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PARALLEL PROJECTION METHOD FOR SOLVING SPLIT EQUILIBRIUM
PROBLEMS

AVIV GIBALI?*, YUSUF L. SULEIMAN?

' Department of Mathematics, ORT Braude College, P.O. Box 78, Karmiel 2161002, Israel
2The Center for Mathematics and Scientific Computation, U. Haifa, Mt. Carmel, Haifa, Israel
3Department of Mathematics, Kano University of Science and Technology, Wudil, Nigeria

Abstract. In this paper, we study a class of bilevel multiple-sets split pseudomonotone equilibrium
problems in real Hilbert spaces. A new parallel projection method is presented and a strong convergence
theorem for solving the problem is established under mild assumptions. Our result is general and extends
several existing results in the literature.
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1. INTRODUCTION

Censor et al. in [1, Section 2] introduced a prototypical split inverse problem (SIP). Let X and
Y be two given vector spaces, and let A : X — Y be a linear operator. In addition, two inverse
problems are involved. The first one, denoted by IPy, is formulated in space X and the second
one, denoted by IP», is formulated in space Y. Given these data, the split inverse problem is
formulated as follows:

find a point x* € X that solves IP;
such that
the point y* = Ax* € Y solves IP;.
The first instance of the SIP is the split convex feasibility problem (SCFP) due to Censor and
Elfving [2] in which the IP; and IP; are feasibility problems, that is, x* € C and y* € Q, where
C and Q are nonempty, closed, and convex sets in the corresponding spaces. The theory of the

SCFP attracted much attention due to its wide applications in the real world. Another special
case of the SIP is the multiple sets split feasibility problem (MSSFP) [3] of the form:

findx* € C:=nY ,C; suchthat A(x") € Q:= ﬁlj‘-ile,

where {C;}}| C H; and {Q;}}L, C Hy are nonempty, closed, and convex sets in real Hilbert
spaces H; and Hj, respectively, and A : Hy — H; is a bounded linear operator. In [4], the
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MSSFP was successfully applied to inverse problems arising in radiation treatment planning,
image reconstruction and so on; see, e.g., [3,4, 5, 6, 7].

The classical equilibrium problem (EP) [8] associated with a nonempty, closed, and convex
set C and a bifunction f : C x C — R consists of finding a point x* € C such that

f(x",y) >0, VyeC. (L.1)

The equilibrium problem provides tools to model many nonlinear operator problems with ap-
plications; see, e.g., [9, 10] and the references therein. For a given mapping F : C — H, if
f(x,y) :== (F(x),y — x), then problem (1.1) is equivalent to the classical variational inequality
problem (VIP) of Fichera [11, 12] and Stampacchia [13]. The VIP is formulated as follows; find
a point x* € C such that (F(x*),x —x*) > 0, Vx € C. In 2018, Quy [14] introduced the bilevel
split equilibrium problem (BSEP). Let C be a nonempty, closed, and convex set, f : C xC — R
a bifunction, and B : C — C a strongly monotone mapping. The BSEP consists of finding a
point x* € Q° such that

(B(x*),y—x*) >0, ¥y € Q0 := {z €C:A(z) € Qand f(z,y) >0, Wy C}. (1.2)

Imposing some conditions on sequences {¥,}_1,{B.}r_y, and {p,}5_;, Quy [14] established
the following iterative procedure for solving (1.2)

(Vi = Pe (0 — 1A* (I — Pp)Axy ),

va = argmin {f(yn,y) + 5 ly = yall*},

yeC f” (1.3)
Zn:argmin {f(Vnay>+2 Hy_y”HZ}’

yeC Pn

(Xn+1 = ann + (1 - Bn)zn - (Xn[.LB(Zn).

Bilevel problems attracted considerable research interests due to their wide applications in var-
ious fields ranging from transportation engineering (optimal design, optimal chemical equi-
libria, and network design [15, 16, 17]) to management economics (network facility location,
Stackelberg games, principal-agent problem, taxation, optimal pricing, and policy decisions
[15, 17, 18, 19, 20]). In [21], Suleiman et al. modified algorithm (1.3) and introduced a self-
adaptive extragradient-CQ method (BiS-ECQM) that clearly demonstrates good theoretical and
practical features.

