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MINIMUM ENERGY CONTROL PROBLEM FOR ONE CLASS OF SINGULARLY
PERTURBED SYSTEMS WITH INPUT DELAY
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Abstract. In this paper, a singularly perturbed linear time-dependent controlled system with a point-wise
delay in the input (the control variable) is considered. For this system, the problem of minimum energy
control is formulated. An approximate solution to this problem is derived. An illustrative example is
presented.
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1. INTRODUCTION

Systems of differential equations with a small multiplier € > O for a part of the highest or-
der derivatives are called singularly perturbed systems, while the multiplier € > 0 is called
the parameter of singular perturbation. Such systems represent adequate mathematical models
for various real-life processes with two-time-scale dynamics, [1]. One of important classes of
singularly perturbed differential systems represents the systems with time delays. Singularly
perturbed systems with delays arise in various applications (see e.g. [2, 3,4, 5, 6, 7, 8]).

In the literature, various theoretical and applied issues of singularly perturbed controlled
systems without and with delays are extensively studied (see e.g. [1, 9, 10, 11] and references
therein).

In the present paper, we study the minimum energy control problem for a singularly per-
turbed system with a point-wise delay in the input (the control variable). The minimum energy
control problem was studied extensively in the literature for systems without and with delays
(see e.g. [12, 13, 14, 15, 16] and references therein). However, such a problem for a singularly
perturbed system was studied much less. Thus, in [17, 18, 19], various versions of minimum
energy control problem were studied for singularly perturbed systems without delays. In [20],
the minimum energy control problem was considered for one class of singularly perturbed sys-
tems with point-wise and distributed delays in the state variables. Asymptotic behaviour of the
solution to this problem was studied. In the present paper, we derive an approximate solution to
the minimum energy control problem for a class of singularly perturbed systems with delay in
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the control variable. To the best of our knowledge, such a problem has not yet been studied in
the literature.

2. PROBLEM STATEMENT

Consider the controlled system

d);(tl) = A (t)x(t) +Ap()y(t), >0, (2.1)
edil—? = Ag1 (1)x(t) +Axa (£)y(t) + Boy (t)u(t) + Bry(t)u(t —h), t>0, (2.2)

where x(1) € R", y(tr) € R™ are state variables; u(z) € R’ is a control; € > 0 is a small pa-
rameter; 7 > 0 is a time delay; u(r +1), n € [—h,0] is a control variable; A;;(t) and By,(t),
(i=1,2; j=1,2; k=0,1), ¢ > 0, are matrix-valued functions of corresponding dimensions;
A;j(t) and By (1), (i=1,2; j=1,2; k=0,1) are continuously differentiable for r € [0, +o0).

Let € > 0 be any given number and u(z), r € [—h,+e0), be any given piecewise continuous s-
dimensional vector-valued function. For such € and u(t), the system (2.1)-(2.2) is a linear time-
dependent nonhomogeneous system. Moreover, (2.1)-(2.2) is a singularly perturbed system,
(see, e.g., [1]). In this system, the equation (2.1) is the slow mode and the state variable x(7) is
the slow state variable. The equation (2.2) is the fast mode and the state variable y(¢) is the fast
state variable. Also, in (2.1)-(2.2), the control appears with time delay.

Along with the system (2.1)-(2.2), let us consider the functional

J(u) = /0 T (Ou(e)dt, 2.3)

where t. > h is a given time instant.

Let ¢,(n) be an arbitrary given s-dimensional vector-valued function, piecewise continuous
in the interval [—£,0]. Let xg € R", yo € R™, x. € R" and y. € R™ be arbitrary given vectors. For
a given € > 0, consider the set U(¢€) of all s-dimensional controls u(z, &) piecewise continuous
in the interval [0, 7], for which system (2.1)-(2.2) has a solution satisfying the initial conditions

u(n)=@u(n), n€[-h0); x(0)=xo0, y(0)=yo, (2.4)
and the terminal conditions
x(tc) = Xc; y(tc) = Yec- (2.5)
The minimum energy control problem for the system (2.1)-(2.2) is to find a control u*(z,€) €
U (&) such that
J(u*(t,€)) <J(u(t,e)) Vu(t,e) €U(e). (2.6)
In what follows of the paper, we call this problem the Original Minimum Energy Problem
(OMEP).
In this paper, we are going to establish €-free sufficient conditions providing the existence of

the solution to the OMEP robustly with respect to € > 0, i.e., for all sufficiently small values of
this parameter. Also, we are going to derive an approximate solution of the OMEP.
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3. PRELIMINARY RESULTS
Consider the block vectors:
z(t) = col(x(1),y(t)), z0=col(x0,y0), ze=col(xc,yc)- (3.1)

Also, for a given € > 0, consider the block matrices:

B A <[> A (t)
Alhe)= ( L) L) )

wiee)= (L ) 200~ )

Using these block vectors and block matrices, the system (2.1)-(2.2) in the interval [0,7.] and
the conditions (2.4)-(2.5) can be rewritten in the equivalent form as:

