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PHASE RETRIEVAL WITH SUB-GAUSSIAN MEASUREMENTS VIA
RIEMANNIAN OPTIMIZATION

HUIPING LI YU XIA*

School of Mathematics, Hangzhou Normal University, Hangzhou 311121, China

Abstract. This paper concerns the phase retrieval problem under random sub-Gaussian measurements.
We propose one type of gradient descent method based on Riemannian optimization, namely, truncated
Riemannian gradient descent algorithm (TRGrad), to deal with the sub-gaussian phase retrieval problem.
Compared with traditional methods, the careful selection rule in our work ensures a tighter initial guess.
The sequence generated by the TRGrad converges to the true solution x € R” at a geometric rate with
high probability provided that the number of measurements m = O(n). This implies that the sample
complexity is optimal. In addition, several numerical experiments are provided to show the effectiveness
and stability of the TRGrad, and demonstrates that the TRGrad performs better than the state-of-the-art
methods, such as Wirtinger Flow (WF) algorithm, and Generalized WF algorithm.

Keywords. Gradient descent method; Phase retrieval; Riemannian optimization; Sub-Gaussian mea-
surements.

1. INTRODUCTION

1.1. Problem setting. The problem of Phase Retrieval (PR) is generally stated as the problem
of estimating a vector x € R"” or C” from the certain measurements of the form

2

y = |Ax]7, (1.1)
where y € R™ is the observation, and A € R™*" is the sensing matrix. The notation |- |? is
denoted as:

2 2 21T T
2|2 = [|z1]%, - |zm|*] | for z=[z1,...,2m) ' € R™.

The above phase retrieval problem has important applications in imaging, optics, signal pro-
cessing, and communication.

Throughout the paper, the measurement matrix A is drawn from the sub-Gaussian distribu-
tion, which is widely used in applications [1, 2, 3]. Before going further, we give the definition
of sub-Gaussian random variables.

Definition 1.1. (Sub-Gaussian random variables, [4, 5]) A random variable ¢ is called a sub-
Gaussian random variable if there exists constants k > 0 such that P(|¢| > ¢) < exp(1 — kz?)
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for all t > 0. The sub-Gaussian norm of ¢ is denoted as

(Elg|")'/”
VP

Now we make the explicit definition of sub-Gaussian measurements used in our paper.

[@1ly, = SUp,>1

Definition 1.2. (sub-Gaussian measurements) Let A € R™*" be the measurements matrix. The
elements of A are independently copies of some sub-Gaussian random variable a, which meets
the conditions as below:

(1) Ea =0, Ea® = 1;

Q) Ea* =1 > 1;

(3) llally, < KK > 1).

Remark 1.1. For general sub-Gaussian matrix A, we can normalize the elements to meet the
condition Ea? = 1. The forth moment condition Ea* > 1 is necessary, otherwise the expectation
of the concentration inequalities may be smaller than 0. More details can be seen in Remark
5.1. Based on the definition of || - ||y, if |||y, < K, one has T < 16K*, and

P(la| > 1) < exp(1—cot*/K?), (12)
where cg > 0 is some absolute constant.

For simplicity, we focus on the reconstruction of real signal x from the PR problem in this
paper. Based on a standard lifting of the signal x to X = xx ', the quadratic measurements (1.1)
can be expressed as

y = (X), (1.3)
where o7 : R"*" — R™ is defined as below
m
W) ={(W.ajaf)} .
J:
with ajT as the j-th row of A. Thus, our goal is to estimate the rank-one, and positive semidefi-
nite matrix X from the measurements (1.3), which also solves the PR problem and provides an
estimate for the real signal x up to the inevitable global phase ambiguity.

1.2. Notations. For n € N, denote [n] = {1,...,n}. Given and index set T C [n], T¢ is the
complement of 7 in [n]. Denote ¢y, or Cy as constant depending on parameter ¢. For example,
Ck depends on parameter K, and Ck ; depends on K and 7. To be convenient, C and ¢ are
absolute constants, which may not be the same in different theorems. A = B is denoted as
A > CyB, where C is an absolute positive constant. The notation < can be defined similarly.

sign(x) is denoted as
ian(x) 1 x>0,
sign(x) =
. -1 x<O0.

1/p
For a vector x € R”, denote ||x||, = (Z’}Zl ]xj]p> as the p-th(1 < p < o) norm of x. $" ! is
the unit /-norm sphere in R”. For a matrix X € R™*", write X T as the transpose of X. For any
X,Y € R, set (X,Y) :=Tr(X"Y). X, ; is considered as the i-th row and j-th column element
of X. If x = [x],...,x,] T €R", then Diag(x) € R"" is a diagonal matrix with [Diag(x)];; = x;.
If X € R™" with Diagonal elements (X;;)?_,, then Diag(X) = Diag([X1 1, ..., Xun] ).
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1.3. Our contributions. The main challenge in the PR problem under random sub-Gaussian
measurements in its general formulation is to design an accurate and computationally tractable
estimator that has optimal sample complexity. In this paper, we try to address this challenge
by Riemannian optimization. Namely, we propose one kind of truncated Riemannian gradient
descent algorithm that

(1) generates a sequence of successive iterates which provably converges to the solution at a
geometric rate in the noiseless case;

(ii) the sample complexity is optimal, namely, m = O(n).

