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MINIMAX EXACTNESS AND GLOBAL SADDLE POINTS OF NONLINEAR
AUGMENTED LAGRANGIANS

MAKSIM V. DOLGOPOLIK

Institute for Problems in Mechanical Engineering, Russian Academy of Sciences, St. Petersburg, Russia

Abstract. We study global minimax exactness of merit functions for constrained optimization problems.
This concept arises as a natural generalization of the definition of global saddle points in the unified
theory of exactness of penalty and augmented Lagrangian functions. We obtain necessary and sufficient
conditions for the global minimax exactness of nonlinear augmented Lagrangians in the form of the lo-
calization principle, which allow one to reduce the study of the existence of global saddle points (or the
existence of solutions of the augmented dual problem) to a local analysis of sufficient optimality condi-
tions. With the use of the localization principle, we obtain simple necessary and sufficient conditions for
the existence of global saddle points of He-Wu-Meng’s augmented Lagrangian for inequality constrained
problems and nonlinear rescaling Lagrangians for nonconvex semidefinite programs. We also introduce
and analyze a new nonlinear smooth augmented Lagrangian for constrained minimax problems and pro-
vide necessary and sufficient conditions for the existence of a global saddle point of this augmented
Lagrangian, which, in particular, expose some limitations of exponential penalty function methods.

Keywords. Augmented Lagrangian; Global saddle point; Augmented duality; Semidefinite program-
ming; Minimax problem.

1. INTRODUCTION

The existence of global saddle points is one of the central questions of the general theory
of augmented Lagrangian functions for constrained optimization problems. The existence of
global saddle points was studied for general cone constrained optimization problems [1, 2],
mathematical programming problems [3, 4, 5, 6, 7, 8, 9, 10], nonlinear second order cone pro-
gramming problems [11], nonlinear semidefinite programming problems [12, 13], semi-infinite
programming problems [14, 15], etc. A general theory of the existence of global saddle points
of augmented Lagrangian functions for nonlinear cone constrained optimization problems that
unified and subsumed many existing results in this area was developed in [16].

Another closely related problem is the problem of the existence of the so-called augmented
Lagrange multipliers of Rockafellar-Wets’ augmented Lagrangian. This augmented Lagrangian
was introduced in [17] and thoroughly analyzed by many researchers [18, 19, 20, 21, 22, 23].
The existence of augmented Lagrange multipliers of Rockafellar-Wets’ augmented Lagrangian
for various types of optimization problems was studied in [1, 2, 14, 15, 24, 25, 26].

E-mail address: maxim.dolgopolik@gmail.com.
Received October 19, 2020; Accepted November 24, 2020.

c©2021 Journal of Applied and Numerical Optimization

61



62 M.V. DOLGOPOLIK

An analysis of the aforementioned papers on the existence of global saddle points and aug-
mented Lagrange multipliers indicates that the main ideas of these papers largely overlap and
the existence theorems are very similar for all kinds of augmented Lagrangians and optimiza-
tion problems. As was shown in [16, 24], one can formulate a general principle, called the
localization principle, that allows one to obtain all known results on the existence of global
saddle points/augmented Lagrange multipliers in the finite dimensional case in a unified man-
ner. However, the results of [16, 24] cannot be applied to nonlinear (in the objective function)
augmented Lagrangians that were studied in, e.g., [9, 23, 27]

In [28, 29], a unified theory of various concepts of exactness of penalty and augmented La-
grangian functions was developed. This theory provides a unified approach to an analysis of
linear [30, 31, 32, 33] and nonlinear [34, 35, 36] exact penalty functions, Fletcher’s contin-
uously differentiable exact penalty functions [37, 38, 39, 40], exact augmented Lagrangians
[16, 41, 42, 43], Huyer and Neumaier’s exact penalty functions [44, 45], and the existence of
augmented Lagrange multipliers in the finite dimensional case.

The main goal of this paper is to demonstrate that the theory of exact merit functions de-
veloped in [28, 29] admits a natural extension that allows one to include various existing re-
sults on global saddle points of nonlinear augmented Lagrangian functions into the unified
theory and apply the ideas developed in [16, 24] to all types of nonlinear augmented La-
grangians. To this end, we introduce a new concept of minimax exactness of a merit func-
tion and analyze its connections with the existence of global saddle points and some prop-
erties of the augmented dual problem. Then we extend the localization principle for global
saddle points/augmented Lagrange multipliers from [16, 24] to the case of general nonlinear
merit functions and apply this principle to an analysis of three particular kinds of augmented
Lagrangians. Namely, we study He-Wu-Meng’s augmented Lagrangian [46], which has not
attracted much attention of researchers despite its interesting properties pointed out in [16].
We also study nonlinear rescaling Lagrangian functions for nonlinear semidefinite program-
ming problems [12, 16, 47, 48, 49, 50, 51], which can be viewed as a natural extension of the
modified barrier functions and nonlinear rescaling methods developed by professor R. Polyak
[52, 53, 54] to the case of semidefinite programming problems. Finally, we analyze a nonlinear
augmented Lagrangian function for constrained minimax problems inspired by the paper [27] in
order to demonstrate that the general theory developed in this paper can be applied to nonlinear
(in the objective function) augmented Lagrangians and to show how this theory can be utilized
in order to understand theoretical limitations of various augmented Lagrangian methods.

The paper is organized as follows. Some preliminary ideas and definitions from the general
theory of exact merit functions are collected in Secton 2. Minimax exactness and global saddle
points of nonlinear merit functions are analyzed in Section 3. Section 4 contains an extension
of the localization principle to the case of minimax exactness. Finally, applications of the
general theory developed in this paper to three particular classes of augmented Lagrangians are
presented in Section 5.

2. PRELIMINARIES

Let X be a finite dimensional real normed space and M,A⊂ X be nonempty sets. Throughout
this article we study the following optimization problem:

min f (x) subject to x ∈M, x ∈ A. (P)
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Here f : X→R∪{+∞} is a given function, while the inclusions x ∈M and x ∈ A represent two
different types of constraints (e.g. nonlinear and linear constraints or equality and inequality
constraints, etc.) written in a nonfunctional form. Below we suppose that there exists a globally
optimal solution of (P) and the optimal value of this problem is finite.

Our aim is to understand how one can remove the constraint x ∈ M of the problem (P)
with the use of a merit function F(·) without loosing any information about globally optimal
solutions of the problem (P).

Let Λ be a nonempty set of parameters that are denoted by λ , and c > 0 be the penalty
parameter. We suppose that a merit function F : X×Λ× (0,+∞)→R∪{+∞}, F = F(x,λ ,c),
is given. A connection between this function and the problem (P) is specified below.

The function F can be, for instance, a penalty function with Λ being the empty set or an
augmented Lagrangian with λ being a Lagrange multiplier. However, in order not to restrict
ourselves to any specific case, we simply call F(x,λ ,c) a merit function for the problem (P).

Our main goal is to obtain general conditions under which the problem (P) is equivalent
(in some sense) to a problem of minimizing the function F(x,λ ,c) over a certain set. In other
words, we are interested in conditions ensuring global exactness (in some sense) of the merit
function F(x,λ ,c).

There are essentially three different ways to define the concept of exactness of merit func-
tions. The first one is called parametric exactness. According to this concept, one fixes a
parameter λ∗ ∈ Λ and considers the following auxiliary problem:

min
x

F(x,λ∗,c) subject to x ∈ A.

If there exists c∗ > 0 such that for all c≥ c∗ points of global minimum of this problem coincide
with points of global minimum of the problem (P), then the merit function F(x,λ ,c) is called
globally parametrically exact with the exact tuning parameter λ∗. Thus, if F(x,λ ,c) is globally
parametrically exact and an exact tuning parameter λ∗ is known, then one can choose suffi-
ciently large c > 0 and minimize the function F(·,λ∗,c) over the set A in order to find globally
optimal solutions of the problem (P). This approach to exactness naturally suits the theory
of linear [30, 31, 32, 33] and nonlinear [34, 35, 36] penalty functions, Fletcher’s continuously
differentiable exact penalty functions [37, 38, 39, 40], and the theory of existence of augmented
Lagrange multipliers [1, 2, 15, 24], in which augmented Lagrange multipliers plays the role of
exact tuning parameters. Parametric exactness of merit functions was introduced and studied in
detail in [28].

The second concept of exactness is called extended exactness. Since the problem of finding an
exact tuning parameter is very complicated (unless, of course, F(x,λ ,c) is a penalty function,
i.e. unless F(x,λ ,c) does not depend on λ ), a different approach to the definition of global
exactness is needed. Namely, instead of fixing λ∗ one considers the problem of minimizing
F(x,λ ,c) with respect to both x and λ , i.e. one considers the extended problem:

min
(x,λ )

F(x,λ ,c) subject to (x,λ ) ∈ A×Λ.

If there exists c∗ ≥ 0 such that for all c ≥ c∗ a pair (x∗,λ∗) is a point of global minimum of
this problem iff x∗ is a globally optimal solution of the problem (P), then the merit function
F(x,λ ,c) is called extendedly exact. Extended exactness is used within the theory of exact
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augmented Lagrangians [16, 41, 42, 43] and Huyer and Neumaier’s exact penalty functions
[44, 45]. A general theory of extendedly exact merit functions was developed in [29].

