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Abstract. We present an algorithm for training Support Vector Machines (SVM) for classification based
on fast projected gradient, augmented Lagrangian methods and a working set selection principle. The
algorithm is capable of training SVM with tens of thousands data points within seconds on a modern per-
sonal computer system. The algorithm can be parallelized and therefore it is suitable for multi processor
environment. We describe the algorithm, provide numerical results for solving medium size problems
and discuss future directions of speeding up the SVM training.
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1. INTRODUCTION

A Support Vector Machine (SVM) [1, 2] is a supervised machine learning technique used
for classification, regression [3], or ranking learning tasks [4]. SVM were initially developed
for classification and have been extended for regression and rank learning. The original form
of SVM was a binary classifier where the output of the learned function is either positive or
negative. A multiclass classification can be implemented by combining multiple binary clas-
sifiers using the pairwise coupling or one class against the rest methods [5]. The main value
of the support vector machines is in their ability to achieve accurate generalization and their
foundation on well developed beautiful statistical learning theory [2].

SVM training requires solving a large scale convex quadratic optimization problem that has
a dense Hessian of the objective function. Due to convexity of the SVM training problem,
finding a global solution is guaranteed as long as the Karusch-Kuhn-Tucker (KKT) conditions
are satisfied. Therefore computational efficiency and memory requirements are usually the two
main factors to consider when the choice of a particular optimization algorithm is made [6].

Since the 1990s, there have been many attempts to develop efficient algorithms for SVM
training. First, interior-point methods (IPM) have been used [7]. Later, exterior-point methods
[8, 9] based nonlinear rescaling principle introduced by R. Polyak [10] have been shown to be
competitive to [IPM.
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Both interior- and exterior-point methods rely on solving m-dimensional linear systems of
equations, where m is the number of training examples. Therefore they are efficient for train-
ing SVM only up to a few thousands data points. In the pursuit to train SVM on larger data
sets, decomposition methods such as sequential minimal optimization (SMO) [11] gained pop-
ularity due to their low memory usage requirement and efficiency. They stand as state of the
art methods up to date. Good tutorial introductions to SVM training methods can be found in
[3,4,5,6,12, 13].

In more recent times, however, some further attempts to improve the SMO have lead to
appearance of decomposition methods that use larger working sets than does the SMO (see e.g
IPSMO-2 algorithm in [14]). The SMO uses a working set that consists of just one pair of data
points, while IPSMO-2 allows a selection of a larger size of a working set to fit comfortably in
an operating memory of a node of a high performance computing (HPC) multi-node system.

On the other hand, in the last decade, fast gradient methods related to the family of opti-
mal first-order methods introduced by Nesterov [15], have gained their popularity. Beck and
Teboulle analyzed convergence of FISTA algorithm [16]. Later R. Polyak established conver-
gence bounds for fast projected gradient methods (FPGM) [17, 18]. In particular he analyzed
the FPGM convergence for solving a nonnegative least square problem. The theory developed
in [18] can be used to justify convergence of the FPGM for minimization of a general convex
quadratic function for bounded variables.

Training SVM requires solving a large scale convex quadratic problem with a linear con-
straint and simple bounds for variables. Therefore the fast projected gradient method is a natural
choice for solving the SVM problem, since the projection on the set defined by simple bounds
are computationally inexpensive. The linear constraint can be enforced with the help of aug-
mented Lagrangian method. Theoretical analysis of the corresponding augmented Lagrangian
- fast projected gradient method can be found in [19].

This paper describes an efficient decomposition based algorithm that allows an efficient train-
ing of support vector machines. Unlike the methods that require solving linear systems, the
algorithm employs a fast projected gradient method used for the minimization of augmented
Lagrangian. Such a combination, augmented Lagrangian - fast projected gradient method (AL-
FPGM) has been introduced in [20] for training SVM and analyzed for convergence in [19].
Using the first-order based method allows to gain an improvement in efficiency over the second-
order methods [20]. However, the algorithm developed here uses also a modified scheme for
working set selection that further significantly improves the SVM training efficiency. The im-
plemented working set selection method is a modification of a well known principle developed
in [14] and [21].

