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A NOTE ON MINIMAX OPTIMIZATION PROBLEMS WITH AN INFINITE
NUMBER OF CONSTRAINTS
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Abstract. In this paper, employing some advanced tools of variational analysis and generalized dif-
ferentiation, we establish necessary conditions for locally optimal solutions of minimax optimization
problems with infinitely many constraints. Sufficient conditions for such solutions to the considered
problem are also provided by introducing generalized convex functions defined in terms of the limiting
subdifferential for locally Lipschitz functions. In addition, some duality results for minimax optimiza-
tion problems with infinitely many constraints are also provided. Furthermore, we derive necessary and
sufficient conditions for a weak Pareto solution to the multiobjective optimization problem.
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1. INTRODUCTION

Let X denote the Asplund space (i.e., Banach spaces whose separable subspaces have sepa-
rable duals), Q be a nonempty locally closed subset of X, and let 7 be an arbitrary (possibly
infinite) index set. Consider the following minimax optimization problem

i P
min max Ji(x), (P)

where the feasible set F := {x € Q | g;(x) <0, t € T} is defined by an infinite number of
inequality constraints, and the functions f, k € K :={1,...,l}, and g;, t € T are locally Lips-
chitz on X. Hence, problem (P) becomes a minimax semi-infinite optimization problem. Here-
after, we use the notation f := (fi,..., 1), and gr := (g )rer. In what follows, Q is always
assumed to be SNC at the point under consideration. Fundamental theoretical aspects and a
wide range of applications of the semi-infinite optimization have been studied intensively by
many researchers recently; see, e.g., [1, 2, 3, 4, 5, 6, 7] and the references therein. Minimax op-
timization problems have been the subject of immense interest in the past few years. Recently,
many researchers studied optimality conditions and duality theorems for minimax optimization
problems; see, e.g., [8, 9, 10] and the references therein.
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In this paper, we focus on the theoretical aspects for problem (P). By employing some ad-
vanced tools of variational analysis and generalized differentiation, we establish necessary con-
ditions for locally optimal solutions of problem (P), under the constraint qualification (CQ).
Then, we present sufficient conditions for such solutions for problem (P), by means of intro-
ducing generalized convex functions defined in terms of the limiting subdifferential for locally
Lipschitz functions. In addition, we introduce a dual problem to the primal one and examine
weak, strong and converse duality relations under generalized convexity assumptions. Finally,
as an application, we obtain optimality conditions for a weak Pareto solution of a class of semi-
infinite multiobjective optimization problems by the obtained results for problem (P).

The rest of the paper is organized as follows. Section 2 provides some preliminaries. In
Section 3, we present some results on semi-infinite minimax optimization problems, including
necessary conditions for locally optimal solutions and sufficient conditions for globally opti-
mal solutions. Section 4 is devoted to investigating duality relations for semi-infinite minimax
optimization problems. The applications are given in Section 5.

2. PRELIMINARIES

In this section, we use the following notations and preliminary results that will be used
throughout the paper; see, e.g., [11, 12]. Unless otherwise specified, all spaces under consid-
eration are assumed to be Asplund. The canonical pairing between space X and its topological
dual X* is denoted by (-, ), while the symbol || - || stands for the norm in the considered space.
As usual, the polar cone of a set Q C X is defined by

Q°:={x"eX"| (x*,x) <Oforallx € Q}.

Given a multifunction ¥ : X = X*, we denote by

Limsup¥(x) := {x* € X | Ixx — xand x, 2 x* with x; € ¥P(xy) forall k e N:={1,2,.. }}
X—X
the Painlevé—Kuratowski upper/outer limit of W at X, where the notation ", indicates the con-
vergence in the weak™ topology of X*.
Given Q C X, and x € Q, define the Fréchet/regular normal cone to Q at x by
~ X x—X
NxQ)=<x"eX" limsupg <0y,
o lx—x|
X—rX
where x = ¥ means that x — ¥ with x € Q. If ¥ ¢ Q, we put N(%;,Q) := 0.
The Mordukhovich/limiting normal cone N (%; Q) to Q at ¥ € Q C X is obtained from regular
normal cones by taking the sequential Painlevé—Kuratowski upper limits as

N(%;Q) := LimsupN (x; Q).
x&i
If X ¢ Q, we put N(x; Q) := 0. B
For an extended real-valued function f : X — R := [—eo, 0|, its epigraph is defined by

epif = {(,1) € X xR | > f(x)}.
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The Mordukhovich/limiting subdifferential of f at ¥ € X with |f(X)| < oo is defined by
If (%) :={x" €X* | (", —1) e N((%, f(X));epi f)}-

If | f(x)| = oo, then one puts d f(X) := 0.

