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ON SEQUENTIAL OPTIMALITY THEOREMS FOR LINEAR FRACTIONAL
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Abstract. We consider a linear fractional optimization problem involving integral functions defied on
L2[0, 1], and obtain sequential optimality conditions for the linear fractional optimization problem which
hold without any constraint qualification, and are expressed by sequences. By using the optimality
theorems, we formulate the nonfractional dual problem for the linear fractional optimization problem,
and prove the weak duality theorem and the strong duality theorem.
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1. INTRODUCTION AND PRELIMINARIES

Jeyakumar et al. [1] obtained the sequential Lagrange multiplier optimality conditions for
convex optimization problems, which held without any constraint qualification, and were ex-
pressed by sequences. Such sequential optimality conditions have been investigated for many
kinds of convex optimization problems recently; see, e.g., [2, 3, 4, 5]. Using variable transfor-
mation, Craven [6] and Craven et al. [7] obtained the equivalent nonfractional linear optimiza-
tion problem from a linear fractional optimization problem. They formulated the dual problem
by using the equivalent problem, and then gave duality theorems for the primal problem and
its dual problem. So the dual problem is a nonfractional dual one for the linear fractional op-
timization problem which the duality theorems hold. By using the approach of Craven [6] and
Craven et al. [7], Kim et al. formulated the dual problem for a semidefinite linear fractional
optimization problem, and then proved directly duality theorems, which hold under constraint
qualification [8], and without any constraint qualification [9]. Kim et al. [10] formulated the
dual problem for a second-order cone linear fractional optimization problem, which was ex-
pressed by sequences, and then proved the weak duality theorem and the strong duality theorem
which hold between the primal problem and its dual problem. The strong duality theorem held
without any constraint qualification.
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Consider the following linear fractional optimization problem:

Joe()Tx(t)dt + o
Jo d(6)Tx(t)dt + B
subjectto  x(-) € K,

1
/ ai(t) x(t)dt = by, i =1, ,m,
0

() Minimize

where c¢,d € L2]0,1],a; € L2[0,1],b; €R,i=1,--- ,m, o and B are two given real number, and
K is a closed convex cone in L2[0, 1].

Let A ={xeL2[0,1]|x€K, [y ai(t)"x(t)dt =b;, i=1,--- ,m}. We define the nonnegative
dual cone of K as K* = {z € L2[0,1] | [y z(t)"x(t)dt = 0 Vx € L2[0,1]}. We recall that x = y
in L2[0,1] if and only if x(t) = y(¢) a.e on [0,1]. We define the inner product {-,-) as (f,g) =
fol f(t)g(t)dt for any f,g € L2[0,1]. Then L2[0,1] is a Hilbert space with the inner product.

Recently, Kim et al. [8] formulated the nonfractional dual problem for (P) under a constraint
qualification, and proved the weak duality theorem, the strong duality theorem, and the converse
duality theorem which held between (P) and the dual problem under the constraint qualification.

In this paper, we obtain sequential optimality theorems for (P) which hold without any con-
straint qualification and are expressed by sequences. By using the optimality theorems, we for-
mulate the nonfractional dual problem (D) for (P), which are presented with limits, and prove
the weak duality theorem and the strong duality theorem which hold between (P) and (D).

2. SEQUENTIAL OPTIMALITY THEOREMS

We give the definition of the convex function and the conjugate function, and then state the
well-known results about the epigraphs of the conjugate functions of the convex functions.
Let E be a Banach space with norm x — ||x||, and let E* the dual of E.

Definition 2.1. The conjugate function of a function f: E — RU {400} is the function f* :
E* — RU {40} defined by
fr(x7) == sup{(x",x) — f(x)} (x" € ET).

xekE

A function g: E — RU {+eo} is said to be convex if, for all z € [0, 1],

g((1=t)x+1ty) < (1—1)g(x)+1g(y)

forall x,y € E. Let g: E — RU{+o0} be a proper convex function. We denote the epigraph of
g by epig, thatis, epig := {(x,r) € E xR : g(x) <r}.

We say a function g is lower semicontinuous if liminfy_,; g(y) > g(x) forall x € E.