The purpose of this paper is to introduce a bilevel problem, bilevel multiple sets split equi-
librium problem (BMSSEP). Let {C,-}i.\': . CHj and {Q 1}1]”: , C Hy be nonempty, closed, and
convex subsets, f; : C; x C; — R a bifunction, and B : C — C a strongly monotone mapping. The
BMSSEP is formulated as follows

find x* € Q := MY, SOL(f;,A,C;) such that <B(x*),y—x*> >0,VyeQ. (14

To solve (1.4), we propose a parallel self-adaptive extragradient-CQ method (BiP-SECQM).
The computational advantages of our scheme lies in the fact that, per each iteration, the vectors
move in parallel from i = 1 through N and from j = 1 through M until a common solution is
reached at the lower level before it can move to the upper level. This clearly links our result
and the results of Quy [14], and also generalizes other important results, such as the system of
equilibrium problem [22] and the multiple-sets split equilibrium problem [6].
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The paper is organized as follows. We first recall some basic definitions and results in Sec-
tion 2. In Section 3, we present our new iterative method for solving bilevel multiple-sets
split equilibrium problems and prove its norm convergence. In Section 4, we illustrate the
performances of our proposed algorithm via a numerical example. Concluding remarks and
conclusions are given in Section 5.

2. PRELIMINARIES

In this section, we give some definitions and basic results, that will be used in our convergence
analysis. Let H a real Hilbert space, whose inner product and norm are denoted by (-,-) and
| -]|- Let C C H be a nonempty, closed, and convex set. — and — are denoted for weak and
strong convergence of a sequence, respectively.

Recall that a bifunction f : C x C C— R is said to be

(i) monotone if f(x,y)+ f(y,x) <0,V x,y € C;
(ii) pseudomonotone with respect to x € C if f(x,y) >0 = f(y,x) <0, Vy € C;
(iii) pseudomonotone with respect to @ #= Q C C if, Vx* € Q,

f&y) =20 = f(yx) <0, VyeC;
(iv) Lipschitz-type continuous if there are two positive constants L; and L, such that

f(x,y)+f(y7Z) 2 f(x,Z) _Ll ||x_yH2_L2Hy_Z||27 \V/X,y,Z € C;

(v) jointly weakly continuous 1imy_ses f (X4, yn) = f(x,y). where {x,}>_, and {y,};_, are
two sequences in C converging weakly to x and y, respectively.

Recall that a single-valued mapping f : H — H with domain D(f) in H is said to be
(vi) B-strongly monotone if there exists f > 0 such that

(f(@) = F)sx=y) = Bllx =yl ¥ x,y € D(f);
(vil) monotone if
(f(x) = f(y),x—y) =0, Vx,y € D(f);
(viii) pseudomonotone if
(f(x),y=x) =20 = (f(y),y—x) 20, Vx,y € D(f);

(ix) L-Lipschitz continuous if there exists a positive constant L such that ||f(x) — f(y)|| <
Lilx=yll, Vx,y € D(f).

A metric projection onto C is the mapping Pc : H — C, which assigns each x € H to the (nearest)
unique point Pc(x) in C, i.e., ||x — Pc(x)|| = min{|lx—y|| : y € C}.
Next, we recall some useful lemmas.

Lemma 2.1. [23] Let B: H — H be - strongly monotone and L-Lipschitz continuous on H with
0<6<1,0<0<1-90, and0<u<i—g. Then, for all x,y € H,

[((1—0)x—6uB(x)) — ((1—0)y—0uB())|| < (1-0—67)lx—y|,
where T=1—/1—u(2f —uL?) € (0,1].
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Lemma 2.2. [24] Let {a,};_, be a sequence of real numbers such that there exists a subse-
quence {n;} of {n} such that a,, < ap,,, for all i > 0. Then there exists an increasing sequence
{mi}y_; € N such that my — oo and the following properties are satisfied by all (sufficiently
large) numbers k € N : ap, < am,,, and ay < am,, . In fact, my is the largest number n in the
set {1,2,....k} such that the condition a, < a1 holds.

