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ON GLOBAL OPTIMALITY CONDITIONS FOR D.C. MINIMIZATION
PROBLEMS WITH D.C. CONSTRAINTS
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Abstract. The paper addresses the nonconvex nonsmooth optimization problem with the cost function,
and equality and inequality constraints given by d.c. functions, i.e. represented as a difference of convex
functions. The original problem is reduced to a problem without constraints with the help of the exact
penalization theory. After that, the penalized problem is represented as a d.c. minimization problem
without constraints, for which the new mathematical tools under the form of global optimality conditions
(GOCs) are developed. The GOCs reduce the nonconvex problem in question to a family of convex
(linearized with respect to the basic nonconvexities) problems. In addition, the GOCs are related to
some nonsmooth form of the KKT-theorem for the original problem. Besides, the GOCs possess the
constructive (algorithmic) property, which, when the GOCs are broken down, implies the producing of
a feasible point that is better (in the original problem) than the one in question. The effectiveness of the
GOCs is demonstrated by examples.
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1. INTRODUCTION

The majority of applied problems turn out to be nonconvex [1, 2] and, as mentioned in
[3, 4, 5], result in the so-called d.c. optimization problems, where, for example, equality and
inequality constraints, objective functionals are given by (d.c.) functions, represented as a dif-
ference of two convex functions. As well known the d.c. functions possess a number of popular
properties. For example, they are quasidifferentiables [5, 6, 7, 8, 9].

The first publications on the simplest optimization problems with d.c. functions were ap-
peared, in particular, in the former USSR [10, 11], see also the references from [4, 9].

On the other hand, from the theoretical view-point, the class DC(IRn) of the d.c. functions
generated by the convex cone of convex functions forms a very attractive linear space which is
closed with respect to standard operations arising in optimization, variational analysis [4, 6, 8,
12, 13], and applications [3, 4, 5, 9, 14, 15, 16, 17, 18].

Moreover, the class DC(IRn) includes the well-known spaces of twice differentiable func-
tions, power and trigonometric polynomials, etc. In addition, any continuous function on a
compact (for instance, in IRn) can be approximated by a d.c. function with any desired accuracy.
Consequently, any continuous optimization problem (on a compact set) can be approximated by
an optimization problem with the d.c. data [4, 5, 9, 14, 16, 17].
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Furthermore, the main focus in modern optimization has been shifted to numerical methods
designed to address problems of practical interest.

However, it is important to highlight that the field of optimization problems should be sep-
arated into two parts: convex and nonconvex [1, 2, 19]. If we look at the problems from the
viewpoint of numerical treatment and take into consideration the available information, it is
easy to observe that under minimal computability assumptions convex optimization problems
are computationally tractable [1, 2, 15, 19]. It means that computational efforts required for
finding a solution at a given accuracy grows moderately with the dimension of the problem in
question.

In contrast to this, in general, nonconvex problems of general form have a lot (often a huge
number) of local extrema and stationary points located rather far from a global solution [1, 2, 3,
4, 5, 14, 19, 20, 21, 22, 23, 24, 25, 26]. As a consequence, the classical optimization methods
[1, 2, 19] often turn out to be inoperative and ineffective when it comes to finding just a global
solution in nonconvex problems. This is due to the fact that most of the classical algorithms are
based on the contemporary optimality condition theory, in particular, the famous KKT theorem,
and therefore those methods fail to escape local pitfalls and stationary (critical) vectors while
improving a current value of objective functional at the same time. Besides, a direct application
of classical methods might yield unpredictable results, sometimes distracting researchers away
from a desired solution. Hence, nowadays it is important to equip the modern extremum theory
with new mathematical tools that help not only escape a local pitfall but also reach a global
solution in nonconvex problems.

In our early papers [9, 27] such tools were proposed for the standard (canonical) d.c. opti-
mization problems such as d.c. minimization, convex maximization, reverse-convex problems
etc. Recently, we have developed the Global Optimality Conditions (GOC) for more general
d.c. optimization program with d.c. inequality constraints and the smooth data, showing that
the classical optimality conditions can follow from the GOCs, which, in turn, can help jump
out of local pits and stationary (KKT) vectors [9, 18, 27, 28]. It is worth noting that the present
paper continues and develops further the results of the previous investigations [9, 29, 30, 31].

In this paper, following the statement of the nonconvex nonsmooth d.c. optimization Problem
(P) with equality and inequality constraints, we reduce (P) to a problem without constraints
with the help of the Exact Penalization Theory [1, 2, 6, 14, 15, 19, 20, 32, 33, 34, 35, 36,
37, 38, 39, 40, 41]. The latter problem also turns out to be a d.c. minimization program as
we show in Section 4. Further, the necessary GOCs are given in Theorem 4.1, after which
various properties of the GOCs are discussed. In Section 5, we investigate the interrelations
between the GOCs and the KKT conditions in nonsmooth original Problem (P), in particular,
we highlight connections between their Lagrange multipliers. In Section 6, we study situations
when the GOCs become sufficient. Besides, Theorems 4.1, 5.1, and 6.1 impose conditions on
the value of the penalty parameter. The effectiveness of the GOCs developed is demonstrated
by examples.



ON GLOBAL OPTIMALITY CONDITIONS FOR D.C. MINIMIZATION PROBLEMS... 177

2. PROBLEM STATEMENT

Consider the following problem:

(P) :
f0(x) := g0(x)−h0(x) ↓min

x
, x ∈ S,

fi(x) := gi(x)−hi(x)≤ 0, i ∈ I = {1, . . . ,m},
fi(x) := gi(x)−hi(x) = 0, i ∈ E = {m+1, . . . , l};


where the functions gi(·), hi(·), i ∈ {0}∪ I ∪E , are convex on IRn, so that the functions fi(·),
i ∈ {0}∪ I ∪E , are the d.c. functions [3, 4, 5, 9, 14, 17]. Recall that any continuous function
can be approximated by a d.c. function with any desirable accuracy. Besides, assume that the
set S⊂ IRn is convex and compact.

Furthermore, suppose that the set Sol(P) of global solutions to Problem (P),
Sol(P) := {x ∈ F | f0(x) = V (P)} and the feasible set F of Problem (P),
F := {x ∈ S | fi(x) ≤ 0, i ∈ I, fi(x) = 0, i ∈ E }, are non-empty. Additionally, in what fol-
lows the optimal value V (P) of Problem (P) is supposed to be finite:

V (P) := inf( f0,F ) := inf
x
{ f0(x) | x ∈F )}>−∞.

3. THE EXACT PENALTY

In this section, we introduce the following penalty function W (·) for Problem (P)

W (x) := max{0, f1(x), . . . , fm(x)}+ ∑
j∈E

∣∣ f j(x)
∣∣ , (3.1)

and, along with Problem (P), consider the penalized problem without the inequality and equal-
ity constraints:

(Pσ ) : Fσ (x) ↓min
x
, x ∈ S, (3.2)

where σ ≥ 0 is a penalty parameter, and the penalized function

Fσ (x) := f0(x)+σW (x), (3.3)

is the cost function of the auxiliary problem (Pσ )–(3.2).
It is well-known that if z ∈ Sol(Pσ ), and z is feasible in (P), i.e. z ∈F , then z is a global

solution to (P): z ∈ Sol(P) [1, 2, 6, 14, 15, 19, 20, 32, 33, 34, 35, 41]. It is worth mentioning
that, generally, the inverse proposition does not hold.

Hence, the key feature of the exact penalization (EP) theory is the existence of a threshold
value σ∗ ≥ 0 of the penalty parameter σ ≥ 0 for which Sol(Pσ ) ⊂ Sol(P), ∀σ ≥ σ∗. The
latter means that, for σ ≥ σ∗, Problems (P) and (Pσ ) are equivalent: Sol(P) = Sol(Pσ )
(see [6, 33], and [14, Chapt. VII, Lemma 1.2.1]).

On the other hand, the existence of the threshold exact penalty parameter σ∗ ≥ 0 implies that
instead of solving a sequence of unconstrained problems with σk→ ∞ [19, 1, 6, 2], we need to
solve only a single unconstrained problem.

Hence, the proof of existence of the exact penalty threshold σ∗ ≥ 0 is a key moment in the
investigation of relations between Problems (P) and (Pσ ) [6, 15, 32, 33, 34, 35, 41].