The following two propositions are well known (see [11] and [12]).

Proposition 2.1. Let E be a Banach space. Consider a family of proper lower semicontinuous
convex functions ¢;: E — RU{+o0}, i € I, where I is an arbitrary index set. Suppose that
sup;c; @i is not identically +oo. Then

epi(sup ¢;)* = clco U epig;”.
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Proposition 2.2. Let E be a Banach space. Let ¢1: E — R, ¢p: E — RU{+o} be proper,
lower semicontinuous convex functions. Then

epi(¢1 + ¢2)" = cl(epi ¢y +epi@;).

In addition, if one of the proper, lower semicontinuous convex functions is continuous, then

epi(P1 + @) =epid; +epigs.

Now we give a sequential optimality theorem for (P) which hold without any constraint qual-
ification.

Theorem 2.1. Let X € /\. Assume that for any x € /\, fol d(t)Tx(t)+ B > 0. Then the following
are equivalent:
(i) X is an optimal solution of (P);

(i) (0,0) € {(c —q(X)d, —a+q(X)B)}+ Cl< U XL Ai(ai, bi) + (—K*) x R+>, where
/LER
—_ Jde)Tx(r)di+o |
q(%) = 0T 0d B
(iii) there exist A € R, i =1,--- ,m and k;, € K* such that
c—q(x)d+}g§o<izixi ai—kn> —0

1
and lim [ k:(t)T%(t)dt = 0.

n—oo 0

Proof. Let
flx) = /Olc(t)Tx(t)dt—i—OC—q()E) [/Old(t)Tx(t)dtJrB :
and
hi(x) = /Olai(t)Tx(t)dt—bi, i= 1, ,m.
Then f:L2[0,1] = R, and h; : L2[0,1] = R, i = 1,--- ,m are continuous and affine. Let
D={xcL20,1]| hi(x)=0,i=1,---,m}.

Then A = DN K. Notice that ¥ is an optimal solution of (P) if and only if f(x)+ da(x) =
f(X) + 8, (%) =0 for any x € L2[0, 1], that is, (f + 84)*(0) < 0, where 8 is the indicator of A.
Let x be an optimal solution of (P). By Proposition 2.2, we have

(0,0) € epi(f+6a)"
= epif” +epid
= epif™ +cl(epid}, + epidg).
Thus

(0,0) € epif™* +cl(epid;, +epidy ). (2.1)
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Since

£ = sup { /0 (O x(0)dr — F() | x € 120, 1]}
1
= sup {/0 [V*(t) —c(t) —i—q(f)d(t)]Tx(t)dt | x € L,%[O, 1]} —a+q(x)B

—a+q®B, if v =c—q()d,
+oo, if v*#c—q(x)d,

and epif* = {(c —q¢(X)d,—a+q(x)B)} + {0} x R;. Moreover, epidy = (—K*) x R.. Since
Op(x) = sup (X1, Aih;)(x), it follows from Proposition 2.2 that
A,ER

epid, = clco U ep1<Z7Lh>

LER i=1
= cl U ep1<Z?Lh>
ALER i=1
= oY Zepi(l,-hi)*,
A[ERi:l
and
(Aihi)*(v") = sup{(v",x) — (Aih;) (x )!xGLz[O,l]}
= sup{(v*,x) 7L/ a;(t) x(t)dt | x € L2[0,1]}
_ sup{/ V(1) — A7) (t)dt\xeLg[o,l]}
. /L'b,‘, if v = /L'Cl,‘,
N oo, if V* 75 Aia;.
So,

epi(Aih:)" = {(Aiai, Aibi)}+{0} x Ry
= {Ai(ai, bi)} + {0} x Ry

Hence, epid}; = Cl( U X7 {Ai(ai, i)} +{0} x R+>. From (2.1), one has
Ai€R

(0,0) € {(c ~ q(0)d, —ar+q(D)B)} +{0} xRy +el( | z{z ai )} +{-K'} xRy).