Finally, the third concept of exactness naturally arises within the theory of global saddle
points of augmented Lagrangians and we call it minimax exactness. The main goal of this
article is to study minimax exactness of merit functions and its connections with global saddle
points and augmented dual problems.

3. MINIMAX EXACTNESS AND GLOBAL SADDLE POINTS

We start with an extension of the definition of global saddle point to the case of merit func-
tions.

Definition 3.1. A pair (x∗,λ∗) ∈ A×Λ is called a global saddle point of the merit function
F(x,λ ,c) iff there exists c∗ > 0 such that

max
λ∈Λ

F(x∗,λ ,c)≤ F(x∗,λ∗,c)≤min
x∈A

F(x,λ∗,c) ∀c≥ c∗

and F(x∗,λ∗,c) < +∞ for all c ≥ c∗. The greatest lower bound of all such c∗ is denoted by
c∗gsp(x∗,λ∗) and is called the least exact penalty parameter at (x∗,λ∗).

Definition 3.2. The merit function F(x,λ ,c) is called globally minimax exact iff there exists
λ∗ ∈ Λ and c∗ > 0 such that

(1) for any globally optimal solution x∗ of the problem (P) the pair (x∗,λ∗) is a global
saddle point of F(x,λ ,c) and c∗gsp(x∗,λ∗)≤ c∗;

(2) if (x∗,λ∗) is a global saddle point of F(x,λ ,c), then x∗ is a globally optimal solution of
the problem (P).

Any such λ∗ is called a minimax exact tuning parameter of the merit function F(x,λ ,c), while
the greatest lower bound of all such c∗ is called the least minimax exact penalty parameter and
is denoted by c∗gsp(λ∗).

It is easy to see that if F(x,λ ,c) is globally minimax exact with a minimax exact tuning
parameter λ∗, then F(x,λ ,c) is globally parametrically exact with λ∗ being an exact tuning pa-
rameter. On the other hand, minimax exactness provides one with a criterion for distinguishing
λ∗ from other tuning parameters λ ∈ Λ, which allows one to construct primal-dual methods for
solving the problem (P) based on the use of the merit function F(x,λ ,c).

Let us point out an obvious connection between minimax exactness and the existence of
global saddle points. Denote by Ω∗ the set of globally optimal solutions of the problem (P).

Proposition 3.1. Suppose that the following two assumptions are valid:
(1) if (x∗,λ∗) is a global saddle point of F(x,λ ,c), then x∗ ∈Ω∗,
(2) if (x∗,λ∗) is a global saddle point of F(x,λ ,c), then there exists c∗ such that for any

y∗ ∈Ω∗ the pair (y∗,λ∗) is a global saddle point of F(x,λ ,c) and c∗gsp(y∗,λ∗)≤ c∗.
Then the merit function F(x,λ ,c) is globally minimax exact iff there exists a global saddle point
of this function. Furthermore, λ∗ is a minimax exact tuning parameter iff there exists x∗ ∈ A
such that (x∗,λ∗) is a global saddle point of F(x,λ ,c).

Thus, under the assumptions of the proposition above the problem of whether F(x,λ ,c)
is globally minimax exact is equivalent to the problem of whether a global saddle point of
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F(x,λ ,c) exists. Furthermore, in this case there is a one to one correspondence between mini-
max exact tuning parameters and global saddle points of the merit function F(x,λ ,c).

Let us note that the first assumption of Proposition 3.1 is satisfied for most existing augmented
Lagrangian functions, while the second assumptions of this proposition can usually be verified
with the use of the augmented dual problem. Recall that the augmented dual problem associated
with the merit function F(x,λ ,c) has the form

max Θ(λ ,c) subject to λ ∈ Λ, c > 0,

where Θ(λ ,c) = infx∈A F(x,λ ,c) is the augmented dual function associated with F(x,λ ,c).
One says that there is no duality gap between the primal problem (P) and the augmented dual
problem iff

inf
x∈Ω

f (x) = sup
λ∈Λ,c>0

Θ(λ ,c),

where Ω = M∩A is the feasible set of the problem (P). The propositions below describe inter-
connections between global minimax exactness, the existence of global saddle points, duality
gap, and the existence of solutions of the augmented dual problem.

Proposition 3.2. Let the function F(x,λ ,c) be nondecreasing in c and let (x∗,λ∗) with x∗ ∈Ω∗
be a global saddle point of F(x,λ ,c) such that F(x∗,λ∗,c) = f (x∗) for all c > 0. Then there
is no duality gap between the problem (P) and the augmented dual problem, and for any
c > c∗gsp(x∗,λ∗) the pair (λ∗,c) is a globally optimal solution of the dual problem.

Proof. By the definition of global saddle point for any c > c∗gsp(x∗,λ∗) one has

max
λ∈Λ

F(x∗,λ ,c)≤ F(x∗,λ∗,c)≤min
x∈A

F(x,λ∗,c) =: Θ(λ∗,c).

Therefore for any c > c∗gsp(x∗,λ∗) one has

Θ(λ∗,c) = F(x∗,λ∗,c) = f (x∗)≥ F(x∗,λ ,c)≥Θ(λ ,c) ∀λ ∈ Λ.

Hence taking into account the fact that F(x,λ ,c) is nondecreasing in c one obtains that for any
c > c∗gsp(x∗,λ∗) the following inequalities hold true

Θ(λ∗,c) = f (x∗)≥Θ(λ ,r) ∀λ ∈ Λ, r > 0.

Thus, (λ∗,c) is a globally optimal solution of the augmented dual problem, and there is no
duality gap between the problem (P) and the augmented dual problem. �

Proposition 3.3. Suppose that there is no duality gap between the problem (P) and the aug-
mented dual problem and the function F(x,λ ,c) is nondecreasing in c. Suppose also that

F(x∗,λ ,c)≤ f (x∗) ∀x∗ ∈Ω∗, λ ∈ Λ, c > 0. (3.1)

Then for any x∗ ∈ Ω∗ and for any globally optimal solution (λ∗,c∗) of the augmented dual
problem the pair (x∗,λ∗) is a global saddle point of F(x,λ ,c) with c∗gsp(x∗,λ∗)≤ c∗.

Proof. Fix x∗ ∈ Ω∗ and let (λ∗,c∗) be a globally optimal solution of the augmented dual prob-
lem. Applying inequality (3.1) and the facts that there is no duality gap and F(x,λ ,c) is nonde-
creasing in c one obtains that

Θ(λ∗,c) = f (x∗)≥ F(x∗,λ∗,c) ∀c≥ c∗.
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By definition one has Θ(λ∗,c) = infx∈A F(x,λ∗,c). Therefore

f (x∗) = F(x∗,λ∗,c) = min
x∈A

F(x,λ∗,c) ∀c≥ c∗.

Applying inequality (3.1) once again one gets that

sup
λ∈Λ

F(x∗,λ ,c)≤ f (x∗) = F(x∗,λ∗,c)≤min
x∈A

F(x,λ∗,c) ∀c≥ c∗,

which implies the desired result. �

Combining Propositions 3.1–3.3 we obtain two equivalent characterizations of global mini-
max exactness.

Theorem 3.1. Let the following assumptions be valid:
(1) F(x,λ ,c) is nondecreasing in c;
(2) if (x∗,λ∗) is a global saddle point of F(x,λ ,c), then x∗ ∈Ω∗;
(3) F(x∗,λ∗,c) = f (x∗) for any global saddle point (x∗,λ∗) and for all c > 0;
(4) F(x∗,λ ,c)≤ f (x∗) for all x∗ ∈Ω∗, λ ∈ Λ and c > 0.

Then the three following statements are equivalent:
(1) F(x,λ ,c) is globally minimax exact;
(2) there exists a global saddle point of F(x,λ ,c);
(3) there is no duality gap between the primal problem (P) and the augmented dual prob-

lem and there exists a globally optimal solution of the augmented dual problem.

Proof. If F(x,λ ,c) is globally minimax exact, then, clearly, there exists a global saddle point of
F(x,λ ,c).

If there exists a global saddle point of F(x,λ ,c), then by Proposition 3.2 there is no duality
gap and the augmented dual problem has optimal solutions.

Finally, if there is no duality gap and there exists a globally optimal solution (λ∗,c∗) of the
augmented dual problem, then by Proposition 3.3 for any x∗ ∈ Ω∗ the pair (x∗,λ∗) is a global
saddle point of F(x,λ ,c) and c∗gsp(x∗,λ∗) ≤ c∗. Consequently, applying Proposition 3.1 one
obtains that F(x,λ ,c) is globally minimax exact. �

Corollary 3.1. Let all assumptions of the previous theorem be valid and let (x∗,λ∗) be a global
saddle point of the merit function F(x,λ ,c). Then for any y∗ ∈ Ω∗ the pair (y∗,λ∗) is a global
saddle point of F(x,λ ,c) as well and c∗gsp(y∗,λ∗) = c∗gsp(x∗,λ∗).

Remark 3.1. (i) Let us note that the assumptions of the previous theorem are satisfied for most
of the existing augmented Lagrangian functions (see [16] and the examples below).
(ii) It should be mentioned that in most particular cases if (x∗,λ∗) is a global saddle point of
the merit function F(x,λ ,c), then (x∗,λ∗) is a KKT-point of the problem (P) (cf. [16, Prp. 9]).
Therefore, according to the corollary above, for the existence of a global saddle point in these
cases it is necessary that there exists λ∗ ∈Λ such that for any x∗ ∈Ω∗ the pair (x∗,λ∗) is a KKT-
point of the problem (P). Thus, in particular, if there exist two globally optimal solutions
of the problem (P) with disjoint sets of Lagrange multipliers, then a global saddle point of
F(x,λ ,c) does not exists and F(x,λ ,c) cannot be globally minimax exact.