Recall that under various constraint qualification (CQ) conditions (MFCQ, etc. [6, 15, 32,
33, 34, 35, 40, 41, 42, 43]), the error bound properties [1, 2, 6, 15, 20, 32, 33, 34, 35, 40, 41, 42,
43], the metric sub-regularity conditions, calmness of constraints systems can help prove the
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existence of the exact penalty threshold σ∗ ≥ 0 for the local solution as well as for the global
one [6, 15, 32, 33, 34, 35, 41].

Assume that some regularity conditions, which ensure the existence of such threshold value
σ∗ ≥ 0 of the penalty parameter, are fulfilled.

4. GLOBAL OPTIMALITY CONDITIONS (GOC)

Before all, we will show that the cost function Fσ (·) of Problem (Pσ ) is a d.c. function, i.e.,
it can be represented as a difference of convex functions. Indeed, since [4, 5, 9, 17]

| fi(x)|= 2max{gi(x),hi(x)}− [gi(x)+hi(x)],

it can be readily seen that

Fσ (x)
4
= f0(x)+σ max{0, fi(x), i ∈ I}+σ ∑

i∈E
| fi(x)|= Gσ (x)−Hσ (x), (4.1)

where
Hσ (x) := h0(x)+σ

[
∑
i∈I

hi(x)+ ∑
j∈E

(g j(x)+h j(x))
]
, (4.2)

Gσ (x) := Fσ (x)+Hσ (x)

= g0(x)+σ max

{
∑
j∈I

h j(x);
[
gi(x)+

j 6=i
∑
j∈I

h j(x)
]
, i ∈ I

}
+2σ ∑

i∈E
max{gi(x);hi(x)}.

(4.3)

It is easy to see that Gσ (·) and Hσ (·) are both convex functions [8, 12, 14] so that the function
Fσ (·) is a d.c. function, as claimed. Besides, it is clear that, for a feasible (in (P)) point z ∈ S,
we have

W (z)
4
= max{0, f1(z), . . . , fm(z)}+ ∑

i∈E
| fi(z)|= 0.

Therefore, for ζ := f0(z), we obtain

Fσ (z)= f0(z)+σW (z) = f0(z) = ζ . (4.4)

Theorem 4.1. Let a feasible point z ∈ F , ζ := f0(z), be a solution to Problem (P) and
σ ≥ σ∗ > 0, where σ∗ ≥ 0 is a threshold value of the penalty parameter such that
Sol(P) = Sol(Pσ ) ∀σ ≥ σ∗. Then, for every pair (y,β ) ∈ IRn× IR such that

Hσ (y) = β −ζ , (4.5)

the following inequality holds

Gσ (x)−β ≥ 〈H ′σ (y),x− y〉 ∀x ∈ S, (4.6)

for every subgradient H ′σ (y) ∈ ∂Hσ (y) of the function Hσ (·) at the point y.

Remark 4.1. In view of the Moreau-Rockafellar Theorem [8, 12, 14] and (4.2), we have

H ′σ (y) = h′0(y)+σ

[
∑
i∈I

h′i(y)+ ∑
j∈E

(g′j(y)+h′j(y))
]
, (4.7)

where h′i(y) ∈ ∂hi(y), i ∈ {0} ∪ I ∪ E , g′j(y) ∈ ∂g j(y), j ∈ E , are some subgradients of the
corresponding functions at the point y in the classical (convex) sense.
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Proof. Since z∈ Sol(P) and σ ≥ σ∗ ≥ 0, then, according to [14, 15, 32, 33, 34, 35, 41] (see [6]
and[14, Chapt. VII, Lemma 1.2.1]), z ∈ Sol(Pσ ), ∀σ ≥ σ∗ > 0. It means that (see (4.1)–(4.4))
ζ = f0(z) = Fσ (z) ≤ Fσ (x) = Gσ (x)−Hσ (x), ∀x ∈ S. Hence, z ∈ Sol(Pσ ). Then, for every
tuple (y,β ) satisfying (4.5), we have

0≤ Gσ (x)−Hσ (x)−ζ = Gσ (x)−Hσ (x)+Hσ (y)−β ∀x ∈ S,

whence,
Gσ (x)−β ≥ Hσ (x)−Hσ (y)≥ 〈H ′σ (y),x− y〉, ∀x ∈ S

for any subgradient H ′σ (y)∈ ∂Hσ (y) of the function Hσ (·) at the point y thanks to the convexity
of Hσ (·). The latter completes the proof. �

Remark 4.2. It is not difficult to notice that Theorem 4.1 reduces the solution of the nonconvex
Problem (Pσ ) to an investigation of the family of the convex (linearized) problems

(Pσ L(y)) : Φσy(x) := Gσ (x)−〈H ′σ (y),x〉 ↓min
x
, x ∈ S, (4.8)

depending on the pairs (y,β ) ∈ IRn+1, which fulfill equation (4.5) or, which is the same, due to
(4.7),

(Pσ L(y)) : Φσy(x) := Gσ (x)−〈h′0(y)+σ

[
∑
i∈I

h′i(y)

+ ∑
j∈E

(g′j(y)+h′j(y))
]
,x〉 ↓min

x
, x ∈ S;

(4.8′)

for every collection of subgradients h′i(y)∈ ∂hi(y), i∈ {0}∪ I∪E , g′j(y)∈ ∂g j(y), j ∈ E , of the
corresponding functions hi(·), g j(·) at the vector y ∈ IRn.

It is worth noting that the linearization is carried out with respect to the “unified” nonconvex-
ity of Problem (P) accumulated by the function Hσ (·) (see (P)–(3.1) and (4.2)) that includes
all the functions hi(·), i ∈ {0}∪ I∪E , g j(·), j ∈ E , which generate all nonconvexities in Prob-
lems (P) and (Pσ ) (according to the representations (4.1)–(4.3)).

Hence, the verification of the principal inequality (4.6) can be performed by solving the
linearized problems (Pσ L(y)) and varying the parameters (y,β ) satisfying (4.5). Besides, we
have to verify (4.6), which can be rewritten as follows

V (Pσ L(y))≥ β −〈H ′σ (y),y〉, (4.6′)

where V (Pσ L(y)) is the optimal value of the linearized problem (Pσ L(y)) (see [29, 30, 31]).

Remark 4.3. Suppose that we found a triple (y,β ,u) and only one subgradient
H ′σ (y) ∈ ∂Hσ (y), where (y,β ) ∈ IRn× IR, Hσ (y) = β − ζ , u ∈ S, such that the principal in-
equality (4.6) is violated, i.e.,

0 > Gσ (u)−β −〈H ′σ (y),u− y〉,
where H ′σ (y) is presented by some collection of subgradients h′i(y) ∈ ∂hi(y), i ∈ {0} ∪ I ∪
E , g′j(y) ∈ ∂g j(y), j ∈ E , of the corresponding functions hi(·), g j(·), according to (4.7).

Then, using equation (4.5) and the convexity of function Hσ (·), we derive

0 > Gσ (u)−β −Hσ (u)+Hσ (y) = Fσ (u)−ζ = Fσ (u)−Fσ (z),

or, Fσ (z)> Fσ (u), z ∈F , u ∈ S. Hence, the point z can not be a solution to (Pσ ).
Moreover, if z and u are feasible in (P), z,u ∈F , and W (u) = 0 =W (z), we obtain f0(z) =

Fσ (z)> Fσ (u) = f0(u). It means that z /∈ Sol(P) and u ∈F is a vector better than z ∈F .
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Hence, the conditions (4.5)–(4.6) of Theorem 4.1 possess the classical constructive (algorith-
mic) property: once the conditions are violated, one can find a feasible vector which is better
than the point under investigation.

Let us use an example to demonstrate the effectiveness of this property.

Example 4.1. Consider the problem ([29, Example 4.3])

f0(x) = 1
2(x1−4)2 +(x2 +2)2 ↓min

x
,

f1(x) = (x1−1)2− (x2 +1)2 ≤ 0,
f2(x) = (x2−2)2− (x1 +2)2 ≤ 0.

 (4.9)

One can see that the point z∗ = (4,−2)> is the global minimizer of the strongly convex function
f0(·) on IR2, and f0(z∗) = 0 is a lower bound for V (4.9) = inf( f0,F ) ≥ 0. Here, the feasible
set of (4.9)

F = {x ∈ IR2 | f1(x)≤ 0, f2(x)≤ 0}, z∗ /∈F ,

is nonconvex and coincides with the union F = F1∪F2 of two convex parts:

F1 = {x ∈ IR2 | x1 + x2 = 0},
F2 = {x ∈ IR2 | x1 + x2 ≥ 0, x2− x1−4≤ 0, x1− x2−2≤ 0},

since f1(x) = (x1− x2−2)(x1 + x2)≤ 0, f2(x) = (x2− x1−4)(x2 + x1)≤ 0.
Consider a feasible point z = (4

3 ,−
2
3)
> ∈F , which satisfies the KKT-conditions with λ0 = 1,

λ1 = 4 > 0, λ2 = 0, ζ := f0(z) = 51
3 , f1(z) = 0 and f2(z) =−4 < 0.