AcRi=
Thus

(0,0) € {(c— q(®)d, —at+q(& +c1(U Z{z aibi)} 4 (— K*)xR+). 2.2)
LERI=

Hence (ii) holds. From (2.2), there exist A" € R and k, € K*, r, € R4 such that

0=c—q(x )d—i—llm[z/"t a; — }

n—yoo
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and

0=—0a+q(®)B + lim [ZA b +rn]

Hence, we have
0 — /O (50— (%) /O L) w0 de

1-m T
+ lim [Z Anal — i (t)} #(t)dt
i=1

n—yoo 0

o g(@f —1tim [ [f AMb; + rn}
i=1

n—oo 0

1
_ /0 c(t) % (t)dt + a — q(%) [/0 d(t)Tx(t)dt+ﬁ]
+J§EO[Z)L”/1< /k* dt—rn]

= lm][- /0 k;(t)x(t)dt—rn]

n—oo

1

Since [y ki(t)"%(t)dt = 0 and r, = 0, lim r,, = 0 and lim,,_, [y k%(¢)%(t)dt = 0. Thus there
n—oo
exist A" € R, i=1,---,mand k;; € K* such that

=

—

0 = c—q(x)d+ lim[

n—oo

Ala; — kﬂ and

1

0 = lim k() x(t)dr.

n—oo 0
So (iii) holds.
Now we prove that (iii) implies the optimality of X. Suppose that (iii) holds. Then, for any
xE N,

1
0 = [ let) = a®)de)) (x(6) — 5(0) )
1
+hm2%" | s ) =500 = ka0 (at0) = 0))

n—yeo !

! 1

_ /0 ()" x(r)dr + o~ g ()| /0 a0 501+ )
: 1

_/ [C( ) x(t )dt+a] +q(x) [/0 d(t)Tf(l‘)dt—kﬁ}
+ hm / kn( f(l‘))dt}

n—sco

= /Oc() x(t)di + ot — g (% /d ()dz+l3]

1
—1lim [ k()" x(¢)dr.

n—oo J
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Since lim Jo kn(t)Tx(¢)dt = 0 for any x € A\, we have

1 1
/ (1) x(o)dr + ot — q(3) / A0 x(t)dt + B = 0.
0 0
In view of fol d(t)Tx(t)dt+ B > 0 for any x € A\, we obtain

< Joc®)x(t)di+a
~ Jod@)Tx(t)di + B

q(x) for any x € A.
Jo e(t)T %(t)dt+or

T s B’ we have that X is an optimal solution of (P). [

Since g(x) =
From the proof of Theorem 2.1, we can obtain the following theorem.

Theorem 2.2. Let & € A and assume that, for any x € /N, [y d(t)Tx(t)dt + B > 0. Suppose
that the set |J {X" Ai(ai,bi)} + (—K*) x Ry is closed in L2[0, 1] x R. Then the following are
l,'GR

equivalent:
(i) X is an optimal solution of (P);
(ii) (0,0) € {(c —q(X)d, —a+q(X)B)} + lUR{Z?’:] Ai(ai,bi)} + (—K*) X Ry, where
i€

— _ Jae@®)Tx(r)di+o |
90 = T’
(iii) there exist A; € R, i =1,--- ,m and k* € K* such that

c—q(x)d+ (éliai —k*> =0

1
and / K* (1) %(t)dt = 0.
0

Now we give an example that the set |J {Y7, Ai(ai,bi)} + (—K*) x R* may not be closed.
/'L,ER
This example is obtained by modifying a known example (https://math.stackexchange.com/
questions/712188/how-can-the-sum-of-two-closed-cones-be-not-closed).

