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Abstract. We introduce a new concept of approximate solutions to quasi-equilibrium problems (QEP)
conceived as approximate fixed points of the implicit selection map associated with this problem. As
an application, we consider quasivariational inequalities (QVI) for which we discuss several types of
approximations from regularization perspectives to devise a consequential term of approximate solu-
tions. Then we present sensitivity analysis results for parametric versions of (QEP) and (QVI) wherein
a recent approximate version of the well-known Lim’s Lemma is employed to obtain quantitative sta-
bility of approximate solutions to these problems. We finally emphasize that the proposed approximate
quasi-equilibrium points converge, from both of the qualitative and quantitative stability aspects, to exact
solutions. As a further consequence, we improve some previous stability results of solutions to traffic
networks problems with respect to feasible flows under perturbation.

Keywords. Qausi-equilibrium problems; Quasi-variational inequalities; Equilibrium problems; Implicit
selection map; Parametric perturbation.

1. INTRODUCTION

Let X be a normed space, and let C be a closed convex of X . Let f : C×C→ R be a real-
valued bifunction, and let K : C⇒ C be a closed set-valued map with convex and nonempty
values. In this paper, the quasi-equilibrium problem aims at finding a point x̄ ∈ C such that
x̄ ∈ K(x̄) and

QEP( f ,K(.)) f (x̄,y)> 0, ∀y ∈ K(x̄).

If K has a constant value D with D a closed convex subset of X , i.e., K(x) = D for all x ∈ C,
then QEP( f ,K(.)) collapses into the equilibrium problem EP( f ,D) in the sense of Blum and
Oettli [1], which in turn encompasses many applied mathematical problems, such as, variational
inequalities, Nash equilibria, fixed points and so forth. Recently, the quasi-equilibrium problem
has been considered in different settings under various assumptions, for example, the existence
of solutions; see, e.g., [2, 3, 4, 5, 6, 7, 8] and the references therein. For a comprehensive
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overview on equilibrium problems, we refer to [9, 10, 11] which cover theory, algorithms and
various applications.

The main focus of this paper is to establish the Lipschitz continuous dependence of solutions
to QEP( f ,K(.)) with respect to parameters inherent in the constraints sets. Let us first situate
our contribution within the previous corresponding ones in the literature. From the viewpoint of
variational inequalities, Yen [12] obtained the Lipschitz continuity of solutions under paramet-
ric polyhedral constraints in Euclidean spaces on the basis of geometrical arguments namely
projections that also remain valid in infinite dimensional Hilbert spaces. Later on, the stabil-
ity for perturbed hemivariational inequalities was presented in [13]. Subsequently, new results
on Hölder and Lipschitz estimates for solutions to EP( fp,Cλ ), where fp and Cλ represent the
perturbations of f and C, respectively, were obtained by Ait Mansour and Riahi [14] in normed
spaces by means of a non-geometrical method that considers the strong monotonicity condition.
The approach proposed in [14] was adapted to parametric strong quasimonotone Stampacchia
variational inequalities in [15] by considering remarkable solutions, known under star or strict
solutions’s terminology, that are essential in optimality conditions of quasiconvex programming
problems. In concern with the qualitative stability, we refer to, for instance, Gwinner [16], and
Ait Mansour and Aussel [17] in the context of variational inequalities with relevant applications.

In [18], the authors dealt with the quantitative stability of quasi-optimization problems that
extend quasiconvex programming problems. In this paper, our main purpose is to extend the
results of [18] to a general abstract formulation of quasi-equilibria. Such an extension would be
very interesting since many applied mathematical models whose solutions are of a quasi-type,
i.e., they verify a fixed point property in a parallel fulfilment of a second variational problem,
however, do not fit in the programming problems such as quasi-hemivariational inequalities,
quasi-variational inequalities and their related optimal control problems.

The remaining of this paper follows the organization described as follows. In the second
section, we precise the notation and the basic concepts we need in our treatment. The third sec-
tion is devoted to the implicit selection map S of the quasi-equilibrium problem QEP( f ,K(.))
as defined in (3.1) below. The conditions ensuring some useful properties of S, such as, the
non-emptiness of its domain, the convexity and the closedness features are given. In Section 4,
with the help of an appropriate implicit map, we define a new concept of approximate solutions
of quasi-equilibrium problems. Then, we give several possibilities that each of them enables us
to simplify the presentation of these approximate solutions for the aim of a good applicability.
Section 5 focuses on the transposition of our definition of approximate quasi-equilibria into
quasi-variational inequalities. In particular, we provide a discussion on the meeting points with
other recent approximate solutions coming from quite different regularization perspectives. Fi-
nally, in Section 6, we present our main contribution of quantitative stability of parametric
versions of quasi-equilibrium problems with a special emphasis regarding the application to
quasi-variational inequalities. The passage of the suggested sharp estimates from approximate
solutions to exact ones is established too. We end this paper by concluding remarks and per-
spectives.

2. PRELIMINARIES

Let X and Y be two normed vector spaces whose norm is denoted by ‖.‖. For any nonempty
subset A of X and any point x ∈ X , d(x,A) = inf{‖x− y‖ : y ∈ A} stand for the distance from x



APPROXIMATE SOLUTIONS OF QUASI-EQUILIBRIUM PROBLEMS 299

to A whereas d(x, /0) = ∞. If B is another nonempty subset of X , e(A,B) denotes the excess of
A on B given by e(A,B) = sup{d(a,B) : a ∈ A}. We adopt the convention e( /0,A) = 0 for any
subset /0 6= A ⊂ X and e(A, /0) = +∞. The extended Hausdorff distance between two subsets A
and B of X is given by

h(A,B) = max{e(A,B),e(B,A)}.
Notice that the word “extended” refers to the possibility of the distance to be ∞. The minimal
distance between two nonempty subsets A,B of X is denoted and given by

d(A,B) = inf{‖x− y‖ : (x,y) ∈ A×B}.
When one of the sets A and B is empty we set d(A,B) = h(A,B) = +∞. For a given map
Φ : X ⇒ X , for every ε > 0, we consider the notation ε -Fix(Φ) := {x ∈ X : d(x,Φ(x)) 6 ε}
to refer to the set of ε-approximate fixed points of Φ while we write Fix(Φ) to stand for fixed
points of Φ, i.e., x ∈ Fix(Φ) if and only if x ∈Φ(x).