The paper is organized as follows. The next section describes the SVM training problem and
provides a description of AL-FPGM for training SVM. Section 3 describes a new working set
selection principle responsible for an efficient implementation of AL-FPGM. Section 4 provides
numerical results. Section 5 contains some concluding remarks and future directions of further
improving an efficiency of the developed algorithm.

2. AUGMENTED LAGRANGIAN - FAST PROJECTED GRADIENT METHOD FOR SVM

Let {(x1,51),---,(Xm,ym) } be a set of m labeled data points where x; € R" is a vector of
features and y; € {—1, 1} represent the label indicating the class to which x; belongs. To train
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the SVM, we need to find a* = (o], ...,0;;)" that solve the following problem:

m
] 1
mO}n —Z Oti—|—52aiaj)’iyjK(Xi;Xj)
i=1 i,j

m

Y ayi=0
s.t. =1

OSOQSC, l:l,,m

(2.1)

Matrix Q with elements Q;; = y;y,;K (x;,x;) is positive semidefinite but usually dense. There-
fore a large number of training points m results in significant operating memory requirements
thus leading to inefficiencies for many general purpose optimization algorithms.

A relatively simple and efficient AL-FPGM method that is capable of training medium size
SVM with up to a few tens of thousands of data points was proposed in [20]. The algorithm
takes advantage of two methods: one is the fast projected gradient method for solving a min-
imization problem on the box constraints [18] and the second is an augmented Lagrangian
method [22, 23] employed to satisfy the only linear equality constraint. The AL-FPGM projects
the primal variables onto the “box-like” set: 0 < o; <C, i=1,...,m.

Using the following definitions

m
fla)=— 'Zl 0+ 3 ¥ 00ty i K(xi,X;)
i= ij

m (2.2)
gla) = '21 YiQi
1=
and the bounded set:
Box={aecR":0<0; <C,i=1,...,m}, (2.3)
the optimization problem (2.1) can be rewritten as follows:
min f(e)
g(@) =0 24
o € Box.

The augmented Lagrangian is defined as
Ly (e, 1) = f (@) = Ag (@) +0.5ug(a)?, (2.5)

where A € R the Lagrange multiplier that corresponds to the only equality constraint and y > 0
is the scaling parameter.

The augmented Lagrangian method is a sequence of inexact minimizations of .Z, (¢t,A) in
o on the Box set

0~ o (A)=argmin.Z (o, A) (2.6)
acBox
followed by updating the Lagrange multiplier A :
A=A—ug(a). 2.7)

For the stopping criteria in (2.6), we use the following function that measures the violation
of the first order optimality conditions for (2.6):
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v(a,A) = lrgagnv,-(a,l), (2.8)
where
VaLyu(a, 1), 0<o;<C,
vi(a,A) =< max{0,-VqZu(a,1),}, a; =0, (2.9)
maX{O,Vai’u(Oc,l)i}, o =C.

For the final stopping criteria for the augmented Lagrangian method, we use u(o,A) =
max{v (a,A),|g(e)|}, which measures the violation of the optimality conditions for (2.4).

Algorithm 1 Augmented Lagrangian-Fast Projected Gradient Method

Initialization

aldl ¢ rm (starting point, not necessarily feasible) alll =0

A0 e R (initial “guestimate” of Lagrange multiplier vector) A4 0l =0
Uo > 0 (initial value of scaling parameter)

€ > 0 (Required accuracy)

0<0<1

6>1

rec=max{v(a,1),|g(a)|}

AR A Tl e

Run the Augmented Lagragian Algorithm
while rec > € do
find @ : v(a,4) < 0 xrec using FPGM
A=2—pug(a)
rec = min (rec, Vv (o, 1))
k= 0k
end while

AU S

Run the FPGM

procedure FPGM
Input (e, A)
Seta=a,r=1Select L>0
while v (a,A) > 6 xrec do
Set & = Ppox (@ — Vo Ly (2, 1)).

Setf=0.5 (1+\/1+4r2).