Let us show that point z is not a global solution to (4.9) with the help of Theorem 4.1. To this
end, let us choose the following d.c. representation of the data of the problem (4.9)

g0(x) = f0(x), h0(x)≡ 0, fi(x) = gi(x)−hi(x), i = 1,2,
g1(x) = (x1−1)2, h1(x) = (x2 +1)2,
g2(x) = (x2−2)2, h2(x) = (x1 +2)2.

 (4.10)

Then, according to (4.1)–(4.3), we get

W (x)
4
= max{0, f1(x), f2(x)},

Fσ (x)= f0(x)+σW (x) = Gσ (x)−Hσ (x);

}
(4.11)

Hσ (x)
4
= h0(x)+σ [h1(x)+h2(x)] = σ [(x2 +1)2 +(x1 +2)2]; (4.12)

Gσ (x) = g0(x)+σ max{h1(x)+h2(x);g1(x)+h2(x);g2(x)+h1(x)}
= 1

2(x1−4)2 +(x2 +2)2 +σ max
{
(x2 +1)2 +(x1 +2)2;

(x1−1)2 +(x1 +2)2;(x2−2)2 +(x2 +1)2 }
(4.13)

Now, set σ := 4 = λ1 +λ2 = λ1(z)+λ2(z) and y := (3
2 ,−1)> /∈F . Then, we obtain

Hσ (y)=4[(y2 +1)2 +(y1 +2)2] = 4 ·
(
31

2

)2
= 49;

β = Hσ (y)+ζ = 49+51
3 = 541

3 .

Furthermore, we merely compute

∇Hσ (x)=4(2(x1 +2),2(x2 +1))> = 8(x1 +2,x2 +1)>,
∇Hσ (y)=8

(3
2 +2,0

)>
= (28,0)>.
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Finally, choose u =
(4

3 ,−
4
3

)> ∈F , and compute u− y =−
(1

9 ,
1
3

)>
and

β + 〈∇Hσ (y),u− y〉= 54
1
3
+ 〈(28,0)>,

(
−1

9
,−1

3

)>
〉= 54

1
3
−3

1
9
= 51

2
9
.

Thus, in order to verify the principal inequality (4.6) of Theorem 4.1, we need the value of
Gσ (u). Therefore, using the representation (4.13), we get

Gσ (u) = 1
2(u1−4)2 +(u2 +2)2 +4max

{
(u2 +1)2 +(u1 +2)2;

(u1−1)2 +(u1 +2)2;(u2−2)2 +(u2 +1)2 }
= 32

9 + 4
9 +4max

{(
−1

3

)2
+
(10

3

)2
;
(1

3

)2
+
(10

3

)2
;
(
−10

3

)2
+
(
−1

3

)2
}

= 4+4 · 101
9 = 488

9 .

So, we see that Gσ (u) = 488
9 < 512

9 = β + 〈∇Hσ (y),u− y〉.
In other words, the KKT point z = (4

3 ,−
2
3)
> is not a global solution to (4.9) in virtue of

Theorem 4.1. In addition, f0(u) = 4 < f0(z) = 51
3 .

Remember that (see [29, Example 4.3]), the max-merit function

Θ(x,ζ ) := max{ f0(x)−ζ ; f1(x), . . . , fm(x)}

does not distinguish the points z and u. Moreover, the GOCs of Theorems 4.1 and 4.2 in [29]
fail to improve the point z = (4

3 ,−
2
3)
>. On the other hand, the GOCs constructed on the base of

the classical Lagrange function [29, Theorems 5.1, 5.2] helped us conclude that the pair (z,λ ),
(λ = (λ0,λ1,λ2)

> = (1,4,0)>) is not a saddle point of the Lagrange function. Besides, those
GOCs provided the point û =

(4
3 ,0
)>

, which improves the value of the Lagrange function:
L (û,λ )< f0(z) = L (z,λ ), but not the value of the goal function f0(·) to the original problem
(P): f0(u) = 75

9 > 51
3 = f0(z) (see [29, Example 5.2]).

Thus, we see that the cost function Fσ (·) of Problem (Pσ ) has some advantages with respect
to Θ(x,ζ ) and L (x,λ ) (see also [30]).

5. THE LAGRANGE MULTIPLIERS

In this section, we address possible relations between the conditions (4.5)–(4.6) of Theorem
4.1 and the classical optimality conditions [1, 2, 5, 8, 9, 12, 13, 14, 15, 16, 17, 19], in particular,
the KKT theorem for Problem (P).

For this purpose, suppose that a feasible (in Problem (P)) point z (z ∈ F ) satisfies the
conditions (4.5)–(4.6) of Theorem 4.1. First, set y = z in (4.5)–(4.6). Then we immediately
derive that β := Hσ (z)+ζ = Gσ (z).

Further, it follows from (4.6) that

Gσ (x)−Gσ (z)≥ 〈H ′σ (z),x− z〉, ∀x ∈ S,

for each subgradient H ′σ (z) ∈ ∂Hσ (z) (see (4.7)) of Hσ (·) at z. It implies that the point z (satis-
fying (4.5)–(4.6)) is a solution to the linearized (convex) problem

(Pσ L(z)) : Gσ (x)−〈H ′σ (z),x〉 ↓min
x
, x ∈ S,

for every subgradient H ′σ (z) of Hσ (·) at z. Since (Pσ L(z)) is a convex optimization problem, it
is well-known that the following inclusion is the necessary and sufficient optimality condition
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for z to be a solution to (Pσ L(z)):

0n ∈ ∂Gσ (z)−H ′σ (z)+N(z | S).

In addition, taking into consideration the inclusion ∀H ′σ (z) ∈ ∂Hσ (z), we obtain

∂Hσ (z)⊂ ∂Gσ (z)+N(z | S). (5.1)

When S = IRn, the inclusion (5.1) implies that

∂Hσ (z)⊂ ∂Gσ (z), (5.1′)

which is the necessary optimality condition for Problem (Pσ ) with S = IRn [1, 9, 14, 17]. Thus,
the conditions (4.5)–(4.6) of Theorem 4.1 entail the well-known optimality conditions (5.1) and
(5.1′) [19, 1, 15, 14, 2, 12, 13, 8] for Problem (Pσ ).

On the other hand, it is easy to see the drawback of (5.1) and (5.1′), where the function Gσ (·)
is not smooth (see (4.3), while the entries of (P) can be differentiable.

In order to overcome this shortcoming, let us apply Lemma 4.1 from [29] (see also [1, 16, 2]),
according to which Problem (Pσ L(z)) amounts to the following problem (see (4.3) and (4.7)):

g0(x)−〈H ′σ (z),x〉+σγ +2σ ∑
j∈E

t j ↓ min
(x,γ,t)

, x ∈ S,

gi(x)+
j 6=i
∑
j∈I

h j(x)≤ γ, i ∈ I; ∑
j∈I

h j(x)≤ γ, γ ∈ IR;

gk(x)≤ tk, hk(x)≤ tk, k ∈ E , t = (tm+1, . . . , tl)> ∈ IRl−m.

 (5.2)

Note, at first, that problem (5.2) is a convex optimization problem, where the variables are
(x,γ, t) ∈ IRn+1× IRl−m. Secondary, problem (5.2) has only inequality constraints that distin-
guishes it from the original Problem (P).

In addition, if the entries of Problem (P) are smooth, auxiliary problem (5.2) remains
smooth as well. Besides, the number (l−m+ 1) of supplementary variables (γ, tm+1, . . . , tl)
does not exceed (n+1). Otherwise, Problem (P) would be overdetermined or inconsistent.

Finally, it can be readily seen that ∀x ∈ S there exist a number γ = γ(x) ∈ IR and a vector t =
t(x) = (tm+1, . . . , tl)> ∈ IRl−m such that the inequality constraints in (5.2) are strongly satisfied
(i.e., in particular, gk(x) < tk(x), hk(x) < tk(x), k ∈ E ). It means that, in problem (5.2), the
Slater’s condition holds.