A set-valued map F : X ⇒ Y is said to be Lipschitz continuous relatively to a subset D of its
domain if there exists µ > 0 such that

h(F(x),F(x′))6 µ‖x− x′‖, ∀x,x′ ∈ D. (2.1)

This is equivalent to
F(x)⊂ F(x′)+µ‖x− x′‖B, ∀x,x′ ∈ D,

where B stands for the closed unit ball of Y. If D = dom(F) = X and (2.1) is satisfied, then F
is said to be globally Lipschitz continuous with constant µ. If the constant in (2.1) is such that
µ ∈ [0,1), then F is said to be a contraction.

A sequence (Cn)n of sets of a normed vector space X is said be convergent with respect to the
Hausdorff distance to a closed set C ⊂ X if h(Cn,C) converges to 0 as n goes to ∞.

We recall now basic notations and concepts of set-convergence in normed vector spaces for
which we need the following collections of subsets of the set of integer numbers N:

N∞ = {N ⊂ N : N\N finite} and N ]
∞ = {N ⊂ N : N infinite}.

Let us give the definitions of the outer and inner limits of a sequence of subsets. Although
they are valid in any topological space, we keep normed vector space for our purpose. For a
sequence (Cn) of subsets of X , the outer limit is the set

limsup
n→+∞

Cn = {x ∈ X : ∃N ∈N ]
∞ ,∃xn ∈Cn (n ∈ N) with xn −→

N
x}

= {x ∈ X : ∀V ∈ V (x),∃N ∈N ]
∞ ,∀n ∈ N, Cn∩V 6= /0}

= {x ∈ X : liminf
n→+∞

d(x,Cn) = 0}

while the inner limit is the set
liminf
n→+∞

Cn = {x ∈ X : ∃N ∈N∞,∃xn ∈Cn (n ∈ N) with xn −→
N

x}
= {x ∈ X : ∀V ∈ V (x),∃N ∈N∞,∀n ∈ N, Cn∩V 6= /0}
= {x ∈ X : lim

n→+∞
d(x,Cn) = 0}

= {x ∈ X : limsup
n→+∞

d(x,Cn) = 0}.

The limit of the sequence (Cn) exists if the outer and inner limit sets are equal:

C := lim
n→+∞

Cn := limsup
n→+∞

Cn = liminf
n→+∞

Cn.
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Equivalently,
limsup
n→+∞

Cn ⊂C ⊂ liminf
n→+∞

Cn.

In this case, (Cn) is said to be convergent to C in the sense of Painlevé-Kuratowski convergence.

3. IMPLICIT SELECTION MAP OF (QEP) PROBLEMS

In this section, we define the implicit selection map, say S, associated with the solution map
of problem QEP( f ,K(.)) and present a synthesis of its fundamental properties from the results
on equilibrium problems available in the literature.

For any subset D⊂C, we denote by S( f ,D) the set of solutions to EP( f ,D). With this nota-
tion, we introduce the variational selection associated with the solution map of QEP( f ,K(.)) as
follows. Let S : C⇒C be defined, for each x ∈C, by

S(x) := S( f ,K(x)) = {y ∈ K(x) : f (y,z)> 0, ∀z ∈ K(x)} . (3.1)

It is a simple matter to observe that solutions to QEP( f ,K(.)) coincide with fixed points of S.
Then, at first, we provide conditions ensuring that the domain of S in nonempty, i.e., dom(S) 6=
/0. This is equivalent to finding solutions to the family of equilibrium problems EP( f ,K(x))x∈C
generated by the original problem. Notice that existence results and the analysis of solution sets
have been investigated extensively, we refer the reader to [7, 8, 19, 20, 21, 22, 23].

In the sequel, our synthesis considers the following conditions.
h1) The map K is closed and lower semicontinuous.
h2) For all x,y ∈C, for all xn→ x and yn→ y, there exists a subsequence (nk) such that

limsup
k

f (xnk ,ynk)> 0 =⇒ f (x,y)> 0.

Remark 3.1. The assumption h2) is in particular satisfied if f is upper semicontinuous in (x,y)
with respect to the strong topology of X , i.e., for all x,y ∈C, for all xn→ x and yn→ y,

limsup
n

f (xn,yn)6 f (x,y).

The following concept of the upper sign property was firstly considered by Oettli [24] and
further developed by many authors, see, for example, [4].

Definition 3.1. Assume that X is a normed space and C is a convex subset of X . Let f be a
bifunction defined on C×C. f is be said to have the local upper sign property at a point x ∈C
if there exists a convex neighborhood Vx such that, for all y ∈Vx,

f (zt ,x)6 0,∀t ∈ (0,1) =⇒ f (x,y)> 0, (3.2)

where zt = (1− t)x+ ty. If (3.2) is satisfied for every y∈C, f is be said to have the global upper
sign property in x.

Remark 3.2. Let us emphasize that
I The upper sign property has a strong link with the pseudomonotonicity, see [5] for more

details.
I The global and local upper sign property may coincide under suitable assumptions, see [4]

in this regard.
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Definition 3.1 can be seen also as a particular case of [7, Definition 5.28]. It needs to establish
the convexity property of the values of the selection map S.

Lemma 3.1. Let f : C×C→ R be a bifunction. Assume that the following conditions hold:

(i) f is pseudomonotone, i.e., for all x,y ∈C, f (x,y)> 0 =⇒ f (y,x)6 0;
(ii) f has the upper sign property in x;

(iii) f is quasiconvex in y, i.e., for any x ∈C, for all y,z ∈C, and any t ∈ [0,1],

f (x, ty+(1− t)z)6max( f (x,y), f (x,z)) .

Then, for every closed convex subset D⊂C, the set S( f ,D) of solutions to EP( f ,D) is convex.
In particular, for any K : C⇒C set-valued map with closed and convex values, for all x ∈C,
S( f ,K(x)) is convex.