The theorem above demonstrates that the question of whether a merit function F(x,λ ,c) is
globally minimax exact is directly related to the existence of global saddle points and duality.
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In particular, Theorem 3.1 indicates the importance of the notion of minimax exactness for the
study of primal-dual methods.

4. LOCALIZATION PRINCIPLE

Our aim now is to obtain general and easily verifiable necessary and sufficient conditions
for the global minimax exactness of the merit function F(x,λ ,c). These conditions allow one
to reduce the study of global minimax exactness to a local analysis of the behaviour of the
function F(x,λ ,c) near globally optimal solutions of the problem (P). That is why the theorem
containing these conditions is called the localization principle.

At first, let us describe a desired local behaviour of the function F(x,λ ,c) near globally opti-
mal solutions that is necessary to ensure its global minimax exactness. This desired behaviour
is described in terms of the existence of local saddle points.

Definition 4.1. A pair (x∗,λ∗) ∈ A×Λ is called a local saddle point of the merit function
F(x,λ ,c) iff there exists a neighbourhood U of x∗ and c∗ > 0 such that

max
λ∈Λ

F(x∗,λ ,c)≤ F(x∗,λ∗,c)≤ min
x∈U∩A

F(x,λ∗,c) ∀c≥ c∗

and F(x∗,λ∗,c) < +∞ for all c ≥ c∗. The greatest lower bound of all such c∗ is denoted by
c∗lsp(x∗,λ∗) and is called the least local exact penalty parameter at (x∗,λ∗).

Note that in the definitions of local and global saddle points it is assumed that a pair (x∗,λ∗)
is a local or global saddle point of the function (x,λ ) 7→ F(x,λ ,c) for any sufficiently large
value of the parameter c > 0, which alludes to its role as a penalty parameter. However, a
connection between the parameter c > 0 and penalization is not specified in the definition of the
merit function F(x,λ ,c). We need the following definition in order to clarify this connection.

Definition 4.2. Let λ∗ ∈ Λ be fixed. One says that F(x,λ ,c) is a penalty-like merit func-
tion for λ = λ∗ if there exist an increasing unbounded sequence {cn} ⊂ (c0,+∞) and xn ∈
argminx∈A F(x,λ∗,cn), n ∈ N, such that the sequence {xn} is bounded and all its cluster points
are globally optimal solution of the problem (P).

Roughly speaking, F(x,λ ,c) is a penalty-like merit function for λ = λ∗ iff the function
F(·,λ∗,c) attains a global minimum on the set A for any sufficiently large c > 0 and global
minimizers of this function on the set A tend to globally optimal solutions of the problem (P),
which is the case for a standard penalty function, provided this function has bounded sublevel
sets. However, to be more precise we must point out that in the definition above it is not assumed
that all minimizers of F(·,λ∗,c) tend to globally optimal solutions of the problem (P). Instead,
we only suppose that one can find an increasing unbounded sequence {cn} and a sequence of
global minimizers of F(·,λ∗,cn) that converges to the set of globally optimal solutions.

Now, we can formulate and prove the main result of this section.

Theorem 4.1 (Localization principle in the minimax form I). Suppose that the following as-
sumptions are valid:

(1) F(x,λ ,c) is nondecreasing in c;
(2) if (x∗,λ∗) is a global saddle point of F(x,λ ,c), then there exists c∗ > 0 such that for any

y∗ ∈Ω∗ the pair (y∗,λ∗) is a global saddle point of F(x,λ ,c) and c∗gsp(y∗,λ∗)≤ c∗;
(3) if (x∗,λ∗) is a global saddle point of F(x,λ ,c), then x∗ ∈Ω∗;
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(4) if maxλ∈Λ F(x∗,λ ,c)≤ F(x∗,λ∗,c)<+∞ for some x∗ ∈ A, λ∗ ∈ Λ and c > 0, then the
function F(x∗,λ∗, ·) is constant.

Then the merit function F(x,λ ,c) is globally minimax exact if and only if there exists λ∗ ∈ Λ

such that
(1) F(x,λ ,c) is a penalty-like merit function for λ = λ∗;
(2) for any x∗ ∈Ω∗ the pair (x∗,λ∗) is a local saddle point of F(x,λ ,c).

Proof. Let F(x,λ ,c) be globally minimax exact with a minimax exact tuning parameter λ∗.
Then for any x∗ ∈ Ω∗ the pair (x∗,λ∗) is a global (and hence local) saddle point of F(x,λ ,c).
From the definition of global saddle point it follows that for any c > cgsp(x∗,λ∗) the point x∗
is a global minimizer of the function F(·,λ∗,c) on the set A, which implies that F(x,λ ,c) is a
penalty-like merit function for λ = λ∗.

Let us prove the “if” part of the theorem. Suppose that there exists λ∗ ∈Λ such that F(x,λ ,c)
is a penalty-like merit function for λ = λ∗ and for any x∗ ∈Ω∗ the pair (x∗,λ∗) is a local saddle
point of this function. Since F(x,λ ,c) is a penalty-like merit function for λ = λ∗, without loss
of generality one can suppose that there exist an increasing unbounded sequence {cn}⊂ (0,+∞)
and xn ∈ argminx∈A F(x,λ∗,cn), n ∈N, such that the sequence {xn} converges to some x∗ ∈Ω∗.
By our assumption, the pair (x∗,λ∗) is a local saddle point of F(x,λ ,c). Hence there exist c∗> 0
and a neighbourhood U of x∗ such that

max
λ∈Λ

F(x∗,λ ,c)≤ F(x∗,λ∗,c)≤ min
x∈U∩A

F(x,λ∗,c) ∀c≥ c∗. (4.1)

Taking into account the fact that {xn} converges to x∗ one obtains that xn ∈ U ∩ A for any
sufficiently large n, which implies that

F(x∗,λ∗,c)≤ F(xn,λ∗,c) ∀c≥ c∗

for any n large enough. Hence taking into account the definition of xn one obtains that there
exists n0 ∈ N such that for any n ≥ n0 the point x∗ is a global minimizer of F(·,λ∗,cn) on the
set A.

Note that from (4.1) and assumption 4 of the theorem it follows that F(x∗,λ∗, ·) is a constant
function. Consequently, with the use of (4.1) and the fact the function F(x,λ ,c) is nondecreas-
ing in c one gets that

max
λ∈Λ

F(x∗,λ ,c)≤ F(x∗,λ∗,c)≤min
x∈A

F(x,λ∗,cn0)≤min
x∈A

F(x,λ∗,c)

for all c ≥ cn0 . Thus, (x∗,λ∗) is a global saddle point of F(x,λ ,c). Hence taking into account
Proposition 3.1 one gets the required result. �

Remark 4.1. Let us note that assumption 4 is satisfied for most of the existing augmented
Lagrangian functions (see examples below and [16, Remark 6]).

Let us also give a slightly different formulation of the localization principle in the minimax
form that is more convenient for applications. For this purpose, let us introduce a stronger
version of global minimax exactness in which one specifies the optimal value of the augmented
dual problem.

Definition 4.3. Let Θ∗ ∈ R be fixed. The merit function F(x,λ ,c) is called globally minimax
exact with optimal value Θ∗ iff F(x,λ ,c) is globally minimax exact and there exists c0 > 0 such
that for any c≥ c0 and any global saddle point (x∗,λ∗) of F(x,λ ,c) one has F(x∗,λ∗,c) = Θ∗.
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It is easy to check that if F(x,λ ,c) is nondecreasing in c and for any global saddle point
(x∗,λ∗) the function c 7→ F(x∗,λ∗,c) is constant for all c > c∗gsp(x∗,λ∗), then the merit function
F(x,λ ,c) is globally minimax exact with optimal value Θ∗ iff F(x,λ ,c) is globally minimax
exact and the optimal value of the augmented dual problem is equal to Θ∗ (cf. the proof of
Prp. 3.2). In particular, the case Θ∗ = infx∈Ω f (x) corresponds to the case when there is no
duality gap between the primal and the augmented dual problems.

We need to recall an auxiliary definition from [28, 29].

Definition 4.4. Let λ∗ ∈Λ be fixed. One says that F(x,λ ,c) is a penalty-type merit function for
λ = λ∗ iff there exists c0 > 0 such that if

(1) {cn} ⊂ [c0,+∞) is an increasing unbounded sequence,
(2) xn ∈ argminx∈A F(x,λ∗,cn), n ∈ N,
(3) x∗ is a cluster point of the sequence {xn},

then x∗ is a globally optimal solution of the problem (P).

Roughly speaking, F(x,λ ,c) is a penalty-type merit function for λ = λ∗ iff global minimizers
of the function F(·,λ∗,c) on the set A either tend to globally optimal solutions of the problem
(P) or escape to infinity as c→ +∞. Note that unlike Definition 4.2, here we do not suppose
that global minimizers of F(·,λ∗,c) exist and, furthermore, bounded. Instead, the above def-
inition describes a general property of a penalty-type merit function: if this function attains a
global minimum in x on the set A and a sequence of points of global minimum converges as
the penalty parameter c increases unboundedly, then the limit point of this sequence must be
a globally optimal solution of the problem (P). This property is satisfied for most existing
penalty and augmented Lagrangian functions under very mild assumptions.