Therefore, in the Lagrange function of problem (5.2), we have µ0 = 1 and, besides, the
corresponding KKT-conditions become necessary and sufficient for the tuple (z,γ∗, t∗) to be a
solution to the convex problem (5.2). In particular, the point z, satisfying (4.5)–(4.6), must be
such a solution, since z ∈ Sol(Pσ L(z)).

For simplicity of presentation, we suppose S = IRn. Then the Lagrange function for problem
(5.2) takes the following form

L (x,γ, t; µ1, . . . ,µm,µm+1,ηm+1, . . . ,ηl,νm+1, . . . ,νl)

= g0(x)−〈H ′σ (z),x〉+σγ +2σ ∑
k∈E

tk + ∑
i∈I

µi

[
gi(x)+

j 6=i
∑
j∈I

h j(x)− γ

]
+µm+1

[
∑
j∈I

h j(x)− γ

]
+ ∑

k∈E
ηk(gk(x)− tk)+ ∑

k∈E
νk(hk(x)− tk).

(5.3)
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Then the KKT system for z ∈ Sol(Pσ L(z)), i.e. for (z,γ∗, t∗) ∈ Sol(5.2) with

γ∗ = max
{

∑
i∈I

hi(z);
[
gi(z)+

j 6=i
∑
j∈I

h j(z)
]
, i ∈ I

}
,

tk∗ = max{gk(z);hk(z)}, k ∈ E ;

 (5.4)

can be written as follows. There exists a vector (µ1, . . . ,µm,µm+1,ηm+1, . . . ,ηl, νm+1, . . . ,νl)

∈ IRm+1
+ × IR2(l−m)

+ , such that the linear complementarity conditions hold true:

µi

[
gi(z)+

j 6=i
∑
j∈I

h j(z)− γ∗
]
= 0, µi ≥ 0, i ∈ I;

µm+1

[
∑
j∈I

h j(z)− γ∗
]
= 0, µm+1 ≥ 0,

ηk[gk(z)− tk∗] = 0 = νk[hk(z)− tk∗], ηk ≥ 0, νk ≥ 0, k ∈ E .

 (5.5)

In addition, the following equations take place

∂L (z,γ∗, t∗)
∂γ

= σ −µm+1−∑
i∈I

µi = 0, i.e. µm+1 +∑
i∈I

µi = σ ; (5.6)

∂L (z,γ∗, t∗)
∂ tk

= 2σ −ηk−νk = 0, i.e. ηk +νk = 2σ , k ∈ E . (5.7)

Finally, from the inclusion 0n ∈ ∂xL (z,γ∗, t∗) with the help of the Moreaux-Rockafellar’s theo-
rem, we derive

g′0(z)−H ′σ (z)+µm+1 ∑
i∈I

h′i(z)+ ∑
i∈I

µi
[
g′i(z)+

j 6=i
∑
j∈I

h′j(z)
]

+ ∑
k∈E

ηkg′k(z)+ ∑
k∈E

νkh′k(z) = 0n ∈ IRn,
(5.8)

for some collection of subgradients g′i(z) ∈ ∂gi(z), h′i(z) ∈ ∂hi(z), i ∈ {0}∪ I ∪E , of the cor-
responding functions hi(·), g j(·) at the point z. Further, on account of (4.7) with y = z, we
obtain

H ′σ (z) = h′0(z)+σ

[
∑
i∈I

h′i(z)+ ∑
k∈E

(g′k(z)+h′k(z))
]
. (4.7′)

Then, (5.8) entails the equality

0n = g′0(z)−h′0(z)+(µm+1−σ) ∑
i∈I

h′i(z)+ ∑
i∈I

µi
[
g′i(z)+

j 6=i
∑
j∈I

h′j(z)
]

+ ∑
k∈E

[ηkg′k(z)+νkh′k(z)]−σ ∑
k∈E

[g′k(z)+h′k(z)].
(5.8′)

Furthermore, let us recall that a d.c. function f (·) = g(·)−h(·), where g(·) and h(·) are convex
functions, possesses the directional derivative at any point x ∈ int dom g∩ int dom h.

For our local goals, we need another mathematical object, namely, the difference
g′(x)− h′(x) of two subgradients g′(x) ∈ ∂g(x) and h′(x) ∈ ∂h(x), which will be referred to
as the d.c. subgradient of the function f (·) at a point x and denoted by f ′(x) = g′(x)− h′(x).
Note that in the smooth case from the definition of d.c. subgradient of f (·) it follows the classi-
cal relation with gradients ∇ f (x) = ∇g(x)−∇h(x), so that the new definition is in a harmonic
relation with the classical analysis.
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Now return to the equality (5.8′), which, thanks to (5.6)–(5.7), νk = 2σ−ηk and the definition
of d.c. subgradient can be rewritten in the following form:

0 = f ′0(z)+
(
µm+1 + ∑

i∈I
µi−σ

)
∑
i∈I

h′i(z)+ ∑
i∈I

µi
[
g′i(z)−h′(z)

]
+ ∑

k∈E
(ηk−σ)g′k(z)+ ∑

k∈E
(σ −ηk)h′k(z).

Due to (5.6), the latter equality amounts to the relation

0 = f ′0(z)+∑
i∈I

µi f ′i (z)+ ∑
k∈E

(ηk−σ) f ′k(z), (5.9)

which is clearly the principal equation of the KKT system for the original Problem (P) at the
point z with the Lagrange multipliers λ0 = 1 and λi, i ∈ I∪E , satisfying the condition

λi = µi ≥ 0, i ∈ I, λk = ηk−σ , ηk ≥ 0, k ∈ E . (5.10)

If the entries of Problem (P) are smooth, the KKT equation (5.9) can be naturally transformed
into the classical form [1, 2, 8, 13, 14, 19], where f ′i (z) = ∇ fi(z), i ∈ I∪{0}∪E .

Now, let us show that, in Problem (P), the complementarity conditions with
λi ≥ 0, i ∈ I, are also fulfilled.

Indeed, on account of (5.4) and (5.5), we have

µi

[
gi(z)+

j 6=i

∑
j∈I

h j(z)−max
{
∑
s∈I

hs(z); [gp(z)+
j 6=p

∑
j∈I

h j(z)], p ∈ I
}]

= 0, i ∈ I,

which is equivalent to

µi[ fi(z)−max{0; fp(z), p ∈ I}] = 0, i ∈ I.

Since the point z is feasible in (P), the latter equalities amount to

µi fi(z) = 0, i ∈ I, (5.11)

as was claimed above.
Hence, in the nonconvex Problem (P), the Lagrange multipliers at the point z are com-

pletely defined by the Lagrange multipliers (µ1, . . . ,µm,µm+1,ηm+1, . . . ,ηl, νm+1, . . . ,νl) of the
auxiliary convex problem (5.2) at the point z and the penalty parameter σ > 0.

To sum up, we just proved a rather unexpected result, which at first was difficult to predict.

Proposition 5.1. Let a feasible point z in Problem (P) satisfy the conditions (4.5)–(4.6) of The-
orem 4.1. Then, z is a KKT point in (P) (fulfills (5.9) and (5.11)) with the Lagrange multipliers
λ0 = 1, λi, i ∈ I ∪ E , satisfying (5.6), (5.7), (5.10), where the Lagrange multipliers µi,
i ∈ I, ηk,νk, k ∈ E , are provided by the auxiliary convex problem (5.2).

In addition, we have now the supplementary information about relations between the vectors

λ = (λ1, . . . ,λl)
> ∈ IRl, (µ,η ,ν) ∈ IRm+1

+ × IR2(l−m)
+ ,

and the penalty parameter σ > 0, provided by (5.5)–(5.7)

∑
i∈I

λi ≤ µm+1 +∑
i∈I

µi = σ , ηk +νk = 2σ ∀k ∈ E . (5.12)

It is clear that (5.12) is rather informative and helpful for computational treatment of Problems
(P), (Pσ ), (Pσ L(z)) and (5.2). Nevertheless, there arises a natural question whether we can
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find a triple (y,β ,u) ∈ IR2n+1, satisfying (4.5), that violates the inequality (4.6). The answer is
given by the next result.