Proof Let us denote by M( f ,D) the set of Minty equilibrium points of f over D, i.e., u ∈
M( f ,D) if and only if f (y,u)6 0 for all y ∈D. By the upper sign property of f in x, M( f ,D)⊂
S( f ,D) (see [4, Proposition 3.1] or [7, Lemma 5.30]). On the other hand, from the pseudomono-
tonicity assumption of f , we clearly have S( f ,D) ⊂M( f ,D). Hence, S( f ,D) = M( f ,D). To
complete the proof, it suffices to remark that the quasi-convexity of f in y immediately ensures
that M( f ,D) is convex. �

For the existence of solutions to equilibrium problems generated by the extended quasi-
equilibrium formulation, the following hypotheses are considered with the same notation as
in [7].

(H1) f (x,x)> 0 for all x ∈C;
(H2) F0(x) = {y ∈C : f (x,y)6 0} is compactly closed for all x ∈C i.e., F0(x)∩B is closed

for every compact B⊂C;
(H3) f is pseudomonotone and f (x, .) is quasiconvex for all x ∈C.

In addition to these assumptions, the following coercivity assumption will be needed:
(H4) There exists a compact and convex subset B of C such that

∀x ∈C \B, ∃y ∈ B, f (y,x)> 0.

Proposition 3.1. Let f : C×C→ R be a bifunction such that either C is compact or f satisfies
the condition (H4). Assume that (H1) and h2) hold and the conditions (i), (ii) and (iii) of Lemma
3.1 are satisfied. Then, for every closed convex subset D ⊂C, EP( f ,D) admits a solution. In
particular, for any set-valued map K : C ⇒ C with closed and convex values, for all x ∈ C,
S( f ,K(x)) is nonempty and convex.

Proof The required conclusion will be derived from [7, Theorem 5.39] which makes appeal
to the hypotheses (H1), (H2) and (H3) mentioned above. Let D be any closed convex subset
of C. Remark that h2) implies the assumption (H2), and that (i) and (iii) ensure (H3). Then,
with the condition ii) of Lemma 3.1, all of assumptions of the case (iv) in [7, Theorem 5.39] are
satisfied for the problem EP( f ,D) with ϕ = 0 (ϕ being the bifunction defined there). Therefore,
from this result, EP( f ,D) admits a solution. In particular, for all x ∈ C, S(x) = S( f ,K(x)) is
nonempty. The convexity of S(x) comes from Lemma 3.1 for any x ∈C. �

A useful closedness property is presented as follows.
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Proposition 3.2. Assume that the conditions h1)−h2) are satisfied. Then the variational selec-
tion map S is closed with respect to strong topology of X×X .

Proof By observing that h2) implies that the set {(x,y) ∈ C×C : f (x,y) > 0} is closed, the
required conclusion is immediate from [6, Proposition 2.2]. �

Remark 3.3. Notice that:
I Proposition 3.2 can also be proved similarly to [7, Proposition 7.1].
I In particular, it follows from Proposition 3.2 that, for every x ∈C, S(x) is closed.

From now on, SQ( f ,K(.)) will stand for the set of solutions to QEP( f ,K(.)), i.e., SQ( f ,K(.))
is the set of quasi-equilibrium points of f over the constraints K(.). If the map K is a constant,
i.e., for some subset D ⊂C, for all x ∈C, K(x) = D, then, for each x ∈C, S(x) = S( f ,D), and
in this case SQ( f ,K(.)) = S( f ,D).

4. A NEW CONCEPT OF APPROXIMATE SOLUTIONS

Let us introduce now the concept of approximate quasi-equilibria for problem QEP( f ,K(.))
as follows.

Definition 4.1. Let ε > 0, K : C⇒C a set-valued map, and f : C×C→R a bifunction. A point
u ∈C is said to be an ε-approximate quasi-equilibrium point of f over K(.) (or ε-approximate
solution to QEP( f ,K(.)) if and only if, for all η > 0, there exists x ∈ K(u) such that ‖x−u‖<
ε +η , and x is a solution to EP( f ,K(u)), i.e., x ∈ S( f ,K(u)).

We denote by ε -SQ( f ,K(.)) the set of ε-approximate quasi-equilibrium points of f over
K(.), ε > 0.

Now, we simplify the representation of ε -SQ( f ,K(.)) under appropriate conditions, extend-
ing [18, Proposition 3.3] from quasi-optimization problems to general quasi-equilibrium ones.
Precisely, we present situations that enable us to remove η in Definition 4.1 as follows.

Proposition 4.1. Let K : C⇒C be a closed-valued set-valued map, and let f : C×C→R be a
pseudomonotone real-valued bifunction. Assume that h1) and h2) hold, and suppose moreover
that one of the following conditions is satisfied:

a) X is a reflexive Banach space;
b) The implicit selection map S is compact-valued.

Then, for every ε > 0,

ε -SQ( f ,K(.)) = {u ∈C : ∃x ∈ S(u) := S( f ,K(u)), ‖x−u‖6 ε}. (4.1)

Proof It is similar to the proof of the result [18, Proposition 3.3] on the stability of quasi-
optimization problems. �

As mentioned in the introduction section, solutions to QEP( f ,K(.)) are exactly fixed points
of implicit selection map S, i.e.,

u ∈ SQ( f ,K(.))⇐⇒ u ∈ Fix(S). (4.2)

In the following, we underline a similar key observation for the definition of approximate
quasi-equilibria.
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Remark 4.1. Under the assumptions h1)− h2), and one of the assumptions a)− b), for every
ε > 0, for a given u ∈ C, u is an ε-approximate quasi-equilibrium point of f over K(.) if and
only if u is an ε-fixed point of the selection map S, and u is close to a point x, which is solution
to EP( f ,K(u)), i.e.,

u ∈ ε -SQ( f ,K(.)) ⇐⇒ ∃x ∈ S( f ,K(u)), ‖u− x‖6 ε.

In particular, if the map K is constant, i.e., for some subset D⊂C, for all x ∈C, K(x) = D, then
ε -SQ( f ,K(.)) collapses into a set of approximate equilibrium points of f over D, denoted by
ε -S( f ,D). In this case, we have

u ∈ ε -S( f ,D)⇐⇒∃x ∈ S( f ,D), ‖u− x‖6 ε.

This implies that d(u,S( f ,D))6 ε.

Example 4.1. Take X = R (the set of real numbers), K(x) = R for all x ∈ R, and f (x,y) =
y2− x2. Then, ε -SQ( f ,K(.)) = [−ε,ε].