(3.2)

dZ—gt) = A(t,€)z(t) + Bo(t,€)u(t) + B1(t,€)u(t — h), t€[0,z.], (3.3)
u(n)=@u(n), ne-h0); 2z(0)=z, (3.4)
2(te) = ze. (3.5)

The fundamental matrix solution ®(¢,0,¢), 0 < 6 <1 < t., of the homogeneous system
corresponding to (3.3) is the unique solution of the initial-value problem

dd(t
% =A(t,e)®(t), te(o,t); P(O)=Ilim. (3.6)
Consider the function
¥(o,e) = (P, 0,8)),  o€[0,z]. (3.7)
Due to the results of [21], ¥(0, €) is the unique solution of the terminal-value problem
d¥
% — —(Al0.8)) W(0,e), 0 E(04); W(ter€) = Lyim (3.8)

3.1. Exact solution of the OMEP. Along with the matrix-valued function ¥(o,€), we con-
sider the following matrix-valued functions:

¥Y(o,e), o €][0,1]

A(o,e) = { 0, o>t (3.9)
Q(o,e) = (A(G,e))TBo(G,e) + (A(G—i—h,E))TBl(G-i-h,E), o €[0,z]. (3.10)
Based on the matrix-valued function Q (o, €), we construct the following matrix:
te
W(te,€) = / Q(c,e)Q" (0,¢)do. (3.11)
0

Quite similarly to the results of [15, 20], we obtain the following assertion.
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Proposition 3.1. Let, for a given € > 0, the matrix W (., €) be invertible, i.e., detW (t.,€) # 0.
Then, for this €, the solution of the OMEP exists and has the form:

w*(t,e) = QT (t,e)W (te,€) (ze —wo(€)), t€0,2], (3.12)
where the vector wy(€) has the form
wo(€) = AT(0,€)z0 + /_OhAT(n +h,€)B1(N +h,€)Q,(n)dn. (3.13)
Moreover,
2T (1,6) = (ze—wo(€)) W (ter€) (20 — wo(€)). (3.14)
3.2. Block-wise estimate of the matrix-valued function A(c,¢). In what follows, we as-
sume:

(A) All the eigenvalues A, (t), (p =1, ...,m) of the matrix Ay (¢) satisfy the inequality ReA,(r) <
—2f forall t € [0,z.], where B > 0 is some constant.

Let the n x n-matrix-valued function A;(0), o € [0,+c0) be the unique solution of the fol-
lowing terminal-value problem:

M) i(o)hie). o e o)
Ay (t) = I; Ai(0)=0, o>t
(3.15)
where
A(t) = A1 (1) — App(0)Ay) (1A (1), t>0. (3.16)
Also, we consider the following m X m-matrix-valued function:
- 0, & <O,
eI { exp (AL(10)E), €20, GA7)
Due to the assumption (A), the following inequality is valid:
|A4(&)]| <aexp(—BE), &>0, (3.18)
where || - || denotes the Euclidean norm of a matrix; a > 0 is some constant.
Let us represent the matrix-valued function A(o, €) in the block form:
o= 450 300 )

where the matrices Aj(0,€), A2(0,€), A3(o,€) and A4(0,€) are of the dimensions n X n,
n x m, m X n and m X m, respectively.

Based on the matrix-valued functions A (6) and A4(&), let us construct the following matrix-
valued functions:

~ 0, & <O,
(o) = { JET AL A ()dyx. & >0, (320

Ax(0) =A1(0)A2(0), ©>0, (3.21)
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As(0) = — (AL (0)) 'aly(0)Ai(0), o3>0, (3.22)
A3(§) = —Aa()As(te), & € (—oo,+o), (3.23)
A4(0) = —(432(0)) 'aTy(0)Aa(0), G >0. (3.24)

Using the equations (3.20), (3.23) and the inequality (3.18), we obtain
1A2(E)]| < aexp(—BE), [|A3(E)]| < aexp(—BE), & >0, (3.25)

where a > 0 is some constant.
As a particular (undelayed) case of the results of [22], we obtain the following assertion.

Proposition 3.2. Let the assumption (A) be valid. Then, there exists a positive number €| such
that, for all € € (0, €], the following inequalities are satisfied:

|A1(0,€) —A1(0)]| <ag, ||Ax(0,€) —Ax(0) +Ax((te—0)/€)| <ae, >0,

|A3(0,€) —As(0) — As((te — o) /€) || <ae, >0,

[As(o,)— (1/e)Ru (1. — 0)/€) — Asl0)]| < ale+exp(— Blte—0)/e)], o< 0.1,
(3.26)

where a > 0 is some constant independent of €.
Moreover,

|A4(0.€) — (1/€)As((tc — 0)/€) — As(0)|| =0, © >t (3.27)

3.3. e-free conditions for the invertibility of the matrix W (z.,€). Let us introduce into the
consideration the following matrix-valued functions:

Bo(t) = —A1(t)A5) (t)Boy(t), Bi(t) = —Ana(t)Ay, (t)Buy(t), t >0, (3.28)

Qo) =AT(0)By(c) +Al (6 +h)Bi(c+h), oc€[0,1] (3.29)
Based on the matrix-valued function (o), let us construct the following matrix:

W) = /O “ 6(6)0" (6)do. (3.30)

Also, we construct the matrix

Foo -
W(tc) = /0 AF (&) (Boy(te)Bhy (te) + Buy(te) BT, (1)) Aa (& )dE . (3.31)
Proposition 3.3. ([23]) Let the assumption (A) be valid. Let the matrices W (t.) and W(tc) be
invertible, i.e.,
detW (z.) #0, detW(t.) #0. (3.32)

Then, there exists a positive number €, (& < €) such that, for all € € (0,&], the following
inequality is satisfied:

detW (., €) #0. (3.33)
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3.4. Block-wise estimate of the matrix W (z.,€). Let us partition the matrix W(z.,€) into

blocks as:
Wl<tC7£) WZ(twe) )
W(t., €)= , 3.34
(te, €) <W2T(tc,8) Ws(to, €) (3.34)

where the blocks W) (t., €), Wa(t., €) and Wa(z,, €) are of the dimensions n X n, n X m and m X m,
respectively.
Let us introduce into the consideration the following matrix:

W (te) = W (1) A2(0) — AT (tc)W ()
AL (1) (Boy 1e) B (1) + Buy 1) B (1)) (Ada (ac)) ™

— A (tc — h)Boy (tc — W) B, (1) (AL (1)) . (3.35)
Quite similarly to the results of [23], we have the following assertion.

Proposition 3.4. Let the assumption (A) be valid. Then, there exists a positive number &,
(€3 < €1) such that, for all € € (0, &3], the following inequalities are satisfied:

Wi (tc, €) =W (t0)|| < ae, (3.36)
[Wate,€) — W (t)|| < ae, (3.37)
[eWs(te,€) = W (to)|| < ae, (3.38)

where a > 0 is some constant independent of €.

3.5. Reduced minimum energy control problem. The equation of dynamics in this problem
is obtained in the following way. First, we set formally € = 0 in the system (2.1)-(2.2) and
replace x, y and u with x,, y,, u,. This procedure yields the system

dx;t(t) = An(Ox:(0) + A (0)y, (1), >0, (3.39)
0= A1 (1)x(t) + A2 (1)yr(1) + Boy()uy (t) + Bry(t)ur(t —h), >0,  (3.40)

where x,(t) € R" and y,(t) € R™ are state variables; u,(t) € R*; u,(t+n), n € [-h,0] is a
control variable. This system is a descriptor (differential-algebraic) system with a delay in the
control.

Subject to the assumption (A),

detAn(t) £0, 1€[0,z]. (3.41)

Thus, the differential-algebraic system (3.39)-(3.40) can be reduced in the interval [0,7,] to the
pure differential equation with respect to x,(¢) with a delay in the control

dxd;t(t) = A(t)x, (1) + Bo(t)u,(t) + Bi (t)ur(t —h), 1€[0,z], (3.42)

where A(t) and By(t), By (t) are given in the equations (3.16) and (3.28), respectively.

The equation (3.42) is the equation of dynamics in the reduced minimum energy control
problem. The functional of this problem is obtained from the functional (2.6) by replacing there
J with J, and u with u,. Thus, we have

Jo(uy) = /0 T (Oyur(t)dr. (3.43)
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Let ¢,(n) and xo € R", x. € R" be the same vector-valued function and the same vectors as
in (2.4) and (2.5). Consider the set U, of all piecewise continuous s-dimensional vector-valued
functions u,(t), t € [0,1.], such that the equation (3.42) has a solution satisfying the initial and
terminal conditions

ur(N)=@u(n), ne[-n0), x(0)=x0, x(tc)=2x (3.44)

The minimum energy control problem for the equation (3.42) is to find a control u(¢) € U,
such that

Jr(u () <Jr(ur(t))  Vur(t) €U, (3.45)

In what follows of the paper, we call this problem the Reduced Minimum Energy Problem
(RMEP) associated with the OMEP.
Similarly to Proposition 3.1, we have the following assertion.

Proposition 3.5. Let the matrix W (t.) be invertible, i.e., the first inequality in (3.32) be valid.
Then, the solution of the RMEP exists and has the form:

wi(t) = QT (W (1) (xe —wyro), 1 €[0,2.], (3.46)
where wy is
—_ O —_— _
weo = AT (O)x0+ [ AT+ WB (0 -+ by, (n)dn. (3.47)
Moreover,
L A . -
=0 (i () = (e —wiro) TW (1) (xe — wip). (3.48)

4. MAIN RESULTS
4.1. € -free conditions for the existence of the OMEP solution.

Theorem 4.1. Let the assumption (A) be valid. Let the matrices W (t.) and W (t.) be invertible.
Then, for all € € (0, &), the OMEP has the solution given by the equations (3.12)-(3.13). The
optimal value of the functional in this problem is given by the equation (3.14).

Proof. The theorem directly follows from Propositions 3.1 and 3.3. 0J

4.2. Block-wise estimate of the matrix W~!(z.,€). Denote
A w1 (W (tﬁg) V2<t€78)
V(tC78) =V (tC’E) B ( VZT(t07£) V3(t07€> ’ (41)

where the blocks Vi (z.,€), Va(t.,€) and V3(t., €) are of the dimensions n X n, n X m and m x m,
respectively.