Example 2.1. Let K = {(x1,x2,x3) € L3[0,1] | x1(¢) = \/x2(¢)% +x3(¢)? a.e. in [0,1]}. Then K
is a closed convex cone in Z3[0, 1]. Leta; (t) = (1,0,—1) (¢ € [0,1]) and b; = 0. Consider the set

U A(ar,b1)+ (—K*) x RT. Suppose that (0,—1,0,0) € U {A(a1,b1)}+ (—K*) x RT. Then
A€R AeR

there exists A € R such that (4,1, —1) € K*. Since A := {(x1,x2,x3) inR? | x; 2 {/x3+x3 } C

K and the nonnegative dual cone of A is A in R, (1,1,—A) € A and so A% > 12+ (—1)?,

which ia a contradiction. Hence (0,—1,0,0) ¢ U A(a;,b1)+ (—K*) x RT. But
AER

(0,-1,0,0) = lim [A(l,o,—1,0)+ (—\/x2+ (1 +%)2,—1 —%,A,Oﬂ

A—ro0

e cl(ALGJR/”L(aI,bI)Jr(—K*)xR*).
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Since \/ A2+ (1+ %)le (£) 4+ (1+ 5 )x2(t) + Ax3(t) = 0 a. e. in [0,1] for any (x1,x2,x3) € K,
the last relation holds. So, the set |J A(ay,b;) + (—K*) x R is not closed.
AER
Using [13, Proposition 2.1], we can prove that the a Slater type constraint qualification im-
plies that the set in the assumption of Theorem 2.2 is closed in L2]0,1] x R. In the following
proposition, for completeness, we give its proof by following the proof of [13, Proposition 2.1].

Proposition 2.3. Assume that the following constraint qualifications hold:

(i) there exists X(-) € intK such that

1
/‘WQY§uyn:bhi:1,n,m;
0

(ii) ai,--- ,ay are linearly independent in L2[0,1].
Then A := | { <Z§":1 Aiai, Y 7L,~b,-> } + (—K*) x Ry is closed in L2]0,1] x R.
A,ZER
Proof. Since ay,--- ,a,, are linearly independent in L2[0, 1], it follows from the lemma on the

biorthogonal basis in [14] that there exists a}, - ,a; € L2[0, 1] such that

1 i ;
[awrama={ " 70

i=].
g1(x)
Let gi(x) = fol a;(t)Tx(t)dt, i=1,--- ,m, and let G(x) = . Then G is a continuous
gm(x)
linear mapping from L2[0, 1] to R™. For any r = (ry,--- , 1)’ € R™,

. Jo ar(t)T X riat (t)dt
G(Z ria;-k> = .
i=1

Jo am(®)T X rial (t)dt

r
'm
= r
by
So, G is surjective. By the open mapping theorem, G(intK) is open. By (i), [ --- | € G(intK).
b
hi(x)
Let hi(x) = [y a;(t)"x(t)dt —b;, x € [2[0,1], i=1,--- ,mand Hx) = [ -~ |.Then0e
B (x)

H (intK), since H (intK) is open, 0 € intH (K). Let A = U, cg epi (Z?’Zl lihi> ) +epidg. Observe
that epid is closed. To see that the set A is closed, it is sufficient to prove that A = epiox.
Let (v,a) € A. Then there exist A, e R, i=1,---,m, (vi,01) € epi (Z;"Zlkihi)* and (v, 00) €
epidg such that v =v; +v; and o = oy + 0. Since Y7 | Aih;)*(vi) = o and 6 (v2) S o,
vi(x) — Y7 Aiki(x) < oy for any x € L2[0,1] and vy(x) < @ for any x € K. Thus vi(x) <
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oy and vo(x) < o for any x € A. So, (vi +v2)(x) < a1 + o, for any x € A, ie., v(x) <
o forany x € A. Hence (v, ) € epid1. Thus A C epidx. If (v,r) € epid, then v € domd}.
LetT ={(p,y) e RxR™|dx € K such thatv(x) = p, H(x) =y}. Then T is a nonempty convex

set. Since O (v) = sup v(x) < +oo, for any € > 0, there exists X € A such that 6% (v) — & < v(X).
xeA

So, (61 (v) —€,0) € T. But (64 (v) +¢€,0) ¢ T. Thus (31 (v),0) is a boundary point of T'. Since
v is continuous, we have that V := v~!(#,r) is an open neighborhood of 0 for any fixed r > 0.
By assumption (i), there exists x € intK such that H(x) = 0. Let B = (v()?) —r—u, v(x)—

r) x H(x+V)NintK for fixed u > 0. Since H is an open mapping, B is open, and for any
x € (Xx+V)Nintk,

v(X) —r <v(x) <v(X)+r
If (a,w) € B, then there exists u € (x+V)NintK such that w = H(u) and v(u) > v(X) —r > o.
So, (ot,w) € T. Thus B C T and intT # 0. Since (5% (v),0) is a boundary point of 7, we have

(67 (v),0) ¢ intT.
By the separation theorem, there exists (6,4) € R x R” such that (6,4) # (0,0), and
065 (v) < 0p+ATy forany (p,y) €T.