From Proposition 4.1 and Remark 4.1, we immediately see that ε -SQ( f ,K(.)) ⊂ ε -Fix(S).
In the following, we obtain the equality in a more general setting.

Lemma 4.1. Under the assumptions h1)−h2), for every ε > 0,

ε -Fix(S) = ε -SQ( f ,K(.)). (4.3)

Proof Let ε > 0 and u ∈C. Then, using Definition 4.1, we see that

u ∈ ε -Fix(S) ⇐⇒ d(u,S(u))6 ε

⇐⇒ ∀η > 0, ∃x ∈ S(u), ‖x−u‖< η + ε

⇐⇒ ∀η > 0, ∃x ∈ S( f ,K(u)), ‖x−u‖< η + ε

⇐⇒ u ∈ ε -SQ( f ,K(.)).

This completes the proof. �

Remark 4.2. Observe that in Lemma 4.1 and Proposition 4.1 the assumption h2) can be re-
placed by the closedness of the set {(x,y) ∈C×C : f (x,y)> 0}.

5. APPROXIMATE SOLUTIONS TO QUASI-VARIATIONAL INEQUALITIES

Let us denote by X? the topological dual of X whose norm is denoted by ‖.‖ as the one of X .
Let T : C⇒ X? be a weakly*-compact and convex-valued set-valued map, and let K : C⇒C be
a set-valued map with closed and convex values. To these objects, we associate the following
quasi-variational inequality problem: Find x ∈ K(x) such that there exists x? ∈ T (x) and

QVI(T,K(.)) 〈x?,y− x〉> 0, ∀y ∈ K(x).

If for some D⊂C, K(x) = D for all x ∈C, then QVI(T,K(.)) coincides with the variational
inequality problem VI(T,D) : Find x ∈ D such that there exists x? ∈ T (x) and

VI(T,D) 〈x?,y− x〉> 0, ∀y ∈ D.

To link problem QVI(T,K(.)) to the general formulation QEP( f ,K(.)), let us introduce the
associated bifunction to operator T, denoted by fT and defined by

fT (x,y) = sup
x?∈T (x)

〈x?,y− x〉.
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From [7, Lemma 8.13] the problems QVI(T,K) and QEP( fT ,K(.)) are equivalent (in the
sense that they have the same set of solutions). In this case, the variational selection map is
expressed as follows: ST : C⇒C are defined, for each x ∈C, by

ST (x) := {y ∈ K(x) : ∃y? ∈ T (y), 〈y?,z− y〉> 0, ∀z ∈ K(x)}. (5.1)

This leads to the following definition.

Definition 5.1. A point u∈C is said to be an ε-approximate solution to QVI(T,K(.)) if and only
if u is an ε-approximate quasi-equilibrium point of fT over K(.) (i.e., ε-approximate solution to
QEP( fT ,K(.)) in the sense of Definition 4.1). Equivalently, for all η > 0, there exists x ∈ K(u),
‖x−u‖< ε +η and x is a solution to VI(T,K(u)).

Standard approximate solutions to QVI(T,K(.)) are defined as follows as usual.

Definition 5.2. We say that a point x̄ ∈ C is a standard approximate ε-solution (or simply
standard ε-solution) to QVI(T,K(.)) if and only if x̄ ∈ ε -Fix(K) and there exists x? ∈ T (x̄)
such that

〈x?,y− x̄〉>−ε, ∀y ∈ K(x̄). (5.2)

For a discussion with the recent results on approximate solutions to QVI(T,K(.)) introduced
in [25] in the context of regularization techniques, we recall the following.

Definition 5.3 ([25, Definition 1.2]). Let ε > 0.
• We say that a point x̄ ∈C is a strong ε-approximate solution to QVI(T,K(.)) if and only if

x̄ ∈ Fix(K) and there exists x? ∈ T (x̄) such that

〈x?,y− x̄〉>−ε‖y− x̄‖, ∀y ∈ K(x̄). (5.3)

• We say that a point x̄ ∈ C is a weak ε-approximate solution to QVI(T,K(.)) if and only if
x̄ ∈ ε -Fix(K) and there exists x? ∈ T (x̄) such that

〈x?,y− x̄〉>−ε‖x?‖, ∀y ∈ K(x̄). (5.4)

Further, we give the following definition.

Definition 5.4. We say that a point x̄ ∈C is a mixed ε-approximate solution to QVI(T,K(.)) if
and only if x̄ ∈ ε -Fix(K) such that ∃x? ∈ T (x̄) and

〈x?,y− x̄〉>−ε− ε(‖x?‖+‖y− x̄‖), ∀y ∈ K(x̄). (5.5)

Of course, if T is single-valued, then (5.5) becomes

〈T (x̄),y− x̄〉>−ε− ε(‖T (x̄)‖+‖y− x̄‖), ∀y ∈ K(x̄). (5.6)

Remark 5.1. Observe that
I The terminology “mixed” in Definition 5.4 is justified by the fact that the right hand of

(5.5) in Definition 5.4 mixes the corresponding ones in (5.2), (5.3) and (5.4) of Definitions
5.2 and 5.3, respectively.

I Following Definition 5.3, a point x̄ ∈C is a strong ε-approximate solution to QVI(T,K(.)),
for some ε > 0 if and only if x̄ ∈ Fix(K) and there exists x? ∈ T (x̄) such that

−x? ∈ s−Nε

K(x̄)(x̄),
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where the notation s−Nε

K(x̄)(x̄) stands for the strong ε-approximate normal cone to K(x̄)
at x̄, which is given in [26, p.6] by

s−Nε

K(x̄)(x̄) = {x
? ∈ X? : 〈x?,x− x̄〉6 ε‖x− x̄‖, ∀x ∈ K(x̄)}.

This kind of strong approximation was obtained in [25, Definition 1.1] as a result of the
regularization of operator T.

I Following Definition 5.3, a point x̄ ∈C is a weak ε-approximate solution to QVI(T,K(.)),
for some ε > 0 if and only if x̄ ∈ ε -Fix(K) and there exists x? ∈ T (x̄) such that

−x? ∈ w−Nε

K(x̄)(x̄),

where the notation w−Nε

K(x̄)(x̄) denotes the weak ε-approximate normal cone to K(x̄) at
x̄, which was introduced in [25, Definition 1.1] as

w−Nε

K(x̄)(x̄) = {x
? ∈ X? : 〈x?,x− x̄〉6 ε‖x?‖, ∀x ∈ K(x̄)}.