For any x∗ ∈ Ω∗ denote by Λloc(x∗) the set of all λ∗ ∈ Λ for which the pair (x∗,λ∗) is a
local saddle point of F(x,λ ,c). Define also Λloc(P) = ∩x∗∈Ω∗Λloc(x∗). Note that under the
assumptions of Theorem 4.1 for the global minimax exactness of the merit function F(x,λ ,c) it
is necessary that Λloc(P) 6= /0. Moreover, Theorem 4.1, in essence, states that λ∗ is a minimax
exact tuning parameter of F(x,λ ,c) iff λ∗ ∈ Λloc(P) and F(x,λ ,c) is a penalty-like merit
function for λ = λ∗.

Now, we can give another formulation of the localization principle in the minimax form.

Theorem 4.2 (Localization principle in the minimax form II). Let A be closed and the function
F(·,λ ,c) be l.s.c. on A for any c > 0 and λ ∈ Λ. Suppose also that the following assumptions
are valid:

(1) F(x,λ ,c) is nondecreasing in c;
(2) if (x∗,λ∗) is a global saddle point of F(x,λ ,c), then there exists c∗ > 0 such that for any

y∗ ∈Ω∗ the pair (y∗,λ∗) is a global saddle point of F(x,λ ,c) and c∗gsp(y∗,λ∗)≤ c∗;
(3) if (x∗,λ∗) is a global saddle point of F(x,λ ,c), then x∗ ∈Ω∗;
(4) if maxλ∈Λ F(x∗,λ ,c)≤ F(x∗,λ∗,c)<+∞ for some x∗ ∈ A, λ∗ ∈ Λ and c > 0, then the

function F(x∗,λ∗, ·) is constant;
(5) F(x,λ ,c) is a penalty-type merit function for any λ ∈ Λloc(P).

Then F(x,λ ,c) is globally minimax exact with optimal value Θ∗ ∈ R if and only if there exists
λ∗ ∈ Λ and c0 > 0 such that

(1) (x∗,λ∗) is a local saddle point of F(x,λ ,c) for any x∗ ∈Ω∗;
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(2) for any x∗ ∈Ω∗ and c≥ c0 one has F(x∗,λ∗,c) = Θ∗;
(3) there exists a bounded set K ⊂ Rd such that

S(λ∗,Θ∗,c) :=
{

x ∈ A
∣∣∣ F(x,λ∗,c)< Θ∗

}
⊆ K ∀c≥ c0.

Proof. If F(x,λ ,c) is globally minimax exact with optimal value Θ∗ and exact tuning parameter
λ∗, then by definition for any x∗ ∈Ω∗ the pair (x∗,λ∗) is a global (and hence local) saddle point
of F(x,λ ,c) and there exists c0 > 0 such that F(x∗,λ∗,c) = Θ∗ for any c ≥ c0 and x∗ ∈ Ω∗.
Consequently, with the use of the definition of global saddle point one obtains that

min
x∈A

F(x,λ∗,c)≥ F(x∗,λ∗,c) = Θ∗ ∀x∗ ∈Ω∗ ∀c > max{c0,c∗gsp(λ∗)}.

Therefore the set S(λ∗,Θ∗,c) is empty for all c > max{c0,c∗gsp(λ∗)} and, thus, S(λ∗,Θ∗,c) is
contained in any bounded set K ⊂ X for all sufficiently large c > 0.

Let us prove the converse statement. More precisely, let us verify that under the assumptions
of the theorem F(x,λ ,c) is a penalty-like merit function for λ = λ∗. Then applying Theorem 4.1
one obtains that F(x,λ ,c) is globally minimax exact. Hence taking into account the fact that for
any x∗ ∈Ω∗ and c≥ c0 one has F(x∗,λ∗,c) =Θ∗ one obtains that F(x,λ ,c) is globally minimax
exact with optimal value Θ∗.

At first, suppose that there exists c≥ c0 such that for any c≥ c the set S(λ∗,Θ∗,c) is empty.
Then for any c≥ c any point x∗ ∈Ω∗ is a global minimizer of the function F(·,λ∗,c) on the set
A, which obviously implies that F(x,λ ,c) is a penalty-like merit function for λ = λ∗.

Thus, one can suppose that there exists an increasing unbounded sequence {cn} ⊂ [c0,+∞)
such that for any n ∈ N the set Sn := S(λ∗,Θ∗,cn) is not empty. By our assumptions the set
Sn is contained in a bounded set K and F(·,λ∗,cn) is l.s.c. on A. Therefore for any n ∈ N the
function F(·,λ∗,cn) attains a global minimum on the set A at a point xn ∈ K, which implies that
the sequence {xn} is a bounded. Hence without loss of generality one can suppose that this
sequence converges to a point x∗, which is a globally optimal solution of the problem (P) due
to the fact that F(x,λ ,c) is a penalty-type merit function for any λ ∈ Λloc(P). Thus, F(x,λ ,c)
is a penalty-like merit function for λ = λ∗. �

5. APPLICATIONS OF THE LOCALIZATION PRINCIPLE

Below, we utilize the main results of the previous sections in order to obtain simple necessary
and sufficient conditions for the global minimax exactness (or, equivalently, for the existence of
global saddle points) of several particular augmented Lagrangian functions.

5.1. Example I: He-Wu-Meng’s augmented Lagrangian. In this subsection we study the
augmented Lagrangian function for inequality constrained optimization problem introduced by
He, Wu, and Meng in [46]. Let X = Rd and suppose that the set M has the form

M =
{

x ∈ Rd
∣∣∣ gi(x)≤ 0, i ∈ I

}
,

where gi : Rd → R, i ∈ I = {1, . . . ,m}, are given functions.
Following the ideas of He, Wu, and Meng [46], introduce the function

Φ(y,λ ,c) =
1
c

∫ cy

0

(√
t2 +λ 2 + t

)
dt.
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It is easy to see that Φ(y,0,c) = cy(|y|+ y)/2, while, for any λ 6= 0,

Φ(y,λ ,c) =
y
2

√
c2y2 +λ 2 +

cy2

2
+

λ 2

2c
ln
(√

c2y2 +λ 2 + cy
)
− λ 2

2c
ln |λ |.

Let us note some simple properties of the function Φ(y,λ ,c).

Lemma 5.1. The following statements hold true:
(1) Φ(y,λ ,c)≥ 0 for any y≥ 0 and Φ(y,λ ,c)≤ 0 for any y≤ 0;
(2) Φ(y,0,c)> 0 for any y > 0 and Φ(y,0,c) = 0 for any y≤ 0;
(3) the function Φ(y,λ ,c) is nondecreasing in c and in y;
(4) lim

c→+∞
Φ(y,λ ,c) = +∞ for any y > 0 and λ ∈ R;

(5) lim
c→+∞

Φ(y,λ ,c) = 0 for any y≤ 0 and λ ∈ R.

With the use of the function Φ(y,λ ,c), we can define an augmented Lagrangian function for
the problem (P). Namely, set Λ = Rm. Following [46], define

L (x,λ ,c) = f (x)+
m

∑
i=1

Φ(gi(x),λ (i),c),

where λ = (λ (1), . . . ,λ (m)). We call this function He-Wu-Meng’s augmented Lagrangian. Our
aim is to obtain simple necessary and sufficient conditions for the global minimax exactness
(or, equivalently, for the existence of global saddle points) of this augmented Lagrangian with
the use of the localization principle. To this end, let us prove a simple lemma, which is very
helpful for verifying the validity of assumptions of Theorem 4.2.

Lemma 5.2. Let (x∗,λ∗) ∈ A×Λ be such that

max
λ∈Λ

L (x∗,λ ,c0)≤L (x∗,λ∗,c0)<+∞ (5.1)

for some c0 > 0. Then x∗ is a feasible point of the problem (P), the complementarity condition
λ
(i)
∗ gi(x∗) = 0, i ∈ I, holds true, and L (x∗,λ∗,c) = f (x∗) for all c > 0.

Proof. Arguing by reductio ad absurdum, suppose that x∗ is infeasible. Then gi(x∗) > 0 for
some i ∈ I. For all s ∈ R define λ (i)(s) = s and λ ( j)(s) = 0 for any j 6= i. From (5.1) it follows
that for any s ∈ R one has

L (x∗,λ∗,c0)≥L (x∗,λ (s),c0)≥ f (x∗)+Φ(gi(x∗),s,c0)

≥ f (x∗)+
1
c0

∫ c0gi(x∗)

0

√
s2 dt = f (x∗)+gi(x∗)|s|.

(here we used the second statement from Lemma 5.1). Passing to the limit as s→+∞ one gets
that L (x∗,λ∗,c0) = +∞, which is impossible. Thus, x∗ is a feasible point of the problem (P).

