, by setting new
real Hilbert spaces 2 := X1_, Z; and Y= XP %, a new function ¥ := @F_, P and

new linear operators B: 2 — % : (z1,---,zp) — (ViiB"Vz1,-- ,/B,B"z,) and £: 2 —
Z x—= (L1x,Lox, -+, £px), we have

P .
Wpo =Y ¥y 08,.
i=1

l
The following fact shows the overall convexity condition for the LIGME model.
Fact 2.4 (Overall convexity condition for the LiIGME model [33, Proposition 1]). The GME
penalty defined in Definition 2.1 has the following properties:
(a) YpoL(x) =P(Lx) — [‘P(Og) +3 HBSxH;;/} if and only if B*B£x € argmin (¥*).
(b) Let (A, L,u) € B(Z, %) x B(Z,Z) x Ri4. Then, for the three conditions (C1) A*A —
* % 0
HE'B'BE = 04, (C2) Jwyog € To(2) for any y € ' and (C3) Jigoo(x) == -3, +
uWpo £ eI'p(Z), the relation (C;) = (C) <= (C3) holds.

A proximal splitting type algorithm was also proposed in [33, Theorem 1] for the LIGME
model under the overall convexity condition (Cy) in Fact 2.4.

3. CONSTRAINED LIGME MODEL

3.1. Constrained LiGME model and its overall convexity condition.
We start with simple reformulations of (1.6).

Problem 3.1 (cLIGME model). Let (2, %) -, [, (%, () 1) (2,02) ),
(3,()3,Ill3) and (.ff, () 75 ||||5;> be finite dimensional real Hilbert spaces and C(C 3)
be a nonempty closed convex set. Let W € I'o(Z) be coercive with dom¥ = 2. Let
(A,B,£,C, 1) € B(X V) x B (EZ’, f?’) ¥ B(X, %) x B(,3) x Ry satisfy CNran€ #
0. Consider a constrained LIGME (cLiGME) model:

findx* € .7 1= argen;éréJqJBog(x) (see (2.9)) (3.1)
Remark 3.1 (Model (3.1) is equivalent to model (1.6)). Clearly, model (3.1) can be seen as
a specialization of the model (1.6) with |I| = 1. Conversely, by redefining a new real Hilbert

space 3 := X ic 13,-, a new linear operator € : 2~ — 3 : x — (€;x);e; and a new closed convex
set C:= X, C; C 3 with (3;,¢;,C;) (i € I) in (1.6), we confirm

¢xeC << (Viel) ¢xe(,.
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The following proposition shows that model (3.1) can be reformulated as a constraint-free
model (3.3).

Proposition 3.1. Let %, .= ¥ x 3, Pei=2 x3, L' X = Z x> (£(x),€(x)), ¥ :=
Y@i1c: 2 — (—oo,| and B, := B® O3, where 1¢c € I'g(3) is the indicator function' of C C 3:

o) = {0 (xeC)

oo (otherwise).

Let
W ()=¥0) - inf [#0)+ 5181, 32
and consider a constraint-free optimization problem:
minimize Jg, oc, (x) = % |y — Ax||3, + u¥s, 0 £(x). (3.3)
Then
()
W eTo(2).
(b)
W, — W0, (3.4)
(©
argmin Jy,o¢(x) = argmin Sy og, (x).
¢xeC xeZ
Proof. See Appendix A. 0

Remark 3.2 (Model (3.3) can deal with multiple LIGME penalties). In a way similar to Re-
mark 2.1, cLiGME model can deal with multiple penalties. For real Hilbert spaces Z; and
Z; (i=1,2,---,p), multiple penalties ¥ € T'o(25) with dom(¥) = 25, y; e Ry, B e
B (.%, fg), and £, € 4 (3&”, é’:), define (%, é’i‘P,B,S) as in Remark 2.1. Then, by (3.4),
we have

D .
Wp oL, = (Z ,l.ti‘P<l>B<i> o 2,‘) + (1c0@).
i=1

The following proposition presents the overall convexity condition for the model (3.3).

ILetCcc #bea nonempty closed convex set. For every ¥ € R, 1, Proxy,. coincides with the projection onto
C, where the projection onto a closed convex set C C 7 is defined as

Pe: 0 — H :x— argmin ||x—y| ..
yeC



A CONSTRAINED LIGME MODEL 253

Proposition 3.2 (Overall convexity condition for model (3.3)). Let (A,£,1) € B(Z , %) x
B(X,Z) xRy, For three conditions (Cy) A*A — uL*B*BE = Oy, (C2) Jgyop, €

[o(Z) foranyy e %, (C3) J\(Ii);osc = IA-||%, + u¥p, 0 & € To(Z") , the relation (C{) =
(Cz) <~ (C3) holds.