Specifically, to confirm our results, we are greatly inspired by the works in [6, 7] and attempt
to establish a property similar to the restricted isometry property (RIP) and the restricted weak
correlation property (RWC) about the sensing operator. However, the linear operator consid-
ered here is composed of sub-Gaussian measurements which is more complicated that random
Gaussian measurements. For example, the expectation of some complicated functions based on
sub-Gaussian vector can not be calculated directly like Gaussian vectors. Therefore, to over-
come such difficulties, we need delicate truncation rules and novel update rules to produce a
tighter initial guess, better descent directions, and thus enhanced practical performance. This
implies that our work is substantially different from that in [6]. Thus, it is by no means trivial
to establish the convergence for sub-Gaussian measurements. Our analyses rely on several key
technical lemmas, namely, Lemma 3.1 and Lemma 3.2.

1.4. Related works. As is well known, the PR problem arises in many areas of science and
engineering such as in X-ray crystallography, astronomy, quantum mechanics, and diffraction
imaging; see, e.g., [8, 9, 10, 11, 12, 13]. Because of the practical significance of the phase
retrieval problem in different areas, the community has developed a large body of methods for
recovering a signal from the PR problem. For the classical PR problem, which focuses on the
Fourier transform, the most widely used method are perhaps Gerchberg-Saxton algorithm [14]
and Fienup algorithm [15]. While such methods perform well in practice, the fundamental
mathematical questions concerning their convergence remain unresolved. Recently, a family
of algorithms based on convex or non-convex optimizations have been developed to solve the
general PR problem under different measurements. We refer the reader to [16] for a recent
review. The most popular convex method is the perhaps PhaseLift algorithm proposed in [17,
18, 19] and for Gaussian or sub-Gaussian measurements, the PhaseLift method is proved to
provide exact solutions for the general PR problem using an optimal number of sampling vectors
[2, 20]. While such method based on SDP relaxations offer tractable solutions, it becomes
computationally prohibitive as the dimension of the signal increases. As a result, many non-
convex algorithms have also been provided to directly solve the phase retrieval problem in the
original signal space; see, e.g., [1, 21, 22, 23, 24, 25]. For the theoretical side, the generalized
WF algorithm is demonstrated to produce a good estimator for the sub-Gaussian PR problem,
provided that the number of measurements m = O(nlog®n) in [1]. Besides, to the best of our
knowledge, there are few algorithms with theoretical guarantees established for PR problem in
the case of random sub-Gaussian measurements.
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2. TRUNCATED RIEMANNIAN GRADIENT DESCENT ALGORITHM

In this section, we establish the truncated Riemannian gradient descent algorithm for sub-
Gaussian phase retrieval problem. The truncated Riemannian gradient descent algorithm (TR-
Grad) in Algorithm 1 exploits the embedded manifold of rank-1 and positive semidefinite ma-
trices.

Algorithm 1 The truncated Riemannian gradient descent algorithm (TRGrad)

1: Input: The measurement matrix A € R™*", the observations y € R”, the parameters R and
MAXiter.

2: Output: A matrix Zy.

3. Initial: Set 7:= ¥, ;A};, and

_ 1 -
Yp:= " JZ,I yja;a; I{YjSR(%Z;n:])’i)}'
Let u; be the eigenvector corresponding to the largest eigenvalue of

14, E i .

HR;:YR—T

j=1

Z() = (% Tzly,-)ululT.

4. Loop: for [ =0 to MAXiter

G =, (4(Z)-y), 2.1)
W, =2,—n25(G), (2.2)
Zi = 5(W)). (2.3)

5: Zy = ZMAXiter-

The estimation of forth moment 7 depends on the law of large numbers since Z; is rank-1
and positive semidefinite with

Z =2zz,
In (2.1), A; is some linear operator defined as

m

_ al
,Q{l(W) = {<W,a]aj 1{{|a}z;|§||ZlH2}m{\/y7§R ,1,271_1)’i}}>}

j=1
Then the adjoint of .7 is given by

ST (B) =Y biaall
r () J; 497 aTal<aln( <Ry E T )

for all b € R™. The projection &7, in (2.2) can be computed as follows:
Pr(W) = ulu,TW + WululT — ulu,TWululT,

where u; = z;/||z;].
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In (2.3), Y7, returns the best rank-1 and positive semidefinite approximation of W;. Since
W, = WZT and the rank of W/ is no larger than 2, the eigenvalue decomposition of W; can be
constructed easily.

3. MAIN RESULTS

In this section, we first show the convergence result on the TRGrad by considering general
measurement matrix A. For any z € R”, denote
T,={zw' +wz' |wecR"},

m

_ al
(W) = {<W,aja_, 1{{|a]Tz\§R|\z|\2}m{\/y7§R ,}lZ’j”lyz'}}>} ’

j=1
and
P (W) =uu'W+Wuu" —uu"Wuu'",

with u = z/||z]>.
We propose two important local conditions as below.
Condition 1: Truncated Local Restricted Isometry Property(TL-RIP(c,f3)).
The measurement matrix A satisfies the Truncated Local Restricted Isometry Property with
parameters o, 8 > 0 if, for all zz" obeying ||zz" —xx"||F < &l|xx"||r and W € T,
| Wl < %H%(W)H% <BIW|.

Condition 2: Truncated Local Weak Correlation Property(TL-WCP(0)).
The measurement matrix A satisfies the Truncated Local Weak Correlation Property with
parameter 6 > 0 if, for all zz' obeying ||zz" —xx" || < &|xx"||r and W € T,

1

— H Pr,. o, (1 Pr)(zz" —xx") H <6 szT —xx' H

m F F
Theorem 3.1 relies on TL-RIP(«, ) and TL-WCP(0).