Let us now check that the complementarity condition holds true. Then, as is easy to see,
L (x∗,λ∗,c) = f (x∗) for all c > 0. Arguing by reductio ad absurdum suppose that there exists
i ∈ I such that gi(x∗)< 0, but λ

(i)
∗ 6= 0. Then Φ(gi(x∗),λ

(i)
∗ ,c)< 0 for any c > 0, which implies

that L (x∗,λ∗,c0) < f (x∗) (recall that x∗ is feasible). On the other hand, from (5.1) it follows
that

f (x∗)> L (x∗,λ∗,c0)≥L (x∗,0,c0) = f (x∗),

which is impossible. Thus, λ
(i)
∗ gi(x∗) = 0 for all i ∈ I. �
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Now, we can formulate and prove the main result of this subsection. Denote by f∗ the optimal
value of the problem (P).

Theorem 5.1 (Localization principle for He-Wu-Meng’s augmented Lagrangian). Let A be
closed, f be l.s.c. on A and gi, i ∈ I, be continuous on A. Then a global saddle point of
He-Wu-Meng’s augmented Lagrangian L (x,λ ,c) exists (or, equivalently, L (x,λ ,c) is glob-
ally minimax exact with optimal value f∗) if and only if there exists λ∗ ∈ Rm and c0 > 0 such
that

(1) for any x∗ ∈Ω∗ the pair (x∗,λ∗) is a local saddle point of L (x,λ ,c);
(2) the set {x ∈ A |L (x,λ∗,c0)< f∗} is either bounded or empty.

Proof. Applying Lemma 5.1 one obtains that the function L (x,λ ,c) is nondecreasing in c and
L (x,λ ,c)≤ f (x) for any feasible point x.

Let (x∗,λ∗) be a global saddle point of L (x,λ ,c). Then x∗ is feasible and L (x∗,λ∗,c) =
f (x∗) for all c > 0 by Lemma 5.2. Hence with the use of the definition of global saddle point
one obtains that

f (x∗) = L (x∗,λ∗,c)≤L (x,λ∗,c)≤ f (x) ∀c > c∗gsp(x∗,λ∗)

for any feasible point x, which implies that x∗ ∈Ω∗. Therefore for any y∗ ∈Ω∗ the pair (y∗,λ∗)
is a global saddle point of L (x,λ ,c) and c∗gsp(y∗,λ∗) = c∗gsp(x∗,λ∗) by virtue of Corollary 3.1.

Thus, it remains to check that L (x,λ ,c) is a penalty-type merit function for any λ∗ ∈
Λloc(P). Then applying the localization principle (Theorem 4.2) one obtains the desired result.

Fix arbitrary λ∗ ∈ Λloc(P). Let {cn} ⊂ (0,+∞) be an increasing unbounded sequence, xn ∈
argminx∈A L (x,λ∗,cn) for all n ∈N, and x∗ be a cluster point of the sequence {xn}. Replacing,
if necessary, the sequence {cn} with its subsequence one can suppose that xn converges to x∗.
Note that x∗ ∈ A, since A is closed.

Let x0 be a globally optimal solution of the problem (P). Taking into account the fact that
λ∗ ∈Λloc(P) and applying Lemma 5.2 one obtains that L (x0,λ∗,c)= f (x0)= f∗ for any c> 0.
Hence with the use of fact that L (x,λ ,c) is nondecreasing in c one obtains that

L (xn,λ∗,c)≤L (xn,λ∗,cn)≤L (x0,λ∗,cn) = f∗

for any c > 0 and for any sufficiently large n ∈ N. Passing to the limit as n→ +∞ and taking
into account the facts that f is l.s.c. on A and gi, i ∈ I, are continuous on A one obtains that
L (x∗,λ∗,c) ≤ f∗ for any c > 0. Let us check that x∗ is feasible. Then passing to the limit as
c→+∞ with the use of the last statement of Lemma 5.1 one gets that f (x∗)≤ f∗, which implies
that x∗ is a globally optimal solution of the problem (P) and L (x,λ ,c) is a penalty-type merit
function for λ = λ∗.

Arguing by reductio ad absurdum suppose that x∗ is infeasible. Then gi(x∗) > 0 for some
i ∈ I. Since xn converges to x∗, there exists n0 ∈ N such that

gi(xn)≥
gi(x∗)

2
> 0, g j(xn)≥ y0 := min

j 6=i
min{g j(x∗)−1,0} ∀ j 6= i

for any n≥ n0. Hence taking into account the fact that the function Φ(y,λ ,c) is nondecreasing
in y by Lemma 5.1 one obtains that

f∗ ≥L (xn,λ∗,cn)≥ f (xn)+Φ

(
gi(x∗)

2
,λ

(i)
∗ ,cn

)
+∑

j 6=i
Φ(y0,λ

(i)
∗ ,cn)
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for any n≥ n0. Therefore passing to the limit as n→+∞ with the use of the last two statements
of Lemma 5.1 and the fact that y0 ≤ 0 one gets that L (xn,λ∗,cn)→ +∞ as n→ +∞, which is
impossible. Thus, x∗ is a feasible point of the problem (P). �

Remark 5.1. (i) One can easily verify that if (x∗,λ∗) is a local saddle point of He-Wu-Meng’s
augmented Lagrangian function L (x,λ ,c) and the functions f and gi, i ∈ I are differentiable
at x∗, then the pair (x∗,λ ) with λ = (|λ (1)

∗ |, . . . , |λ
(m)
∗ |) is a KKT-point of the problem (P)

satisfying the standard second order necessary optimality conditions. On the other hand, one
can check (see [16, Thrm. 2]) that if (x∗,λ∗) is a KKT-point satisfying second order sufficient
optimality conditions and the set A is convex, then (x∗,λ∗) is a local saddle point of L (x,λ ,c).
With the use of these results and the localization principle one can easily formulate sufficient
conditions for the existence of a global saddle point of He-Wu-Meng’s augmented Lagrangian
function in terms of sufficient optimality conditions.
(ii) Observe that for any y < 0 one has

Φ(y,λ ,c) =
1
c

∫ 0

−c|y|

(
−
√

t2 +λ 2− t
)

dt ≥ 1
c

∫ 0

−c|y|

(
−
√

λ 2
)

dt =−|λy|.

With the use of the inequality above one can easily verify that the set {x∈ A |L (x,λ∗,c0)< f∗}
is bounded for some c0 > 0, provided the set {x ∈ A | f (x)+∑i∈I |λ

(i)
∗ |min{gi(x),0} < f∗} is

bounded. Alternatively, it is sufficient to suppose that the functions gi, i ∈ I, are bounded below
on the set A and the set {x ∈ A | f (x) < f∗+α} is bounded for some α > 0. Let us note that
similar assumptions were utilized in various papers on augmented Lagrangian functions (cf.
[3, 9, 55]).

5.2. Example II: nonlinear rescaling Lagrangians for nonlinear semidefinite optimization
problems. Let us apply the general theory of globally minimax exact merit function to the
study of a class of augmented Lagrangian functions, called nonlinear rescaling Lagrangians,
for nonlinear semidefinite programming problems [12, 16, 47, 48, 49, 50, 51]. Suppose that
X = Rd and the set M has the form

M =
{

x ∈ Rd
∣∣∣ G(x)� 0, h(x) = 0

}
,

where G : X → S` and h : X → Rs are given functions, S` is the set of all `× ` real symmetric
matrices, and the relation G(x)� 0 means that the matrix G(x) is negative semidefinite. In this
case the problem (P) is a nonlinear semidefinite programming problem.

We suppose that the space S` is equipped with the inner product 〈A,B〉 = Tr(AB), and the
corresponding norm ‖A‖F =

√
Tr(A2), which is called the Frobenius norm of a matrix A ∈ S`.

Denote by S`+ the cone of `× ` positive semidefinite matrices and by S`− the cone of `× `
negative semidefinite matrices.

Recall that for any function ψ : R→ R and for any A ∈ S` the matrix function (or Löwner’s
operator) associated with ψ [56, 57, 58] is defined as

Ψ(A) = Pdiag
(

ψ(λ1(A)), . . . ,ψ(λ`(A))
)

PT ,

where A = Pdiag(λ1(A), . . . ,λ`(A))PT is a spectral decomposition of the matrix A and λi(A)
are the eigenvalues of A listed in the decreasing order.
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Let us define an augmented Lagrangian function for nonlinear semidefinite programming
problems. Let ψ : R→R be a nondecreasing twice continuously differentiable convex function
such that ψ(0) = 0 and ψ ′(0) = 1. Let also ξ : R→ R be a twice continuously differentiable
convex function such that ξ (t) = 0 for any t ≤ 0 and ξ (t) > 0 for all t > 0. In particular, one
can define ψ(t) = et−1 and ξ (t) = max{0, t}3.

Denote Λ= S`+×Rs. Following the ideas of [12], for any λ =(µ,ν)∈Λ, define the following
augmented Lagrangian:

L (x,λ ,c) = f (x)+
1
c

〈
µ,Ψ(cG(x))

〉
+

1
c

Tr
(
Ξ(cG(x))

)
+ 〈ν ,h(x)〉+ c

2
‖h(x)‖2.

Here Ξ is the matrix function associated with ξ and ‖ · ‖ is the Euclidean norm. One can easily
verify that the function L (x,µ,ν ,c) is nondecreasing in c.

Our goal is to apply the localization principle in the minimax form to the augmented La-
grangian function L (x,µ,ν ,c). To this end, let us prove a simple auxiliary result.