Lemma 4.1. Let the assumption (A) be valid. Let the matrices W(t.) and W (t.) be invertible.
Then, there exists a positive number €4 < min{¢&,, &3} such that, for all € € (0, &), the following
inequalities are satisfied:

[Vi (e, €) =W (1e)|| < ae, (4.2)
[Va(te,€) + €W (te)W (1e)W (1) || < ag?, (4.3)
[Va(te,€) —eW ' (1) || < ag?, (4.4)

where a > 0 is some constant independent of €.
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Proof. Remember that we assume the matrix W (¢.) to be invertible. Therefore, by virtue of the
inequality (3.36), there exists a positive number & < min{&,, &3} such that the matrix Wy (7., €)
is invertible for all € € (0, &,], and

||W1_](fc»3) —W_l(lc)H <age, €€(0,8)], (4.5)

where a > 0 is some constant independent of €.
Let us note that, by virtue of Proposition 3.3, the matrix W (¢, €) is invertible for all € € (0, &)].
Applying the Frobenius formula (see e.g. [24]) to the calculation of the inverse matrix for
W (t.,€), given by its block representation (3.34), we obtain the blocks of the matrix V(z.,€)
(see (4.1)) as:

Vi(te,€) = Wi (te,€) + Wy H(te, €)Walte, €)H (1o, €)W5 (te, €)W, (20, €), (4.6)
Va(te,€) = =Wy Hte, €)Wal(te, €)H (1, €), (4.7)
Vs(t.,€) = H(t,€), (4.8)
where "
H(t.,€) = (Wj;(l‘c,&‘) —WZT(ZC78)W1_1(tc,s)Wz(tc,8)> : (4.9)

Using (3.37)-(3.38), (4.5) and the assumption on the invertibility of the matrix W(tc), we
obtain the existence of a positive number & < & such that, for all € € (0, &)], the matrix H(z., €)
exists and satisfies the inequality

|H(te,6) —eW ' (1,)|| <ae?, €€(0,8] (4.10)

where a > 0 is some constant independent of €.
Now, the equations (4.6)-(4.8) and (3.37)-(3.38), (4.5), (4.10) directly yield the inequalities
(4.2)-(4.4) for &4 = &, which completes the proof of the lemma. [

4.3. Estimate of the vector wy(€). Consider the matrix-valued function

/_\1(6) /_\2(6)
Ao,€) = . 6>0, £>0. @.11)
eA3(0) €eAy(0)

Based on this matrix, let us construct the vector
—_— O —_—
wo(g) = AT(0,0)z0 +/hAT(n +h,€)Bi(n+h,€)p,(n)dn, €>0. (4.12)

Remark 4.1. As it will be shown below, the vector wy(€) is independent of €. Therefore, in
what follows, we use the notation wq for this vector.

Lemma 4.2. Let the assumption (A) be valid. Then, there exists a positive number €5 < € such
that, for all € € (0, &s), the following inequality is satisfied:

|wo(g) —wo| < ae. (4.13)
Proof. Using the definition of the vector wy(€) (see equation (3.13)), as well as the block form

of the vector zg (see the equation (3.1)) and the block representations of the matrices Bj(z,€),
A(o,€) (see equations (3.2), (3.19)), we can represent the vector wy(€) in the block form as:

wo(€) = ( wo,1(€) ) , (4.14)

Woyz(é‘)
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where

0
wo,1(€) = AT (0,€)x0+€AJ (0,€)y0 + / A (1 +he)By(n+heumdn, - (415)

0
wo2(€) = AL (0,€)x0 +€A] (0,€)y0 + /_hAﬂn +h,€)B1y(n +h),(n)dn. (4.16)

Similarly, using equations (4.11), (4.12), as well as (3.1) and (3.2), we can represent the
vector W in the following block form:

- wo,1
= ’ 4.17
wo ( o2 ) ; (4.17)
where
- O -—
o1 = A (O)x0+ [ AL(n-+m)B1,(n+h)gu(m)an. @18
T O
wo,2 = A, (0)xo + /_hA4 (N +h)Biy(n +h)@u(n)dn. (4.19)
Denote
Awo(€) 2 wo(&) — o (4.20)

Due to the equations (4.14)-(4.16) and (4.17)-(4.19), we have

Awo(€) = ( 2:3;8 ) 4.21)

where

Awg 1(8) =wy 1(8) —Wo,1 = (A{(O,S) —/_\{(0)))60 —’,—8/\;(0,8))70

0 -
+ [ (AL +he) = R +) By (n + B gu(m)dn, (422)

Awg 2(8) =Wwy 2(8) —Wop2 = (Ag(o, 8) — /_\5(0)))60 + 8A£(O,8)y0
+ /_ (; (A% (N +h,€) = Af (N +h))Biy(1 +h)@u(n)dn. (4.23)