Theorem 3.1. (General convergence result) Denote X = xx'. Assume that the initial guess
Zy = z0z] satisfies ||zoz) —xx'||F < &l X||F. If the measurement matrix A satisfies TL-
RIP(a,3) and TL-WCP(0), then

1Z11 = X|[F < VIZ, - X||F,
for some 0 < v < 1. The step-size M is taken as
1—1/\/1+16e+g 1+1/\/1+16g] —&
o—06 ’ B+6

UIRS

provided that
0 <a and (1—1/ 1+16e§+80>[3+29§(1+1/ 1+16e§—80)a. (3.1)

When €& and 6 is small enough, the condition in (3.1) can be satisfied easily.
Now we focus on sub-Gaussian measurements drawn from distribution in Definition 1.2 to
show that the conditions in Theorem 3.1 can be achieved with optimal sampling complexity.
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Theorem 3.2. (Initialization result on sub-Gaussian measurements) Assume that the elements
of A € R™*" are independently copies of sub-Gaussian random variable a in Definition 1.2 with
parameters K and t. Z is the initialization generated as in Algorithm 1, if m > Cg g .n, then

1Zo—X||r < V58(V56+2)|X||F,
with probability at least 1 —exp(—cn).

The following two lemmas demonstrate the TL-RIP and TL-WCP on sub-Gaussian measure-
ments.

Lemma 3.1. The elements of A € R™" are independently copies of sub-Gaussian random
variable a in Definition 1.2 with parameters K and T > 1. ajT is the j-th row of A. Then with
probability at least 1 — exp(—cgm), we have

_3+21-3

) 1 7—1 1
min{ ¢ St HIWIE < 2l < ZE2 2w

8" 16
holds uniformly for all z € R" and all W = zw ' +wz ' provided that m > Ckn.

Lemma 3.2. The elements of A € R™*" are independently copies of sub-Gaussian random

variable a in Definition 1.2 with parameters K and T > 1. ajT is the j-th row of A. Denote

aj € R*(j=1,...,m) as the row elements of A. Then with probability at least 1 — exp(—cxm),
we have

% HQZTZ«%T%(I_ ‘@Tz)(zZT —xxT)HF

[3+2]7— R
< ( W) (5+5R4Kzexp (1 - C;{—2>) lzz" —xx"||F

holds uniformly for all zz" obeying ||zz" —xx"|| < €| X||r provided that m > Cxm. Here

< lmin 0 o 1 (3.2)
) 2(2R*+ SR>+ SR2) 32R'2 [ '

Combining Lemma 3.1, Lemma 3.2, Theorem 3.2, and Theorem 3.1, and taking constants &
and R sufficiently small and large, respectively, the following result can be obtained immedi-
ately.

Theorem 3.3. (Convergence result on sub-Gaussian measurements) The elements of A € R™*"
are independently copies of sub-Gaussian random variable a in Definition 1.2 with parameters
K and © > 1. Algorithm | generates Z; such that

|Z11 —X|F <VI|Z; - X||F,

for some O < v < 1 with probability 1 — exp(—cgm) provided that m > Ckn.

4. NUMERICAL EXPERIMENTS

4.1. Experiment settings. In this following numerical experiments, we will investigate the
performance of the TRGrad in Algorithm 1 compared with Generalized WF [1] and WF [21].
Here we choose R = 3+/7 in TRGrad. To make the comparison fair, the maximum iterations are
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taken to be the same in different algorithms. All experiments are carried out on Matlab 2018
with a 2.9 GHz Intel Core 17-10700F and 16 GB memory.
The signal dimension n = 128. The target signal x = [x,...,x,] is drawn from Gaussian

distribution, i.e.,
55] .] S n— 13
X j = " .
100x; j=n,
where X = [X],...,X,) is standard random Gaussian vector with xX; ~ .47(0,1). Besides, two
measurement models are considered:

(1) Uniform distribution model: the elements of A are drawn from /3% [—1,1].
(2) Ternary distribution model: the elements of A are drawn from the following distribution

3/2,  with Prob. 1/3,
t=10, with Prob. 1/3,
—+/3/2, with Prob. 1/3.

If the algorithm output is Zy = Z#Zi;&r , we obtain the performance in terms of relative mean
square error (MSE), that is,
. dist(zs,x
Relative MSE := M
|[|2

where
dist(zy,x) = min{||zs — x||2, [|z4 + x[[2}.

We consider an algorithm to have successfully reconstructed a target signal x if the relative MSE
is smaller than 1075.

4.2. Numerical performance. First of all, we investigate the initialization step of our algo-
rithm TRGrad compared with WF and generalized WF. The sampling ratio m /n ranges from 2
to 10. For each m/n, we repeat the experiments for 50 times and show the average value of the
relative error. Figure 4.1 depicts the relative error versus m/n for uniform distribution model
and ternary distribution model. We find that the relative error by Generalized WF and TRGrad
is smaller compared with that by WE. However, the performance on initialization is comparable
between Generalized WF and TRGrad. Since the sampling complexity is optimal in TRGrad,
we believe that with more delicate proofs, the sampling complexity can be reduce in generalized
WF [1].

Then we test the success rate under different algorithms. We set the maximal iteration number
as 1000 and evaluate the algorithms by 50 trials. The plots of successful recovery probability
against the sampling ratio m/n are shown in Figure 4.2. We find that TRGrad has improved per-
formance over Generalized WF and WF, and 3.5n measurements are enough for exact recovery
in both uniform distribution model and ternary distribution model. To discuss the computational
efficiency, we consider the convergence time on successful recovery. Table 1 shows the average
running time in 50 tests when m/n ranges from 5 to 8. Since the maximal iteration number is
fixed, it also includes the unsuccessful recovery examples in WF (the relative MSE may still be
larger than 10~ when iteration ends). On one hand, TRGrad exhibits a superior performance
under two measurement models. On the other hand, the computational time on successfully
recover signal may decrease even when the sampling ratio m/n increases. Besides, we also
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FIGURE 4.1. Initialization comparison under different measurements: (a) uni-
form distribution model; (b) ternary distribution model.

compare the convergence rates of different algorithms when m/n = 6. In Figure 4.3, TRGrad
converges much faster than the other two algorithms.
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FIGURE 4.2. Success rate comparison under different measurements: (a) uni-
form distribution model; (b) ternary distribution model.