If0=0,then 0 < ATy forany y € {y € R" | y=H(x), x € K}. Since 0 € intH(K), A = 0.
This is a contradiction. Hence 6 # 0. Since (61 (v) —€,0) € T for any € > 0, and 6 < 0.
Thus we may assume that = —1. Hence 8% (v) = p— ATy for any (p,y) € T. So, 8% (v) =
v(x) —ATH(x) forany x € K. Thus 8% (v) = v(x) — X7, Aihi(x) — 8k (x), Vx € L2[0, 1]. It follows
that 6% (v) = (X2, Aihi + 0k )*(v). Since (v,r) € epidx, then r 2 81X (v) 2 (L%, Aihi+ k)" (v).
Thus (v,r) € epi(X", Aihi + Ok)*. Since A;h; is continuous, then (v, r) € epi(X7 Aih;)* +epidi.
Hence epi} " | 05 C A. Consequently, A=epi}”, 6%, and hence A is closed. OJ
Now we give an example to show that the converse of Proposition 2.3 may not be true.

Example 2.2. Consider the following optimization problem:

1
(P)  Minimize / x(t)dt
0

subjectto x €K,

! 1
tx(t)dt = =
| extoar =,

where K = {aa | o0 > 0} and a(t) =t forr € [0,1]. Then A := {x € K | [y tx(t)dt = Iy =A{q}.
where g(t) = 3t for t € [0,1]. Let € > 0 be any given, and let 8 be a positive number with
B? < 5€2. Then
1
[/l(ﬁtzﬂ—t)zdt] _ B <e.
0 5
‘We can check that there does not exist &« > 0 such that
1

Uol(ﬁtert— (xt)zdt] =)
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Hence p ¢ K, where p(t) = Bt>+t for t € [0,1]. Thus itk =0. Let A= | {A(a,3)} +
AeR
(—K*) x Ry. Now we will show that A is closed. Let (p,,r,) € A converge to (p*,r*) €

L2[0,1] x R. Then there exist 4, € R, ki € K* and p, € R, such that
1
pn=MAa—k, and r, = Eln + Pn-

The first case that {4, } is bounded:

We may assume that A, converges to /7\L Moreover k(= A,a — p,) converges to /Q\La —p"
and p,(= —%QL,, +r,) converges to —%1 +r*. Since K* is closed, then Aa— p* € K*. Also,
—%1 +r* € R.. Hence (p*,r*) € A.

The second case that {4, } is unbounded:

We may assume that A, — o0 or A, — —co. The case that A, — +oo does not occur since r,

converges to r*. Consider the case that A,, — —oo,
K* = {zeL?0,1]] /Olz(t)aa(t)dt =0 Va =0}
= {zeL?0,1]] /Olz(t)a(t)dt >0}
Since A,a — p, =k, € K*, fol(lna(t) — pn(t))tdt 2 0 and fol At?dt > fol pn(t)tdt. Letting n —

+oo, we have that fol pu(t)tdt — fol p*(t)tdt and {fol pn(t)tdt} is bounded, but fol Ant?dt — —oo,
This is a contradiction. So, the case that A, — —oo does not occur. Consequently, A is closed.

3. DUALITY THEOREMS

Using Theorem 2.1, we formulate a dual problem for (P) as follows:

(D) Maximize Y
subject to c—vyd +r}gll (l; Yia;— k;) =0,
limsup Y ¥2b; < o~ B,
n—e ;1

{Y?} CRai: 17 , M, {k;} CK.