Proof. See Appendix B. O

3.2. A proximal splitting algorithm for the cLiGME model.
We present a proximal splitting algorithm (Algorithm 1) of guaranteed convergence to a
global minimizer for model (1.6), or equivalent model (3.3), under the following assumption.

Assumption 3.1. Suppose that ¥ € I'o(2) satisfies even symmetry Wo (—Id) = ¥ and is
proximable (i.e., Prox,y is available as a computable operator for every ¥ € R ;) and assume
that C C 3 is a closed convex subset onto which the metric projection P¢ : 3+ C is computable.
Suppose also that (A, £,&,B.,y, ) € B(X V)X B(X , L)X B(X ,3) X B(Ze, Z ) X ¥ X
R4 4 satisfies A*A — u£B*BL = O 9 and 03 € ri(C —ranC).

In the next theorem, (a) and (b) show that the set of all global optimal solutions of model
(3.3) can be expressed in terms of the fixed-point set of an averaged nonexpansive operator in a
certain Hilbert space, and (c) shows an iterative algorithm for model (3.3).

Theorem 3.1 (averaged nonexpansive operator T.pigmg and its fixed point approximation).
Consider Problem 3.1 under Assumption 3.1 with notations in Proposition 3.1. Define a real
Hilbert space (€ := X x Z x Ze,(-,") .||l w) as a product space. Define Ty iomE : H€ —
H: (x,v,w) = (E,8,n) with (6,7) e R xRy by

K
c

&= {Id—E(A A—uSBBE)]x SBBV—EECW—I-EAy

2
¢ :=Proxu [Tu

1N := Proxg: (2£:.6 — Lx+w),

B*BSE — %B*Bﬂx—k (Id —%B*B) v]
where Proxg:(wi,w2) = (w) — Proxg(w;),ws — Pc(w2)). Then
(a) The solution set . of Problem 3.1 can be expressed as
& = E(Fix (T.Ligme)) := {E (x,v,w) | (x,v,w) € Fix(T.LicMmE) } 5
where & : 7 — Xt (x,v,w) — x.
(b) Choose (0,7,k) € Ry xRy X (1,00) satisfying
ocld—JA*A —pugiL. - Oy
(3.5)
{ t> (5+2) 1Bl
Then
old —uL*B*B —uL’
P:= |—uB*BL tld Og(z.,7)| = Oun (3.6)
—H1Le  Ogyz z) pld

holds and Tig;gMgE IS T’il-averaged nonexpansive in the real Hilbert space

(A5 () 1l )-
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(c) Assume that (0,7,k) € Ri4 X Ry x (1,00) satisfies (3.5). Then, for any initial point
(x0,v0,W0) € F, the sequence (X, Vi, Wi )keN generated by
(Vk € N) (X415 Vier 1, Wit 1) = TeLiomE (X, Vi Wk)
converges weakly to a point (x°,v°,w®) € Fix(TeLigme) and

lim x, = x° € ..
k—yo0

Proof. See Appendix C. 0
Remark 3.3. For example, choose any k > 1. By letting 0 := ||§A*A —I—,uﬁjfﬁcHOp +(k—1)
and 7:=p (5 +2) ||Bng + (x — 1), it is not hard to verify that (o, T, k) satisfies (3.5).

The proposed algorithm based on Theorem 3.1 is presented in Algorithm 1. Algorithm 1 can
be seen as a generalization of [33, Algorithm 1] (Note: See [33, Remark 4] for comparisons
between [33, Algorithm 1] and possibly related proximal splitting algorithms).

Algorithm 1 for cLiGME model

Choose (xg,vo,wq) € F.

Let (0,7,Kk) € Ry xRi4 x (1,00) satisfying (3.5).

Define 3 as in (3.6).

k< 0.

do
Xi+1 < [Id —% (A*A — ‘LL,Q*B*B,Q)] X — %Q*B*ka - %£’C‘wk + éA*y
Vist ¢ Proxuy [2—“3*32)%1 — LB*Bex+ (Id—LB"B) vk}

T
Wi ¢ Proxgs (2€x,11 — Lexg + wi)
k+—k+1
while || (xx, vie, wi) — (X1, Vi—1 ,wk_1)||q3 is not sufficiently small
return x;

3.3. How to choose B to archive the overall convexity of Jy, ...
We present a choice of B to guarantee the overall convexity of Jy, o, .

Proposition 3.3 (A design of B to ensure the overall convexity condition in Proposition 3.2). In
Problem 3.1, let (2 ,%,%) = (R",R™ R), (A4,£,u) € R™" x R>*" xR, | and rank(£) = L.
Choose a nonsingular £ € R"™" satisfying [le(n,l) Il] £ =L Then

B=Bg:=/0/uA?UT e R 6 €10,1] (3.7)
ensures Jy, og, € Lo(R"), where

[Xl Xz} —Ag! (3.8)

~~ e [ e \ T o~ ~
and UANUT := A-erz —AIAI (A-IFA1> A-erz is an eigendecomposition.