Now, applying Proposition 3.2 and the inequalities (3.18), (3.25) to the estimation of the
vectors Awg, 1 (€) and Awg (&), we obtain the existence of a positive number & < &; such that:

|Awo,1(e)|| <ae, |Awo.(e)|| <ae, €€ (0,8s], (4.24)

where a > 0 is some constant independent of €.
The equations (4.20)-(4.23), along with the inequalities in (4.24) directly yield the inequality
(4.13). Thus, the lemma is proven. L]
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4.4. Approximate solution of the OMEP. Let us introduce into the consideration the follow-
ing matrices:

ALt Ao (t) + Ao ((tc—1)/€)
Agppr (1, €) = B R , (4.25)
e[As(t) +As((te—1)/€)] Aa((tc—1)/€) +€Aut)

Vappr,l (tw 8) Vappr,2 (tm 8)
Vappr<t67 8) = T
(Vappr,Z (tm 8)) Vappr,3(l67 8)

wl(z) — eW L1 )W ()W (1)

—e(W L)W()W ()" eW ™' (z)
(4.26)

T T
Using the equations (3.2) and (4.25), we can represent the matrix Qqappr(#,€) in the block form

as:
o Qappri1(t,€) \ _
Qappr(tag) = ( Qappr,z(lag) =

[As(t)+ A3 ((te—1)/€)]" Boy(t) + [As(t +h) + A3 ((tre—1 —h) /€)] Biy(t + )
[LRa((te—1)/2) + Aa(r)] " Boy(t) + [LRa((te—1— ) /) + Aale+ )] " Buy(t+h)
(4.28)

Based on the matrices Vappr(Zc, €), Qappr(f,€) and on the vector wy, let us construct the fol-
lowing control function:

ttappr (1,€) = (Qappr (1,€)) Vippr(16,€) (2 —W0), 1 € [0,1]. (4.29)
Denote
" = min{es, &5 . (4.30)

Theorem 4.2. Let the assumption (A) be valid. Let the matrices W (1) and W (t.) be invertible.
Then, for all € € (0,€*|, the following inequality is satisfied:

||u*(1,€) — uappe (2, €)|| < age, 1€]0,1], (4.31)

where a > 0 is some constant independent of €
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Proof. Using the block representations of the matrices By(t,€), Bi(t,€) and A(t,€) (see the
equations (3.2) and (3.19)), we can represent the matrix Q(z, €) in the following block form:

_ o Qule) ) _
)= ( (1 e) ) B
(Aa(r,€))" Boy(t) + (As(t+h,€)) Buy(t+h)

(Aa(t,€)) Boy (1) + (Aa(t+h,€)) Biy(t +h)
(4.32)

Further, using this block representation, as well as the block representations of the matrix
W~1(t.,€) and the vectors z., wo(€) (see equations (4.1) and (3.1), (4.14)), we can rewrite
the expression (3.12) for the control u*(z, €) as:

' (t,€) = (Q (1,€)Vi(te,€) + Q5 (t,€)V) (tc,€)) (xc —wo,1(€))
+(Q] (1,€)Valte, €) + QL (1,€)Va(te, €)) (ve —wo2(€)), 1 € [0,2c].
(4.33)

Similarly, using t (4.17), (4.26) and (4.28), we can rewrite the expression (4.29) for the control
function u,pp(2, €) in the form

”appr(t7 8) = (Qz{ppr,l (t7 S)Vappnl (th 6) + Qprr,Z(ta 8)Va{)pr,2 (tcw 8)) (xc - WO,I)

+ ('Q'prr,l <t7 S)Vappr,2 (tw 8) + 'Q'gppr,Z (tv 8)stlppr,?) (tw 8)) (yc - WO,Z)a re [07 tc] :

(4.34)
Using (4.14), (4.17), (4.20) and (4.21), we can rewrite equation (4.33) as follows:
u*(t,€) = (QlT(t, eV (t.,€)+ Qg(t, S)VZT(Z‘C, 8)) (Xe —Wo,1)
+<Q‘{(I78)V2(ta 8) +92T(I,S)V3(fc,8)) (yc - WO,Z) - ®(t7t67 8)7 re [Oatc]»
(4.35)
where

O(t,1c,€) = (Qf (t,€)Vi (te, €) +QJ (t,€)V5 (tc,€)) Awp 1 (€)

+(Q] (t,e)Valte,€) + Q5 (t,€)Va(te, €)) Awo 2 (€), 1 € [0,1c].
(4.36)

Estimating the vector-valued function ®(z,.,€) by application of Proposition 3.2 and Lemmas
4.1, 4.2, we directly obtain the inequality

|©(t,1,€)|| <ae, t€[0,z], €€ (0,min{es,&5}], (4.37)

where a > 0 is some constant independent of €.
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Subtracting equation (4.34) from equation (4.35), we have

u*(t>8) - uappr(t78) = [(Q{(t78)vl (tw ) -Q'appr 1( appr 1 tc, )
+<Qg(t7£)V2T(t¢?8) 'Qappr 2( )Va][;pr,Z(tca ))] ( 1)

