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NEW LINEAR CONVERGENCE RESULTS ON QUASI-VARIATIONAL
INEQUALITIES

YEKINI SHEHU

Department of Mathematics, Zhejiang Normal University, Jinhua 321004, China

Abstract. We propose a new projection algorithm with alternated inertial extrapolation steps, and obtain
the linear convergence of the algorithm for a quasi-variational inequality problem in Hilbert spaces. We
investigate the cases of under-relaxation and over-relaxation of the proposed algorithm, and give linear
convergence results in each case. We also obtain some priori and apriori error bounds of our proposed
algorithm.
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1. INTRODUCTION

In this paper, we study the Quasi-Variational Inequality (QVI) problem, which is an exten-
sion of the classical Variational Inequality (VI) problem of Fichera [1, 2] and Stampacchia [3]
(see also Kinderlehrer and Stampacchia [4]). In a QVI, the associated feasible set of the prob-
lem is not fixed, but varies according to some explicit or implicit rule. For example, in many
applications, the feasible set is defined as a “moving set”, known as a core set, that is shifted by
another single-valued mapping; see, e.g., [5, 6, 7] and the references therein. In such setting,
the problem is often called “moving set” QVI.

There exist many techniques for solving QVIs; see, e.g., [8, 9, 10, 11, 12, 13] and the ref-
erences therein. In 2018, Antipin et al. [5] presented gradient projection and extragradient
methods for solving QVIs under the assumptions of strong monotonicity and Lipschitz conti-
nuity of the associated mappings. The main disadvantage of the extragradient method, with
respect to the classical gradient projection algorithm, is that the number of orthogonal pro-
jections and mapping evaluations is doubled per each iteration. For VIs, the extra projection
and evaluation in each iteration of the extragradient method guarantee the convergence under
weaker assumptions than the strong monotonicity of the associated mapping, however, this is
not for QVIs. Thus the extragradient method does not have any advantage over the gradient
projection method. A more general gradient projection method with the strong convergence for
solving QVIs in real Hilbert spaces was introduced by Mijajlović et al. [14]. This method is
efficient in various real applications.

In the field of continuous optimization, inertial-type algorithms attracted much interest in
recent years, which is mainly due to their convergence properties. The inertial idea is derived
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from the field of second order dissipative dynamical systems [15, 16]. It was shown that the
algorithms with inertial terms speed up the convergence rate of the original algorithms; see,
e.g., the inertial proximal point algorithm [17, 18, 19], the inertial forward-backward split-
ting method [20, 21, 22], the inertial Douglas-Rachford splitting method [23, 24], the inertial
ADMM [25, 26], and the inertial forward-backward-forward method [27].

Motivated by the above results, we aim to present a new inertial type algorithm for solving
QVIs. Our highlights are as follows.

(1) We study under-relaxation and over-relaxation approaches of a projection algorithm
with alternated inertial steps for quasi-variational inequalities in real Hilbert spaces and
obtain linear convergence results.

(2) We present error bounds in terms of priori and apriori error estimates for our algorithm.
The outline of the paper is as follows. In Section 2, we recall some basic facts, definitions, and

lemmas, which are needed in the sequel. We present our algorithm and show its convergence
analysis in Section 3. The concluding remarks are given in in Section 4, the last section.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Let K be a nonempty,
closed, and convex subset of H . Let F : H →H be a nonlinear operator and let K : H ⇒
H be a set-valued mapping, which associates, for any element u ∈H , a closed and convex
set K (u) ⊂H . With the above data, we are concerned with the following Quasi-Variational
Inequality (QVI), which consists of finding a point u∗ ∈H such that u∗ ∈K (u∗) and

〈F (u∗),v−u∗〉 ≥ 0, ∀v ∈K (u∗). (2.1)

Clearly, if K (u)≡ K for all u ∈H , then the problem is reduced to the classical variational
inequality, that is, find a point u∗ ∈ K such that

〈F (u∗),v−u∗〉 ≥ 0, ∀v ∈ K.