Theorem 3.1. (Weak duality) Suppose that, for any x € A, fol d(t)Tx(t)dt+ B > 0. Let x be
feasible for (P), and let (y,{y!},{k;}) be feasible for (D). Then

Jo c)"x(t)dt +

Jod®)x()dt+B ~ "

Proof. Let x be feasible for (P), and let (7, {y"},{k;}) be feasible for (D). Suppose to the con-
trary that

Joe(@) x(t)dt + o -
Jo d)Tx(t)d1 + B
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Since [y d(t)Tx(t)dr + B > 0, we have

/ c()Tx(t)dt + o — y/ (t)dt—yB <0
and
I T
/O [c(t)—yd(t)} x(t)dt < yB —a.
Hence
m
1%[—2/ Viai(t dt+/ K0 x(0)d] < 7 — ot
So, we have
m 1
B—o > r}i_r)g[—Zy?bi—i—/ k() x(¢)dt
m
> hmmf[ Z b] +hm1nf/ k()T x(t)dt.
i=1
Since [ k(1) x(t)dt = 0, yB — Oc>11m1nf[ m oy b] o —yB < limsup¥™ , y'b;. This is a

n—oo
contradiction. Consequently,

Jo e x(t)dt +
JLd@) x0di+B =

O
Theorem 3.2. (Strong duality) Suppose that, for any x € A, fol d(t)Tx(t)dt + B > 0. Let x be
an optimal solution of (P) and let § = %. Then there existy; € R, i=1,--- ,mand

ki € K* such that (7,{y'},{k:}) is an optimal solution of (D).

Proof. Let x € A be an optimal solution of (P). By Theorem 2.1, there exist ! € R, i=1,--- ,m
and k’: € K* such that

—q(f)dﬂ}grgo(;y‘?ai—l?;) =0 3.1)
I
and lim [ k()T x(t)dr =0,

n—oo J(

Jo e(®)Tx(1)dt+ox
Jo d(0)Tx(r)dr+B

/o1 ["’@)—W(fﬂ t)dt + r}ggo Z / yia t)dr — /O I%Z(I)Tx(t)dz} —0.

T
Since 7= (%), [y |e(t) ~ Fd(1)| %)t = 7B - e,

where ¢(X) = Then ¥ = ¢(x) and

1
78 — o+ lim ( / Fai() 2(t)dt — / G () 50)dr) = 0.
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Since [y a;(t)x(¢)dt = b;, i=1,--- ,mand lim [, k(t)T%(t)dt =0,

n—soo

m
W
,}ggi_zlyib,—oc 7B. (3.2)

By (3.1) and (3.2), we have that (7, {3}, {k;;}) is feasible for (D). In view of the weak duality
theorem, we conclude that (7, {77}, {k}:}) is an optimal solution of (D). O

Using Theorem 2.2, we can formulate a dual problem (CQD) ([8]) for (P) as follows:

(CQD) Maximize Y
m
subject to c+ Zy?a,- —vyd € K*
i=1
By+b'y<a, yeR,ycR™

Theorem 3.3. [8] (Weak duality) Assume that, for any x € A\, fol d(t)Tx(t)dt + B > 0. Let x
be feasible for (P), and let (y,y) be feasible for (D). Then

Jo e x(t)di + o
JLd@ xai+p ="

We can prove the following strong theorem.

Theorem 3.4. (Strong duality) Let X be an optimal solution of (P) and assume that, for any
x e, fold(t)Tx(t)dt + B > 0. Suppose that the set \J Y. {Ai(ai,bi)} + (—K*) x Ry is
leR

Jae(0)T%(1)dt+ox

) Y= ———
closed in L3[0,1] x R. Let 7= Jo d)Tx(t)dt+B’

optimal solution of (D).

Then there exist y € R™ such that (},y) is an

Theorem 3.5. [8] (Converse duality) Assume that, for any x € A\, fol d(t)Tx(t)dt +B >0, and
that A\ is bounded. Further assume that there exist y € R™ and ¥ € R such that ¢+ Y1 | yia; —
vd € intK* and By +b'y < o. If (7,9) is an optimal solution of (D), then there exists X € /\
Jo e x(t)dt+o

such that x is an optimal solution of (P), and ¥ = TR OB
0
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