Theorem 5.1. Assume that a feasible in Problem (P) point z is not an ε-solution to (P), i.e.,

inf( f0,F )+ ε = V (P)+ ε < ζ := f0(z). (5.13)

In addition, let a vector w ∈ IRn satisfy the following inequality

(H ) : f0(w)> ζ − ε. (5.14)

Then, for any penalty parameter σ > 0, there exists a tuple (y,β ,u), (y,β ) ∈ IRn+1, u ∈F such
that, for every subgradient H ′σ (y) ∈ ∂Hσ (y) of the function Hσ (·) at the point y, the following
conditions take place

(a) Hσ (y) = β −ζ + ε; (b) Gσ (y)≤ β ,
(c) Gσ (u)−β < 〈H ′σ (y),u− y〉.

}
(5.15)

Proof. (A) It follows from (5.13) that there is a feasible in (P) vector u (u ∈ F ) such that
f0(u)+ ε < ζ = f0(z). Indeed, if we had ζ ≤ f0(x)+ ε , ∀x ∈F , i.e., ζ ≤ V (P)+ ε , then we
would get the contradiction to (5.13). Furthermore, thanks to the equalities W (z) = 0 =W (u),
we derive that, for any σ > 0,

Fσ (u)+ ε = f0(u)+ ε < ζ = Fσ (z), or Gσ (u)< Hσ (u)+ζ − ε. (5.16)

Now, define the convex set C ⊂ IRn+1 as follows

C := epi(Hσ (·)+ζ − ε), {(x,γ) | Hσ (x)+ζ − ε ≤ γ}.
Then, (5.16) is equivalent to the relation

(u,Gσ (u)) /∈C. (5.16′)

On the other hand, from z ∈F , and (H )–(5.14), we obtain

Fσ (z)− ε = f0(z)− ε = ζ − ε < f0(w)≤ f0(w)+σW (w) = Fσ (w),
or Fσ (w)> ζ − ε

(5.14′)

which can be rewritten in the form

Gσ (w)> Hσ (w)+ζ − ε. (5.17)

The latter inequality, in turn, amounts to the inclusion

(w,Gσ (w)) ∈ intC = {(x,γ) | Hσ (x)+ζ − ε < γ}. (5.17′)

(B) Now, taking into account the convexity of C = epi[Hσ (·)+ ζ − ε], and also (5.16′) and
(5.17′), it can be readily seen that there exists a vector (y,β ) ∈ IRn+1, which belongs to the open
interval ](u,Gσ (u));(w,Gσ (w))[ ⊂ IRn+1 and to the boundary of C, (y,β ) ∈ bdC = {(x,γ) |
Hσ (x)+ζ − ε = γ}.

In other words, there exists a number α , 0 < α < 1, such that (y,β ) = α(u,Gσ (u))+ (1−
α)(w,Gσ (w)) ∈ bdC. More precisely, we have

y = αu+(1−α)w, β = αGσ (u)+(1−α)Gσ (w) = Hσ (y)+ζ − ε. (5.18)

Hence, (5.15) (a) is proven. Furthermore, with the help of convexity of Gσ (·) and (5.18), we
derive

Gσ (y)≤ αGσ (u)+(1−α)Gσ (w) = β ,
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whence (5.15) (b) follows. Besides, (5.18) can be rewritten in the form

u = α
−1[y− (1−α)w], Gσ (u) = α

−1[β − (1−α)Gσ (w)]. (5.18′)

(C) Suppose now that the inequality (5.15) (c) is not satisfied for some subgradient
H ′σ (y) ∈ ∂Hσ (y) of the convex function Hσ (·) at the point y, i.e., Gσ (u)−β ≥ 〈H ′σ (y),u− y〉.
Then, with the help of (5.18′), we get

0≥ β −Gσ (u)+ 〈H ′σ (y),u− y〉

= β −α
−1[β − (1−α)Gσ (w)]+ 〈H ′σ (y),α−1[y− (1−α)w]− y〉

=
1−α

α
[Gσ (w)−β ]+

1−α

α
〈H ′σ (y),y−w〉.

Finally, using the convexity of Hσ (·), the equality (5.15) (a) (already proven), and also the
assumption (H )–(5.14), we obtain the following chain

0≥ 1−α

α
[Gσ (w)−β +Hσ (y)−Hσ (w)] =

1−α

α
[Fσ (w)−ζ + ε]> 0,

which is impossible. Hence, the conjecture of the part (C) of the proof led us to the absurdity
and, therefore, it is incorrect. Therefore, (5.15) (c) is proven, as well as Theorem 5.1. �

Remark 5.1. According to Remark 4.3, it is sufficient to find only one subgradient H ′σ (y) ∈
∂Hσ (y) violating inequality (4.6) in order to obtain the point u improving the point z in question:
Fσ (u)< Fσ (z). However, Theorem 5.1 states that it is possible to find a triple (y,β ,u) violating
(4.6) for every H ′σ (y) ∈ ∂Hσ (y).

Remark 5.2. It is clear that Theorems 4.1 and 5.1 of this paper generalize the results of The-
orems 1 and 2 from [30], respectively, (see also [29]) for the nonsmooth case and the presence
of d.c. equality constraints. Besides, in Theorem 5.1, the point z is not an ε-solution to (P)
instead of a simple solution as it was in Theorem 2 in [30].

In addition, in Theorem 4.1, the inequality (4.6) takes place for every subgradient H ′σ (y) ∈
∂Hσ (y). As a consequence, the vector z satisfying (4.4)–(4.6) turns out to be a solution to the
linearized problem (Pσ L(z)) for every subgradient H ′σ (y)∈ ∂Hσ (y). This implies, in turn, that
the KKT equation (5.9) has to be satisfied for all H ′σ (z) ∈ ∂Hσ (z) (having the form (4.7′)), i.e.,
the equation

0 = g′0(z)−h′0(z)+∑
i∈I

µi[g′i(z)−h′i(z)])+ ∑
k∈E

(ηk−σ)[g′k(z)−h′k(z)], (5.9′)

must hold for all collections of subgradients h′i(z) ∈ ∂hi(z), i ∈ {0}∪ I, g′k(z) ∈ ∂gk(z), h′k(z) ∈
∂hk(z), k ∈ E .

Remark 5.3. Now let us point out that the penalty parameter σ ≥ 0 plays different roles
in Theorems 4.1 and 5.1. Theorem 4.1 implies that value of penalty parameter should be
greater than the threshold value σ > σ∗ ≥ 0, which provides the equivalence between (P)
and (Pσ ), Sol(P) = Sol(Pσ ).

Meanwhile, in Theorem 5.1, the penalty parameter value can be arbitrary, but should remain
positive: σ > 0. Regardless of that, one can find a triple (y,β ,u) satisfying (5.15) and improving
the current value Fσ (z) of the goal function of the penalized program (Pσ ) in question (see
Remark 4.3). It is very important from the view-point of computational implementations of the
methods based on Theorems 4.1 and 5.1.
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Now, let us demonstrate the effectiveness of the GOCs of Theorems 4.1 and 5.1 by another
example.

Example 5.1. Consider the problem

f0(x) = x2
1−2x2

2 + x2
3 ↓min

x
,x ∈ IR3,

f1(x) = x2
3− x2

1− x2
2 = 0, f2(x) = 4x1x3 = 0, −2≤ x2 ≤ 1.

}
(5.19)

It can be readily seen that the point z = (0,0,0)>, ζ := f0(z) = 0 is a degenerate KKT point
in problem (5.19) since f1(z) = f2(z) = 0 and ∇ f0(z) = ∇ f1(z) = ∇ f2(z) = (0,0,0)>. It is
a difficult task to escape this point with the help of classical optimization methods [1, 14, 2].
However, it is not clear whether the KKT vector z is a global solution to (5.19) or not. In
addition, note that I =∅, E = {1,2}.

Therefore, let us apply Theorems 4.1 and 5.1 to clarify the situation. It is easy to see that
in problem (5.19) we have g0(x) = x2

1 + x2
3, h0(x) = 2x2

2, g1(x) = x2
3, h1(x) = x2

1 + x2
2. In

addition, using the d.c. representation f2(x)= 4x1x3 =(x1+x3)
2−(x1−x3)

2, we obtain g2(x)=
(x1 + x3)

2, h2(x) = (x1− x3)
2.

For simplicity of presentation, we will apply the denotation S = [−2,1] for bounding the
variable x2 ∈ IR, but in the investigation of the linearized problems, we use two inequality
constraints x2 ≤ 1, x2 +2≥ 0.