Definition 2.1. Let T : H →H be a given mapping.
• T is said to be L-Lipschitz continuous (L > 0) if

‖F(x)−F(y)‖ ≤ L‖x− y‖, ∀x,y ∈H .

• T is said to be µ-strongly monotone (µ > 0) if

〈T (x)−T (y),x− y〉 ≥ µ‖x− y‖2, ∀x,y ∈H .

For each point x ∈H , there exists a unique nearest point in K, denoted by PK(x), such that

‖x−PK(x)‖ ≤ ‖x− y‖, ∀y ∈ K.

The mapping PK : H → K is called the metric projection of H onto K, and is characterized
[28] by the following two properties:

PK(x) ∈ K,

and
〈x−PK (x) ,PK (x)− y〉 ≥ 0 for all x ∈H , y ∈ K. (2.2)

If K is a hyper-plane, then (2.2) becomes an equality.
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The following result, which was proved in [29], gives sufficient conditions for the existence
of solutions of (2.1).

Lemma 2.1. Let F : H →H be L-Lipschitz continuous and µ-strongly monotone on H ,
and let K (·) be a set-valued mapping with nonempty, closed, and convex values such that there
exists λ ≥ 0 such that

‖PK (x)(z)−PK (y)(z)‖ ≤ λ‖x− y‖, x,y,z ∈H , λ +

√
1− µ2

L2 < 1. (2.3)

Then QVI (2.1) has a unique solution.

The following result is a known fixed point formulation characterizing the solutions of QVI
(2.1).

Lemma 2.2. Let K(·) be a set-valued mapping with nonempty, closed, and convex values in
H . Then x∗ ∈K (x∗) is a solution of QVI (2.1) if and only if, for any γ > 0, it holds that

x∗ = PK (x∗)(x
∗− γF (x∗)).

3. MAIN RESULTS

We present our main contributions of this paper in this section. First, we introduce our
algorithm below.

Algorithm 3.1 (H). Step 0. Let x0,x1 ∈H .
Step n. Given the current iterates xn−1 and xn (n≥ 1), θ ∈ [0,1), and αn ∈ (0,2), compute

yn =

{
xn, n = even,
xn +θ(xn− xn−1), n = odd,

and

xn+1 = (1−αn)yn +αnPK (yn)(yn− γF (yn)).

If yn = PK (yn)(yn− γF (yn)), then stop and yn is a solution. Otherwise, set n← n+1 and go to
2.

Algorithm 3.1 is much general for solving quasi-variational inequalities. Indeed, one has the
following observations.

Remark 3.1. (a) If αn = 1 and θ = 0 in Algorithm 3.1, then we obtain the standard gradient-
type method in [30].
(b) I θ = 0 and 0 < αn ≤ 1 in Algorithm 3.1, then we obtain [14, Algorithm 1].

(c) If θ = 0 and αn = 1 in Algorithm 3.1, we obtain the proposed method in [5, Eq. (5)] (which
was also studied in [6, 30, 31, 32]).

Specially, we present the linear convergence analysis of Algorithm 3.1 alongside the associ-
ated error bounds.
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3.1. The under-relaxation approach. We first give the convergence analysis of the under-
relaxation type of our alternated inertial projection Algorithm 3.1.

Theorem 3.1. Consider the QVI (2.1) with F being µ-strongly monotone and L-Lipschitz con-
tinuous, and assume there exists λ ≥ 0 such that (2.3) holds. Define β :=

√
1−2µγ + γ2L2 +

λ ∈ (0,1). Let {xn} be a sequence generated by Algorithm 3.1 with θ ∈
[
0, 1−β

1+β

)
and 0 ≤

2θ

(1+θ)(1−β ) < α ≤ αn ≤ 1. In addition, assume that γ ≥ 0 satisfies∣∣∣γ− µ

L2

∣∣∣< √µ2−L2λ (2−λ )

L2 .