Seta:&—t%(d—&).

a=0a,t=r1.
end while
Output &.
: end procedure
procedure Pg,,
fori=1,...,mdo
if a; < O then
o =0
end if
if o; > C then
o =C
end if
end for
: end procedure

SOVXAIOUNALRN, 2500 O A WN—

The fast projected gradient method (FPGM) requires estimation of the Lipschitz constant
L > 0 of the gradient V4%, so that the inequality
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|Vay (a1, A) =V Ly (0, A)|| < Loy — o (2.10)

holds for any ¢, a € R™ [18, 9]. The gradient and the Hessian of .%};, (&, A) are as follows:

Vay(a,A) = Qo —e— (l—H_Z]yiO‘i)y 2.11)
V2oL (0, A) = Q+ pyy’

where Q is an m by m matrix with the elements Q;; = y;y;K (x;,x;), i=1,...,m, j=1,...,m,
y=01,ym),e=(1,...,DT.

Since .Z}, is of quadratic form with respect to @, L = || Q + uyy" || , where the matrix spectral
norm is the largest singular value of a matrix.

Algorithm 1 describes the AL-FPGM.This algorithm does not use any decomposition or
working set selection technique. It uses all the data points and serves as a reference for com-
parison with a more advance algorithm that takes advantage of working sets. The convergence
of Algorithm 1 was established in [19].

3. DECOMPOSITION

Since the matrix Q is dense, often a memory shortage prohibits forming Q, keeping it in
the memory, and solving the SVM problem when the number of training data points is large.
Therefore decomposition methods based on a working set selection play an important role for
training a large scale SVM. These methods consider only a small subset of variables per iteration
[24, 25] and thus require less memory usage.

Suppose B is a subset of considered variables called the working set. Since each iteration in-
volves only B columns of the matrix Q, the decompositions methods use the operating memory
economically [24]. A subset B of the variables is chosen to be optimized while the rest of the
variables remain fixed. Therefore operating memory requirements can be substantially reduced.
Moreover, for large problems the overall training efficiency can be attained. The algorithm re-
peats the “select working set then optimize” process until the global optimality conditions are
satisfied. While B denotes the working set with [ variables, N denotes the non-working set with
(m —1) variables. Then, o, y and Q can be correspondingly written as:

_ | @B |y | Qs Qpn
a_{(XN]’ y_{YN}7 Q_|:QNB QNN]

The optimization subproblem can be rewritten
.1 T T Qss QBN}[OCB] T o7 {OCB}
min = | Qg o —| ez e
o 2[ B N}{QNB Qv | | oN Len en ] an

gy + oyyn =0
0<agp<C

3.1)
s.t.
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with a fixed o, this is the same as

1
. T T
ngén 2aBQBBaB + og (Qyon —ep)

32
oy + oy =0 (52

S.t.
0<ap<C.

The reduced problem (3.2) can be solved much faster than the original problem (2.1). The
resulting algorithm is shown as Algorithm 2.

Algorithm 2 Decomposition method

1: while global minimum not reached do
2: find working set B

3: find ap for working set B using a quadratic problem solver.
4: Update o with o
5: end while

As one can see from the description of Algorithm 2, there are three main questions that need
to be answered. The first question is if such a decomposition scheme will converge to the
solution of the original SVM problem (2.1), the second questions is how to select a working
set. Both questions have been addressed in [21]. The third question is what quadratic problem
solver to be used to solve the subproblem (3.2). We suggest to use the AL-FPGM. This section
also proposes below a pWSS scheme, which is a modification of existing working set selection
scheme developed as a part of IPSMO-2 algorithm [14], that we found efficient.

Below we describe the working set selection (WSS) scheme developed as a part of /IPSMO-2
algorithm alongside with some general working set selection rules.

3.1. Working Set Selection. An important issue of any decomposition method is how to select
the working set B. Below we describe a working set selection (WSS) method that uses the
second order information [21]. The WSS methods show faster convergence than a previously
developed a maximum violating pair method [27].

The KKT condition of (3.1) shows that there is a scalar b such that

yy=1,04<C = (Qa—e),+b>0 = b>—(Qa+e),=-Vf(a),
yi=—1,04>0 = (Qa—e),—b<0 = b>(Qa+e)=Vf(a), (3.3)
yy=—1,00 <C = (Qa—e),—b>0 = b<(Qa+e),=Vf(a), '
yi=1,04>0 = (Qa—e),+b<0 = b<—(Qa+e),=-Vf(a),

where f(a) = 1a’Qa — el o and Vf(a) is the gradient of f(a).
This can be rewritten as
Vf(a)+by, >0, ifoy <C,
Vf(a)+by, <0, if o >0.
Alternatively, it can be stated that a vector « is a stationary point of (3.1) if and only if there
is a number b and two non-negative vectors p and 6 such that

Vf(a)+by,=p—0,
pic; =0, Qi(C—(Xi)ZO, pi>0,6>0i=1,....m.
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Consider the sets:
Iup(a) E{t|yl = laat <C0r)’t = _17al‘ >0}7
Low () ={t |yr=—1,a <Cory = 1,04 > 0}.