Lemma 5.3. Let (x∗,µ∗,ν∗) ∈ A×Λ be such that

max
(µ,ν)∈Λ

L (x∗,µ,ν ,c0)≤L (x∗,µ∗,ν∗,c0)<+∞ (5.2)

for some c0 > 0. Then x∗ is a feasible point of the problem (P) and for all c > 0 one has
L (x∗,µ∗,ν∗,c) = f (x∗).

Proof. Arguing by reductio ad absurdum, suppose that x∗ is infeasible. Then either h(x∗) 6= 0
or λ1(G(x∗))> 0, where, as above, λ1(G(x∗)) is the largest eigenvalue of the matrix G(x∗).

Suppose, at first, that λ1(G(x∗)) > 0. For any s > 0 define µ(s) = Pdiag(s,0, . . . ,0)PT ,
where P is a matrix from a spectral decomposition G(x∗) =Pdiag(λ1(G(x∗)), . . . ,λ`(G(x∗)))PT

composed from the eigenvectors of the matrix G(x∗). Then, as is easy to see, for any c > 0 one
has 〈µ(s),Ψ(cG(x∗))〉= sψ(cλ1(G(x∗)))> 0. Therefore L (x∗,µ(s),0,c0)→+∞ as s→+∞

and L (x∗,µ∗,ν∗,c0) = +∞ due to (5.2), which is impossible. Thus, G(x∗)� 0.
Suppose, now, that h(x∗) 6= 0. Then, for ν(s) = sh(x∗), one has L (x∗,0,ν(s),c0)→ +∞ as

s→+∞, which is impossible by virtue of (5.2). Thus, x∗ is a feasible point of the problem (P).
Let us verify that 〈µ∗,Ψ(cG(x∗))〉 = 0 for all c > 0. Then one can conclude that for all

c > 0 one has L (x∗,µ∗,ν∗,c) = f (x∗). Suppose that 〈µ∗,Ψ(cG(x∗))〉 6= 0. From the facts that
G(x∗)∈ S`−, ψ is nondecreasing and ψ(0)= 0 it follows that Ψ(cG(x∗))∈ S`− as well. Therefore
there exists Ac ∈ S` such that Ψ(cG(x∗)) =−A2

c . By definition one has µ∗ ∈ S`+, which implies
that there exists B ∈ S` such that µ∗ = B2. Hence taking into account the fact that the trace is
invariant under cyclic permutations one obtains that〈

µ∗,Ψ(cG(x∗))
〉
= Tr

(
µ∗Ψ(cG(x∗))

)
=−Tr

(
BA2

cB
)
≤ 0,

since the matrix BA2
cB is obviously positive semidefinite. Hence 〈µ∗,Ψ(cG(x∗))〉 < 0 and

L (x∗,µ∗,ν∗,c0) < f (x∗). On the other hand, from (5.2) and the feasibility of x∗ it follows
that

f (x∗) = L (x∗,0,0,c0)≤L (x∗,µ∗,ν∗,c0)< f (x∗),

which is impossible. Thus, the proof is complete. �

Remark 5.2. Note that from the proof of the second part of the lemma it follows that for any
feasible point x one has L (x,µ,ν ,c)≤ f (x) .
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Now we can obtain simple necessary and sufficient conditions for the existence of a global
saddle point of the augmented Lagrangian L (x,λ ,c).

Theorem 5.2 (Localization principle for nonlinear rescaling Lagrangians). Let A be closed, f
be l.s.c. on A, while the functions G and h be continuous on A. Suppose also that ψ ′(t)→ 0 as
t→−∞ and ξ (t)/t→+∞ as t→+∞. Then a global saddle point of the augmented Lagrangian
L (x,λ ,µ,c) exists (or, equivalently, L (x,λ ,c) is globally minimax exact with the optimal
value f∗) if and only if there exist µ∗ ∈ S`+, ν∗ ∈ Rs and c0 > 0 such that

(1) for any x∗ ∈Ω∗ the triplet (x∗,µ∗,ν∗) is a local saddle point of L (x,µ,ν ,c);
(2) the set {x ∈ A |L (x,µ∗,ν∗,c0)< f∗} is either bounded or empty.

Proof. One can readily verify that the function L (·,µ,ν ,c) is l.s.c. on A. Furthermore, as was
noted above, the function L (x,µ,ν ,c) is nondecreasing in c and L (x,λ ,µ,c) ≤ f (x) for any
feasible point x.

Let (x∗,µ∗,ν∗) be a global saddle point of L (x,λ ,µ,c). Then applying Lemma 5.3 one
obtains that L (x∗,µ∗,ν∗,c) = f (x∗) for any c > 0 and

f (x∗) = L (x∗,µ∗,ν∗,c)≤L (x,µ∗,ν∗,c)≤ f (x) ∀c > c∗gsp(x∗,µ∗,ν∗)

for any feasible point x. Therefore x∗ is a globally optimal solution of the problem (P). Con-
sequently, for any y∗ ∈ Ω∗ the triplet (y∗,µ∗,ν∗) is a global saddle point of L (x,µ,ν ,c) and
c∗gsp(y∗,µ∗,ν∗) = c∗gsp(x∗,µ∗,ν∗) by Corollary 3.1.

Thus, it remains to check that L (x,µ,ν ,c) is a penalty-type merit function for any λ∗ =
(µ∗,ν∗) ∈ Λloc(P). Then applying the localization principle in the minimax form (Theo-
rem 4.2) one obtains the desired result.

Fix arbitrary (µ∗,ν∗) ∈ Λloc(P). Let {cn} ⊂ (0,+∞) be an increasing unbounded sequence,
xn ∈ argminx∈A L (x,µ∗,ν∗,cn) for all n ∈ N and x∗ be a cluster point of the sequence {xn}.
Without loss of generality one can suppose that xn converges to x∗. Note that x∗ ∈ A, since A is
closed.

Let x0 be a globally optimal solution of the problem (P). Taking into account the fact that
(µ∗,ν∗) ∈ Λloc(P) and applying Lemma 5.2 one obtains that L (x0,µ∗,ν∗,c) = f (x0) = f∗ for
any c > 0. Hence with the use of the fact that L (x,µ,ν ,c) is nondecreasing in c one gets that

L (xn,µ∗,ν∗,c)≤L (xn,µ∗,ν∗,cn)≤L (x0,µ∗,ν∗,cn) = f∗ (5.3)

for any c > 0 and for any sufficiently large n ∈ N. Passing to the limit as n→ +∞ one obtains
that L (x∗,µ∗,ν∗,c)≤ f∗ for any c > 0 due to the fact that the function L (·,µ,ν ,c) is l.s.c. on
A. Let us verify that x∗ is feasible. Then passing to the limit as c→+∞ with the use of the facts
that ψ(0) = 0 and ψ ′(t)→ 0 as t →−∞ (i.e. ψ(ct)/c→ 0 as c→ +∞ for all t ≤ 0) one gets
that f (x∗) ≤ f∗, which implies that x∗ is a globally optimal solution of the problem (P) and
L (x,µ,ν ,c) is a penalty-type merit function for (µ,ν) = (µ∗,ν∗).

Arguing by reductio ad absurdum, suppose that the point x∗ is infeasible. Let us check that
liminfn→∞ c−1

n 〈µ∗,Ψ(cnG(xn))〉 ≥ 0. Then taking into account the facts that the eigenvalues
λi(G(x)) continuously depend on x due to the continuity of G(·), the function ξ is nonnegative,
ξ (t)/t→+∞ as t→ ∞ and

1
c

Tr
(

Ξ(cG(x))
)
=

1
c

`

∑
i=1

ξ
(
cλi(G(x))

)
, 〈ν∗,h(x)〉+

c
2
‖h(x)‖2 ≥−‖ν∗‖

2

2c
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one can easily verify that L (xn,µ∗,ν∗,cn)→ +∞ as n→ +∞, which contradicts (5.3). Thus,
x∗ is a feasible point.

For any n ∈ N define

An =
1
cn

Pn diag
(

ψ(cnλ1(G(xn))), . . .ψ(cnλk(n)(G(xn))),0, . . . ,0
)

PT
n ,

Bn =
1
cn

Pn diag
(

0, . . . ,0,ψ(cnλk(n)+1(G(xn))), . . .ψ(cnλ`(G(xn)))
)

PT
n ,

where G(xn) = Pn diag(λ1(G(xn)), . . . ,λ`(G(xn))λPT
n is a spectral decomposition of the matrix

G(xn) and k(n) ∈ {1, . . . , `} is such that λk(n)(G(xn)) ≥ 0 and λk(n)+1(G(xn)) < 0. In the case
when G(xn) is negative definite, set An = 0 and Bn = c−1

n Ψ(cnG(xn)), while in the case k(n) = `
put Bn = 0.

Observe that c−1
n Ψ(cnG(xn)) = An +Bn. Furthermore, An ∈ S`+, since ψ is a nondecreasing

function and ψ(0) = 0. Hence taking into account the fact that by definition µ∗ ∈ S`+ one obtains
that 〈µ∗,An〉 ≥ 0. Therefore it sufficient to show that ‖Bn‖F → 0 as n→ ∞.

By definition one has λi(G(xn))< 0 for any i ∈ {k(n)+1, . . . , `} and

‖Bn‖F =

√√√√ 1
c2

n

`

∑
i=k(n)+1

ψ
(
cnλi(G(xn))

)2 ≤ 1
cn

`

∑
i=k(n)+1

ψ
(
cnλi(G(xn))

)
.