Considering the indicator function & (-; Q) defined by d(x; Q) := 0 for x € Q and by 6 (x; Q) :=
oo otherwise, we have a relation between the Mordukhovich normal cone and the limiting sub-
differential of the indicator function as follows (see [11, Proposition 1.79]):

d6(x;Q) = N(x;Q) for all X € Q. (2.1)

The nonsmooth version of Fermat’s rulEis formulated as follows (see [11, Proposition 1.114]):
If X € X is a local minimizer of f : X — R, then

0 € df(%). (2.2)

A set Q C X is sequentially normally compact (SNC) at ¥ € Q if for any sequences
Xk £, % and X 2% 0 with X € N(x:Q),

one has |[x;|| — 0 as k — oo. Obviously, this SNC property is automatically satisfied in finite
dimensional spaces.

A function y : X — R is said to be sequentially normally compact (SNC) at x € X if gph v
is SNC at (¥, y(x)). According to [11, Corollary 1.69(1)], y is SNC at X € X if it is Lipschitz
continuous around .

Lemma 2.1. [12, Theorem 2.16] Let Q, Qy C X be such that X € Q1 Ny, and that at least
one of {Q1,Qu} is SNC at this point. If the normal qualification condition

N(xQp) N (=N(xQ2)) = {0}
is satisfied, then we have the inclusion
N(X;Q.l ﬂ.Q.z) C N()f;.Ql) —l—N(f;Qz).

For establishing optimality conditions, the following lemma, which is related to the limiting
subdifferential calculus, is very useful.

Lemma 2.2. [11, Theorem 3.36 and Theorem 3.46]

(1) Let ¢; : X — R,i=1,2,...,m, m> 2 be lower semicontinuous around % € X, and let
all but one of these functions be Lipschitz continuous around X. Then

I(P1+d2+...+9n)(¥) CIP1(X) + P2 (%) + ... + P (X). (2.3)
(ii) Let ¢;: X =R, i=1,2,...,m, m > 2 be lower semicontinuous around % for i € Iypax(X)
and be upper semicontinuous at X for i ¢ Inax(X). Suppose that each ¢;, i =1,...,m, is

Lipschitz continuous around x. Then we have the inclusion

d(max ¢;)(x) C U {8 ( Z 7‘4¢i> (%)

i€Imax (%)

(Ao ) GA()E)},
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where the equality holds and the maximum functions are lower regular at X if each @¢; is
lower regular at this point and sets Iax (%) and A(X) are defined as follows:

Imax (%) :={i € {1,...,m} | §;(%) = (max ¢;)(%)},
A(%) := {(11,..-,7%) | 4 >0, ili =1, 4;(¢i(x) — (max ¢;)(X)) :O}-

3. OPTIMALITY CONDITIONS

In this section, we first establish necessary optimality conditions for locally optimal solutions
of problem (P). Then, by introducing concepts of generalized convexity, we show sufficient
conditions for such solutions for problem (P). Below, we give the definition of solutions for
problem (P).

Definition 3.1. Let ¢ (x) := maxzeg fi(x), x € X. A point X € F is called a locally optimal
solution of problem (P) if and only if there is a neighborhood U of X such that

o(x) < ¢(x)forallx e UNF.

Now, denote by R(7) the linear space of generalized finite sequences A = (A;);cr such that
A € R for each ¢ € T but only finitely many A, differ from zero. In other words,
T):= {1 = (A)rer | & =0 forall € T but only finitely many A, # 0}.
The nonnegative cone of R(T) is denoted by
e d=A)er eRD |24, >0, 1T
With 4 € R(T)_its supporting set, denoted by T(1) := {r € T | A, # 0}, is a finite subset of T.

Definition 3.2. One says that the constraint qualification (CQ) is satisfied at X € Q if there do
not exist 4, > 0,7 € T(A), such that

0€ ) A40dg(X)+N(&Q).
teT
Now, we establish Karush—Kuhn—Tucker necessary conditions for locally optimal solutions
of problem (P).