Then, we have

i € argmax {—y;Vf(a),}, (3.4)
t€l,y(ak)

j€ argmin {—y,Vf(a),}. (3.5)
1€l gy (k)

Define
gi(0) = =y V().
From (3.3), we see that the inequality
gi(a) < gj(a) (3.6)
implies that « is a feasible and optimal solution of (3.1) at a stationary point of (3.1). The
largest difference g; — g for the pair that violates (3.6) the most is compared against requested
accuracy of the solution. It is used in the stopping criteria of Algorithm 2.
Let us define the quantities:
ajj =K +K;; —2K;; > 0,
C/l\ij: aij, 1fa,~j>0,
T
bij = qi(a) —q;(a) >0,

where 7 is a small positive number. Then, one can select

i € argmax {q;/(a)}, (3.7)
telp(a)
and
b?
J € argmin {A—” tq(o) < qi(a)}. (3.8)
tEIlow(a) it

If a working set is selected as a single pair B = i, j, then that leads to a sequential minimal
optimization algorithm (SMO).

3.2. p-Pairs Working set Selection (pWSS). To obtain p working pairs, p indices i are chosen
from 1,, and the corresponding ; are selected from /;,,,. This is a generalization of the SMO
algorithm [11, 26] described as IPSMO-2 algorithm in [14] . The SMO algorithm selects a single
pair of data points as a working set, while /JPSMO-2 selects larger working sets containing p
pairs in general. The rule how the pairs are selected is based on the maximum KKT violation,
similar to that of the SMO.

In the attempt to keep an important information about how often a particular data point is
selected in a working set, we have modified the WSS described above. We use that information
to rank data points according to their frequencies in working sets. In this section we present
a modified working set selection IPSMO-2, which we call pWSS. Unlike /IPSMO-2, which for
each i finds only a single j using (3.8), pWSS finds for each i a set of indices J; as described
below. Then the sets J; are used to select p pairs. As demonstrated in the next section, pWSS
scheme allows to train SVM efficiently.
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Suppose p pairs working set are chosen from the data as the working set for each decompo-
sition iteration. The data points is; € I,,, s = 1,..., p are selected the same way as WSS using
(3.7). For each i € I, select J; C I, .

Ji=A{t € liow (@), q:(a) <gi(a)},
where J; are multiple violating pairs and 1 < |J;| < p.

The p most frequently occurring indices in all J; for all the is,s = 1,..., p are selected to
make p pairs in the working set. This differs from the IPSMO-2 method, where for each i, the
corresponding j is selected according to (3.8). In our approach, multiple violating pairs of each
i are selected and added to a pool of “violators™.

The selection of J; for each i can be done in parallel and it is not dependent on other choices
of J; for a different i. The pW SS rule is described as Algorithm 3.

Algorithm 3 pWSS

1: p =number of pairs

2: fork=0,1,2,...,pdo

3: find J; € Iy, for every iy € I, using WSS second order. This can be done in parallel. J; is an ordered list
of violating pairs.

4: end for

5: BJ =0

6: for i,k=0,1,2,...,pdo

7.

8

Select J; = {1 € Ly, (a¥) , qi(0F) < gi(a*)}

: if J; # 0 then
9: B=BUi
10: By =B;UJ;
11: end if
12: end for

13: select top p occurring elements in Bj.
14: B=BUB;,,k=0,1,2,...,p
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4. IMPLEMENTATION AND NUMERICAL RESULTS

This section presents results of numerical experiments with the augmented Lagrangian-fast
projected gradient method (AL-FPGM) implemented in Matlab© 2020b and the interior-point
method (IPM) that comes with Matlab’s QuadProg subroutine. For both AL-FPGM and the
IPM, we compare the SVM training efficiency with and without pW SS decomposition method.