Consequently, if we check that for any for any bounded sequence {bn} ⊂ (−∞,0) one has
ψ(cnbn)/cn→ 0 as n→ ∞, then ‖Bn‖F → 0 as n→ ∞ and the proof is complete.

Define M = supn |bn| and fix arbitrary ε > 0. Since ψ ′(t)→ 0 as t→−∞, there exists t0 > 0
such that |ψ(−Mt)/t|< ε for any t ≥ t0. Hence taking into account the fact that the function ψ

is nondecreasing and ψ(0) = 0 one obtains that

−ε <
ψ(−Mt)

t
≤ ψ(−st)

t
≤ 0 ∀s ∈ [0,M] ∀t ≥ t0.

Therefore |ψ(cnbn)/cn|< ε for any n ∈ N large enough, which implies the desired result. �

Remark 5.3. (i) Suppose that the function ψ is bounded below. Then one can easily verify that
the set {x ∈ A |L (x,µ∗,ν∗,c0)< f∗} is bounded for some c0 > 0, provided there exists α > 0
such that the set {x ∈ A | f (x) < f∗+α, dist(G(x),S`−) < α, ‖h(x)‖ < α} is bounded and one
can find c > 0 such that the function L (·,µ∗,ν∗,c) is bounded below on A (see [16, Prp. 6 and
Remark 11]).
(ii) Let us note that there is a direct connection between local saddle points of the augmented
Lagrangian function L (x,µ,ν ,c) and KKT-point of the problem (P). Namely, if (x∗,µ∗,ν∗) is
a local saddle point of L (x,µ,ν ,c), the set A is convex, and the functions f , G and h are twice
differentiable at x∗, then (x∗,µ∗,ν∗) is a KKT-point of the problem (P) satisfying standard sec-
ond order necessary optimality conditions for semidefinite programs. Conversely, if (x∗,µ∗,ν∗)
is a KKT-point of the problem (P) satisfying second order sufficient optimality conditions,
then (x∗,µ∗,ν∗) is a local saddle of the augmented Lagrangian L (x,µ,ν ,c) (see [12, 16] for
more details).

5.3. Example III: A nonlinear augmented Lagrangian for constrained minimax problems.
In this section we introduce a new nonlinear augmented Lagrangian function for constrained
minimax problems and obtain necessary and sufficient conditions for the existence of a global
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saddle point of this function with the use of the general theory of globally minimax exact merit
functions. We also demonstrate how the theoretical results developed in this paper allow one
to better understand limitations of some augmented Lagrangian methods. Unlike augmented
Lagrangian functions from the previous examples, the augmented Lagrangian from this section
nonlinearly depends on the objective function. The results of this subsection were inspired by
the paper [27].

Let X = Rd and f (x) = max1≤ j≤m f j(x), where f j : Rd → R are given functions. Suppose
also that M = {x ∈ Rd | |h(x) = 0}, where h : Rd → Rs. For the sake of simplicity we suppose
that there are no inequality constraints, but the results below can be easily extended to the case
of minimax problems with both equality and inequality constraints.

Thus, the problem (P) is an equality constrained minimax problem, which, as is well-known
and easy to check, is equivalent to the following mathematical programming problem:

min
(x,z)

z s.t. f j(x)− z≤ 0, j ∈ J, h(x) = 0, x ∈ A. (5.4)

Here J = {1, . . . ,m}. Let us introduce an augmented Lagrangian function for this problem first.
We incorporate the constraints f j(x)− z ≤ 0 into this augmented Lagrangian with the use of
the exponential penalty function [3, 8, 55, 59, 60], while the equality constraints are handled
via the Hestenes-Powell augmented Lagrangian [61, 63, 62]. Let us note that the choice of the
exponential penalty function for the constraints f j(x)− z ≤ 0 was inspired by [27] and it will
allow us to obtain a simple analytic expression for the augmented Lagrangian function for the
problem (P).

For any α ∈ Rm
+ and µ ∈ Rs, define

L(x,z,α,µ,c) = z+
1
c

m

∑
j=1

α
( j)(ec( f j(x)−z)−1

)
+ 〈µ,h(x)〉+ c

2
‖h(x)‖2,

where R+ = [0,+∞). Let us impose a natural additional assumption on the multipliers α( j).
Namely, hereinafter we suppose that α belongs to the standard simplex, which we denote by
S = {α ∈ Rm

+ | α(1)+ . . .+α(m) = 1}. Define Λ = S×Rs.
Minimizing the function L(x,z,α,µ,c) in z, we arrive at the following augmented Lagrangian

function for the original constrained minimax problem:

L (x,α,µ,c) =
1
c

ln
( m

∑
j=1

α
( j)ec f j(x)

)
+ 〈µ,h(x)〉+ c

2
‖h(x)‖2.

Let us note that the first term in the expression above is very similar to the well-known smooth-
ing regularization of the max-function (see, e.g., [64]). The introduction of the multipliers α( j)

allows one to minimize the augmented Lagrangian L (x,α,µ,ν ,c) with a finite fixed value
of the penalty parameter c > 0, while the direct usage of smoothing regularization methods
might result in ill-conditioning due to the need to unboundedly increase the parameter c (see
the discussion in [27]. However, note that adaptive smoothing techniques might help to avoid
ill-conditioning [65]). On the other hand, the introduction of the multipliers α( j) imposes some
additional restrictions on the problem (P), which can be avoided with the use of smoothing
regularization methods (see Lemma 5.6 below).

Remark 5.4. It is possible to directly apply the theory of globally minimax exact merit function
to the augmented Lagrangian L(x,z,α,µ,c) for problem (5.4). However, one can verify that the
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quadruplet (x∗,z∗,α∗,µ∗) is a global saddle point of L(x,z,α,µ,c) iff the triplet (x∗,α∗,µ∗) is
a global saddle point of L (x,α,µ,c) and z∗ coincides with the optimal value of the problem
(P). Therefore the augmented Lagrangian L(x,z,α,µ,c) is globally minimax exact iff the
augmented Lagrangian L (x,α,µ,c) is globally minimax exact.

Note that for any x ∈ Rd , α ∈ S, and c > 0 one has

f (x,α,c) :=
1
c

ln

(
m

∑
j=1

α
( j)ec f j(x)

)
≤ f (x), (5.5)

and this inequality turns into an equality if and only if the complementarity condition, that is,
α( j)( f j(x)− f (x)) = 0, j ∈ J, holds true. Hence, in particular, for any feasible point x and all
λ = (α,µ) ∈ Λ and c > 0 one has L (x,α,µ,c) ≤ f (x). Let us point out some other useful
properties of the augmented Lagrangian function L (x,α,µ,c).

Lemma 5.4. The function L (x,α,µ,c) is nondecreasing in c.

Proof. Clearly, it is sufficient to prove that the function f (x,α,c) is nondecreasing in c. To
this end, observe that for any continuously differentiable function q : R+ → R, the function
c 7→ q(c)/c is nondecreasing on (0,+∞), in particular, if the function q is convex. In turn, the
convexity of the function q(c) = c f (x,α,c) follows directly from the convexity of the function
p(x) = ln(α1ex1 + . . .+αmexm), which can be easily verified by computing the Hessian of this
function. �

Lemma 5.5. Let (x∗,α∗,µ∗) ∈ A×Λ be such that

max
(α,µ)∈Λ

L (x∗,α,µ,c0)≤L (x∗,α∗,µ∗,c0)<+∞ (5.6)

for some c0 > 0. Then x∗ is a feasible point of the problem (P), the complementarity condition
α
( j)
∗ ( f (x∗)− f j(x∗)) = 0, j ∈ J, holds true, and L (x∗,α∗,µ∗,c) = f (x∗) for all c > 0.

Proof. The feasibility of x∗ is proved in the same way as in Lemmas 5.2 and 5.3. Let us check
that the complementarity condition holds true. Then one obtains the required result.

Suppose that α
( j)
∗ ( f j(x∗)− f (x∗)) 6= 0 for some j ∈ J. Then α

( j)
∗ ec0 f j(x∗)<α

( j)
∗ ec0 f (x∗), which

implies that f (x∗,α∗,c0)< f (x∗). Therefore taking into account the feasibility of x∗ one obtains
that L (x∗,α∗,µ∗,c0) < f (x∗). On the other hand, setting α(k) = 1 for some k ∈ J such that
fk(x) = f (x) and α(s) = 0 for any s 6= k and applying (5.6) one gets

f (x∗) = L (x∗,α,0,c0)≤L (x∗,α∗,µ∗,c0)< f (x∗),

which is impossible. �

Applying Lemmas 5.4 and 5.5 and arguing in the same way as in the proofs of Theorems 5.1
and 5.2 one can try to extend the localization principle to the case of the augmented Lagrangian
L (x,α,µ,c). However, one can check that the proofs of these theorems cannot be directly
extended to the case of the augmented Lagrangian L (x,α,µ,c) due to the fact that this aug-
mented Lagrangian is not a penalty-type merit function for all λ∗ ∈ Λloc(P) in the general
case. The following simple result helps us to understand an additional assumption that one has
to impose on the problem (P) in order to extend the localization principle to the case of the
function L (x,α,µ,c).
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Let J(x) = { j ∈ J | f j(x) = f (x)} and for all α ∈ S denote supp(α) = { j ∈ J | α( j) > 0}.
Finally, define g(x;y,α) = max j∈J(y)∩supp(α) f j(x) for all y ∈ Rd and α ∈ S satisfying the con-
dition J(y)∩ supp(α) 6= /0. Note that if the functions f j are continuous and J(y) ⊆ supp(α),
then g(x;y,α) = f (x) for any x in a neighbourhood of y. Furthermore, g(x;y,α) ≤ f (x) for all
x,y ∈ Rd . Consider the following relaxation of the problem (P):

min
x

g(x;y,α) s.t. h(x) = 0, x ∈ A. (P(y,α))

Denote by Ω∗(y,α) the set of globally optimal solutions of this problem.