Furthermore, we demonstrate the performance on different algorithms under additive noise.
The white Gaussian noise is followed by MATLAB function awgn(</ (xx'),snr), ie., y =

|Ax|> +w with w ~ ||’féﬁ%e/i/(o,lm). Here m/n = 6 and 50 trials are conducted. The
SNR varies from 10dB to 50dB. We compute the signal-to noise ratio of reconstruction in dB as
—201log,(relative MSE). The average relative reconstruction error is dB plotted against SNR
is shown in Figure 4.4. For TRGrad and Generalized WF, the desirable linear scaling between
the noise levels and the relative reconstruction errors can be observed. The WF fails to meet
the property since the signal may not be recovered even in noiseless case. Although the relative

error is comparable between Generalized WF and TRGrad in noisy case, the convergence rates



PHASE RETRIEVAL WITH SUB-GAUSSIAN MEASUREMENTS 465

TABLE 1. Average running time (seconds) under different measurements

sampling ratio (m/n) 5 6 7 8
WF 0.0577 | 0.0434 | 0.0444 | 0.1325
Uniform distribution model | Generalized WF || 0.0450 | 0.0347 | 0.0365 | 0.0824
TRGrad 0.0247 | 0.0183 | 0.0185 | 0.0358
WF 0.0597 | 0.0487 | 0.0524 | 0.1458
Ternary distribution model Generalized WF | 0.0349 | 0.0355 | 0.0369 | 0.0829
TRGrad 0.0195 | 0.0176 | 0.0184 | 0.0358

are quite different. In Figure 4.5, we find that TRGrad also converges much faster than WF and
Generalized WF, when the observations are corrupted by additional noise.
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FIGURE 4.3. Convergence rate comparison under different measurements: (a)
uniform distribution model; (b) ternary distribution model.
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FIGURE 4.5. Relative MSE against iteration: (a) uniform distribution model;
(b) ternary distribution model.

5. PROOFS

J
first and then calculate its upper and lower bounds, which will play important roles in the main
results.

5.1. The estimation of expectation. We estimate the expectation of (% " |(x,a;)?a jaT>

Theorem 5.1. Assume that y = |Ax|> with A € R™" and x = [x,...,x,]". The elements of
A € R™" gre independently copies of sub-Gaussian random variable a in Definition 1.2 with
parameters K and T. a]T is the j-th row of A. Then

1 & .
. (zz \<x,a,->rza,-ai> = 2xx” + [} + (v — 3)Diag(xP).
i=1

Proof. Denote a = [ay,...,a,]" € R", where a; are independently copies of sub-Gaussian ran-
dom variable a in Definition 1.2. Then

E (n% i |(x,aj)]2ajaJT> =E <|(x,a)]2aaT> .

By simple calculation, we have

2
1 Tlx:l2 Uy 2 &
]E[(x,a>|ZaTa} -k:E (inai> ajai :{ e[+ i bal®s T =k,
I i=1

2 jx, j#k,
2P+ B (e3P =k
2ijk, J7£ kv
which meets the conclusion. ]

Lemma 5.1. Let T > 1 be some fixed constant. For any w,x € R" such that ||w|| = ||x|» = 1,

—1
0< min{l,TT} <w' <2xxT+I+(’L’—3)Diag(\x!2))w <3+|t-3|
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Remark 5.1. The condition that 7 > 1 can not removed, otherwise, the lower bound may be
smaller than 0. For example, take x = [v/2/2,4/2/2] " and w = [—v/2/2,+/2/2]". Then

w' (ZxxT +1+ (t—3)Diag (|x\2)) w=1+(1-3)/2<0.
Proof. Since
w' (2xxT + 1+ (7 —3)Diag (|x|2)) w =20, w2+ 1+ (7 —3)(|x2, [w]), 5.1)

we need to estimate the upper and lower bound of 2|(x,w)|> 4+ 1 + (7 —3){|x|?, |w|?).
The upper bound can be obtained directly, that is,
2/, w) 2+ 1+ (v =3) (I, [w]) <2+ 1+ —3] =3+[r-3],

applying Cauchy-Swartcz inequality. Then we should estimate the lower bound of (5.1). If
T > 3, then

2[(x, w)[* + 1+ (7= 3)(|x|*, |w*) > 1. (5.2)
Therefore, the only thing left is to calculate the lower bound of (5.1) when 7 < 3. For any
w=[wi,...,w,] " and x = [x1,...,x,] " with |[w|2 = ||x||2 = 1, denote