Hence, according to (4.1)–(4.3), we have

Hσ (x) = h0(x)+σ ∑
j∈E

[g j(x)+h j(x)]

= 2x2
2 +σ [(x2

3 + x2
1 + x2

2)+(x1 + x3)
2 +(x1− x3)

2]
= 2x2

2 +σ [3x2
1 +3x2

3 + x2
2];

(5.20)

Gσ (x) = g0(x)+2σ ∑
j∈E

max{g j(x);h j(x)}

= x2
1 + x2

3 +2σ [max{x2
3;x2

1 + x2
2}+max{(x1 + x3)

2;(x1− x3)
2}].

(5.21)

Set σ := 1, y = (1
6 ,1,

7
6)
> /∈F . Then, we obtain ∇Hσ (x) = (0,4x2,0)>+σ(6x1,2x2,6x3)

> =

6(x1,x2,x3)
>, and ∇Hσ (y) = (1,6,7)>.

In order to find a suitable point u ∈F , we consider the linearized problem

(Pσ L(y)) :
Gσ (x)−〈∇Hσ (y),x〉= x2

1 + x2
3 +2max{x2

3;x2
1 + x2

2}
+2max{(x1 + x3)

2;(x1− x3)
2}−〈(1,6,7)>,x〉 ↓min

x
,

x ∈ IR3, −2≤ x2 ≤ 1.
(5.22)

As above in (5.2), it is clear that problem (5.22) amounts to the following one

x2
1 + x2

3 +2t1 +2t2− x1−6x2−7x3 ↓min
(x,t)

,

x2
3 ≤ t1, x2

1 + x2
2 ≤ t1, t = (t1, t2)> ∈ IR2,

(x1 + x3)
2 ≤ t2, (x1− x3)

2 ≤ t2,
x2 ≤ 1, x2 +2≥ 0, x ∈ IR3.

 (5.22′)
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Besides, as above, it can be readily seen that the Slater condition holds in (5.22′). Further-
more, the solution vector (u, t∗) ∈ IR5 to problem (5.22′) satisfies the complementarity condi-
tions

η1(x2
3− t1) = 0 = ν1(x2

1 + x2
2− t1),

η2
[
(x1 + x3)

2− t2
]
= 0 = ν2

[
(x1− x3)

2− t2
]
,

µ1(x2−1) = 0 = µ2(x2 +2).

 (5.23)

In addition, we have, for t∗ = (t1∗, t2∗)>,

t1∗ = max{u2
3;u2

1 +u2
2 }; t2∗ = max{(u1 +u3)

2;(u1−u3)
2 }. (5.24)

Since the Lagrange function for (5.22′) has the following form

L (x, t;η1,ν1,η2,ν2,µ1,µ2) = x2
1 + x2

3 +2t1 +2t2− x1−6x2−7x3

+η1(x2
3− t1)+ν1(x2

1 + x2
2− t1)+η2

[
(x1 + x3)

2− t2
]

+ν2
[
(x1− x3)

2− t2
]
+µ1(x2−1)−µ2(x2 +2),

(5.25)

((η1,ν1,η2,ν2,µ1,µ2) ∈ IR6
+), then the KKT system is written as follows

∂L (u, t∗)
∂ t1

= 2−η1−ν1 = 0, i.e. η1 +ν1 = 2,

∂L (u, t∗)
∂ t2

= 2−η2−ν2 = 0, i.e. η2 +ν2 = 2;

 (5.26)

(a)
∂L (u, t∗)

∂x1
= 2u1−1+2ν1u1 +2η2(u1 +u3)+2ν2(u1−u3) = 0,

(b)
∂L (u, t∗)

∂x2
=−6+2ν1u2 +µ1−µ2 = 0,

(c)
∂L (u, t∗)

∂x3
= 2u3−7+2η1u3 +2η2(u1 +u3)+2ν2(u3−u1) = 0.


(5.27)

It can be readily seen that the point u = (0,1,1)> satisfies the KKT conditions (5.23), (5.26),
(5.27) with t∗ = (t1∗, t2∗)> = (1,1)> (see (5.24)). Indeed, the equations (5.27) at u = (0,1,1)>

take the form
(a) 2η2−1−2ν2 = 0, or η2−ν2 =

1
2 ,

(b) 2ν1−6+µ1−µ2 = 0,
(c) 2−7+2η1 +2η2 +2ν2 = 0.

 (5.27′)

Then, from (5.27′) (a) we derive η2 = 5
4 , ν2 = 3

4 . Further, from (5.27′) (c) with the help of
(5.26) it follows that 2η1 = 5−2(η2 +ν2) = 1, i.e. η1 =

1
2 , ν1 =

3
2 .

On the other hand, thanks to (5.23), we see that µ2 = µ2(u) = 0.Then (5.27′) (b) provides that
3−6+µ1 = 0, i.e. µ1 = 3. Hence, the vector (u, t∗)> is really a KKT point in (5.22′), and, due
to convexity of problem (5.22′), u is also a solution to (5.22) ((u, t∗)> is a solution to (5.22′)).

Now let us verify whether the principal inequality (4.6) of Theorem 4.1 holds with (y,β ,u)

where β = Hσ (y) + ζ , ζ = f0(z) = 0. First, compute Hσ (y) with y =

(
1
6
,1,

7
6

)
, Hσ (y) =

3(y2
1 + y2

2 + y2
3) = 3

(
1

36
+1+

49
36

)
= 7

1
6
. Since ζ = 0, β = Hσ (y)+ ζ = 7

1
6

. Furthermore,

∇H(y) = (1,6,7)>, (u− y) = (0,1,1)>−
(

1
6
,1,

7
6

)>
=

(
−1

6
,0,−1

6

)>
; 〈∇H(y),(u− y)〉=
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−1
6
− 7

6
= −8

6
= −1

1
3

; β + 〈∇H(y),(u− y)〉 = 7
1
6
− 4

3
= 5

5
6
. On the other hand, it can be

readily calculated that Gσ (u) = u2
1 +u2

3 +2γ∗1 +2γ∗2 = 1+4 = 5.

Therefore, we have Gσ (u) = 5 < 5
5
6
= β + 〈∇H(y),(u− y)〉.

Hence, the principal inequality (4.6) of Theorem 4.1 is violated. As a consequence, the
degenerate KKT point z = (0,0,0)> is not a global solution to problem (5.19).

Moreover, by solving the linearized problem (PL(y)) with the infeasible point y=
(

1
6
,1,

7
6

)>
(but satisfying the equation (4.5)), we constructed the feasible in (5.19) point u = (0,1,1)>,
which is better than z, since f0(u) =−1 < ζ0 = f0(z) = 0.

Furthermore, it can be readily seen, as above, that the point u = (0,1,1)> is also a KKT
point in the original problem (5.19), but not a global solution to (5.19). Moreover, we can show
this fact by repeating the same procedure of finding another pair (y1,β1), such that Hσ (y1) =
β1 − ζ1, where ζ1 := f0(u) = f0(z1) = −1, z1 := u, and by solving the linearized problem
(PL1) := (PL(y1)), which provides the point u1 such that

f0(u1) =: ζ2 < ζ1 = f0(u) = f0(z1).

So, the procedure described above provides us a hint on how to construct one of the simplest
global search procedures which is able to escape stationary points and local solutions in non-
convex Problem (P).

6. SUFFICIENT OPTIMALITY CONDITIONS

Now, we turn to the question of when the conditions (4.5)− (4.6) of Theorem 4.1 become
sufficient for a feasible point to be a global solution to nonconvex Problem (P).

Theorem 6.1. Suppose that, in Problem (P), for a feasible point z, ζ := f0(z), the condition
(H )–(5.14) is fulfilled. In addition, let some penalty parameter σ > 0 be given. Finally, assume
that, for every pair (y,β ) ∈ IRn× IR satisfying the relation

(a) Hσ (y) = β −ζ + ε, (b) Gσ (y)≤ β , (6.1)

there is a subgradient H ′σ (y) ∈ ∂Hσ (y) of the function Hσ (·) at y such that the following in-
equality holds

Gσ (x)−β ≥ 〈H ′σ (y),x− y〉 ∀x ∈ S. (6.2)

Then, the point z ∈ F turns out to be an ε-global solution to Problem (Pσ ) as well as to
Problem (P).