Proof. The proof is similar to that of [33, Proposition 2] (for completeness, see Appendix D).
0
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The following corollary shows the choice of B (i=1,2,---,p) in Remark 3.2 to ensure the
condition for the overall convexity in Proposition 3.2. For self-containedness, we present the
following corollary in the context of cLiIGME model (3.3) although it is essentially same as [33,
Corollary 1] in the context of LIGME model.

Corollary 3.1 (A design of BY¥ to ensure the overall convexity condition in Proposi-

tion 3.2). In Remark 3.2, let (X, %,2) = (R",R" R), (A, L;,u) € R™" x Rixn x

Ry and rank(&;) =1 (i = 1,2,---,p). For each i = 1,2,--- p, choose nonsingular

Ei € R™" satisfying [Ol,-x(nfl,') Ili] Ei = £; and w; € R, satisfying Zf’zla),- = 1. For

each i = 1,2,---,p, apply Proposition 3.3 to ( %A,Si,,ui> to obtain Bgi> € Rixli sqt-
T T

isfoing (/%) (\/24) — wel (BY) BYi = On Then By : X[ RV — X[ RV :

(21, 2p) > (\/EBé?m,m 7\//,TpBg;>zp> ensures Jg, o0, € Lo(R™). This is verified by
P T
ATA—ug B BE =ATA—p Y pe] (BS}) BY'S;
i=1
o (T ()" glo
=u) (ATa - e (By) By<i) =0
i=1

4. NUMERICAL EXPERIMENT

We conducted a numerical experiment based on a scenario of image restoration for piecewise
constant N-by-N image, which is the same as [33, Sec. 4.2] but with considering additionally

multiple convex constraints. Set (2,9, 21,%,) = (RNZ,RNZ,RN(N*I),RN(N’1)>, N =16,

PO =9 = ||.|,, 1 =pp = 1and £ =D := [D]},D}]T, where Dy is the vertical differential
matrix:
D
Dy := D . c RN(Nfl)xNz
D
with
-1 1
D= c RIV-1)xN
-1 1
and Dy is the horizontal matrix:
-1 0}, 1
Dy = c RNW—1)xN?
-1 05, 1

The blur matrix is designed by
A:=ARAC ]RN2XN2,
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where ® denotes the Kronecker product and A € RV*¥ is defined by

1 _\ifjlz) o
Ai,j::{\/l.&neXp( o) li=jl<6

0 (otherwise).

. 2 . . . .
The observation vector y € RV is assumed to satisfy the linear regression model:
y=Ax"+E¢,
where x* € R is given by the vectorization of a piecewise constant image which is displayed

in Figure 3(A) and € € RV ? is additive white Gaussian noise. The signal-to-noise ratio (SNR)
is set by

111
10log;o-—— %~ = 20dB.
lell%

As available a priori knowledge on x*, we use (i) every entry in x* belongs to [0.25,0.75], (ii)
every entry in the background I,k is same but unknown valued (similar a priori knowledge
is found, e.g., in a blind deconvolution [44]). By letting 2" =: 31 =: 32, 3:= 3| X 3, €} :=
¢ =Ty, €= [e],¢]]",

= {xeRNz :31)(1‘: 1,2 ,N?)0.25 < x; §0.75},

2 . . . .
Cy = {VeC(X) eRV = 32‘X e RVN(W(i1, j1) € Toaek) (V(i2, j2) € Toack) Xiy =Xi27j2},
where
Ivack == [{1,2,3,14,15,16} x {1,2,--- | 16}]U[{1,2,--- ,16} x {1,2,3,14,15,16}],
we consider the following four cases:
(&) Cx* € Cq:=3:=RV xRV
(0) €x* €Cp:=Cy xRV
() €x* € Co:=RV x G,
(d) Cx* e CQ =C1 X C,.

For each case (s = &, {, O, #), we compared the following two models as instances of Problem
3.1:

(a) the anisotropic TV with constraint €x € C;:

minimize J;y. _
CreC, (Il ||1)02N(N_1>0D

() (= J).,00 (), (4.1)

where Oyyv-1) € R2VIN-1)x2N(N-1) jg the zero matrix,
(b) cLiGME for (¥, £) = (|||, ,D) with constraint €x € Cj:

mlgglclxze J(H~H1)39°D(x)’ (42)

The vectorization of a matrix is the mapping:
-
vec :R™" 5 R™: A [af a3 -+-ay]

where q; is the i-th column vector of A for each i € {1,2,--- ,n}.
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(1
B Onv_
where (i) the block diagonal matrix expression Bg = 61 N(% D| e RIVN-1)x2N(N-1)
ON(Nf 1) B@z

is given from Corollary 3.1 with 8; = 6, =0.99 and @; = @ = 1, and (ii) £; and £, with p =2
in Corollary 3.1 are given respectively by

o =D 3= I
L1 =Dy := {DEV} GRNZXNZ, £ =Dy := {[N O%;N(N—l)}] GRNszZ’

with E = [E,'J'] € RNXNz and

Ei,j:{l ((i—1)N+1=)

0 (otherwise)

(Note: (i) x* is not guaranteed to be a minimizer of the models (4.1) and (4.2), (ii) The case (&)
reproduces the experiment in [33, Sec. 4.2], (iii) For applications of LiGME model, as a special
case of cLiIGME model, to low-rankness promoting scenario, see [33, Sec 4.3, 4.4]).