Then {xn} converges linearly to the unique solution x∗ ∈K (x∗) of QVI (2.1).

Proof. We divide the proof into two cases.
Case I. Consider θ = 0.
In this case, Algorithm 3.1 reduces to [14, Algorithm 1]. Following the same lines of argu-

ments in [14, Theorem 3], we have

‖xn+1− x∗‖ ≤ (1−αn(1−β ))‖xn− x∗‖ ≤ (1−α(1−β ))‖xn− x∗‖. (3.1)

Note that 1−α(1−β ) ∈ (0,1) due to α ∈ (0,1] and 1−β ∈ (0,1). Consequently, we obtain
by induction that

‖xn+1− x∗‖ ≤ (1−α(1−β ))n‖x1− x∗‖. (3.2)

Case II. Consider θ ∈
(

0, 1−β

1+β

)
.

Note that
x∗ = (1−αn)x∗+αnPK (x∗)(x

∗− γF (x∗)).

From Algorithm 3.1, one has

‖xn+1− x∗‖
≤ ‖(1−αn)(yn− x∗)‖+αn‖PK (yn)(yn− γF (yn))−PK (x∗)(x

∗− γF (x∗))‖
≤ (1−αn)‖yn− x∗‖+αn‖PK (yn)(yn− γF (yn))−PK (x∗)(yn− γF (yn))‖
+αn‖PK (x∗)(yn− γF (yn))−PK (x∗)(x

∗− γF (x∗))‖
≤ (1−αn)‖yn− x∗‖+αnλ‖yn− x∗‖
+αn‖(yn− γF (yn))− (x∗− γF (x∗))‖.

(3.3)

Since F is µ-strongly monotone and L-Lipschitz continuous, one has

‖(yn− γF (yn))− (x∗− γF (x∗))‖2 = ‖yn− x∗‖2−2γ〈F (yn)−F (x∗),yn− x∗〉

+ γ
2‖F (yn)−F (x∗)‖2

≤ (1−2µγ + γ
2L2)‖yn− x∗‖2.

(3.4)

Substituting (3.4) into (3.3), we conclude that

‖xn+1− x∗‖

≤ (1−αn)‖yn− x∗‖+αnλ‖yn− x∗‖+αn

√
1−2µγ + γ2L2‖yn− x∗‖

= (1−αn(1−β ))‖yn− x∗‖.

(3.5)
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As a special case of (3.5), we have

‖x2n+2− x∗‖2 ≤ (1−α2n+1(1−β ))2‖y2n+1− x∗‖2

= (1−α2n+1(1−β ))2
[
(1+θ)‖x2n+1− x∗‖2

−θ‖x2n− x∗‖2 +θ(1+θ)‖x2n+1− x2n‖2
]

= q2
2n+1

[
(1+θ)‖x2n+1− x∗‖2−θ‖x2n− x∗‖2

+θ(1+θ)‖x2n+1− x2n‖2
]
,

(3.6)

where qn := 1−αn(1−β ),∀n≥ 1. From (3.5) and (3.6), we have

‖x2n+2− x∗‖2 ≤ q2
2n+1

[
(1+θ)‖x2n+1− x∗‖2−θ‖x2n− x∗‖2 +θ(1+θ)‖x2n+1− x2n‖2

]
≤ q2

2n+1

[
q2

2n(1+θ)‖x2n− x∗‖2−θ‖x2n− x∗‖2 +θ(1+θ)‖x2n+1− x2n‖2
]

≤ q2
2n+1

[
q2

2n(1+θ)‖x2n− x∗‖2−θ‖x2n− x∗‖2

+θ(1+θ)(‖x2n+1− x∗‖+‖x2n− x∗‖)2
]

≤ q2
2n+1

[
q2

2n(1+θ)‖x2n− x∗‖2−θ‖x2n− x∗‖2

+θ(1+θ)(1+q2n)
2‖x2n− x∗‖2

]
≤ q2

2n+1‖x2n− x∗‖2,
(3.7)

where
q2

2n(1+θ)−θ +θ(1+θ)(1+q2n)
2 < 1

due to 2θ

(1+θ)(1−β ) < αn. By (3.7), we obtain

‖x2n+2− x∗‖ ≤ q2n+1‖x2n− x∗‖

≤ 1−θ

1+θ
‖x2n− x∗‖

...