We emphasize that this format of weak approximation is actually suggested by similar
regularization of the selection map S corresponding to (QVI) (see [25] for more details).

Let us state and prove a link between approximate solutions and mixed approximate ones for
problem QVI(T,K(.)) as follows.

Proposition 5.1. Assume that the map K satisfies h1), C is a compact subset of X, and T is
Lipschitz continuous with constant µ 6 1. Assume that the following regularity condition hold:
For all x,y ∈C, for all xn ⇀ x, for all yn→ y,

liminf
n→+∞

sup
x?n∈T (xn)

〈x?n,yn− xn〉> 0 =⇒ sup
x?∈T (x)

〈x?,y− x〉> 0. (5.7)

Then, for any ε > 0, a ε-approximate solution to QVI(T,K(.)) is a mixed ε-approximate solu-
tion to QVI(T,K(.)).

Proof Observe that the assumption (5.7) implies the condition h2) of Proposition 4.1. Let ε > 0.
In view of Lemma 4.1, a point x̄ ∈C is an ε-approximate solution to QVI(T,K(.)) if and only if
x̄∈ ε -Fix(ST ). Accordingly, from the compactness of C and assertion (b) of Proposition 4.1, we
infer the existence of a point u ∈ ST (x̄) such that ‖u− x̄‖6 ε. This means that d(x̄,ST (x̄))6 ε.
From ST (x̄)⊂ K(x̄), we have that d(x̄,K(x̄))6 ε, which implies that x̄ ∈ ε -Fix(K). In addition,

∃u? ∈ T (u), 〈u?,y−u〉> 0, ∀y ∈ K(x̄).

Now, denote by B the closed unit ball of X , and write, for some e ∈ B, x̄−u = εe.
Consequently,

〈u?,y− x̄+ εe〉> 0, ∀y ∈ K(x̄).

Therefore,
〈u?,y− x̄〉>−ε〈u?,e〉>−ε‖u?‖‖e‖>−ε‖u?‖, ∀y ∈ K(x̄).

Thus, since T is Lipschitz continuous with constant µ 6 1, then

T (u) ⊂ T (x̄)+µ‖u− x‖B?

⊂ T (x̄)+ εB? (since ‖u− x̄‖ ≤ ε),
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where B? stands for the closed unit ball of X?. Hence, there exists some x? ∈ T (x̄) and some
e? ∈ X? with ‖e?‖6 1 such that u? = x?+ εe?. This, with the last inequality, implies that

〈x?+ εe?,y− x̄〉>−ε‖u?‖, ∀y ∈ K(x̄).

It follows that
〈x?,y− x̄〉>−ε− ε(‖x?‖+‖y− x̄‖), ∀y ∈ K(x̄).

�

6. PARAMETRIC VERSIONS OF (QEP) : SENSITIVITY ANALYSIS RESULTS

This section deals with the main goal of the paper, that is, the stability under parametric
perturbations on the constraints for problem QEP. Precisely, given another normed space Λ

whose norm is denoted again by ‖.‖, we consider that the set-valued map of constraints is
subject to a perturbation by a parameter λ ∈ Λ as follows: K : C×Λ⇒C, (u,λ ) 7→ Kλ (u) :=
K(u,λ ), assumed to have nonempty, closed and convex values. Thus, for a given bifunction
f : C×C→R, the suggested parametric version of QEP( f ,Kλ (.)) is to find, for every λ ∈ Λ, a
point ūλ ∈ Kλ (ūλ ) and

QEP( f ,Kλ (.)) f (ūλ ,y)> 0, ∀y ∈ Kλ (ūλ ).

The variational selection corresponding to QEP( f ,Kλ (.)) is S : C×Λ⇒ C defined, for each
u ∈C and each λ ∈ Λ, by

Sλ (u) := S(u,λ ) = {y ∈ Kλ (u) : f (y,z)> 0, ∀z ∈ Kλ (u)}. (6.1)

Observe that Sλ (u) represents the set of solutions to equilibrium problem EP( f ,Kλ (u)), u ∈
C. Of course, as for the original quasi-equilibrium problem, solutions to QEP( f ,Kλ (.)) are
determined by fixed points of Sλ . In what follows, the bifunction f will be supposed to verify
conditions of Proposition 3.1 so that Sλ (u) could be nonempty for every λ ∈ Λ and every
u ∈C. The convexity and closedness will be automatically satisfied since Sλ will be a single-
valued map under an appropriate strong monotonicity condition. Our next result establishes the
contracting character of the selection map S, which will be fundamental in our stability analysis
around a reference value λ̄ of the parameter λ .

Our assumptions of this part are as follows: There exists a neighborhood V of λ̄ such that
the following are satisfied:
(H0) Kλ satisfies the condition h1) for all λ ∈ V and for some constant L ∈ (0,1) and every

u ∈C,

Kλ (u)⊂ Kλ ′(u)+L
∥∥λ −λ

′∥∥B, ∀λ ,λ ′ ∈V ,

where B is the closed unit ball of X as before.
(H1) Strong monotonicity-like condition: for some m > 0,

f (x,y)+ f (y,x)6−m‖y− x‖, ∀x,y ∈C.

(H2) For some constant R > 0, for all x,y,y′ ∈C,

| f (x,y)− f (x,y′)|6 R‖y− y′‖.

Remark 6.1. Notice that the assumption (H1) implies the condition (i) of Lemma 3.1 (the
property of pseudomonotonicity).
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Lemma 6.1. Assume that either C is compact or f satisfies the coercivity condition (H4) and
suppose moreover that (H0)− (H2), h2), (H1) and conditions (ii) and (iii) of Lemma 3.1 are
satisfied. Then, for every λ ∈V , for all u ∈C, problem EP( f ,Kλ (u)) admits a unique solution,
say uλ , and moreover there exists a constant k > 0 such that, for all λ ,λ ′ ∈V ,

‖uλ −uλ ′‖6 k‖λ −λ
′‖, (6.2)

where k = 2RL
m .