+ [('Q‘IT (t,€)Va(te, €) — 'Q‘appr 1(,€)Vappr 2 (te, € )

)

+(Q2T(t,8)V3(l‘C, ) Qappr2<t 8)Vappr3(tw ))] (YC_WOZ
—0(t,t.,€), t€]0,1],

(4.38)
which yields
" (2,€) — wappr (1, ) || < :HQIT(I,S)VI(IC, )= QL1 (1,€)Vappr, 1 (c,€) |
+]|QF (r, )V (tc,€) — QapprZ(tve)Vajl;an(thg)H:HXC_WO,IH
+ (1197 (1,)Valte, ) ~ Qg (1) Vappe 21,2
+]Q32 (1, €)Va(re, €) _Qgppr,Z(tvg)VaPPf,.’)(thS)H: [ye = Wo.||
O, e)||, rel0,z].
(4.39)

Let us estimate the terms in the square brackets in the right-hand side of this inequality. Apply-
ing Proposition 3.2 and Lemma 4.1 to this estimation, we obtain the following inequalities for
all t € [0,2.] and € € (0, &4]:
Q7 (1,€)Vi(te, €) — Qe 1 (1,€)Vappr,1 (1, €) || < ae,
HQg(t7£)V2T<tC‘7 ) 'QapprZ( )Vapprz I, € H <ag [£+6XP( ﬁ(l‘c—l)/ff)}
||Q.1T(I,S)V2(tc, €)— Qappr](t78)vappr2 le, € H <ag?
195 (2,€)V3(te, €) — Qoo (1, €)Vappr 3 (1, €) || < ag[e+exp (— Bt — t)/e)} ,
(4.40)

where a > 0 is some constant independent of €.
Now, inequality (4.39), along with inequalities (4.37) and (4.40) immediately yields inequal-
ity (4.31), which completes the proof of the theorem. U

Let, for any given € € (0,€"], zappr(?,€), t € [0,2.] be the solution of the system (3.3) with
u(t) = uappe (¢, €) and subject to the initial conditions (3.4). Thus,

Zappr(tag) = CID(Z‘,O,S)Z()

+/0[fb(t,6,8)[BO(G,S)uappr(G,e)+Bl(6,8)uappr(6—h78)]d6, t€0,2]. (4.41)
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Substituting ¢ = ¢, into this expression for zuppr(,€), and using equations (3.7) and (3.9), we
obtain

Zappr(te, €) = AT (0,€)z9
- /Otc AT(0,€)[Bo(0,€)utappr(0,€) + B1(0, €)tappe(0 — 1, €)] dO. (4.42)
Corollary 4.1. Let the assumption (A) be valid. Let the matrices W (t.) and W (t..) be invertible.
Then, for all € € (0,&*|, the following inequality is satisfied:
|z = zappr(1e, €) || < a, (4.43)
where a > 0 is some constant independent of €.

Proof. Since the control u*(z,€), t € [0,1.] is the solution of the OMEDP, then the vector z. can
be represented as:

T(0,e Zo+/ )[Bo(o,€)u*(0,€) +Bi(0,€)u* (0 —h,€)]do. (4.44)

Subtracting equation (4.42) from equation (4.44), we obtain

lC
Ze — Zappe(1er €) = /O [AT(O',S)BO(G,S)(M*(G,E)—uappr(O',e))
+AT(0,€)Bi(0,¢€) (u* (0 —h,€) — tappr(0 — h,e))}da,
(4.45)
which yields

2 — zappr (1, )] < /Ot“ A7 (0.€)Bo(0.€) | |u"(0.) ~ tpe(c.)|

+||A"(c,€)B1(0,€)||||u* (0 — h,€) — tappe (0 —h,g)H]dc.
(4.46)
Using the block representations of the matrices By(0,€), B1(0,€) and A(0, €) (see equations
(3.2) and (3.19), we obtain, for ¢ € [0,7],
Al (0,€)Bgy(0) Al (0,€)By(0)
AT(G,E)B()(G,&’) = ’ AT(Gvg)Bl (678) =
Al (0,€)Bgy(0) Al (0,€)By(0)
(4.47)
Now, by substitution of (4.47) into the right-hand side of (4.46), and using Proposition 3.2,

Theorem 4.2 and inequality (3.18), one directly converts inequality (4.46) to inequality (4.43).
Thus, the corollary is proven. 0

Let, for any given € € (0,€*], Jappr(€) be the value of the functional (2.3) calculated for
U = Uappr(2,€), 1.0

Jappr(€) = /0 " (ttappr (£, €))  happe(t, €)dt. (4.48)
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Corollary 4.2. Let the assumption (A) be valid. Let the matrices W (t.) and W (t.) be invertible.
Then, the following inequality is satisfied:

[T (u*(t,€)) — Jappr(€)| < ae, €€ (0,€"], (4.49)
where J(u) is the functional in the OMEP (see the equation (2.3)); u*(t,€) is the solution of the
OMEP; a > 0 is some constant independent of €.