≤
(1−θ

1+θ

)n
‖x2− x∗‖. (3.8)

This implies that

‖x2n− x∗‖ ≤
(1−θ

1+θ

)n−1
‖x2− x∗‖.

Substituting (3.8) into (3.5), we conclude

‖x2n+1− x∗‖ ≤ q2n‖x2n− x∗‖

≤ 1−θ

1+θ
‖x2n− x∗‖

≤ ‖x2n− x∗‖

≤
(1−θ

1+θ

)n
‖x2− x∗‖. (3.9)
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In view of (3.8) and (3.9), we obtain that {xn} converges R-linearly to x∗. This concludes the
proof. �

If K (x),x ∈ H is a ”moving set”, i.e., the case that K (x) := c(x) + K,x ∈ H , where
c : H →H is a λ -Lipschitz continuous mapping and K ⊂H is a nonempty, closed, and
convex subset. Then (2.3) holds with the same value of λ (see [30]). From Theorem 3.1, we
have the following corollary.

Corollary 3.1. Consider the QVI (2.1) with F being µ-strongly monotone and L-Lipschitz con-
tinuous, and suppose that K (x) := c(x)+K, x ∈H , where c : H →H is a λ -Lipschitz con-
tinuous mapping and K is a nonempty, closed, and convex subset of H . Let {xn} be a sequence
generated by Algorithm 3.1 with γ ≥ 0 satisfying (3.13). Define β :=

√
1−2µγ + γ2L2 +λ ∈

(0,1). Assume that θ ∈
[
0, 1−β

1+β

)
and 0 ≤ 2θ

(1+θ)(1−β ) < α ≤ αn ≤ 1. Then {xn} converges
R-linearly to the unique solution x∗ ∈K (x∗) of QVI (2.1).

Remark 3.2. (a) Theorem 3.1 reduces to [30, Theorem 3.3] if αn = 1 and θ = 0 in Algorithm
3.1.
(b) Theorem 3.1 reduces to [14, Theorem ] if θ = 0 and 0 < αn ≤ 1 in Theorem 3.1.
(c) Theorem 3.1 reduces to [5, Theorem 3.1] if θ = 0 and αn = 1 in Algorithm 3.1.

The following results give priori and posteriori error estimates of the sequence generated by
Algorithm 3.1.

Theorem 3.2. Let all the assumptions in Theorem 3.1 be satisfied. Let θ = 0 in Algorithm 3.1
and {xn} be generated by Algorithm 3.1. Then

‖xn+1− x∗‖ ≤ (1−α(1−β ))n 1
α(1−β )

‖x2− x1‖, ∀n≥ 1

and

‖xn+1− x∗‖ ≤ 1−α(1−β )

(1−β )α
‖xn− xn+1‖, ∀n≥ 1.

Proof. From (3.1), one has

‖xn− x∗‖ ≤ ‖xn− xn+1‖+‖xn+1− x∗‖
≤ ‖xn− xn+1‖+(1−αn(1−β ))‖xn− x∗‖.