I:={i € [n] | sign(w;) = sign(x;)}.
Take A = Y ;c;x;w; and B = — Y ;e xjw;. Since x;w; > 0 for i € [ and —x;w; > 0 for i € I°, we
have
A>0,B>0, and |(x,w)|> = (A—B)°.
Then
2|(x,w) P+ 1+ (7= 3)(|x*, [w?)
:Z(A —B)2 +14+ (T — 3) Z(xiwi)z —+ Z (xiw,-)z
icl icle
>2(A—B)*+ 1+ (t—3)(A* +B?)
>max {2(A — B)? + (A+B)? + (7 —3)(A> +B%), 1+ (t—3)(A* + B%)}
>max {(A—B)*+(A+B)*+ (t—3)(A*+B%),1 + (- 3)(A*+B%)}
=max {(t—1)(A*+B%),1+ (t—3)(A*+B%)}.
The second line is based on
2
Y Gowi)? < | Yxiwi | =A%
icl icl

and

2
Z (X,‘Wi)z < Z xiw; | = B>.
iele ielc
The third line is based on

1 1
A+B<SY (G +wi)+5 Y (G +wi) =1.
21'61 2i€1“
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Therefore, when T < 3, the lower bound can be taken as
2/(x,w)|>+ 1+ (7= 3) (x>, |w]?)
> min (max{(t—1)(A*+B*),1+(t-3)(A*+B%)})

A24B2<I
in (max {(t— 1)t,1+ (t—3)1}) = T2
= min (max{(7— — =—.
0<t<l1 ’ 2
Combining (5.2) and (5.1), we arrive at
T—1
2 e P 1 (2= 3) e ) 2 minf 1, Z 1
for any w,x € R” such that |w|, = ||x[[ = 1. O

5.2. Proof of Theorem 3.1.

Proof of Theorem 3.1. Since W; =Z; — %,@T, (&%ITJMI(ZI) —y) =Z — %QE%TM(ZZ -X).
we have

Wi =Xllr = | @~ X) L7y 42— )|

F
<|[(25-Lonan’ s2n) @ -x)| +10- 20Xl
+ | Pr] A1 - 7r)Z-X)|| (5.3)

According to TL-RIP(ct, B) and TL-WCP(0), we have
Q

|(71-Ronar" anon) @-%)| | <max{|l-mal,[1-nB}|1Z ~X]r (54

and 0
W et a1 - 2120~ %)|| <m0 121X (5.5)
Applying (5.4), (5.5), and Lemma 4.1 in [7], inequality (5.3) becomes
W, —X||F < (max{[1 —mel|,[1—mB[} + M0 + &) | Z) — X||p := 1| Z, — X]||F,

where u = max {|1 —m;o|, |1 — 18|} + 1,6 + €. According to Lemma 4.4 in [6], we have

1Z11 —X||F < uy/1+16p%5]1Z — X | F.

Denote v := f1/1+16u2e3. In order to obtain v < 1, we should have u < 1/4/1+ 16¢7,
which leads to

max {|1 —mal, |1 —mpB[} +m6 < 1/4/1+ 165 — &,
1.e.,
1—1/y/1+16€3+& 14+1/1/1+16€2—¢&
o—0 ’ B+6

UIRS
provided that

6 <a and (1—1/ 1+168§+80>[3+29§(1+1/ 1+168§—80)oc.
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5.3. Proof of Theorem 3.2.

Proof of Theorem 3.2. Based on Lemma 6.1, we have

Yryis = L | ®an[ ajaj Ly, o cryi=s)a} = Y

I T
[N

_ I A2 aT
<Y = 21 [(x.a))"aja; 1y o <rvizs)x)a)
]:

with probability at least 1 —exp(—cn) provided that m > K 25 n. Meanwhile, according to Lemma
6.3, we have
T3]

Mg —2xx" —Hx]|%1]|<(5/2+<1+’ 1

) 64C*K* exp (1 — coR*(1 — 6)/(CK)2)) |3

with probability at least 1 — exp (—cn) provided that

2 2
8CC?R*(1+ 6)K? 8CC?K?

(= A =IE

Take R as an constant sufficiently large enough such that

m > max n

5/2+ (1 + H) 64C*K* exp (1 —coR(1—8)/(CK)?*) < 6.

Since the leading eigenvector of Mg is u;, and zg = 4 /%2?21 yiu1, by standard calculation in
[21], we have

min{||zo — x[|2, [|zo +x[l2} < V58 ]|x]|2.

Without loss of generality, assume that ||zo —x||» < v/50]|x||2. Here ||zo +x||2 < v/56]x]|2 can
be discussed similarly. Thus

1Zo—X||F < l|z0zg —%x" || <llz0(z0—%) " lF + I(z0 —%)x " ||r < (V58 +2)V58| X F.
O
5.4. Proof of Lemma 3.1.

Proof of Lemma 3.1. First of all, we find that

1 1 &
Liazwniz= L T T T
—llZ(W)l2 mk; (aay 2w’ +wz") {{la] el<Rllzlh}n{ ym7<Rry/E T i} }
1 & 2 2
- 1
m/;|<ak72>| |<ak,W>’ {{‘aJTdSR”zHZ}m{\/y*jSR %ij’:lyi}}

m
2 T
> 1
Lt nai L e sreryi ,1%}}>

S
/\
El’*
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Applying Lemma 6.5, we have
(1 -T2, T
w (mk;l |ay z|"aray 1{{\asz|SR||zH2}ﬂ{\/)Tj§R JLZ?lyi}}) w

— (2szsz+ l|z||3||wl|]3 + (t — 3)w ' Diag (|z|2) w>

cR?
< ((5 + 4R+ 6R*K?)e + (16K*R* + 64C*K*) exp (1 — F)

10R2K2 C1 2 2
+ o (1 2555 ) ) Izl3lIwlB.

According to Lemma 5.1, we have

. T—1 )
mm{l,T} 131wl < 2w"zz"w+ 2]3|w]3 + (v —3)w Diag (|2?) w

< 3+t =3]zl3l|wli3.