Proof Let λ ∈ Λ and u ∈ C. Take into account the first part of the assertion in Remark 6.1
and infer from Proposition 3.1 that EP( f ,Kλ (u)) admits a solution uλ , which must be unique in
view of (H1). The estimate (6.2) is an immediate consequence of [14, Theorem 2.2.1, Step II].
�

Remark 6.2. Lemma 6.1 can not be directly applied to optimization problems because of the
loss of strong monotonicity condition. Indeed, for a real-valued function h, clearly the choice
of the bifunction given by f (x,y) = h(y)−h(x) is not adequate for the stability purpose in (6.2)
since this bifunction does not satisfy the strong monotonicity condition (H0). The alternative in
convex optimization is to consider the bifunction f∂h defined by

f∂h(x,y) = sup
x?∈∂h(x)

〈x?,y− x〉.

where ∂h is the subdifferential of h in the sense of convex analysis. In this second case, it is
enough to consider the strong convexity-like on h to ensure (H0) for f∂h. A further alternative
may be envisaged in quasi-convex programming by using characterizations via normal operators
as in [15]. For the more general quasi-optimization problems, penalization techniques seem to
be a good way to establish quantitative stability as shown in [18].

Remark 6.3. Since, in Lemma 6.1, the conditions h1)− h2) of Lemma 4.1 are satisfied, then,
for every λ ∈ Λ and every ε > 0, we derive that

ε -Fix(Sλ ) = ε -SQ( f ,Kλ (.)). (6.3)

The conclusion of Lemma 6.1 ensures, for every λ ∈V , that Sλ is a single-valued map, i.e., for
all u ∈C, Sλ (u) = {uλ}. Then the conditions of the case b) in Proposition 4.1 hold. Thus, for
every ε > 0,

ε -SQ( f ,Kλ (.)) = ε -Fix(Sλ ) = {u ∈C : ∃x ∈ Sλ (u) := S( f ,Kλ (u)), ‖x−u‖6 ε}
= {u ∈C : ‖u−uλ‖6 ε}.

Remark 6.4. The strong monotonicity-like property in condition (H1) corresponds in the liter-
ature to the so-called ϕ-strong monotonicity in the sense of [7, Definition 3.1] with ϕ(x,y) =
‖y−x‖. Let us give an important example of this assumption. Let T : C⇒ X? be an α-strongly
monotone-like operator, that is, for all x,y ∈C, for all x? ∈ T (x) and y? ∈ T (y),

〈y?− x?,y− x〉> α‖x− y‖.

In this case, the bifunction fT defined by

fT (x,y) = sup
x?∈T (x)

〈x?,y− x〉 (6.4)
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verifies (H1) with m = α. Also, notice that if T is bounded, i.e., there exists R > 0 such that, for
all x ∈C, for all x? ∈ T (x), ‖x?‖6 R, then fT also satisfies (H2).

In the sequel we need the following extension of the condition (H0):
(H̃0) : for some constant L ∈ (0,1) and every u,v ∈C,

Kλ (u)⊂ Kλ ′(v)+L(
∥∥λ −λ

′∥∥+‖u− v‖)B, for all λ ,λ ′ ∈V .

Remark 6.5. A practical example of our assumption (H̃0) is the condition (4.8) of [9, Theorem
4.3.1] used for the algorithmic purpose of fixed points and quasi-equilibria.

Now, from Lemma 6.1, we derive the following Lipschitz stability result, which will be used
for the purpose of applications.

Proposition 6.1. Replace in Lemma 6.1 the assumption (H0) by (H̃0) and suppose more-
over the control condition R < m

2L . Then, the variational selection S, related to the quasi-
equilibrium problems QEP( f ,Kλ (.))λ∈V , is single-valued, that is, for every λ ∈ V and every
u ∈C, S(λ ,u) = Sλ (u) is reduced to a singleton {uλ}. In addition, S is a contracting mapping
in (λ ,u) with constant k := 2RL

m < 1, i.e., for all λ ,λ ′ ∈V , for all u,u′ ∈C,

‖uλ −u′
λ ′‖6 k(‖λ −λ

′‖+‖u−u′‖). (6.5)

Proof It suffice to consider a new parameter space M̃ = M ×C equipped with the norm
‖(λ ,u)‖= ‖λ‖+‖u‖ and apply Lemma 6.1. �

Remark 6.6. The conclusion of Proposition 6.1 holds true if we replace the strong monotonicity-
like of f in (H1) with the strong quasiconvexity-like of f in y, that is, for some α > 0, for all
x ∈C, for any y,y′ ∈C and any t ∈ [0,1],

f (x, ty+(1− t)y′)6max
(

f (x,y), f (x,y′)
)
−α min{t,1− t}‖y′− y‖.

In this case, we only require standard pseudo-monotonicity (or even quasimonotonicity) on f ,
wherein, by extending the result of [27, Theorem 4.13] with a slight technical change. It is
possible to get a similar estimate to (6.5) as follows. For all λ ∈ V , and all u ∈ C, the set
of solutions to equilibrium problem EP( f ,Kλ (u)) reduces to a singleton {uλ} = Sλ (u), and
moreover for some τ ∈

(
0, 1

4

)
such that ατ < LR there exists a neighborhood V of λ̄ such that,

for all u,u′ ∈C,

‖uλ −u′
λ ′‖6 ρτ(‖λ −λ

′‖+‖u−u′‖), ∀λ ,λ ′ ∈V, (6.6)

where, ρτ =
(

LR
ατ

)
+L.

To continue the treatment for (QVI) problems, we recall the following.

Definition 6.1 ([28], see also [7]). An operator T : C⇒ X? is said to have the (global) upper
sign continuity at a point x ∈ C if, for every y ∈ C, with zt = (1− t)x+ ty for t ∈ (0,1), the
following implication holds true:

inf
z?t ∈T (zt)

〈z?t ,y− x〉> 0, ∀t ∈ (0,1) =⇒ sup
x?∈T (x)

〈x?,y− x〉> 0. (6.7)

Next, we obtain a useful consequence of Proposition 6.1 concerning the contracting property
of the variational selection related to quasi-variational inequalities.
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Corollary 6.1. Assume that (H̃0) holds and let T : C⇒ X? be a set-valued map with weakly∗-
compact and convex values such that

c1) T is bounded with constant R > 0;
c2) T is globally upper sign continuous at any point x ∈C;
c3) T is m-strongly monotone-like with m > 2RL;
c4) T satisfies the regularity assumption (5.7), i.e., for all x,y ∈ C, for all xn → x, for all

yn→ y,

limsup
n→+∞

sup
x?n∈T (xn)

〈x?n,yn− xn〉> 0 =⇒ sup
x?∈T (x)

〈x?,y− x〉> 0.