It follows that

‖xn− x∗‖ ≤ 1
αn(1−β )

‖xn− xn+1‖. (3.10)

By (3.2) and (3.10), we obtain

‖xn+1− x∗‖ ≤ (1−α(1−β ))n‖x1− x∗‖

≤ (1−α(1−β ))n 1
α1(1−β )

‖x2− x1‖

≤ (1−α(1−β ))n 1
α(1−β )

‖x2− x1‖.
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In view of (3.1) and (3.10), we have

‖xn+1− x∗‖ ≤ (1−αn(1−β ))‖xn− x∗‖

≤ 1−αn(1−β )

αn(1−β )
‖xn− xn+1‖. (3.11)

Observe that
1−αn(1−β )

αn(1−β )
≤ 1−α(1−β )

α(1−β )

due to α < αn. This implies from (3.11) that

‖xn+1− x∗‖ ≤ 1−α(1−β )

α(1−β )
‖xn− xn+1‖.

�

Theorem 3.3. Let all assumptions in Theorem 3.1 be satisfied. Let {xn} be generated by Algo-
rithm 3.1. Then, for θ ∈

(
0, 1−β

1+β

)
,

(i)

‖x2n+2− x∗‖ ≤
(1−θ

1+θ

)n(1+θ

2θ

)
‖x2− x4‖, ∀n≥ 1

and

‖x2n+2− x∗‖ ≤
(1−θ

1+θ

)(1+θ

2θ

)
‖x2n− x2n+2‖, ∀n≥ 1;

(ii)

‖x2n+1− x∗‖ ≤
(1−θ

1+θ

)n−1(1+θ

2θ

)
‖x2− x4‖, ∀n≥ 1.

and

‖x2n+1− x∗‖ ≤
(1−θ

1+θ

)(1+θ

2θ

)
‖x2n− x2n+2‖, ∀n≥ 1.

Proof. Observe that

‖x2n− x∗‖ ≤ ‖x2n− x2n+2‖+‖x2n+2− x∗‖

≤ ‖x2n− x2n+2‖+
(1−θ

1+θ

)
‖x2n− x∗‖.

Therefore,

‖x2n− x∗‖ ≤
(1+θ

2θ

)
‖x2n− x2n+2‖. (3.12)

From (3.8) and (3.12), we conclude

‖x2n+2− x∗‖ ≤
(1−θ

1+θ

)n
‖x2− x∗‖

≤
(1−θ

1+θ

)n(1+θ

2θ

)
‖x2− x4‖.

Using (3.8) and (3.12) again, we arrive at

‖x2n+2− x∗‖ ≤
(1−θ

1+θ

)
‖x2n− x∗‖

≤
(1−θ

1+θ

)(1+θ

2θ

)
‖x2n− x2n+2‖.
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Hence, (i) is established.
In view of (3.8), we have(1−θ

1+θ

)
‖x2n− x∗‖ ≤

(1−θ

1+θ

)n
‖x2− x∗‖.

Thus

‖x2n− x∗‖ ≤
(1−θ

1+θ

)n−1
‖x2− x∗‖.

Using (3.9) and (3.12), we assert that

‖x2n+1− x∗‖ ≤
(1−θ

1+θ

)n−1
‖x2− x∗‖

≤
(1−θ

1+θ

)n−1(1+θ

2θ

)
‖x2− x4‖.

Furthermore, (3.12) implies that

‖x2n+1− x∗‖ ≤
(1−θ

1+θ

)
‖x2n− x∗‖

≤
(1−θ

1+θ

)(1+θ

2θ

)
‖x2n− x2n+2‖.

This establishes (ii). �

3.2. The over-relaxation approach. In this subsection, we investigate the convergence analy-
sis of the alternated inertial projection Algorithm 3.1 in the case of over-relaxation.

Theorem 3.4. Assume that F is µ-strongly monotone and L-Lipschitz continuous in QVI (2.1)
and there exists λ ≥ 0 such that (2.3) holds. Define β :=

√
1−2µγ + γ2L2 + λ ∈ (0,1).

Let {xn} be a sequence generated by Algorithm 3.1 with θ ∈
[
0, 1−β

1+β

)
and 1 < αn ≤ α∗ <

2
(1+θ)(1+β ) . In addition, assume that γ ≥ 0 satisfies∣∣∣γ− µ

L2

∣∣∣< √µ2−L2λ (2−λ )

L2 . (3.13)

Then {xn} converges R-linearly to the unique solution x∗ ∈K (x∗) of QVI (2.1).