Lemma 2.3. [25] For each x1,x2,...,.xm € Hand oy, 00, ..., 0y, € [0,1] with Y7 | oy = 1. Then
2 2
||061X1—|—OC2)C2+...+OCme||2: T:I (X,'HxiH _Zlgi<j§maiaiji_xjH .

Lemma 2.4. [26] Let {y,};_, be a sequences in (0,1), and let {6,};_, be in R satisfying
Yo Yo =ccandlimsup,_,., 0, <0or Y, |¥.6n| <oo. If {an};_, is a sequence of nonnegative
real numbers such that a,+1 < (1 —Y,)a + Y, 6n, Yn > 0, then lim, e a, = 0.

3. MAIN RESULTS

For the convergence analysis of our method, we denote by
SOL(f;,A,B,C;) = {x cQ: <B(x*),y—x*> >0, Vye Q},
the solutions set of (1.4) and assume the following assumptions on the BMSSEP data.
Assumption 3.1.

(A1) Bis B-strongly monotone and L-Lipschitz continuous on every bounded subset of H;

(A2) f; is pseudomonotone, jointly weakly and Lipschitz-type continuous with constants L
and L,, foreachi=1,2,...,N;

(A3) fi(x,-) is convex and subdifferentiable on C; for each i = 1,2,...,N;

(A4) SOL(f;,A,B,C;) # 0.

Remark 3.1. To initialise our procedure, we choose parameter sequences as follows:
(B1) {8}, C[8,8] C (0,1] such that YN | &i = 1;

. n _ _ .
(B2) {pj}i_; C [p,p] such that [p,p] C (0,min{ 57—, 57- 1)
B3) {0} 1, {Bn}ir_; € (0,1) such that lim, e 06, =0, ¥'"_; 0, = e and

0 < B, < 1— ay satisfying lim,, .. B, = K < 1.

Algorithm 3.1 (BiP-SECQM).

Initialization: Choose xy € C :=NY_,C;.

Iterative steps: Given the current iterate x,, the next iterate x,, | is updated according to the
following steps.

Step 1: Solve N strongly convex programs in parallel:

- . | ; . ; 1
v =argmin { fi(xn ) + 5 lyv=xal?f, 2 =argmin {A050) + 5y =l
yeC; Pr ye(C; Pn

N
and set 7, = Y 8,2,
i=1

1
Step 2: Compute F(Z,) := 3 |AZ, — PpAZ;||* and VF(Z;) = A*(AZ; — PpAZ,).
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Step 3: Select a step-size {7}, as follows:

an%, if VF(z;) #0;

Y=
0, otherwise,
with {¥%,}>_, and {0, }_; C (0,4) satisfying the following conditions:

(C1) 0< <y <t forsomet;,h E RandVn el = {nz 1:VF(z,) #O};
(C2) inf{4—0,} >0.
nel

Step 4: Compute u, = Pc (Z_n — 1% VF (E)) )
Step 5: Update the next iterate as x,,+1 = Bpx, + (1 — Bp)un — 01t B(uy,). If x,41 = x,, then
STOP, and x,, is a solution of the BMSSEP (1.4); Otherwise, set n <— n+ 1 and go to Step 1.

The following lemma is essential to our the convergence analysis of the above algorithm.

Lemma 3.1 ([27], Lemma 3.1). Assume that the conditions (A1) — (A4) of Assumption 3.1 hold
and x* € NY_ SOL(f;,C;). Let {x,}>_, be a sequence generated by Algorithm 3.1. Then

(a) P;l1 (fz(Xm)’)_ﬁ(xna}’il)) Z <}’;l_xn:y;l—)’>a vy € Ci7 l: 172a"~7N;

—(1=2p,L1)||xn (1-2p;L)

Lemma 3.2. Assume that the conditions (A1) — (A4) of Assumption 3.1 hold. Let {x,}_

n=1»

i Ad e, {un s, and {Z,}_, be the sequences generated by Algorithm 3.1. Then,
the following inequalities hold.

2
, VneNlN.

X, —x*

i i
Yn— Zn

; 2

(1) £, 81 =203 [ i ||+ 220 831 =201 oty — 2| < o | = -
x* Z,Vx* € SOL(f;,A,B,C;);

(2) <VF(E) Z—x > > 2F(z), Vx* € SOL(f,,A,B,C));

(3) ou(4—0,) ”<VFF<§" 7 < 1z —x|2 = g — 2|7, Vx* € SOL(f;,A,B,C;);

(4) {xatmeis {Mn}nfl, and {z, };._, are bounded.