Proof. First of all, let us observe the following. Due to equations (4.26), (4.28) and (4.34),
and inequalities (3.18) and (3.25), the control function uapp (¢, €) is bounded for (z,€) € [0,1.] x
(0,&*]. Therefore, due to inequality (4.31), the control function u*(z,€) also is bounded for
(t,€) € [0,1;] x (0,€*]. Now, the statement of the corollary directly follows from this observa-
tion, as well as equations (2.3), (4.48) and Theorem 4.2. O

Theorem 4.3. Let the assumption (A) be valid. Let the matrices W (t.) and W (t.) be invertible.
Then, the following inequality is satisfied:

[T —Jf| <ae, €€(0,€"], (4.50)
where J; is the optimal value of the functional in the OMEP (see the equation (3.14)); J; is the

optimal value of the functional in the RMEP (see the equation (3.48); a > 0 is some constant
independent of €.

Proof. First of all, let us note the following. Using equations (3.22), (3.28), (3.47) and (4.18),
we immediately obtain that
Wro = W01 (4.51)
Substitution of the block representation for the matrix Wfl(tc, €) (see the equation (4.1))
and the block representations for the vectors z., wo(€) (see equations (3.1) and (4.14)) into the
equation (3.14) yields after a routine algebra the following expression for J;:
x T T
Je = (xc —Wo,1 (8)) Vi (l‘c, 8) (xc —Wo,1 (8)) -+ 2(xc —Wo,1 (8)) Vz(tc, 8) (yc — W()_‘z(é'))
T
+(ve = wo2(€)) Valte, €) (ve —woa(e)).
(4.52)
Let us estimate each of the addends in the right-hand side of this equation. Let us start with the
first one. Using equations (3.48), (4.14), (4.17), (4.20), (4.21) and (4.51), we obtain
T
(xc —Wo,1 (8)) Vi (l‘c, 8) (xc —Wo,1 (8)) =
_ y = _
(xc —Wo,1 — AW()J(S)) [W 1(tc) + (V1 (te,€) =W l(tc))} (xc —Wo,1 — AW071<8)) =
(xc — W()?l)TW_l (tc)(xc — W0,1> + F(tc, 8) = J;k —|—F(Z‘C, 8),
(4.53)

where
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By virtue of inequalities (4.2) and (4.24), we have the estimate of I'(z., €):
IT(tc,€)| <ae, €c(0,e], (4.55)

where a > 0 is some constant independent of €.
This inequality, along with equation (4.53), yields

| (xe = wo.1(€)) Vi (1, €) (xc —wo 1 (€)) = TF| <ae, €€ (0,e7], (4.56)

where a > 0 is the same constant as in (4.55).

Proceed to the estimation of the second and third addends in the right-hand side of equation
(4.52). Due to Lemma 4.2, the vectors wo 1(€) and wo (&) are bounded for all € € (0,€"].
Therefore, by virtue of Lemma 4.1, we have

| (xe = wo.1(8)) Valte, €) (ve — woa(€))| < ae, &€ (0,€%],

| (ye — Wo72(€))TV3(lc,€)(yc —wop(e))| <ae, €€(0,€,
4.57)

where a > 0 is some constant independent of €.
Now, equation (4.52), along with inequalities (4.56) and (4.57), directly yields inequality
(4.50). Thus, the theorem is proven. ]

Corollary 4.3. Let the assumption (A) be valid. Let the matrices W (t.) and W (t.) be invertible.
Then, the following inequality is satisfied:

|JaPPr(8) _J:| S ae, €cC (078*]7 (458)
where a > 0 is some constant independent of €.

Proof. The statement of the corollary directly follows from Corollary 4.2, Theorem 4.3 and
equation (3.14). O

Remark 4.2. It is important to note the following. First, although the control u,py(t, €) depends
on €, the matrices constituting this control can be obtained independently of €. This means
that it is simpler to derive the control uapy (2, €) than the control u*(z,€). Second, the control
Uappr (1, €) provides the approximate fulfilment of the terminal condition (3.5) with the accuracy
of order of € for all sufficiently small positive values of this parameter. Third, the value of the
functional (2.3), calculated for u = uappr(t, €) differs from the optimal value of this functional
by the value of order of € for all sufficiently small € > 0. Based on these observations, we can
conclude that u,pp (2, €) is the approximate solution of the OMEP, and this solution is simpler
than the exact solution u*(z, €).

5. EXAMPLE

Consider the following particular case of the OMEP:

P x50, 120 51

edfi—it) =x(t)—y(t)+ul)—ult—1), t>0, (5.2)

u(n)=0, nel-1,0); x(0)=1, y0)=2, (5.3)
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x(2)=2, »(2)=1, (5.4)

J(u) = /0 : u?(t)dr. (5.5)

It is seen that this problem satisfies assumption (A).