Taking R? = \/Lg and choosing € as a constant sufficiently small enough, we have

L T—1 2wl < 1 2 211w [2
mln{ia T} Izll2llwllz < — ||l oZ(W)ll2 < (3+27 = 3])llzll2][wll2.
Since W = zw ' +wz', we have |W||% = 2||z||3||w||5 + 2|z w|? < 4|z]/5||w]||3. Therefore,

342|713

W2,
5 W |7

(1 7—1 , 1 2
R < — <
min{ . S IWIE < 2wl <

5.5. Proof of Lemma 3.2.

Proof of Lemma 3.2. Withou loss of generality, assume that ||x||; = 1. Applying Lemma 3.1,

we have
L < 3—|—2|’L’—3‘.
N =V

The only thing we need to do is to estimate the upper bound of \/Lﬁ H%(I — Pr)(zz" —xx") H2

Pty

Letting h = z — x, we have

Th Th !
(I— Pr) (22 —xx") = — (Z z h) (Wz—h) .
2

I213

If 4] 2| < Rl[z]}2 and |a; x| < R]}x

5, then

€
lal h| < |a] 2|+ |a] x| < R(|zl|l2+ |x]2) <R (“W) lzll2 <3Rlz2.  (5.6)
- 0
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The third inequality is according to [zz" —xx'||% > %Hz —x|)3||x||3 in [6, Lemma 5.5], which
leads to ||z—x]|2» < \/%80, and ||z], > 1— \/%80- The last inequality is based on € < 3. There-
fore,

1
—|l (= Pr) (22" —xx")|3
m T 4
ot (fe)
= 213
& (a02) (2 h)?
= |23 {{la] zl<Rlzl}n{yr7<ry/ L T it}
L4 i (a¢2)*(agh)(z"h)*
m |5 ER {tafdi<Rlelaint <k /i T
L6 i (a; 2)°(ag h)*(z"h)?
= el {{1a] 21<Rlzlobn{57<Ry [ X0 vit )
3(z"h)

O (@ 2)(ag h)(
2y 1
| A FE {tla] zi<RIzld( m7<Ry it}

1
m

1
{{la] 2l<Rlizl2}n{ <Ry Eo it}

(5.7)

3

o

3

LN Tp
h)*1
- k;(“k ) {{IaIz\SRHzllz}ﬂ{mSR ;,Zle,-}}|

3|

c1R?
<2R*(||[3 +5R*||A||3 +8R*|[h||3 + 16R | A|3|z]l2 + SR*K? exp <1 - ) IR2]12]12

K2
h|)3 h c1R?
g((2R4+5R3+8R2)H “§+16R” ”2+5R4K2exp (1 ° >)||h||2|| 13. (5.8)
1z[l3 1z[|2 K?

The second inequality is based on (5.6), Lemma 6.1, and Lemma 6.4. If condition (3.2) holds,
then

. T
IIAll2 \/—sz ||X|)ch ||F<2eo§min{\/2(2 0 J 1}. (5.9)

Ixll = R*+5R3+8R?)’32R’ 2

Substituting (5.9) into (5.8), we can obtain the conclusion immediately. [

6. APPENDIX

6.1. Properties of sub-Gaussian random variables. Here we show some properties for sub-
Gaussian random vectors. A random vector a € R" is sub-Gaussian if the one-dimensional
marginals (a,u) are sub-Gaussian random variables for all u € R". The sub-Gaussian norm of
a is defined as

|ally, = sup [(a,u)ll,,
ucSr—1

Theorem 6.1. [5, Lemma 5.24] Let x,...,x, be independent centered sub-Gaussian random
variables. Then x = [x1,...,x,] " is a centered sub-Gaussian random vector in R", and

]|y, < Cmax||xif[y,,
i<n



472 L.LL Y. XIA
where C is an positive absolute constant.

Theorem 6.2. [5, Remark 5.40] Suppose that a; € R"(i = 1,...,m) are independently copies of
sub-Gaussian random vector a € R" with Eaa' = X, and lal|ly, < Cy,. Then, for everyt >0,
the following inequality holds with probability at least 1 — Zexp(—gtz/Cﬁ,z),

1 m
— ZaiaiT -X
mi3

where & = E’C%,z \/% + \/L%, and C and c are two positive absolute constants.

< max{§, &%},

6.2. Technical tools in the proof of Theorem 3.2. The elements of A € R™*" are indepen-
dently copies of sub-Gaussian random variable a in Definition 1.2 with parameters K and 7. a]T
is the j-th row of A. First of all, we show some important concentration inequalities on A.

Lemma 6.1. With probability at least 1 —2exp(—cn), we have

1 m
— ajaJT—I <9,
n

j=1

provided m 2, g—;n Here 6 < 1 is some positive constant, and c is some absolute constant.
Proof. Applying Theorem 6.1, we have ||a;||y, < CK, for j = 1,...,m. Taking

2CC*K?
0

2
Cy, =CK, m > ( ) n, and t = CC*’K*\/n

in Theorem 6.2, we have & < §, and

1 & T
— Z aja; —I1|| <6
m =
with probability at least 1 —exp (—cn). 0
Lemma 6.2. For any fixed x € R" and § < 1, denote
Yoo LY V2aal1 6.1
Ri= g, Llwai] aa; 1, 0/<rishs)- (6.1)
]:

With probability at least 1 —2exp(—cn), we have
¥ — (26" + lx|31+ (v — 3)Diag () |?) |
< (5 + o1t expl1 — ul®/(CK)?) ) Il

provided m > Cg p xkn. Here C, ¢ and cq are absolute constants.