Proof. Let x* be an arbitrary element in SOL(f;,A,B,C;), that is, x* € NY_ SOL(f;,C;) and
A(x*) e OJ}’IZIQ ;- It follows from Lemma 3.1 that

2 —x* 2_ Xn—x|| = (1=2p Ly)||x, — ¥, 2—(1—2p;;L2) yo—z ’ (3.1)
Since inequality (3.1) is valid for each i € {1,2,3,....,N} and 7, = ¥V | §iz/, we have
Zi—x H _HZS’zn—x (g — x*) (3.2)
Applying Lemma 2.3 to (3.2), we obtain
I D CTE R yE A P D ¥ 1 E] R
i=1 i=1 i=1

k=1



166 A. GIBALL Y.I. SULEIMAN

Substituting (3.1) into (3.3), we have

P sl s e e skl kP
in—X :;6;1 — _E;Z&lén Zp —Zp
i= i=1k=1
N 2 . 112
< Y85 (o= || = (1= 205L0) a3
i=1
; : 2 I k
~=20i) -4 )~ 5 X Y siok]e
i=1k=1
Hence
N ) 2 N .
& | = Y &1 =2p0L) [ =i || = L 81(1-2p,L0) |y~ 2,
i=1 i=1

Since A(x*) € ﬂM 1 ,0;:=0,wehave A(x*) —Pp(Ax*) =A(x*) —A(x*) = 0. It follows from the
firm nonexpansweness of (I —Pg) that
(VF(Zn),zn—x") = (A*(I — Pg)A(Zn),Zn — Xx*)
= ((I—Po)A(z),Azn —x"))
= (I =Po)A(z) — (I = Pg)A(x"),A(Zn) — Ax"))
> |[(1 — Po)A(m)|1>

Hence, we have (VF(Z,),Z, —x*) > 2F (z;), V n € N. From the definition of {u, }*"_,, we obtain
= x*|1> = || Pe (za — 1 VF (@) — Pe(x*)|?
< Nz = % VF (@) =2 |* = [z —x" = % VF (@)
<Nz =2 + 1% VF @)1? = 2% (VF (Z) Z0 =)
<z —x" Hz""}'zHVF( Zn) |2_4YnF(5)
(F(zn))? 2 F(zn)
= 2P+ 0 o | VF (%) |2 = 40 o 2 F (Z)
" [IVFE)II* " YIVE@)*
S 2 (F(m))? (F(z))?
= ||z — x>+ — 40y o s
"||VF( IVF )l IVF (@)1?
Therefore, we have
_ F (@)
— x> < |lzy —x*||? — 6,(4 — (—"v cN. 3.4
Hl/ln X H — ||Zn X || Gn( Gn)HVF( )||27 n ( )
From conditions (C1) — (C2) on {0, };>_, and (3.4), we have
[t —x*||* < [|7w —x*[|%, VR €N (3.5)

In view of (1) and (3.5), we conclude

et — x| < ||z — x*||> < ||xn —x¥||%, Ve N. (3.6)
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Using Algorithm 3.1, we have

1 — x| < “((1 — Bn)un — cta U B ”n)) ( 1—B)x* an.uB(X*»
+ Ba(xa —x7) — €uuB(x")]|
<|| ((1 — Bu)un — O‘n.UB(“n)) - ((1 — Ba)x" — O‘nNB(X*)) |
+ Ballxn = x| + 06t |B(x7) |
< (1= B = 0 ) |tn = X7 + Ballxn — x| 4 ot || B(x") |
ul|B ( )||

< (1 — o) ||%p —x*|| + TOO, —————

where the last two inequalities follow from Lemmas 2.1 and (3.6), and

v=1-/1-p@2p —pL?) € (0,1].

Hence,

B
]|xn+1—x*]|§max{||xo 1|, HIBLx )”},vneN.

This indicates that {x,}’>_, is bounded. From (3.6), we conclude that {Z,}>_, and {u,};_, are
bounded. By virtue of condition (A1), {B(u,)};_, is also bounded. O

Now, we are in position to prove the main convergence theorem.