We used a desktop with Intel® Xeon® 2.50GHz, 12 Cores, 64 GB RAM.

For testing, we have selected 20 binary classification training data sets with a number of
training examples ranging from 100 to 19,020. In all cases, the data was normalized. C = 100
was used for all tests. ¥ = 0.5 was used for the RBF kernel. The scaling parameter pt used for
all the experiments is 4 = 0.1. The accuracy of solution was selected € = 1072, SVM training
times using AL-FPGM were compared with results obtained using Matlab’s QuadProg with
and without pWSS decompoisiton scheme.

The fast projected gradient method (FPGM) requires estimation of the Lipschitz constant
L > 0 in (2.10) for the gradient of .%;. To estimate L, the maximum eigenvalue of Q + uyy’ is
estimated using the power method. This estimate is updated in step 3 of procedure FPGM of
Algorithm 1.

Tables 1-2 provide numerical results for training SVM with the FPGM and an interior-point
method (IPM) implemented in Matlab QP solver QuadProg. Table 1 shows the results without
the use of the decomposition method i.e. all the data points are used simultaneously. In this
case, the full m x m matrix Q is computed. Table 2 shows the results for training the SVM with
the new working set selection method pWSS with both AL-FPGM and IPM.

For each data set the tables show the number of training data points (nData) and the number of
features (nFeatures), the number of iterations (nlter), training time, the training time divided by
the number of training points, i.e. the training time per training data point, and a final objective
function value. In addition, nDecomp columns in Table 2 are the number of decomposition
iterations i.e. the number of times a working set is selected and optimization subproblem solved.
Each simulation scenario was averaged over 10 runs.

Figures 1-2 show the ratios of times for the IPM and AL-FPGM. The values larger than 1.0,
shown in blue indicate that the AL-FPGM was faster, i.e. it took more time of the IPM to train
an SVM for a particular data set, while the values less than 1.0 shown in yellow indicate that
the IPM was faster. Figures 1-2 suggest that the AL-FPGM outperforms the QuadProg IPM
for the most training sets with and without the pWSS decomposition scheme. The IPM can
train the SVM for no fewer than 5 iterations, with each iteration solving a dense linear system
of equations. Assuming that Cholesky factorization of the solved system is used, we could
roughly estimate that it takes about %m3 x5 = %m3. Each iteration of FPGM can be done in
about 2m? flops as the most computationally expensive part is a matrix vector multiplication to
form the gradient of the augmented Lagrangian. Therefore, the total number of flops is about
2km?, where k is the total number of AL-FPGM iterations. Solving the inequality 2km?* < %m3
for k yields k < %m, which took place for all the solved problems according to Table 1.Therefore
all the solved SVM problems from the test set should be solved faster by AL-FPGM, which is
confirmed in Figure 1.

https://www.mathworks.com/help/optim/ug/quadprog.html
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FIGURE 1. Comparison of IPM and AL-FPGM without decomposition. The
blue bars correspond to the sets with a faster training by AL-FPGM
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FIGURE 2. Comparison of [IPM and AL-FPGM with decomposition pWSS. The
blue bars correspond to the sets with a faster training by AL-FPGM

Figure 2 shows that the AL-FPGM is faster than the IPM for the largest problems when both
use pWSS decomposition scheme.
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FIGURE 3. Comparison of no decomposition and pWSS decomposition
schemes for AL-FPGM. The blue bars correspond to the sets with a faster train-
ing with pWSS scheme.
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FIGURE 4. Comparison of no decomposition and pWSS decomposition
schemes for IPM. The blue bars correspond to the sets with a faster training
with pWSS scheme.

Figure 3 shows the relative efficiency of the pWSS decomposition scheme over no decom-
position for the AL-FPGM. Similarly, Figure 4 shows that the relative efficiency of the pWSS
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decomposition scheme over no decomposition for the IPM. The figures suggest that the relative
efficiency of the pWSS decomposition scheme over no decomposition scheme grows with the
size of the training data for both methods even on a stand alone desktop. The figures also sug-
gest that for training data sets within a dozen of thousands points using using no decomposition
method is justified, while for larger problems using decomposition methods is preferable.