For all cases, we applied Algorithm 1 to (xp,vo,wo) = (02°,02,04 ) with k¥ = 1.001 and
(0,7) in Remark 3.3. Prox, | is available as the soft-thresholding

0 (lzi] <)

P G RVVED LR T
[Proxy., ] (21,22, , Zan(v—1)) (2] —7)&  (otherwise).

Projections onto C; and C, are realized by

0.75 (0.75 < x;)
[PC1 ()C)],' = q X; (0.25 <x < 0.75)
0.25 (x;<0.25),

[Pe, (x)]i = Vb:ck| Xy () Elpack XJ (Yil (i) € Ivack)
;=
2 Xi (otherwise),

where Y (i, j) := i+ j(N —1) (See Appendix E).

Figure 1 shows the dependency of recovery performance on the parameter it in Problem 3.1.
The recovery performance is measured by the mean squared error (MSE) defined by the average
of

squared error (SE): ||x —x*||igtw

over 100 independent realizations of the additive white Gaussian noise. We see that constraints
are effective to improve the estimation and cLiGME model in (4.2) can achieve better estimation
than TV model in (4.1).

Figure 2 shows convergence performances observed over 5000 iterations. Common weights
are used as 4 = ury :=0.013 for (4.1) and pu = Ucrigme := 0.03 for (4.2), where these values
are best ones for the TV model and cLiGME model in the case of (&). Even if we use C; and
C,, the model (4.1) cannot achieve the level 10~ while the model (4.2) achieves this level only
with C.

Figure 3 shows the original image, an observed image and recovered images by the models
(4.1) and (4.2).
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06 ——TV (&) 06 —e—CLiGME (&)
——TV (¢) —t+— cLiGME ($)
=TV (V) o5t —*— cLiGME (©)
——TV (4) : —o— cLIGME (4)

0.4 04

0.3\\\4__—‘/’ y

7l OIZ\W/

01 0'10\6\9\—9/’9/

0.005 0.01 0.015 0.015 0.62 0.625 0.63 0.635 0.04
H 0

(A) (B)

MSE
MSE

FIGURE 1. MSE versus u (around best tt) in Problem 3.1 just after 5000 itera-
tions for (A) TV model in (4.1) and for (B) cLiGME model in (4.2)

102 102
S P TV (&) Y prosse CLIGME (&%)
) — — cLiGME (¢)
——TV (©) —-—- cLiGME (V)
101 —TV (&) 10! —— CLIGME ()
|
8 100 & 10°
|
1 e Y 3
107t 107 fizes,

1072 . . . 102 , ) : :

0 0 1000 2000 3000 4000 5000 0 0 1000 2000 3000 4000 5000
Iterations Iterations
(A) (B)

FIGURE 2. SE versus iterations for (A) TV model in (4.1) and for (B) cLiIGME
model in (4.2)

5. CONCLUSION

In this paper, we proposed the constrained LiIGME (cLiGME) model, as an enhancement
of LiGME model proposed in [33], for using closer nonconvex regularizers to naive discrete
measures for desired properties than their convex envelopes in the constrained least square
model without losing overall convexity. The proposed model covers multiple penalties and
multiple convex constraint sets. Therefore, we can apply the proposed model to many problems
in data science. We also proposed a proximal splitting algorithm for the proposed model under
the overall convexity condition. The numerical experiment on a simple scenario shows the

efficiency of the proposed cLIGME model and Algorithm 1 based on Theorem 3.1.

Acknowledgments
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(A) (B)

(C) TV Cg, (D) TV Cy (E) TV Co (F) TV Ca

(6) cLiGME Cg, (H) cLiGME C,, (1) cLiGME Co (7) cLiGME Cg

FIGURE 3. (A) original piecewise constant image of pixel values in
{0.25,0.5,0.75}, (B) observed noisy blurred image, (C-J) recovered images.
Each recovered image is obtained by Algorithm 1 at 5000 iteration and shown
with the pixel value range [0(black), 1(white)].
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APPENDIX A. PROOF OF PROPOSITION 3.1

(@ Yel'g(Z), 1c €Th(3) and Fact 2.1(a) yield ¥ € I'op(27).
(b) Forevery w = (wj,w2) € Z. =2 x3and B.=B®O03 € %(%,gc>,wehave