Proof. Following (3.3)–(3.5) above, we have

‖xn+1− x∗‖ ≤ (αn−1)‖yn− x∗‖+αnλ‖yn− x∗‖
+αn‖(yn− γF (yn))− (x∗− γF (x∗))‖

≤ (αn−1)‖yn− x∗‖+αnλ‖yn− x∗‖

+αn

√
1−2µγ + γ2L2‖yn− x∗‖

= (αn(1+β )−1)‖yn− x∗‖. (3.14)

We consider the following two cases.
Case I. Consider θ = 0.
In this case, we have from (3.14) that

‖xn+1− x∗‖ ≤ (αn(1+β )−1)‖xn− x∗‖ ≤ (α∗(1+β )−1)‖xn− x∗‖.
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Since 1 < α∗(1+β )< 2, one has α∗(1+β )−1 ∈ (0,1). It follows that

‖xn+1− x∗‖ ≤ (α∗(1+β )−1)n‖x1− x∗‖.

Case II. Consider θ ∈
(

0, 1−β

1+β

)
.

Define q̄n := αn(1+β )−1. One concludes from (3.14) that (observe the arguments of (3.6)-
(3.7))

‖x2n+2− x∗‖2 ≤ q̄2
2n+1(q̄

2
2n(1+θ)−θ +θ(1+θ)(1+ ¯q2n)

2)‖x2n− x∗‖
≤ q̄2

2n+1‖x2n− x∗‖2,

since q̄2
2n(1+θ)−θ +θ(1+θ)(1+ q̄2n)

2 < 1, which is due to αn <
2

(1+θ)(1+β ) and θ < 1−β

1+β
.

Observe that

q̄n ≤ α
∗(1+β )−1≤ (1+β )

2
(1+θ)(1+β )

−1 =
1−θ

1+θ
.

So,

‖x2n+2− x∗‖ ≤ q̄2n+1‖x2n− x∗‖

<
1−θ

1+θ
‖x2n− x∗‖

...

≤
(1−θ

1+θ

)n
‖x2− x∗‖.

This implies that

‖x2n− x∗‖ ≤
(1−θ

1+θ

)n−1
‖x2− x∗‖.

Similarly, one has

‖x2n+1− x∗‖ ≤ q̄2n‖y2n− x∗‖

<
1−θ

1+θ
‖x2n− x∗‖

≤ ‖x2n− x∗‖

≤
(1−θ

1+θ

)n−1
‖x2− x∗‖.

Therefore, {xn} converges to x∗ R-linearly. �

Corollary 3.2. Consider the QVI (2.1) with F being µ-strongly monotone and L-Lipschitz
continuous and suppose that K (x) := c(x)+K, x ∈H , where c : H →H is a λ -Lipschitz
continuous mapping and K is a nonempty, closed, and convex subset of H . Define β :=√

1−2µγ + γ2L2 +λ ∈ (0,1). Let {xn} be a sequence generated by Algorithm 3.1 with θ ∈[
0, 1−β

1+β

)
and 1 < αn ≤ α∗ < 2

(1+θ)(1+β ) . Let {xn} be a sequence generated by Algorithm 3.1
with γ ≥ 0 satisfying (3.13). Then {xn} converges R-linearly to the unique solution x∗ ∈K (x∗)
of QVI (2.1).
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4. FINAL REMARKS

In this paper, we gave the linear rate convergence analysis of the generalized projected gra-
dient method with alternated inertial steps for solving the quasi-variational inequality in real
Hilbert spaces. We considered under-relaxation and over-relaxation cases in our analysis. We
also obtained some priori and apriori error estimates of the sequence generated by our algo-
rithm. Many gradient-type methods for solving the quasi-variational inequality in the literature
are the special cases of our new algorithm.
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