Then, the variational selection S related to quasi-variational inequalities QVI(T,Kλ (.))λ∈V is
a single-valued contracting mapping in (λ ,u) with constant k = 2RL

m < 1.

Proof By taking into account c1), c3) and Remark 6.4, the bifunction fT given by (6.4) verifies
the assumptions (H1) and (H2). In addition, with the global upper sign continuity of T, in view
of assertion (i) of [7, Lemma 8.10], fT also satisfies the upper sign property assumption required
in (ii) of Lemma 3.1. Moreover, for all x ∈ C, fT (x,x) = 0. Then fT trivially fulfils (H1). At
the meantime, condition c4) ensures that h2) holds with f = fT . Finally, the quasiconvexity
property of (ii) of Lemma 3.1 comes immediately from the convexity of fT in y. Then, all of the
needed assumptions of Proposition 6.1 hold. So, the required conclusion is derived from this
result immediately. �

We are now ready to state our main result of sensitivity analysis for parametric quasi-equilibrium
problem QEP( f ,Kλ (.)) by making use of the following extension of Lim’s Lemma ([29]).

Theorem 6.1. Let X be a metric space, and let T1 : X ⇒ X and T2 : X ⇒ X. Suppose that both
T1 and T2 are Lipschitz continuous on X with the same Lipschitz constant λ ∈ [0,1). Then, for
every ε > 0, the set of ε-approximate fixed points of Ti, i = 1,2, is nonempty, i.e., ε -Fix(Ti) 6= /0,
and moreover

h(ε -Fix(T1),ε -Fix(T2))6
ε

1−λ
+

1
1−λ

sup
x∈X

h(T1(x),T2(x)). (6.8)

Proof From [30, Theorem 2.1.] (see also [31, Theorem 15]), we conclude the desired conclu-
sion immediately. �

Notation: For every λ ∈Λ and ε > 0, we write ε -SQ(λ ) := ε -SQ( f ,Kλ (.)) to stand for the set
of ε-approximate solutions to QEP( f ,Kλ (.)) according to Definition 4.1.

Theorem 6.2. Assume that conditions of Proposition 6.1 hold. Then, for every λ ∈ V , and
for every ε > 0, the set of ε-approximate solutions to problem QEP( f ,Kλ (.)) is nonempty, and
moreover, for all λ ,λ ′ ∈V ,

h(ε -SQ(λ ),ε -SQ(λ ′))6
1

1− k

(
ε + k‖λ −λ

′‖
)
, (6.9)

where k = 2RL
m .

Proof Let ε > 0. Using Proposition 6.1, the variational selection Sλ of QEP( f ,Kλ (.)) is a
contracting map in u with constant k = 2RL

m < 1. Then, from [32, Theorem 1.2] or [30, Theorem
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2.1.], we have that ε -Fix(Sλ ) is nonempty for every λ ∈ V . Therefore, from Theorem 6.1, it
follows that

h(ε -Fix(Sλ ),ε -Fix(Sλ ′)) 6
ε

1− k
+

k
1− k

sup
x∈X

h(Sλ (x),Sλ ′(x))

6
ε

1− k
+

k
1− k

‖λ −λ
′‖.

From Lemma 4.1, for ω ∈ {λ ,λ ′}, we have

ε -Fix(Sω) = ε -SQ(ω). (6.10)

Clearly, from (6.10) and the previous inequality, we conclude the required estimate in (6.9).
This completes the proof. �

Now, turn our attention to (QVI) and derive the following quantitative stability, where we
denote by ε -SQVI(λ ) the set of ε-approximate solutions to QVI(T,Kλ (.)) in the sense of Defi-
nition 5.1, for every λ ∈V and ε > 0.

Theorem 6.3. Assume that conditions of Corollary 6.1 hold. Then, for every λ ∈ V , and for
every ε > 0, the set of ε-approximate solutions to problem QVI(T,Kλ (.)) is nonempty, and
moreover, for all λ ,λ ′ ∈V ,

h(ε -SQVI(λ ),ε -SQVI(λ
′))6

1
1− k

(
ε + k‖λ −λ

′‖
)
, (6.11)

where k = 2RL
m .

Proof It suffices to apply Theorem 6.2 by taking f = fT , where fT is the bifunction associated
with the operator T given by (6.4) above. �

We next give similar sharp estimates for exact solutions to quasi-equilibrium problems and
quasi-variational inequalities.

Theorem 6.4. Assume that either C is compact or X is complete, and the conditions of Theorem
6.2 hold. Then, the set of exact solutions to problem QEP( f ,Kλ (.)) is nonempty, and moreover,
for all λ ,λ ′ ∈V ,

h(SQ(λ ),SQ(λ ′))6
1

1− k
‖λ −λ

′‖, (6.12)

where k = 2RL
m < 1.

Proof Let λ ∈ V . If C is compact, then from [7, case (d) Theorem 7.9], QEP( f ,Kλ (.))
admits at least a solution, which means that the corresponding set of solutions is nonempty, i.e.,
SQ(λ ) 6= /0. Now, from Proposition 6.1, one has that map Sλ is a contraction. It follows from
[31, e) Proposition 4] that Fix(Sλ ) is closed. Moreover, from [31, e) Proposition 4], and for
every ε > 0, ε -SQ(λ ) is closed. A further interesting property is that, for every sequence of
positive real numbers decreasing to 0, say εn↘ 0, in view of [31, g) Proposition 4], (εn -SQ(λ ))n
converges to SQ(λ ) in the sense of Painlevé-Kuratowski. This yields the convergence of this
sequence in the Pompeiu-Hausdorff sense by the similar arguments to [33, Theorem 3A.4], i.e.,

lim
n→0

h(εn -SQ(λ ),SQ(λ )) = 0. (6.13)
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On the other hand, for any other λ ′ ∈V with the triangle inequality of the Hausdorff distance,
we are able to write, for every integer n,

h(SQ(λ ),SQ(λ ′)) 6 h(SQ(λ ),εn -SQ(λ ))+h(εn -SQ(λ ),εn -SQ(λ ′))

+h(SQ(λ ′),εn -SQ(λ ′)).