W () = 20) - i [$0)-+ 5 180w )

= W) +ie(e) = inf (W)t e(v) £ [Be((wrwa) = ()

(vi,m)eZ

= W0nr)ac(w2) = i [W) +e() + 1(BOn —v1).030n — )5

= ¥(w1) F1c(w2) = inf [(0) +[[(Bon —v)|%] — inf 1c(v2)
= (1) — min [W(r0) [ (BOn —v)|5| +1c(w2)

= (YD 1c)(w),

where the 5th equality holds by the coercivity of ¥ (see, e.g., [41, Proposition 11.15]) and
dom(¥) = Z.
(¢) From (3.4), we have

1
g 00.(6) =3 Iy — Ax|% + u¥s, o Lo(x)
1
=5 [y _AxH?y +u(Pp®1c)(Lx, €x)
1
= 5 Iy —Axllly + 5o £(x) + 1c(C),
which implies

. 1
argmin Jy, ¢ (x) = argmin ~ ||y —AxH?y + uW¥po L(x).
xeZ ‘ ec 2

APPENDIX B. PROOF OF PROPOSITION 3.2
First, we prove (C;) = ((C,). Fix y € & arbitrarily. Then, for every x € 2, we have
Ry, (3) = 5 v x| + 1%, 0 (1
= S y= vl + B(¥p 6 10)(2x, €
= 5y —Axl + 50 £(x) + 1) (B.1)

1 1
= 1A — (AYy 5 IV + o S +ic(@) B2

Let us focus on RHS of (B.1). Since W and £ satisfy the condition for the LiGME model in
Definition 2.1, Fact 2.4 yields Jy,oe = 5 ||- — |3 0A+Wpo L € Ty(2). On the other hand,
CNran€ # 0 and Fact 2.1(b) yield ic o€ € I'o(2"). Then, from dom(Jg, oc,.) = ¢ (cn
ran ) # 0, we can apply Fact 2.1(a) to RHS of (B.1), which yields Jg, ¢, € To(2).
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Next, let us focus on RHS of (B.2). Since % ||y||2g — (»,A-) 4 is affine function, (C;) <=
DA% + u¥po L +1c0€ € Th(2) < (C3) holds.

APPENDIX C. PROOF OF THEOREM 3.1

(a) We divide proof of (a) into two steps.
(Step 1) First, from Fermat’s rule and the definition of ., ¥ =
{x°€ 27|09 € dhp, o¢ (x°)} holds. In Step 1, we characterize .% in terms of an
affine operator and a set-valued operator.

Claim C.1. In Problem 3.1, for every x° € 2, we have x* € .7 if and only if there exists
(V,w®) € & x Z. s.t.

(O%,Og,O%) 6F(xo,vo,wo)—l-G(xo,vo,Wo),
where F : # — # and G : S — 277 are defined by

F(x,v,w):=((A"A—uL*B*BL)x— A"y, uB*Bv,0 %),
G(x,v,w) :={uL*B*Bv+uLiw} x (—uB*BLx+ ud¥(v))
X (—uLex+ ud¥P*(w)).

(Step 2) Next, we prove that
(x°,v°,w°) € Fix(TeLiome) <= (P —F)(x°,v,w°) € (B+G)(x°,v°,w°) (C.1)

holds for every x* € 27, by using ‘P in (3.6).
Proof of (Step 1)
First, we decompose (B.1) as

1 2 ) 1 )
5,00 = 3y = Axlfy -+ RP(E) — iy [90) + 5 1B (2] + e
1 1
= (3013~ ey + 5 Iaxl )+ () + ()
in | ¥ L Bex2— (Be LBy
~pumin [() + (5 [BEx|% (B B) 5+ 1 1B
1 2 2 1L
=5 (llaxlly = p 1BLx%) = 0vAx)5 + 5 D115 +RE(LY)
(@) + pmax i (v
ve?

l * E s 1
=5 (0 (A"A~ pEB'BL)x) 5 — (. Ax)y + 5 DIl

+H¥(Lx) +10(Tx) + pmax v (),

(C.2)

where

1
Wt 2 S Rix— — (‘P(v) +5 1BY]|%— <Bv,B£x>5;) : (C.3)
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We evaluate the subdifferential of the RHS of (C.2). At this point, we use

max ¥, (x) = max (—‘P(v) — % HBVH%;—F (Bv, B£x>§:)

veZ veZ
1 *
_ Km : ||B-||§?) o B*} 0 BL(x), (C4)
03 € ri(dom(ic) —ran(C)) (C.5)
and
1 N
dom((‘PnLEHB-H%;) oB ) =%, (C.6)

where (C.5) is in Assumption 3.1 and (C.6) is verified, with the coercivity of ¥, by
0N 1 2 ’ *
(Vze Z) (‘IH—E ||B||f;;) (B*z)

= sup <<V7B*Z>gf —¥(v)— % ||BV||%7>

ve?
. 1
< sup (-%) + sup (0525 — 3 01 )
veZ ve?