Theorem 3.1. Let the (CQ) be satisfied at x € Q. If % is a locally optimal solution of problem (P),

then there exist oy > 0, k € K with Y, oy =1, A € RSFT), such that
keK
0€ Y ogdfi(X)+ Y A40g(X)+N(xQ),
kekK teT
073 (fk(i)—maka(f)> =0, keKk, (3.1)
kekK

g(X)=0,reT(A).

Proof. Let X be a locally optimal solution of problem (P), equivalently, X is a locally optimal
solution of the following unconstrained optimization problem

ming (x) +8(x:F), (3.2)
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where ¢ (x) := maxcg fr(x). Invoking now the nonsmooth version of Fermat’s rule (2.2) to
problem (3.2), we have

0€d(p+6(F)) (). (3.3)

Since the function &(-; F) is 1.s.c around * and the function ¢ is Lipschitz continuous around ¥,
it follows from the sum rule (2.3) applied to (3.3) and from the relation in (2.1) that

0€ ¢ (%) +N(%F). (3.4)

Applying further the formula for the limiting subdifferential of maximum functions and the
limiting subdifferential sum rule for Lipschitz functions (Lemma 2.2), we have

900 = (max i) ()

kekK

C { Z 040 fr.(X) | 0y > 0, o <fk()f) —maxfk()?)) =0,ke K(x Z (Xk = 1}
keK(X) kek keK
(3.5)

where K (%) :={k € K | fr(X) =¢(x)} #0.
On the other hand, by letting

Q:={xeX|gx)<0,tcT},

we have F := QN Q. The (CQ) being fulfilled at X entails that there do not exist A, > 0,7 € T (1)
such that

0e Z A0 g (X)
teT
Hence, we conclude by [12, Exercise 3.74] that

N(EQ) C {Z%&gt )| A >0, teT(A)}

teT

As the (CQ) is satisfied at X, we obtain g;(X) =0, r € T(A4). If it is not valid, then g;(X) < 0,
t € T(A), such that X is an interior point of feasible set, and there exist 4, > 0,7 € T (1) hold 0 €
Y Adg(%)+ N(x;Q). This contradicts the (CQ) condition. Due to the fact that Q is assumed
=

to be SNC at x, we apply Lemma 2.1 to obtain
N(%HF)=N®QNQ) C N(%HQ)+N(% Q). (3.6)
It follows from (3.4), (3.5), and (3.6) that
{ Z 040 f1.(X) | 0y > 0, oy (fk( X)— maxfk(f)> =0,k K(x Z OCk—l}
kekK
keK (%) keK (%)

(3.7)
{ Y Mg (x)| A >0, tET(?L)}+N()E;Q).

teT (1)

Since A € ]RSFT), put A, :=0fort € T\T(A), o := 0 for k € K\K (). Now, it is clear that (3.7)
implies (3.1), and that completes the proof. U
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The following example shows that the conclusion of Theorem 3.1 may fail to hold if the (CQ)
is not satisfied at the point under consideration. In other words, the following example asserts
the importance of the (CQ) imposed in Theorem 3.1. This means that the (CQ) in Theorem 3.1
is essential.

Example 3.1. Let f : R — R? be defined by f := (fi, f>), where fi(x) := f2(x) :==x—x>, and
let g, := R — R be given by g,(x) = tx*, x € R, ¢t € T := [1,2]. We consider problem (P) with
K :={1,2} and Q := (—o0,0]. Then F := {0} and thus, X := 0 is a locally optimal solution
of (P). Since N(x;Q) := [0,00) and dg,(x) = 0 for all € T, we have

0€ ) A4dg(X)+N(xQ),

teT

where A, > 0, r € T(A4). Hence the (CQ) is not satisfied at x. Actually, Karush-Kuhn-Tucker
conditions (3.1) fail to hold by choosing o € Ra_ with o + ap = 1.

Now, we introduce the concept of the generalized convexity to obtain sufficient conditions
for (globally) optimal solutions of problem (P). This is inspired by [10, 13, 14, 15].

Definition 3.3. We say that (f,gr) is generalized convex on Q at ¥ € Q if, for any x € Q,
& € dfi(X), k € K and any 1, € dg;(X),t € T, there exists v € N(x;Q)° such that

fe(x) = fi(®) > (&, V), k €K,
g(x) —g (%) > (ng,v),teT.

The following theorem describes sufficient optimality conditions for (globally) optimal solu-
tions of problem (P).