Theorem 3.1. If the assumptions of Lemma 3.2 hold, then the sequence {x,};_, generated by
Algorithm 3.1 converges to x* € SOL(f;,A,B,C;) in norm.

Proof. Let x* € SOL(f;,A,B,C;). Using Lemma 2.1 and the following known subdifferential
inequality ||x — y||> < ||x||> —2(y,x —y), Vx,y € Hj, we have

ot = |2 = [[((1 = Bt — 0t B(1ta)) — (1= Bo)x" — 0t uB(x"))
+ B (xn —x*) — O‘n“B(X*>||2
< H((l - Bn)”n - O‘n,uB(”n)) - ((1 _ﬁn)X* - an,uB(X*))
+Bn(xn _X*>||2 - 2OCnIJ <B(X*)axn+1 _X*>
< (1= Br)utn — @upaB(un)) = (1 = Bo)x" = cupB(x"))|
Bl )~ 20 (B s — )
< (1= By = ) — 7] +ﬁnuxn—x*u)z—zanuw(x*),xm —x*)
< (1 —ﬁn—amnxn—x*n+Bn||xn—x*||)2—2anu<B(x*>,xn+1 —x).
This implies that

o1 —x¥[12 < (1 = 04,7) |30 — x¥]|2 = 204,10 (B(x*), Xps1 —x*), VR €N, (3.7)

In order to show that {x, }*_, converges strongly to x*, we consider two possibilities on {||x, —

X
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CASE 1. Assume that there exists ng € N such that {||x, —x*||}**_, is monotone decreasing
for n > ng. Since {x,};"_, is bounded, the limit of {||x, —x*||}5_, exists. It follows from (3.6)
and (3.7) that

0 <l — | — ||z — 2"

0, T 20,1 o % 1
< — — B —
= 1_ﬁn||ZVl X 1_Bn< (x ),X xn+1>+1_ﬁn

“II? NP = lxner —x*1%) -

(3.8)

By condition (B3) on {f,};,_, and {a,},_; as well as the fact that limit of {||x, —x*||};_,
exists, we have

(||x,l—x

Tim (flv — x| = ||z — x"[|?) = 0. (3.9)
B combining (3.6), (3.8), and (3.9), we have lim (|]xn —x*[|* — ||lun —x*||?) = 0. Again, by (3.8)
and (3.9), we obtain

Tim ([lun —x"|* = | —x7*) = 0. (3.10)
On the other hand, Lemma 3.2 (1) yields that

N

2 . .
+Y 6,(1—-2p,Ls)
i—=1

i i i
Xn—Yn Yn =2

N
0<Y 8(1—-2p,L1)
i=1

2
<

—_ *
Zn_x

N 2

Using (3.9) and the conditions (B1) and (B2) on {9,};-_, and {p, };_,, respectively, we deduce
that ' o
lim ||x, —y'||>=0and lim ||y, —Z|>*=0, i=1,2,3,...,N. (3.11)
n—yoo n—yoo

In view of Lemma 3.2 (3) and condition (C1), we have
0 < 12(4— 0n)F (Zn) < [z — " — [l — 27|
It follows from (3.10) and condition (C2) that

lim F(z,) = 0. Hence lim ||(I — Py)AZ,|| = 0. (3.12)
n—oco n—yoo
Using (3.12) and definition of {u,}_,, we get
lim ||, — || = 0. (3.13)
n—yoo
It is easy to see that
. . N . . N . . . N . . .
vz = |- L o] = | L eioh -] < Yol -,
i=1 i=1 i=1

which together with (3.11) obtains 1i_r>n yi —Z,|| = 0. In view of the triangle inequality, we have
n—oo

%0 — Za || < |60 — Y31l + ||, — Za ||, which together with (3.11) leads to

lim =0. (3.14)
n—oo

Xn—2Zn

Similarly, from ||u, — x,|| < ||un —Zn|| + ||xn — Zx|| and (3.13), we arrive at

lim
n—roo

=0. (3.15)

Un —Xn



PARALLEL PROJECTION METHOD FOR SOLVING SPLIT EQUILIBRIUM PROBLEMS 169

[e55)