1 2
=m v m B — By~ | < oo.
VGE}Z);( (V)) vea.g"( << V,Z>g 2 H VH"JX)

In the RHS of (C.2), the first three terms are differentiable and we obtain
1 * * %k 1
Iy, g, (x) =V (5 (x, (A"A = u&B"BL)x) 5 + 5 Iyll% — <y,Ax>@)

+9d <u‘P02—|—um2§§%+lC0€) (x)
VEZL

= (A*A—uL*B'BL)x—A*y+ 1o <‘I‘ oL+ max y, +1co Qf) (x). (C.7)
ve

From dom(Wo £) = 2" and dom (max,c # W,) = 27, the sum rule (2.2) decomposes (C.7)
as

Oy, oz, () = (A"A — LE B'BE)x — A"y + 19 (Yo £)(x)

+ud (52%@25 l,llv) (x)+ 9 (1c o €) (x). (€5)
From [33, Lemma 1], we have
Oy €ri (dom((‘l’—l—% ||B||;;«) *) —ran(B*)) : (C.9)
By applying the chain rule (2.3) to ico €, (C.4) and W o £, we have
d(1co€)(x) = dic (Cx), (C.10)

* 1 2 *
J (rvrézgéw) — (B£)*0 KlP+§ HB~H§) oB ] oBE, (C.11)
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and
0 (Wol)(x)=L"9¥(Lx), (C.12)

where (C.10) is verified by (C.5), (C.11) by (C.6) and (C.12) by dom(¥) = 2. Applying
again the chain rule (2.3) to (C.11) with (C.9) , we have

*

) <max %) — (B*BL)* 0 (‘P+% HB-H%) (B*BL). (C.13)

veZ
Moreover, (C.10), (C.12), and the definition of ¥ in Proposition 3.1 yield
nd(WoL)(x)+d(ico€)(x) = uL ¥ (Lx) + € dic(€x) = uLd¥(Lex). (C.14)
Then we simplify (C.8) with (C.13) and (C.14) as
ANy, og.(x) = (A"A—puL"B*BL)x — A"y + uL 0¥ (Lcx)

o oo\ (C.15)
+u(B'BL)" 0 ¥+ |B|%) (B'By).

Furthermore, by
w® € ¥ (Lx°) < L.x° € P (w°),
VWed (\p+ % ||B.||%,v) * (B*BEx°)
<« B*B&x° €0 (\p% HB-||§?) (+°)
<= B*'B&x° € d¥Y(V’)+B*'BY°

due to the relation between the subdifferential and conjugate (2.4) and the sum rule (2.2)
with dom(¥) = 2, we deduce from (C.15)

e
(09 € (A*A— uL*B*BL)x° — A"y + uLw® + u (B*BL)*»°
<= { B*BLx° € d¥(v°) +B*BY°
[ £cx° € dP*(W°)
09 € (A*A—uL*B*BL)x° —A*y+ uLiw®+ uL*B*Bv°®
= 0y € —uB*BLx° + uB*Bv° + ud¥(v°)
[ 02 € —uLx®+ ud¥ (w)
< (Og,Og,Oz,) cF (xo,vo,wo) + G(xo,vo,wo)

which completes the proof of Claim C.1.
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Proof of (Step 2)
(C.1) 1s verified by

TeLiome (x, v, w) = (§,8,1)
[cld— (A*A — uL*B*BL)|x — uL*B*Bv — uLiw+A*y = 6&
= 2uB*BLE — uB*BLx® + (tId—uB*B)v € (tld+udW¥) (¢)
QUEE — S+ pw € (1A +d%) () = 1 (1d +0%*) (1)
— (B-F)xvw) e (B+G)(&,6n), (C.16)

where we use the relation between the proximity operator and the resolvent of subdifferen-
tial (2.7).

(b) First, under condition (3.5), we prove ‘3 > O _». The Schur complement (see e.g. [45,
Theorem 7.7.7]) yields

‘B =0

tld Oy, Qa)}l {—,uB*BE
Og(z 2y  uld —uLe

1ld Oyw o | [—uB*

<« old— [-uL*B*B —ugy { ] =0y

<« old— [-uL*B*B —ug S %Id e,

2
— GId—%S* (B'B)* £ — UL L. = Oy

2
— (GId—gA*A . us;sc) n (%CA*A - %s (B*B)2£> =0y

From (3.5), it is sufficient to show ('%A*A — “—;2* (B*B)2 2) = O4 . Using (3.5), we have

2 2
(Vxe Z) (x, S (B*B)*&x) = il |1B*BLx||>
T T z
Z

HZ 2 2
< 1Bllp [[1BLx]| 5

2| (k2 o 2
SHu 5"”; .uHBHop HBHopHnguf
K 2 K * %
SHy |BLx|| %= ) (x, £°B*BLx) o,
which yields
2
L M7 s k2 LY K * %
(Vx S %) <x, (EA A— 72 (B B) 2) X><% Z <X,§A Ax>g{ —,LLE <X,£ B B£X>%

_ g (x,(A*A — L& B*BL)x) , >0,

where the last inequality holds by the assumption A*A — u£*B*BL = O - in Assumption
3.1.