Lemma 5.6. Let (x∗,α∗,µ∗) be a global saddle point of L (x,α,µ,c). Then Ω∗ ⊆ Ω∗(y∗,α∗)
for any y∗ ∈Ω∗.

Proof. Taking into account Lemma 5.5 and inequality (5.5) one obtains that

f (x∗) = L (x∗,α∗,µ∗,c)≤L (x,α∗,µ∗,c)≤ f (x) ∀c > c∗gsp(x∗,α∗,µ∗)

for any feasible point x, which yields that x∗ ∈ Ω∗. Therefore for any y∗ ∈ Ω∗ the triplet
(y∗,α∗,µ∗) is a global saddle point of L (x,α,µ,c) by Corollary 3.1.

Let y∗,w∗ ∈Ω∗ be arbitrary. By Lemma 5.5 for any j ∈ J one has α
( j)
∗ ( f j(y∗)− f (y∗)) = 0.

Therefore

f (x,α∗,c) =
1
c

ln

(
∑

j∈J(y∗)
α
( j)
∗ ec f j(x)

)
≤ g(x;y∗,α∗) ∀x ∈Ω,

which implies that L (x,α∗,µ∗,c)≤ g(x;y∗,α∗) for any feasible x. Hence applying Lemma 5.5
once again one gets that

g(w∗;y∗,α∗)≤ f (w∗) = f (y∗) = L (y∗,α∗,µ∗,c)≤L (x,α∗,µ∗,c)≤ g(x;y∗,α∗)

for all c > c∗gsp(y∗,α∗,µ∗) and for any x ∈ Ω. Thus, w∗ is a globally optimal solution of the
problem (P(y∗,α∗)), that is, Ω∗ ⊆Ω∗(y∗,α∗). �

Let us explain the meaning of the previous lemma. Suppose that (x∗,α∗,µ∗) is a global saddle
point of L (x,α,µ,c). Then, as the lemma above states, the removal of those functions f j(x),
j ∈ J, that are inactive at a globally optimal solution y∗ of the problem (P) (i.e. j /∈ J(y∗)) and
those functions f j(x), j∈ J(y∗), that correspond to zero multipliers α

( j)
∗ , roughly speaking, must

not change the set of globally optimal solutions of the minimax problem under consideration.
More precisely, every globally optimal solution of the problem (P) must be a globally optimal
solution of the relaxed problem (P(y∗,α∗)). Let us note that this assumption is very restrictive
for nonconvex problems, but one can verify that it always holds true in the convex case.

Remark 5.5. Let us note that Lemma 5.6 exposes the main drawback of the exponential penalty
function. Namely, for the existence of a global saddle point of the exponential penalty function
it is necessary that the removal of inactive inequality constraints does not change the set of glob-
ally optimal solutions of the problem under consideration (cf. [16], Example 18, Proposition 8
and Remark 14).

With the use of Lemma 5.6 we can prove the localization principle for the augmented La-
grangian function L (x,α,µ,c).
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Theorem 5.3 (Localization Principle). Let A be closed and the functions f j, j ∈ J, and h be
continuous on A. Then for the existence of a global saddle point of the augmented Lagrangian
L (x,α,µ,c) (or, equivalently, for the global minimax exactness of L (x,α,µ,c) with the opti-
mal value f∗) it is necessary that there exists (α∗,µ∗) ∈ Λ and c0 > 0 such that

(1) (x∗,α∗,µ∗) is a local saddle point of L (x,α,µ,c) for all x∗ ∈Ω∗;
(2) Ω∗ ⊆Ω∗(x∗,α∗) for any x∗ ∈Ω∗;
(3) the set S(c0,α∗,µ∗) := {x ∈ A |L (x,α∗,µ∗,c0)< f∗} is bounded.

Moreover, these conditions become sufficient, if Ω∗ = Ω∗(x∗,α∗) for any x∗ ∈Ω∗.

Proof. Let (x∗,α∗,µ∗) be a global saddle point of L (x,α,µ,c). Then, as was shown in the
proof of Lemma 5.6, one has x∗ ∈ Ω∗ and for any y∗ ∈ Ω∗ the triplet (y∗,α∗,µ∗) is a global
saddle point of L (x,α,µ,c) and c∗gsp(x∗,α∗,µ∗) = c∗gsp(y∗,α∗,µ∗) by Corollary 3.1. Further-
more, Ω∗ ⊆Ω∗(x∗,α∗) for any x∗ ∈Ω∗ due to Lemma 5.6 and the set S(c,α∗,µ∗) is empty for
all c > c∗gsp(x∗,α∗,µ∗) by virtue of Lemma 5.5. Thus, the “necessity” part of the theorem is
proved.

Let us prove the converse statement. To this end, let us check that L (x,α,µ,c) is a penalty-
like merit function for λ = (α∗,µ∗). Then applying the first version of the localization principle
in the minimax form (Theorem 4.1) one obtains the required result.

Let {cn} ⊂ (c0,+∞) be an increasing unbounded sequence. From the boundedness of the set
S(c0,α∗,µ∗) and the continuity of the functions f j and h it follows that for any n∈N there exists
xn ∈ argminx∈A L (x,α∗,µ∗,cn). If S(cn,α∗,µ∗) = /0 for some n ∈ N, then one can set xn = x∗
for some fixed x∗ ∈ Ω∗ (note that in this case L (x∗,α∗,µ∗,c) = f (x∗) = f∗, since (α∗,µ∗) ∈
Λloc(P) by our assumption). The sequence {xn} is bounded, since S(τ,α∗,µ∗) ⊆ S(c,α∗,µ∗)
for any τ > c by Lemma 5.4. Therefore, without loss of generality one can suppose that the
sequence xn converges to a point x∗, which belongs to the set A due to the fact that this set is
closed.

From Lemma 5.4 and the definition of xn, it follows that

L (xn,α∗,µ∗,c)≤L (xn,α∗,µ∗,cn)≤ f∗ (5.7)

for any c > 0 and for any sufficiently large n ∈N. Passing to the limit as n→+∞, one gets that

L (x∗,α∗,µ∗,c)≤ f∗ ∀c > 0 (5.8)

due to the continuity of the function f j and h on the set A.
Note that x∗ is feasible, since otherwise L (x∗,α∗,µ∗,c)→+∞ as c→+∞, which contradicts

(5.8). Therefore, passing to the limit superior as c→ +∞ in inequality (5.8), one obtains that
limsupc→+∞ f (x∗,α∗,c)≤ f∗.

Let y∗ be a globally optimal solution of the problem (P). Applying Lemma 5.5 (recall that
(α∗,µ∗) ∈ Λloc(P)), one obtains that α

( j)
∗ = 0 for any j /∈ J(y∗). Let j0 ∈ J(y∗)∩ supp(α∗) be

such that f j0(x∗) = g(x∗;y∗,α∗), i.e. f j0(x∗)≥ f j(x∗) for all j ∈ J(y∗)∩ supp(α∗). Then

f (x∗,α∗,c) =
1
c

ln
(

∑
j∈J(y∗)∩supp(α∗)

α
( j)
∗ ec f j(x∗)

)
= g(x∗;y∗,α∗)+

1
c

ln
(

∑
j∈J(y∗)∩supp(α∗)

α
( j)
∗ ec( f j(x∗)− f j0(x∗))

)
≥ g(x∗;y∗,α∗).
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Hence the inequality g(x∗;y∗,α∗) ≤ f∗ holds true, which yields x∗ ∈ Ω∗(y∗,α∗) = Ω∗, since
g(y∗;y∗,α∗) = f (y∗) = f∗ and y∗ ∈Ω∗ = Ω∗(y∗,α∗) by our assumption. Thus, L (x,α,µ,c) is
a penalty-like merit function for λ = (α∗,µ∗). �

Remark 5.6. Let us note that the existence of a local saddle point of the augmented Lagrangian
L (x,α,µ,ν ,c) can be easily proved with the use of the same second order sufficient optimality
conditions as in [27]. For the sake of shortness, we leave a proof of this result to the interested
reader.

6. CONCLUSIONS

In this paper we presented a general theory of globally minimax exact merit function for finite
dimensional constrained optimization problems. Under some natural assumptions the equiva-
lence between global minimax exactness, the existence of global saddle points and the existence
of solutions of the augmented dual problem was established. We obtained simple necessary and
sufficient conditions for the global minimax exactness of merit functions in the form of the lo-
calization principle and applied this principle in order to obtain simple necessary and sufficient
conditions for the existence of global saddle points of He-Wu-Meng’s augmented Lagrangian
for inequality constrained problems, nonlinear rescaling Lagrangians for nonconvex semidef-
inite problems, and a new class of nonlinear augmented Lagrangian functions for constrained
minimax problems.
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