By using the definition of x, and u,, we have ||x,11 — u,|| < o, 1||B(uy)||. Since {B(u,)}5_,

is bounded and oy, — 0 as n — oo, we have li_r>n Hx,hq — unH = 0. In view of (3.15) and ||x,,+1 —
n—roo

Xn|| < ||xne1 — tnl| + ||utn — x4]|, we deduce that
limen—i—l _Xn” =0. (3.16)
n—yoo

[

Since H; is reflexive and {x,};>_; C H is bounded, there exists a subsequence {x,, };, of
{x,}5_, such that x,, — e¢* € H; as k — co. So, we may assume that

limsup(B(x"),x" —x,) = klim (B(x™),x" —xp,). (3.17)
—»00

n—soo

Thus, it follows from (3.14), (3.15), (3.11), and the boundedness of {Z, }7_ |, {un '}y, {yt - 1
and {z,}_, that

Ty =€ Uy =€y, —e, andz, —e"as k— oo (3.18)

We next show that ¢* € Q. Indeed, since C;, i = 1,2,...,N is closed and convex, then ﬂf.VZIC,-
is closed and convex. Consequently, ﬂfy: ,Ci and ﬁz}i , Qi are weakly closed. Because {x,}_; C

MY ,C;, then it follows that
e enl Ci (3.19)
By Lemma 3.1, we have
Pr, (fi(xnk,y) +fi(xnk,y2k)) > <ka — X, Vi —y>, VyeC,i=1.2,..N.
This implies
Pr, (ﬁ(xnk,y)+ﬁ(xnk,y2k)) > <ka — X Vi —y> > —
By taking limit as k — oo in (3.20) and using (3.18) with condition (A3), we obtain
f,-<e*,y> —ﬁ(e*,e*) >0,Vye(C,i=1,2,..,N,
which implies e* € SOL(f;,C;), i = 1,2,3,...,N. This means
e* € N SOL(f;,C;). (3.21)

Yo —¥|s Vy €Ci. (3.20)

i
ynk - xnk

Since A is linear, bounded, and continuous, then it follows from (3.18) that A(z;, ) — A(e*) as
k — oo. Clearly, it follows from (3.12), and the boundedness of {Az,}_, that Pp(A(z,,)) —
A(e*) as k — oo. Similarly, since {Po(A(zn,))}o_; € ML, Q;. It follows that A(e*) € N2, Q5.
Thus, from (3.19) and (3.21), we deduce that e* € Q. Hence (B(x*),e* —x*) > 0. From (3.16),
(3.17), and (3.18), we have

limsup(B(x™),x* —x,41) < limsup(B(x"),x" —x,) = lim (B(x"),x" —xp,) <O0.
n—oo n—oo k—oo

This implies limsup r,, < 0, where r, = 22 (B(x*),x* —x,41) and T =1 — V1-u2B—pul?) e

T
n—soo
(0,1]. In view of this and (3.7), we have ||x,11 —x*||*> < (1 — 04,7)||xy — x*||*> + T07,. By
Lemma 2.4, we conclude that lim ||x, —x*|| = 0. Thus, x, — x* in SOL(f;,A,B,C;) as n — oo.
n—oo
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CASE 2. Suppose that the sequence {|[x, —x*||}>7_, is not-decreasing. That is, there exists a
subsequence {x,,, }m_; of {x,}_, such that |x,, —x*|| < ||x4,,, —x*|, Vm € N. By Lemma
2.2, there exists a nondecreasing sequence {7(n)} C N such that lim 7(n) = oo,

n—soo

¢z ny = X" || < [[xz(ny+1 — 27| and [|x, —x*[| < [ (4)1 — x7[], for sufficiently large n € N.
(3.22)
By Lemma 3.2 (4), the sequences {x¢(n) }p1s {Uz(n) }pets @0d {27(n) }pey are bounded. Thus,
following an argument similar to that in Case 1, we deduce that nlgrolo [%2(n)+1 —Xz(m) | = 0. Also,

we have
limsup 2u (B(x*),x™ — x7()41) < 0. (3.23)

n—oo

Thus, it follows from equation (3.7) and (3.22) that

Xemy1 =217 < (1= @y ) Koyt — X + 2003 (B(X") X" —Xp(y21). (3.24)
Combining (3.22) and (3.24), we have

o =212 < a1 — 211> € 20 (BO) " — g} since gy >0 (3.29)

By taking limsup in (3.25) and using (3.23) as n — oo, we obtain limsup,,_,.. ||x, —x*||> < 0.