Let us derive the approximate solution uappr(t, €) of problem (5.1)-(5.5). We start with obtain-
ing the functions A;(0), (i = 1,...,4), and /~\J(§), (j = 2,3,4). Using equations (3.15)-(3.16),
(3.17), (3.20)-(3.24), we have

(1, €02, ~ . [0, ¢ <0,
Al(")_{o, 2, A4<’5>—{exp<—5>, £ >0,
~ . (o, £ <0, . _J 1, o€l0,2],
Ao (8) = { exp(—€), E>0, Aa(0) = { 0, ¢>2,

mo={ g 2557 R@={ _d e 50

_ 1 0,2],
A“(G):{ 0. gi[z |
(5.6)

Further, using equations (3.28)-(3.31) and equation (5.6), we obtain the function Q(O') and

the values W (z.), W(t,) as:

~ [0, oelo,1],
Q(G)_{ 1, oe(1,2, .7)
W)=1, W()=1. (5.8)
Thus both values, W (z.) and W (¢.), differ from zero.
Using equation (3.35), as well as equations (5.6) and (5.8), we also obtain
W) =1. (5.9)

Now, let us calculate the values Wwo, 1, Wo,2, Vappr k (tc; €), (k = 1,2, 3), and functions Q. 1 (£, €),
Qappr2 (2, €). Due to equations (4.18)-(4.19) and equations (5.3) and (5.6), we obtain

wo,1 = 1, wp,2 = 1. (5.10)
Using equations (4.26),(4.28), as well as equations (5.6), (5.8) and (5.9), we have

Vappr,1(tc;€) =1, Vappro(te,€) = =€, Vappr3(tc,€) = €, (5.11)
[ exp((t—1)/e)—exp((t—2)/g), te€]0,1],
Qappfv‘(t"g)_{ 1E£Xp((t—2))/8),p( ) te (1,2,
f (1/e)|exp((t—2)/e) —exp((r—1)/€)|, t€]0,1],
QaPPf’Z(”e)—{ (l/e)c[axpl)(gt—Z)/e))+l, 4 ) re(1,2].

(5.12)
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Now, the substitution of Vyppr (2, €), (k = 1,2,3), Qappr,1(£,€), Lappr2(t,€), Wo,1, Wo,2, as
well as the terminal values of the state variables (see equation (5.4)), into equation (4.34) yields
the expression for the approximate solution of problem (5.1)-(5.5)

[ 2[exp(—(1—1)/e) —exp(—(2—1)/e)], 1€]0,1],
”aPPr(”8>_{ 1—e—2exp(—(2—1)/¢), te(1,2). (-13)
Let col (xappr(t, €), yappr(t, €) ), ¢ € [0,2], be the solution of the initial-value problem (5.1)-
(5.3) for u(t) = uappe (¢, €). Calculating this solution at = ¢, = 2, we obtain

e(2—3e—4e>-2¢%)  2¢ p<_l>

2,e)=2
Yappr (2:€) =2+ —— o5 e Tare 0P| e

T fé;@% o <‘1 B é) el (‘2‘ %) ~eale),

(5.14)
. 2e(3+3e+¢€?)  2(1+4¢) 1
Yar(2:€) = 1= e T Tage O (‘E)
e(3+¢?) 1 1 2
(5.15)
where
2 2 1
0= raprg (1) e ()
—on (1) e (-1-3)
exp s +exp e/ |
(5.16)

Using these equations and the terminal conditions (5.4), we obtain the following inequalities:
|xappr(2,€) —x(2)| < 1.00006€,  |yappr(2,€) — y(2)| <3.31055¢, €€ (0,0.1], (5.17)

which are consistent with Corollary 4.1.
Now, let us calculate J* and Jappr(s). Using equations (3.48) and (4.48), and equations (5.8),
(5.10) and (5.13), we obtain

J=1, (5.18)

1

2 3 4
—2¢€exp (_E) +4eexp <_E) —2€exp (_E> .

Equations (5.18) and (5.19) directly yield
|[appr (€) — | <2.50002¢, & € (0,0.1], (5.20)

which is consistent with Corollary 4.3.

(5.19)
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6. CONCLUSIONS

In this paper, the minimum energy control problem for a singularly perturbed linear time-
dependent system with point-wise delay in the input (the control variable) was considered. For
this problem sufficient conditions of its solvability, which are independent of the parameter of
singular perturbation € > 0, were established. These conditions, being independent of &, are
valid for all sufficiently small values of this parameter. Along with these conditions, an approx-
imate solution (a suboptimal control) to the considered minimum energy control problem was
derived. This solution is obtained in a simpler way than the exact solution (the optimal control)
to the problem. The approximate solution provides the fulfilment of a given terminal condition
in the minimum energy control problem with the accuracy of order of € for all sufficiently small
values of this parameter. Moreover, the value of the functional in the considered problem, cor-
responding to the suboptimal control, differs from the optimal one by the value of order of € for
all sufficiently small € > 0.

By setting formally &€ = 0O in the original minimum energy control problem, its reduced ver-
sion was obtained. The reduced minimum energy control problem is of a lower dimension than
the original one and it is €-free. It was shown that the optimal value of the functional in the
original problem differs from such a value in the reduced problem by the value of order of € for
all sufficiently small € > 0. Also, it was shown that the similar property is valid for the value of
the functional in the original problem, corresponding to the suboptimal control.

The illustrating example, presented in the paper, directly shows the fulfilment of the above
mentioned properties of the suboptimal control in the original minimum energy problem.
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