Figure 5 shows the logarithmic plot of the dependence of the training times from the size
of the training set for both AL-FPGM and IPM with and without decomposition. The training
times are taken from Tables 1-2.

Due to non-homogeneity of the data sets (variability of features, scale, etc.), scalability trends
are not clearly seen in Figure 5 due to zigzagging lines. Therefore we ran an additional exper-
iment by taking a portion of data sets from the largest two training data sets. Figures 6 and 7
show the dependence of training times on the number of training examples for the EegEyeState
and Magictelescope problems respectively, where one can see a linear trend in the logarithmic
plot, suggesting a polynomial scaling of the training times. The blue and orange lines that cor-
respond to the pWSS decomposition scheme have the smaller slope than the grey and yellow
lines that correspond to no decomposition approach. The difference in slopes indicates that the
pWSS scheme based on both the AL-FPGM and IPM may scale up as a polynomial of a smaller
degree than do those methods without the decomposition.

Finally, Figure 8 shows the training times for the 4 largest problems indicating that the AL-
FPGM with or without pW SS decomposition is faster than the runs for the IPM.

1000
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) E—

0.001
nData

—e—ALFPGM-pWSS quadprog-pWSS quadprog alfpgm

FIGURE 5. Dependence of SVM training times on the number of training points
nData for AL-FPGM and IPM with and without pWSS decomposition (a loga-
rithmic plot).
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FIGURE 6. Training times for EegEyeStatetest example with varying number of
training data subset.
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FIGURE 7. Training times for Magictelescope test example with varying num-
ber of training data subset.
5. CONCLUDING REMARKS AND FUTURE WORK

Support vector machines are popular for learning classification and regression rules on train-
ing data sets of modest size (up to a few thousands data points). Factors that contributed to the



18 M. AREGBESOLA, I. GRIVA

250

200

Training Times
G
g

S
3

,  mm [ | [ | .

EpilepticSeizureRecognition GasSensorArrayDrift eegEyeState magictelescope

B ALFPGM-pWSS quadprog-pWsS quadprog alfpgm

FIGURE 8. Training times for four largest training sets with AL-FPGM and
IPM, with and without pWSS decomposition (a logarithmic plot).

popularity of suport vector machines have always been their strong generalization ability with
solid theoretical bounds, and their interpretability of classification and regression performance
using the similarity of new testing cases to existing training support vectors.

During the last decade we have seen a dramatic increase of data sets sizes that need to be
processed for training machine learning algorithms. It became obvious that some widely used
machine learning methods that simultaneously use all training data examples cannot cope with
the need to process large training data sizes. Therefore the attention of the machine learning
community has turned to the algorithm that use batches or subsets of training data.

Some machine learning methods such as artificial neural networks (ANN) have undergone a
revolutionary development by shifting to a stochastic paradigm that allowed to train the ANN
on batches, or parts of data sequentially. As the effect of training on earlier batches could fade
when training later batches, ANN rely on going through cycles or epochs, each containing all
the batches of the data set. As a result, there is no notion of a well defined stopping rule. At
the same time, it is difficult to train ANN on all the batches in parallel, since it is going to be
problematic to reconcile discrepancies among the neural networks trained on different batches.

Support vector machines, on the other hand, enjoy the presence of well defined optimization
problem that needs to be solved to train an SVM. Therefore as long as we have an algorithm that
can solve the SVM problem in a reasonable time, a good quality classification or regression rule
is built. While it became apparent that such successful SVM training algorithms can be built
only if it uses batches of data rather than whole training data set simultaneously, the information
collected from training SVM on different batches can be efficiently brought together. Therefore
training SVM on different batches can be done in parallel. Moreover, there is simple stopping
rule that verifies if the training is finished or not.
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We believe that this manuscript demonstrates how to turn the dream of training SVM on a
large data points to the reality. Having a successful decomposition algorithm with each subprob-
lem being solved efficiently allows using high performance (HPC) multi-node computers that
take advantage of the parallel computing environment. Even though we have not demonstrate
this point with HPC experiments in this manuscript, we plan to conduct such experiments in the
future. The fact that the developed algorithm can train an SVM problem with more than 19,000
training examples for less than a half a minute even without HPC on a stand alone desktop
demonstrates new opportunities for using support vector machines on large data sets.
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