Therefore, in both cases, x, — x* in SOL(f;,A, B,C;) and this ends the proof. O

4. JLLUSTRATION

In this section, we consider a special case of the bilevel multiple sets split equilibrium prob-
lem (BMSSEP) (1.4) in which we aim to find the projection of a given point p onto the solution
set of the linear split feasibility problem taken from Dang and Xue [28]. The problem is defined

as )
min 3 [|x — p|

such that x € ML, C;  and A(x) € N1, 0;. “.D

Observe that (4.1) is obtained from (1.4) by taking B(x) =V (% ||x—pH2> =x—pand f; =0.
Consider the Euclidean spaces R> and R* and the constraints sets

C, = {xe R’ | x1 +2xp +x3+x4 <5},

C, = {(xeR|x+4dx+4xs<1} (4.2)
and

01 = {yeR |y +ys <1},
0y = {yeR*|2y;,+3y; <6},

0; = {yeR*|y;+2y, <10} (4.3)
In addition,
2 213 2 3
1 2 5 2 1
A=19% 0 2 1 -2 (44)

2 -1 0 -3 5
The exact solution of the problem is (0.2645, —0.6568,0.4890, —0.7548, —0.3836). In Al-
gorithm 3.1, we solve the strongly convex programs and compute the projection onto C and
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Q via the Matlab routine fmincon and CVX http://cvxr.com/cvx/). We have N =2,M = 3,
xo = (0,0,0,0,0),p = (1,-1,1,-1,1), 6, =3 — -1, §! = 82 =0.5,p} = 1,0, = 1/n, and
B, = (n—1)/2n. We define the function TOL, by TOL, := ||x,4+1 — x,|| and use the stopping
rule TOL,, < € for the iterative process, where € is the predetermined error. The performance

of Algorithm 3.1 is illustrated next in Table 1.

TABLE 1. Performance of Algorithm 3.1

Iterations || x; X X3 X4 X5
1 1 -1 1 -1 1
2 0.9489 -0.9788 0.9658 -0.98 0.9117
3 0.90177426 | -0.95898452 |0.93444442 |-0.9614787 0.82964858
4 0.85832628 | -0.940456015 | 0.905712211 | -0.944333172 | 0.753390518
5 0.818281537 | -0.923123976 | 0.879399031 | -0.928467843 | 0.682503979
6 0.781385862 | -0.906904421 | 0.855315995 | -0.913793957 | 0.616598063
40 0.300783969 | -0.675872355 | 0.517753296 | -0.761538378 | -0.307677191
100 0.264826996 | -0.656992447 | 0.48929388 | -0.754801155 | -0.382801781

5. CONCLUSION

In this paper, we studied a class of bilevel multiple sets split equilibrium problems in real
Hilbert spaces. We introduced and analyzed a new strong convergence iterative procedure for
solving the problem and our results improve some related results recently announced in the
literature, such as [1, 21, 29, 30, 31]. For the convenience of the readers, we list the novelty and
main contributions of our work as follows.

(1) We extend the results in [14, 21] from bilevel split equilibrium problems to bilevel
multiple-sets split equilibrium problems.

(i1) Inthe case that Hy =Hy, M =N =1,C =C; = @, and B = 0 are in Theorem 3.1, we
obtain the algorithm in [30] for solving pseudomonotone equilibrium problems.

(iii) By setting fi(x,y) = (Fi(x),y —x) >0, Vx,y € H;, where, F; is a strongly monotone on
C; in Theorem 3.1, we recover the algorithm of Censor et al. [1] for solving multiple
sets split variational inequality problems.

(iv) Setting B=0and f = 01in Theorem 3.1, we recover the self-adaptive method for solving
multiple-sets split feasibility problems [31].

(v) Fixing H) = Hp, C = ﬂf’zl = (@, and B = 0 in Theorem 3.1, we obtain the system of
pseudomonotone equilibrium problems [22].
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