Remark 6.1. Recall that the third assumption of Theorem 6.1, according to (4.7), can be pre-
cised as follows. For every pair (y,β ) satisfying (6.1) (a) (b), there exists only one collection
of subgradients h′i(y) ∈ ∂hi(y), i ∈ {0}∪ I∪E , and g′j(y) ∈ ∂g j(y), j ∈ E , of the corresponding
functions hi(·) and g j(·) at the point y such that the following inequality holds

Gσ (x)−β ≥ 〈h′0(y)+σ

[
∑
i∈I

h′i(y)+ ∑
j∈E

(g′j(y)+h′j(y))
]
,x− y〉 ∀x ∈ S. (6.2′)
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Proof. (A) Suppose that, despite of the assertion of Theorem 6.1, we found a vector u ∈ S such
that Fσ (u)+ε <Fσ (z), regardless of the fact that the conditions (6.1)–(6.2) are satisfied. Further
on, the proof coincides with the proof of Theorem 5.1 till the part (C).

(C) Since the pair (y,β ) ∈ IRn+1 (constructed in the same way as in parts (A) and (B) of the
proof of Theorem 5.1) satisfies the conditions (6.1) (a) and (b), and besides, u∈ S, the inequality
(6.2) must hold with u, i.e., 0≥ β −Gσ (u)+ 〈H ′σ (y),u− y〉.

As in the proof on Theorem 5.1, the latter inequality, with the help of the presentation (5.18′),
leads us to the absurdity

0≥ α
−1(1−α)[Fσ (w)−ζ + ε]> 0.

Hence, the conjecture made in the beginning of part (A) is incorrect. As a consequence, we
obtain

Fσ (z)≤ Fσ (x)+ ε ∀x ∈ S.

It means that the point z is an ε-solution to (Pσ ). Finally, since z ∈F , we have

f0(z) = Fσ (z)≤ Fσ (x)+ ε = f0(x)+ ε ∀x ∈F ,

so that z is also an ε-solution to (P). �

Remark 6.2. Recall (see Remark 6 in [30]) that, in Theorem 6.1, the value of penalty parameter
σ > 0 is not precise, but fixed. Nevertheless, according to the assumptions of Theorem 6.1, the
point z is feasible, so that the value σ > 0 must be sufficiently large to ensure the feasibility
of z. On the other hand, the inequality (6.2) is satisfied for only one subgradient H ′σ (y) ∈
∂Hσ (y). This is different to Theorems 4.1 and 5.1, where the corresponding inequalities are
fulfilled for all H ′σ (y) in the subdifferential ∂Hσ (y). Thus, Theorem 6.1 provides better options
for constructing numerical methods capable of escaping local pitfalls and stationary points in
Problem (P).

Remark 6.3. It is worth noting that, similar to Remarks 3, 5 and 7 in [30], one can conclude
that, from the view-point of the optimization theory [1, 2, 5, 6, 7, 8, 12, 13, 14, 15, 16, 17, 19]
Theorems 4.1, 5.1, and 6.1 look considerably better and are more relevant than the correspond-
ing results from [29, 30]. This is because these theorems are closer to the original Problem (P)
dealing, for instance, with a feasible (in (P)) point z that can be a solution to (Pσ ), as well as
to (P).

Meanwhile, in [29], we investigated the case when the pair (z,λ ) ∈ S× IRm
+ can be a saddle

point for L (x,µ) = f0 + ∑
i∈I

λi fi(x) on S× IRm
+, that entails z ∈ Sol(P). It often happens that a

saddle point does not exist, while an ε-solution always does (see example 5.3 in [29]).
Hence, not all questions have been answered, but, apparently, Theorems 4.1, 5.1, and 6.1 pro-

vide a starting point and initiate the development of new algorithms of nonconvex optimization,
as it was done, for instance, in [9, 18, 27, 28, 44, 45, 46].

Now let us demonstrate the effectiveness of the GOCs of Theorems 4.1–6.1 using the follow-
ing example.
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Example 6.1. Here we address a well-known combinatorial problem, the so-called Channel
Communication Problem (ChCP)(x ∈ IRn)[19] in its continuous form

f0(x) :=−
n
∑

i=1
cix2

i ↓min
x
, x ∈ IRn,

fi(x) = x2
i − xi = 0, i ∈ E = {1, . . . ,n},

fi j(x) := xix j = 0, (i, j) ∈ Γ⊂Ω.

 (6.3)

Let us consider the case, where n = 3, Γ = {(1,2),(2,3)}, Ω = {(1,2),(1,3),(2,3)}, c =
(1,3,3)> ∈ IR3, and

fi(x) = x2
i − xi = 0, i = 1,2,3,

f4(x) = 2x1x2 = 0, f5(x) = 2x2x3 = 0.

}
(6.4)

It is clear, that f0(x) = g0(x)−h0(x), where

g0(x)≡ 0, h0(x) = x2
1 +3x2

2 +3x2
3. (6.5)

For i = 1,2,3, we use the following d.c. representation

fi(x)
4
= x2

i − xi = (2x2
i − xi)− x2

i ,
gi(x) := 2x2

i − xi, hi(x) := x2
i , i = 1,2,3.

}
(6.6)

In addition, for i = 4,5, we employ the d.c. decomposition as follows

f4(x)
4
= 2x1x2 = (x1 + x2)

2− (x2
1 + x2

2),

f5(x)
4
= 2x2x3 = (x2 + x3)

2− (x2
2 + x2

3);

}
(6.7)

g4(x) = (x1 + x2)
2,h4(x) = x2

1 + x2
2,g5(x) = (x2 + x3)

2,h5(x) = x2
2 + x2

3. (6.7′)

Furthermore, since | fk(x)| = max{ fk(x);− fk(x)} = |gk(x)− hk(x)| = max{gk(x)− hk(x);
hk(x)−gk(x)}= 2max{gk(x);hk(x)}− [gk(x)+hk(x)], k = 1, . . . ,5, it can be readily seen that
(6.6) entails

| fi(x)|= 2max{2x2
i − xi;x2

i }− (3x2
i − xi), i = 1,2,3. (6.8)

Besides, for f4(·) and f5(·), thanks to (6.7), (6.7′), we got

| f4(x)|= 2max{(x1 + x2)
2;x2

1 + x2
2}− [(x1 + x2)

2 + x2
1 + x2

2],
| f5(x)|= 2max{(x2 + x3)

2;x2
2 + x2

3}− [(x2 + x3)
2 + x2

2 + x2
3].

}
(6.9)

Now, let us build the penalized cost function

Fσ (x) := f0(x)+σ
5
∑

i=1
| f1(x)|= Gσ (x)−Hσ (x)

=−
3
∑

i=1
cix2

i +σ

{
3
∑

i=1

[
2max{2x2

i − xi;x2
i }− (3x2

i − xi)
]

+2max{(x1 + x2)
2;x2

1 + x2
2}−2[x2

1 + x2
2 + x1x2]

+2max{(x2 + x3)
2;x2

2 + x2
3}−2[x2

2 + x2
3 + x2x3] } .

(6.10)

According to (6.10), we obtain

Hσ (x) :=
3
∑

i=1
cix2

i +σ

{
3
∑

i=1
(3x2

i − xi)+(x1 + x2)
2+ x2

1 + x2
2

+(x2 + x3)
2 + x2

2 + x2
3
}
.

(6.11)
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Gσ (x) := 2σ

[
3
∑

i=1
max{2x2

i − xi;x2
i }+max{(x1 + x2)

2;x2
1 + x2

2}

+ max{(x2 + x3)
2;x2

2 + x2
3}
]
.

(6.12)

It can be readily seen that Hσ (·) can be transformed as follows

Hσ (x) = x2
1 +3x2

2 +3x2
3 +σ

[
5x2

1 +7x2
2 +5x2

3− x1− x2− x3
+ 2x1x2 +2x2x3] ,

(6.13)

and, besides, the gradient ∇Hσ (x) has the form

∇Hσ (x) =

 2x1 +10σx1−σ +2σx2
6x2 +14σx2−σ +2σx1 +2σx3

6x3 +10σx3−σ +2σx2

 . (6.14)

(a) Let us now show that the worst feasible in (6.3) point z0 = (0,0,0)> is, nonetheless, the
degenerate KKT point to the ChCP (n = 3). Indeed, it is easy to see that z0 is feasible in ChCP
(n = 3) and ζ0 := f0(z0) = 0.