A CONSTRAINED LIGME MODEL 267
Next, we prove that TcLiGME is 57— -averaged nonexpansive over (7, (-, )y [|*[l3)- By
applying B > O_y to (C.16), we have
TCLiGME(xavaw) = (572::717) — (m—F)(X,V,W) S (‘13+G)(57Ca77)
= P (PB-F)lxvw) €PF+G)E,Cn)
= (=P 'oF)(xyw) € [d+P~0G)(E L m). (CID)

Moreover, as will be shown later, 8! o G is maximally monotone over (7, (-, Do )

which implies its resolvent (Id+3~' o G)~! is single-valued and %—averaged nonexpansive
over (J,(-,)q, || lyg). Therefore, from (C.17), we obtain the expression

Tewiome = (1d+B 10 G) o (Id—P 1o F)
1 1
=(Id+p'oG) o ((1 — E) ld+— (ld—xp~! oF)) :
where the nonexpansiveness of Id —k3~! o F over (47, (-, g+ [l llg) is proven as follows
by using

A*A—‘LLEQ*B*BS O(@(g)ﬂgg) Ogg(%’%)
M = O@(%vg) ,UB*B O@(gﬁg) = O p. (C.18)
On2.2) Omzz) Oz

With M* = M and the expression (V(x,v,w) € )

X —A*y
Flx,yw)=M |v|+ | 0% |,
w 0

we have for all uy,u € 7,

[(1a—xp~ oF) i — (14K o F) |
= [ —w2) =k [(B o F) (w) = (B~ F) (w)] 5,
= ||U1 —ll2||§3—21(<l11 —llz,F(ll1> —F(llz)>jf+ K2 H (‘B_l OF) (lll) — (‘B_l OF) (llz)“fp
= HU1 —u2H§3 —2K’<U1 —llz,M(lll) —M(U2)>%—|— K2 <§B71M111 —‘,B’IMuz,Mul —Mll2>jf
= lhus — ol — 2 {wr —wy, (M - ng—lM) (uy —u2)>%,
which implies, by the property of Schur complement,
(Id—K‘B_] oFis nonexpansive) = M- gM‘B_'M = Oy

M M
|:M 2K—1§B:| = O%Xﬂf
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Moreover, by

(Y(uy,m) € H x H) < N

up

M M [18]
L o] ),

= (u;,Muy) , + (U, Muy) ,, + (wa, Muy) ,, + 25 (up, Puy) ,,

K
= <ll1 —l—llz,M(ll] —I—llz)>{%p —I—ZK‘il <u2, <m — §M> ll2>jf,

we have
K
(Id —kPloFis nonexpansive) <= P — §M > Oy,

where
. old —ug*B'B  —ug;
P EM: —UB*B& 71d Oz, )
—puLe  Ogz %) pld

A*A—[.LS*B*B,S Ogg(g’%) Ogg(z,%)

K *
-3 Oz ) UB'B Oy, )
Oz %) Ogz.2) Oz
GId—(K‘/z)A*A O@(gﬂ7%) —,I.LS;
=| Oguz.2) Oz  Ozz,2)
—uL, Og(z »)  nld
(ku/2)L*B*BL —uL*B*B Og(z. )
+| —uB'BL  tld—(ku/2)B*'B Oy z)
Oy .2, Oz 2) Oz

By the property of Schur complement, we have

old —(K/Z)A*A O%(g’%) —,USZT
Og(2 ) Oz  Ogz.z) | =O0x
—nLe Onp(z2) uld

= old—(K/2)A'A— pLiL. = 0y (<= (3.5))
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and

[(ku/2)L*B*BL —ul*B*B Oz(z.2)

Ox=| —uBBEL  tld—(ku/2)B'B Oy %)

Oy 2 7) Og(#, %) Oz
[ £ Ogr.a)| [(ku/2)B*B —UB'B
= ’
= Ogxz = Ou2.2) Id —uB*B  tld—(xu/2)B*B

[ £ 093(%,%)]
Oz, ) Id

—Oprr = {“{“/ B8 —uBB } , (C.19)