Theorem 3.2. Let x € F satisfy Karush—Kuhn—Tucker conditions (3.1). If (f,gr) is generalized
convex on Q at X, then X is a (globally) optimal solution of problem (P).

Proof. Let ¢(x) := maxycg fr(x). Since X € F satisfies condition (3.1), there exist o > 0,k € K

with ¥ o =1,4 € R\ and & € £ (%), k € K, m, € dg,(%), ¢ € T, such that
kek

- (Z“@H Z%m) EN(x:Q), (3.8)

keK teT
O (fk()z) - aka()E)> =0, keK, (3.9)
kekK
gi(X)=0,r€T(A). (3.10)

Assume to the contrary that ¥ is not a globally optimal solution of problem (P). Then there is
X € F such that

¢ (%) > ¢(%). (3.11)
By the generalized convexity of (f,gr) on Q at X, we deduce from (3.8) that, for such £, there
is v € N(x;Q)° such that

0<Y (&, v)+ Y Ain,v)

keK teT

<Y o (fi®) = /(@) + YA (g:(%) — g () -

kekK teT
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Hence,

Y oufi® < Y afi®) + YA (g0(%) — & (). (3.12)

kekK kekK teT

In addition, £ € F which yileds A,g;(£) < 0. So, we obtain by (3.10), (3.12) that
Y o fi(®) < Y oufi(%

kekK kekK

On the other hand, by (3.9), it holds that

Y o(x) =) onfi(®) <) ouo (%)

kek kekK kekK
This implies that
¢(%) < ¢(%). (3.13)
Obviously, (3.13) contradicts (3.11), which completes the proof. ]

4. DUALITY RELATIONS

In this section, we formulate a dual problem for problem (P), and explore weak, strong, and
converse-like duality relations between problem (P) and its dual.

In connection with the semi-infinite minimax optimization problem (P), we consider a dual
problem in the following form:

max {(ﬁ(z,a,l) =0(2)+ Y Aa2) | (z 1) € FD}, (D)
teT

where ¢ (z) := max f1(z), and the constraint set Fp is defined by
S

FD;:{(ZaA)eQle xR [0e Y adfi(2) + Y 40gi(2) + N(z Q)
kek teT

()~ 0(2) =0 ke K, T ou=1}.
kekK

Definition 4.1. A point (Z,&,A) € Fp is called a globally optimal solution of problem (D) if
and only if

¢z, a,4)>d(z,a,), Y(z,a,A) € Fp.
The next theorem shows weak duality relations between (P) and (D).
Theorem 4.1. Let x € F, and let (z,o,A) € Fp. If (f,gr) is generalized convex on Q at z, then
0 (x) > (z, @, 1),

where ¢ (x) 1= maxeg fi(x).
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Proof. Since (z,0,A) € Fp, there exist o := (¢y,..., Q) € Rﬂr with Ycp o =1, A € RSFT),

& €dfi(z), ke K, € dgi(z), t € T, such that

- (Zakék‘f' Z%ﬂz) € N(z;Q), 4.1)

keK teT
o (fi(z) —¢(z)) =0, k€ K. (4.2)

By the generalized convexity of (f,gr) on Q at z, there exists v € N(z; Q)°. Due to the definition
of polar cones, it follows from (4.1) and the relation v € N(z;Q)° that

0< Z Otk<ék, V> + th<nl7v>

kek 1T
Skz o (fie(x) = fie(2)) + 2%34 (81(x) —8:1(2))-
€K te

In addition, due to A € RSFT), and x € F, we have },cr A4,g;(x) < 0. Taking now (4.2), above
inequality yields

Z)+ Z Mgi(z) = Z o fi(z) + Z Mg (2)

teT kek teT

< Y o fi(x)

kekK
=9 (x).
This completes the proof. U

The forthcoming theorem describes strong duality relations between (P) and (D).

Theorem 4.2. Let ¥ € Q be a locally optimal solution of problem (P) such that the (CQ) is
satisfied at this point. Then there exists (a&,1) € R/ x ]RSLT) such that (¥,&,A) € Fp and
9(%) =¢(%.,2),
where ¢ (x) := max fi(x). Furthermore, if (f, gr) is generalized convex on Q at any z € Q, then
€
(%,0, A) is an optimal solution of problem (D).