Proof. Without loss of generality, assume that ||x||, = 1. Then ¥z becomes

1 & 2
Yr=—Y |(xa)| aa]1a,<n).
=1
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and it is equivalent to estimate the upper bound of ||¥z —2xx" —I— (7 —3)Diag (|x|?)||. Since
|Yg—2xx" —1— (7 —3)Diag (|x|?) |
=Yg —EYg+EYg—2xx" —I— (7 —3)Diag (|x?) |
<||Yr—EYg||+|[EYg — 2xx" —I— (7 —3)Diag (]x|*) ||
we need to estimate ||Y g — EY | and ||[EY g —2xx" — I — (7 — 3)Diag (|x|?) || separatively.
(a) Estimation of ||[Yz — EYg]|.

Denote b = [(x,a;)|a;j1{(; x)|<r)- We have Y = L ) bijT. For any u € S"~! and any
integer p > 1, we have

[(Bj,w)|” = [(x,a;)|"[(a},u)|" 1 (a; x)<ry < R"[{aj,u)|".

Therefore, according to Theorem 6.1, we have ||bj||y, < R||aj|ly, < CRK. In Theorem 6.2,
taking

ACC2R2K2\* _
Y =Ebb|,Cy, = CRK, m > (T) n, and t = CC*R*’K*\/n,
we have
0
I¥r—EYg| =Yz —E[ < 5, (6.2)

with probability at least 1 —2exp(—cn).
(b) Estimation of |[EY g —2xx" —I — (7 —3)Diag (|x?) ||.
For any fixed u € S"~1 we have

u' (EYR —2xx' —I—(t—3)Diag (\x|2)) u

~u"E (|(a1,) a1a] 110, y <) — @1,%)ara] ) u=E (|(a1,%) ] (@1, 0) "1 (g, 5 -1))

< (E (a0 ar,)*) " (P((ar,2) > R)) (6.3)
< (Bl{ar.x) )" (El{ar0)[%) " (B((ar1.2)| > R)/2
<(VB8CK)*exp(1 — coR?/(CK)?) = 64C*K* exp(1 — coR?/ (CK)?). (6.4)

The third line is according to Cauchy-Swartcz inequality and the definition of sub-Gaussian
vector norm. The fifth line is based on (1.2). It leads to

|EYg —2xx" —1— (7 —3)Diag (|x|*) || < 64C*K"* exp(1 — coR*/(CK)?). (6.5)

Combining (6.2) and (6.5), we can obtain that

|Yg —2xx" —I— (17— 3)Diag (|x*) || < g +64C*K* exp(1 — coR?/(CK)?)
with probability at least 1 — 2exp(—cn). O
Lemma 6.3. For any fixed x € R" and 0 < 1, denote Yg as in (6.1) and

|<a,~,x>|21> :

T—3

1
MRZ:YR— lDiag<YR_n_1

m

j=1
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Then with probability at least 1 —2exp(—cn), we have

3
Mg —2xx" — |x|21]| < (5/2+ (1 + H) 64C*K* exp (1 —cORZ/(CK)z)) |x|2

provided m > Cs g g tn. Here Cg g k 1 can be seen in (6.7).
Proof. Assume that ||x||; = 1. We can find that
Mg —2xx" —||x|31]| = | Mg —2xx" — 1|

=||Mg —EMy+EMg—2xx" — || x|31||
<||Mg —EMg|| + |EMg —2xx" — ||x|)31||

) 1 & ) 1 &
Diag (YR ) |<aj,x>|21) — EDiag (YR ) |<aj,x>|21) H

T—-3
<[[¥r—EYg|+_—
T =1 =1

+|[EMg —2xx" — |lx[|31]

-3 T—3
73| HYR—EYRH—FQ
[T—1i 71

+|[EMg —2xx" — |lx[|31]

6 0
4+ +||[EMg —2xx " — ||x||31]], (6.6)
provided
_ 2 _ 2
8CC’R*K? 8CC°K?
mZmaX T n, T n,. (67)
(1+F=) 8 (1+F=) 8

The last line is according to inequality (6.2) and Lemma 6.1. In addition,
IEMg —2xx " — [|x||31]

T-3
= Sl],pl u' <E\<a1,x>’2a1alT1{<ahx>>R} ﬁEDlag <|<al,x>|20101T1{(a1,x>|>R>) u
ueS"-

(1+M) u
p
‘ 1‘ ucSr—1

(1 + I - ?D 64C*K* exp (1 — coR*/(CK)?). (6.8)

u'E|(a;,x) |20101T1{<a1,x>|>k}u‘

The last line is according to (6.4). Combining (6.6) and (6.8), we have

Mg —2xx" — ||x||31|| < 8/2+ <1+| —3

| 1|> 64C*K* exp (1 — coR*/(CK)?).
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6.3. Technical tools in the proof of Theorem 3.3. The elements of A € R”*" are indepen-
dently copies of sub-Gaussian random variable a in Definition 1.2 with parameters K and 7.
aJT is the j-th row of A. Lemma 5.3 in [6] can be applied to sub-Gaussian case by slightly
modification, thus we omit the proof.

Lemma 6.4. Fix R > 1 and let € € (0,1) be a sufficiently small constant. With probability at
least 1 —exp (—cKmez),

R2
< 5K2Rzexp <1 — c;{_2> + €

L oy
m k;“k“k {la] z/>R]z].}

holds uniformly for all ||z|| # O provided m > Cxe~*loge™'n. Here Cx and ck are constants
depending on K.

The following lemma provides a uniform bound, which is different from Lemma 6.2.