—uB*B  tld—(xu/2)B*B
implying thus (RHS of (C.19)) = P — 5M = O 4. The RHS of (C.19) is guaranteed by

vi| |(xu/2)B*B —uB*B Vi
(vl7v2€odf) <|:V2:|,|: —‘LLB*B TId—(K‘LL/Z)B*B Vs s
= (v1, (K1 /2)B"Bv1) o — (v1,UB"Bv2) 5 — (v2, UB"Bv1)
+ (vo,(tId—(xu/2)B*B) V2>5f
_2p |k 2 2u 2 .
= || 5B S Bl (1 (k28" B) )
_ 2u 1k 2 2 K 2 )
=2 S el (53 ) B2l

2 K, 2 2
> clhally - (5 +2) 1wl

K 2 2 2
> (e-u(5+2) iy ) el 20

Consequently, we have proven that Id —3~!' o F is %-averaged nonexpansive and, by Fact
2.3(a), Terigve = Id+PB 1o G) 1o (Id—P~1 o F) is se—7-averaged nonexpansive over

Finally we show the maximal monotonicity of ‘B! o G over (7, (-, Do M) Let Gy
be a set-valued operator:

Gi:H =27 (x,v,w) = {04} x (WOP(V)) X (LOF* (w))
and G, be a linear operator:
Gy: H — A (x,v,w) = (LWL B"Bv+ uLiw, —uB*BLx, — 1 L£.x).

Then, from [41, Theorem 20.40, Proposition 16.9, 20.23], G| is maximally monotone
over (J€,(-,-) |||l ). Also, G is bounded linear skew-symmetric operator (i.e. G €
B (A, ) and G5 = —G,) and thus is maximally monotone over (7, (-,-) », ||| »)
from [41, Example 20.35]. Moreover, from dom(G,) = . and [41, Corollary 25.5 (i)],
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G = G| + G, is maximally monotone over (7, (-,-) .||l »). Thus, B~ o G is mono-
tone over (J, (-, ")q.|*[lgs). Next, we confirm the maximal monotonicity of PloG
over (J, (-, )y, ||llp). Assume that there exists (u,z) ¢ gra (P~ oG), which implies

(u,%z) ¢ gra(G), s.t. (V(',2) € gra(P~'0G)) (u—u',z—2)py = (u—v',P(z 7)) >
0. However, because of (W/,Pz') € gra(G), it contradicts to the maximal monotonicity of
G. Hence, B! o G is maximally monotone over (77, (-, Dol llg)-
(c) From (b), we can apply Krasnosel’skii-Mann algorithm (Fact 2 3(b)) to T.ricmE, Which
yields (c).
APPENDIX D. PROOF OF PROPOSITION 3.3

If 6 = 0, we have By = O; and Jy,, ¢, € I'o(R") for all y € R™ by Proposition 3.2.
Let 6 € (0,1]. From Proposition 3.2, it is sufficient to show

ATA—ug"BiBeL - 0,.
[O1x(u_p) 1n] £= £ and the definition (3.8) show
0, <ATA—ug BBy g
—ATA—u ([le(n—l) L] N) ByBg ([le =) Tn] ~>
— 0, (AZ:1>T <A§3’1) —1[Opuen) 1] BIBo [Opnop) 1]
= [gl Kz]T [21 gz] — 1 [0 (ni) In}TBgBe [O1x(n—ty Tn]
_ [zml ATA,

el (D.1)
AJA; AJA,—uB]Bg

ATA : 7 (777 )\ iTE _aTq ATA e
A{ A1 = O; holds obviously and A} A, <A1A1> AjAy =A[A; duetoran <A1A2> C ran <A1> =
~— o~ ~r o~ e~ N\ T
ran (A-I'_A1> =null (A-IFAI <A-1'-A1> — In_l>. Thus, by [46, Theorem 1], we have
(RHS of (D.1)) <= Al A, — uBlBg—AJA (A"{ZI)X{& > 0. (D.2)
e e o N
Since By satisfies 9_1,113539 :AJAZ —A2TA1 (AlTAl) AlTAz, we have

(RHS of (D.2)) <= 6 'uB}Bg — uB}By = O. (D.3)

Since 6~! > 1 and Bng = Oy, RHS of (D.3) holds and therefore we have proven S, oe, €
[o(R™).

APPENDIX E. PROOF OF COMPUTATION OF PC2

First, from the definition of the projection, we have
N2

FPc,(x) = argmin [|x —yl|5, = argmin Z (xi —yi)*.
yety yela =1
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Since C; influences only background entries {i € {1,--+,N*}[Y7!(i) € yoex } With some con-
stant level, say ¢ € R, we have

1y
[Pcz(x)]i:{c (X00) € D)

x; (otherwise).
Moreover, by

Ae)= Y (xi—c¢)?

! (l) Elpack

2 2

1 1

= |Ioack] T Y =« T Y x|+ Y i
back Y_l(i)elback back Y_l(i)elback Y_l(i)elback

2
1
> — I Z xi | + Z x?,
| baCk| Y_l(i)elback Y_l(i)EIbelck
which implies
1
argmin A(c) Xi.

ceR |Iback’ Yil(i)elback
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