But, according to (6.9) of Theorem 6.2, we have

h(εn -SQ(λ ),εn -SQ(λ ′))6
1

1− k

(
εn +‖λ −λ

′‖
)
, (6.14)

which implies that

h(SQ(λ ),SQ(λ ′)) 6 h(SQ(λ ),εn -SQ(λ ))+
1

1− k

(
εn +‖λ −λ

′‖
)

+h(SQ(λ ′),εn -SQ(λ ′)).

Therefore, by taking into account the symmetry role of λ and λ ′, and (6.13), the limit over n in
the previous inequality leads to

h(SQ(λ ),SQ(λ ′))6
1

1− k
‖λ −λ

′‖,

which is exactly the required estimate in (6.12). If X is complete, then we conclude from
Nadler’s Theorem [34] that Sλ admits a fixed point as a contracting map, which is in turn an
exact solution to QEP( f ,Kλ (.)). In this case, the estimate (6.12) follows from Lim’s Lemma
[29]. This completes the proof immediately. �

For problem (QVI), we are able to obtain a similar conclusion to Theorem 6.4. Tut, for
simplicity, we restrict ourselves to the compactness case for which we have another alternative
to justify the existence of exact solutions without appeal to results of [7] or Nadler’s contraction
principle. We employ a convergence scheme of mixed approximate solutions in the sense of
Definition 5.4. In this way, we state the following theorem.

Theorem 6.5. Assume that C is compact, T is Lipschitz continuous with constant µ 6 1, and
the conditions of Corollary 6.1 hold. Then, for every λ ∈V , the set of exact solutions to problem
QVI(T,Kλ (.)), say SQVI(λ ), is nonempty, and moreover, for all λ ,λ ′ ∈V ,

h(SQVI(λ ),SQVI(λ
′))6

1
1− k

‖λ −λ
′‖, (6.15)

where k is the constant given in Theorem 6.3.

Proof Let λ ∈ V . From Corollary 6.1, it follows that Sλ is a single-valued contraction with
constant k as defined above. Furthermore, by Theorem 6.3, for every ε > 0, ε -SQVI(λ ) is
nonempty. This means that, for every ε > 0, problem QVI(T,Kλ (.)) admits an ε-approximate
solution (in the sense of Definition 5.1). Thus, by Proposition 5.1, QVI(T,Kλ (.)) admits a
sequence of mixed ε-approximate solutions (in the sense of Definition 5.4) denoted by (x̄ε)ε ,
that is, for every ε > 0, there exists x̄ε ∈ ε -Fix(K), and there exists x?ε ∈ T (x̄ε) such that

〈x?ε ,y− x̄ε〉>−ε− ε(‖x?ε‖+‖y− x̄ε‖), ∀y ∈ K(x̄ε). (6.16)
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Now, observe that the condition c4) (of Corollary 6.1) implies the following condition c6) of
[25, Theorem 3.7]: For all x,y ∈C, for all xn→ x, and for all yn→ y,

liminf
n→+∞

sup
x?n∈T (xn)

〈x?n,yn− xn〉> 0 =⇒ sup
x?∈T (x)

〈x?,y− x〉> 0.

Hence, given that T is a compact-valued map (since C is compact), with the Sion’s minimax
Theorem as in [25, Theorem 3.7], we are able to claim that (x̄ε)ε converges to an exact solution
to QVI(T,Kλ (.)), i.e., SQVI(λ ) is nonempty. Finally, with the aid of Theorem 6.3, the estimate
required in (6.15) can be handled similarly to (6.12) of Theorem 6.4. This completes the proof.
�

Remark 6.7. Observe that if we consider, in Theorem 6.5, that operator T is a continuous and
strongly monotone-like single-valued map, then we obtain a partial improvement of the result
in [35, Theorem 2] with respect to perturbations arising in feasible flows of traffic networks
problems. Indeed, in [35, Theorem 2], with a parametric set of constraints (i.e., flows), it has
been considered that those flows are norm-bounded from below (see [35, Lemma 2]), which is
a restriction if such a traffic model assumes that flows are without a minimal value with respect
to the norm. In our case, there is no further assumption on the constraints besides the Lipschitz
behavior and common usual assumptions.

Remark 6.8. Despite the similarity of the schemes of the previous work [18] with the one of
this paper, the extension of quantitative stability from quasi-optimization problems to general
quasi-equilibrium ones is justified by the following:

I The main results of [18] are essentially based on the strong quasi-convexity property of the
objective function. This condition may fail for some interesting classes of quasi-variational
inequalities, for, e.g., the case in QVI(T,K(.)) when T is single-valued.

I The results obtained in this paper cannot cover straightforwardly the mathematical pro-
grams studied in [18] due to the loss of information on strong monotonicity conditions in
these programs. The results related to perturbation on objective functions in [18] are not, at
least easily, extendable to quasi-equilibrium (resp. quasi-variational inequalities) problems
with perturbed bifunctions (resp. set-valued operators) since the assumptions are differ-
ent, which makes the difference at the level of computation of the bounds in the suggested
estimates. This is why we restrict here the perturbation to constraints.

I The proposed extension here leads to devising new concepts of approximate solutions to
quasi-variational inequalities that converge under appropriate regularity conditions to exact
solutions.

I Following the Remark 6.6 above, and with the help of the new results in [27] on equilibrium
problems, it is possible to get variants of our results in Theorem 6.2 and Theorem 6.4 if
we replace the strong monotonicity-like property on the bivariate function f by the strong
quasi-convexity-like condition of f in the second variable. With such an alternative in the
main assumption, and with respect to perturbed constraints, we can consider this paper as
a non-trivial generalization and unification of the previous results.

I The same remark as the previous one may be done on quasi-variational inequalities. In
fact, our Theorems 6.3 and 6.5 may be adapted to strongly quasimonotone-like operators
to weaken the strong monotonicity condition. This possibility would give a perspective to
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cover quasi-optimization and quasi-convex programming in the framework of QVI prob-
lems by considering the normal operator adjusted to sub-levels of the objective function,
see [15].
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