Lemma 6.5. Fix R > 2 and let € € (0,1) be a sufficiently small constant. With probability at
least 1 —exp(—cgme?), we have

1 & .
o L lal 2Paial ey — (2227 + 11T+ (2 3)Diag (12P) H
k=1

cR? 10R%2K? 1
< ((5 + 4R +4R%)e + (10K*R* + 64C*K*) exp (1 — F) + 7 exp (1 — K2—82>) 12[13
holds for all z € R" provided that m > CKRS_Zlog e~ n. Besides,

(222" + 2B+ (7 3)Ding (1) }

1 m

T,12 T
— a, z|"aia; 1
Hm ;1' e 2l aa {{la] 2l<Rlzl2}n{ <Ry LTI v

cR*\  10R’K? ci
< ((5 +4R+6R2K2)8 + (16K2R4 +64C4K4) exp <1 — ﬁ) + TGXP (1 — @)) ||ZH%

Proof. Set Yz := =Y, |a,;rz!2aka,jl{{|a;z‘§RHz”2}}, Applying Lemma 6.2, for any fixed

z€S" ! we have

1 +R%K?

S+ 64C*K* exp(1 — coR?/(CK)?), (6.9)

|Yrz—22z" —1—(7—3)Diag(|z]*) || <

with probability at least 1 —2exp (—cmez) provided m 2 RZ§4n. In order to show the uniform

bound for all z € S"!, we first find that, for all z € N2, inequality (6.9) holds provided m 2

R*K*loge™!
62

n. Here .4, denotes a e2-net of "1, i.e., for any z € S, there exists zg € N2
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such that ||z — zo|| < €2. Then

m

1 m

T2 T T, 12 T

Y lay 2l aka g orycpy — — ) lag 20l ey 1pry gy
k=1

1
m i3

m m
T,2 T T, 12 T
< Ekz,1|ak Z‘ aia; 1{|a;z\§R}l{\akTZo|>R} + Ekzl‘ak ZO| a.a, l{la,jz|>R}1{|a,jzo|§R}
l < T2 (a4l 12 Tl 1
| ) (a2 = lag 20° ) avag 1 ary gy Ly <)
k=1

L& ot T L& o2 7
< Ekzl’akd aia; 1{|asz‘SR}1{\a,jzo|>R} + %kzl‘akZOI aia; 1{|a,jz|>R}1{|aszo|§R}

1 ¢ T,2 T 2 T
+ l’)_’lkZ:lOakz‘ _\ak20’ >akak 1{‘“;Z|SR}1{|akTZo|SR}1{\0;(20—2)\§£}
1 ¢ T,12 T, 12 T
Hlmk (12 = 4 20 ) @xa{ 114710y a7 i<} 1] 20210}
<||= Y lag zParag 1y - Ly + likﬁz Paia) 15 + 1y +
o Y R U A (DETE Y R P e e e U EE S (TR
1 & T,2 T, 12 T
ik (Il 2P ~1af 20 ) @0 1147y a7 200 i 202156}
1 & 1,2 T, 12 T
* Ek;(’a"z' ~ lay 20 )a"akl{aZZISR}l{IaZzolgR}l{a,j(ZO—z)>|Z£zO|}
1 & 1 &
<R H%kglakak l{\aszo\>R} + E];akak 1{|azz‘>R} |>
| I L
2Re || — 2R || = 1 s
+ m};akak + m};akak {a,j(zo—z)|>£0}H
R? K?
<2R? (SKZRZCXP (1 - C;(—z) +5? exp (1 — Kg—;) +2£) +4Re. (6.10)

The last inequality is according to Lemma 6.1 and Lemma 6.4. Based on (6.9) and (6.10), for
any z € S*! we have

1 & .
-~ Y \a,;rz|2aka,jl{‘a;z|§R} — (22ZT +1+ (7 —3)Diag (|z\2)> H
k=1

IN

L& ot T L& o2 7
m e Yoy =5, X lax 20 o <y
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1 & .
E Z |a;20|20ka;1{|aZZO|SR} — (22028— +1I+ (‘L’— 3)D1ag (|ZO|2)> H
k=1

+ [ (2202] + 1+ (= 3)Ding (1z0]?) ) - (2227 +1+ (x - 3)Diag (I2P) ) |

c1R? K2 ci
<4Re + 2R’ (5K2R2exp (1 - >+5§6XP (1 K¢ 2> +2¢

1 +R%K?
2

2 212
- - 44 cR 10R“K Cq
§(5—|—4R+5R K )8+(10K R™+64C°K )exp (1—F) + 2 eXp (1_1(282)’

£+ 64C*K*exp(1 — coR?/(CK)?) +4(1 + |t —3|)€?

provided (1 + |t —3|)e < 1. From Lemma 6.1 and Lemma 6.4, one has

iakz\zakak {{ 1 <ZZZT+HZH%I+(T—3)Diag(\Z’2)>H

.
la] 2| <RIz }{/37<Ry /3 Ky i}

IN

1 & .
- Z |asz|2aka,Il{|a;z‘SR} — <2zzT +1I+ (7t —3)Diag (|z|2)> H
k=1

m
T,12 T
— a, z|axa; 1
me1| e 2l aa {{la] 2l<Rllzll2}n{/77>R ;,z;"_,y,-}}H

R>\  10R’K?
<(5+4R+5R2K?)e + (10K2R* + 64C* K*) exp (1 - C—> + exp (1 - L)

K2 g2
1R
+R? (6K2R26Xp (1 — F) +£)
2 -2 2 4 4 -4 CR2 10R2K2 C1
<(5+4R+6R°K?)e + (16K°R* +64C K ) exp ( 1 - 5 | +———exp (1 —@>

K2
for any z € S"~ 1. O
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