Proof. Applying Theorem 3.1, we find & := (&y,...,04) € ]Rl+ with Y & = 1, and A=
kek

(Aier € RSFT), such that
0€ Y wafi(¥)+ Y Adg () +N(EQ),

kek teT

O (fie(¥) — 9(%)) =0, k€K,
8 (X)=0,teT(A).
Hence ¥ A;g;(%) =0, we conclude that ¢ (%) = ¢ (%, &, 7). Clearly, (%, a,A) € Fp. If (f,g7) is

t€T
generalized convex on  at any z € €, then by Theorem 4.1, we obtain

$(x,0,1) = 9(¥) > 9(z, 0, 1)
for any (z, o0, A) € Fp. Hence, (%, @&, A) is an optimal solution of problem (D). O

We close this section by proving the converse-like duality relation between (P) and (D).
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Theorem 4.3. Let (%, &,1) € Fp be such that ¢ (%) = ¢(%,&,A) with ¢(F) := maxgeg fi(%).
If x € F and (f,gr) is generalized convex on Q at ¥, then X is a globally optimal solution of
problem (P).

Proof. Since (%,&,1) € Fp, there exist & := (01, ...,0) € R, withYycx 0 = 1,4 := (A )er €
R(f), & € dfi(%), k€ K, Al € dg;(%), ¢ € T, such that

— <Z &+ ZZﬁ,) EN(%Q), (4.3)

kekK teT
O (fi(¥) —9(x)) =0, k€ K. (4.4)
Let X € F. We have g;(%) < 0 for t € T. Hence, ¥, Ag(%) <0, which together with ¢ (%) =
teT

(%, a,2) yields g, () =0 forall t € T(A), i.e., A € RY). This together with (4.3) and (4.4)
confirms that X satisfies condition (3.1). To finish the proof, it remains to apply Theorem 3.2.
OJ

5. APPLICATIONS TO MULTIOBJECTIVE OPTIMIZATION PROBLEMS

In this section, we establish necessary and sufficient conditions for a weak Pareto solution
of (MP) by employing optimality conditions obtained by (P) in Section 3.
Consider the following semi-infinite multiobjective optimization problem:

ming; {f(x) := (fi(x),....fi(x)) [x € F}, (MP)
where F is same as the feasible set of problem (P).

Definition 5.1. A point X € F is said to be a weak Pareto solution of problem (MP) if and only
if
f(x) — f(%) ¢ —intR, Vx € F,

The following result is a Karush—Kuhn-Tucker (KKT) necessary condition for a weak Pareto
solution of problem (MP).

Theorem 5.1. Let the (CQ) be satisfied at X € Q. If X is a weak Pareto solution of problem (MP),

then there exist o := (ay,...,q) € Rl with Y cx o = 1, and A € ]RSFT), such that
0€ Y wdfi(¥)+ ) Adg (%) +N(EQ),
keK teT (5.1)

g:(X)=0,r€T(A).
Proof. Let x be a weak Pareto solution of problem (MP) and let

fulx) = filx) = fil8), k€K, x € X.

By [10, Theorem 5.1], we can show that X is an optimal solution of the minimax optimization
problem

minmax
xeF keK fk( )
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So, we can employ the KKT condition in Theorem 3.1. We find a € Rﬂr with Y cx 0 =1, and
S R(f), such that

0e Y adfi(®)+ Y Adgi(%)+N(xQ),

kekK teT
g(X)=0,reT(A).

Thus, the proof is complete. ]

The last theorem of this work describes sufficient optimality conditions for a weak Pareto
solution of problem (MP).

Theorem 5.2. Let X € F satisfy condition (5.1). If (f,gr) is generalized convex on Q at X, then
X is a weak Pareto solution of problem (MP).

Proof. Set ~
fie(x) == fi(x) — fu(%), k€K, x € X.

Let x € F satisfy condition (5.1). It is clear that the following condition holds
o (7 - max o)) = 0. ke k.

Let f:= (fl,,ﬁ) . Since (f,gr) is generalized convex on Q at ¥, it follows that (f, gr) is

generalized convex on Q at this point as well. Thus, we apply the sufficient criteria in Theo-
rem 3.2 to conclude that X is a globally optimal solution of the minimax optimization problem

A

It means that

-~

¢(%) < (x), Vx € F,

where ¢ (x) := = max fi(x). In other words, we obtain
ek

0 < max{ fi(x) — fi(¥)}, Vx € F.
kek

This inequality ensures that X is a weak Pareto solution of problem (MP). U
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