Furthermore, since ∇ f1(x) = (2x1 − 1,0,0)>, ∇ f2(x) = (0,2x2 − 1,0)>, ∇ f3(x) =
(0,0,2x3−1)>,∇ f4(x) = (2x2,2x1,0)>, ∇ f5(x) = (0,2x3,2x2)

>, it is clear that ∇ fi(z0) =−ei,
i = 1,2,3, ∇ f0(z0) = (0,0,0)> = ∇ f4(z0) = ∇ f5(z0). Therefore, the KKT equation

λ0∇ f0(z0)+
3

∑
i=1

λi∇ fi(z0)+λ4∇ f4(z0)+λ5∇ f5(z0) = 03

holds at the vector z0 with λi = 0, i = 1,2,3 and λ0 = 1 = λ4 = λ5.
Passing ahead of the regularity conditions (CQ), let us find out if we can escape this pitfall

with the help of Theorem 4.1 and 5.1.
(b) Set σ := 1 and consider the convex linearized (at y ∈ IR3) problem

(PL(y)) : Gσ (x)−〈∇Hσ (y),x〉 ↓min
x
, x ∈ IR3.

On account of (6.12), we have the problem

2
[

3
∑

i=1
max{2x2

i − xi;x2
i }+max{(x1 + x2)

2;x2
1 + x2

2}

+ max{(x2 + x3)
2;x2

2 + x2
3}
]
−〈∇Hσ (y),x〉 ↓min

x
, x ∈ IR3.

(6.15)

Thanks to Lemma 4.1 from [29], the problem (6.15) amounts to the following one

2
5
∑
j=1

t j−〈∇Hσ (y),x〉 ↓min
(x,t)

, x ∈ IR3, t ∈ IR5,

2x2
i − xi ≤ ti, x2

i ≤ ti, i = 1,2,3,
(x1 + x2)

2 ≤ t4, x2
1 + x2

2 ≤ t4,
(x2 + x3)

2 ≤ t5, x2
2 + x2

3 ≤ t5.

 (6.15′)

It is worth noting that in (6.15′) we have only the inequality constraints, meanwhile in the
original statement (6.3) includes only the equality constraints. Moreover, the problem (6.15′)
is a convex optimization problem, in which, as shown above in the comments that follow (4.8),
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the Slater condition holds and, therefore, the Lagrange function for (6.15′) takes the form

L (x, t) = 2
5
∑
j=1

t j−〈∇Hσ (y),x〉+
3
∑

i=1
[ηi(2x2

i − xi− ti)+νi(x2
i − ti)]+

+η4[(x1 + x2)
2− t4]+ν4(x2

1 + x2
2− t4)+

+η5[(x2 + x3)
2− t5]+ν5(x2

2 + x2
3− t5).

(6.16)

Whence, due to the KKT equations, we derive

∂L (x, t)
∂ t j

= 2−η j−ν j = 0, i.e. η j +ν j = 2, η j ≥ 0, ν j ≥ 0, j = 1, . . . ,5. (6.17)

Moreover, employing the denotations ∇Hσ (y) = (A(y),B(y),C(y))>, we have

∂L (x, t)
∂x1

=−A(y)+η1(4x1−1)+2ν1x1 +2η4(x1 + x2)+2ν4x1 = 0; (6.18)

∂L (x, t)
∂x2

=−B(y)+η2(4x2−1)+2ν2x2 +2η4(x1 + x2)+2ν4x2+

+2η5(x2 + x3)+2ν5x2 = 0;
(6.19)

∂L (x, t)
∂x3

=−C(y)+η3(4x3−1)+2ν3x3 +2η5(x2 + x3)+2ν5x3 = 0. (6.20)

(c) Now let us choose y := (
5
6
,0,

5
8
), which is infeasible in the ChCP (n = 3), and compute

∇Hσ (y). From (6.14) with σ = 1, it follows

∇Hσ (y) =

 12y1 +2y2−1
2y1 +20y2 +2y3−1
2y2 +16y3−1

=

(
9,

23
12

,9
)>

, (6.21)

so that in (6.18)− (6.20) we have A(y) =C(y) = 9, B(y) = 23
12 .

Let us show that the vector u=(1,0,1)>, which is feasible in the ChCP (6.3) (n= 3), satisfies
the KKT system (6.18)–(6.20). Then, the pair (u, t∗), t∗ = (t1∗, . . . , t j∗, . . . , t5∗)> ∈ IR5 would be
a solution to the auxiliary problem (6.15′), i.e., the vector u would be a solution to the linearized
problem (6.15).

Indeed, from (6.18), it follows (x = u) 9 = η1(4u1− 1)+ 2ν1u1 + 2η4(u1 + u2)+ 2ν4u1 =
3η1 + 2ν1 + 2(η4 + ν4) = η1 + 2(η1 + ν1)+ 2(η4 + ν4), whence, thanks to (6.17), we derive
9 = η1 +8, η1 = ν1 = 1.

Similarly, using (6.20) and (6.17), we get

9 = 3η3 +2ν3 +2(η5 +ν5), i.e. 9 = η3 +8, η3 = ν3 = 1.

On the other hand, it follows from (6.19) with x = u that

23
12

= 2(η4 +η5)−η2, (η2,ν2,η4,ν4,η5,ν5) ∈ IR6
+,

which can be satisfied together with (6.17) by a family of the Lagrange multipliers
(η ,ν) ∈ int IR8

+. Hence, the vector u = (1,0,1)> is really a solution to the convex linearized
problem (PL(y))− (6.15).
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(d) Finally, let us verify the principal inequality (4.6) of the GOCs of Theorem 4.1 at the tuple
(y,β ,u). To do it, calculate the number β = Hσ (y)+ζ0. Using (6.13), we compute

Hσ (y) = 6y2
1 +8y2

3− y1− y3 = 6
(

5
6

)2

+8
(

5
8

)2

− 5
6
− 5

8
=

10
3
+

5
2
= 5

5
6
.

Since ζ0 = f0(z0) = 0, we get β = Hσ (y) = 5
5
6

. Further, with the help of (6.16), we obtain

u− y =
(

1
6

;0;
3
8

)>
,〈∇Hσ (y),u− y〉= 9

(
1
6
+

3
8

)
= 1

1
2
+3

3
8
= 4

7
8
.

Thus, β + 〈∇Hσ (y),u− y〉 = 55
6 + 47

8 = 1017
24 , meanwhile, by virtue of (6.12), Gσ (u) =

2
[
2max{2− 1;1}+ 2max{1;1}

]
= 8. Finally, we see that the principal inequality (4.6) of

Theorem 4.1 is violated

Gσ (u) = 8 < 10
17
24

= β + 〈∇Hσ (y),u− y〉.

Hence, in virtue of Theorem 4.1, the point z0 = (0,0,0)> can not be a solution to ChCP
(n = 3). In addition, by solving the convex linearized problem (PL(y))–(6.15), we produced
a feasible in ChCP (6.3) (n = 3) point u = (1,0,1)>, which is better than z0, because f0(z0) =
0 >−4 = f0(u).

We can verify that u∈ Sol(ChCP) (n= 3). Hence, we arrive at the conclusion that by applying
the GOCs of Theorem 4.1 we escaped the worst feasible vector z0 and also jumped right to
the global solution u. And it was done in the integer combinatorial problem — the Channel
Communication Problem.

7. CONCLUSION

In this paper, we continued the investigations started in [4, 10, 11, 17]. We investigated the
nonconvex nonsmooth Problem (P) with equality and inequality constraints given by d.c. func-
tions. This problem extends the smooth statements with only inequality constraints considered
before [29, 30].

The principal objectives of the paper were the Global Optimality Conditions (GOCs). How-
ever, before obtaining them, we managed to use the exact penalty procedure proposed in [36, 38]
to perform reduction of the original problem to a d.c. minimization problem without equality
and inequality constraints.

Only after that it became possible to develop the GOCs which reduce the nonconvex pe-
nalized problem to a family of convex (linearized) problems. It is worth noticing that the lin-
earization was applied to the function which accumulates all the nonconvexities of the original
Problem (P).

Moreover, it was shown that the GOCs are connected with the KKT theorem, and, conse-
quently, with the Classical Optimization Theory.

In addition, the GOCs possess the so-called constructive (algorithmic) property which allows
one to escape local pitfalls provided, for instance, by the classical [1, 2, 19] and the special
[3, 4, 5] Optimization Methods. This property was effectively demonstrated by examples.



ON GLOBAL OPTIMALITY CONDITIONS FOR D.C. MINIMIZATION PROBLEMS... 195

We also obtained a rather unexpected result on the Lagrange multipliers provided by the
linearized (at the point z in question) problem, which turned out to be the Lagrange multipliers
for the point z in the original Problem (P).

To sum up, we developed new mathematical tools that help not only to escape local and
stationary pitfalls, but also to reach a global solution in nonconvex optimization problems with
equality and inequality constraints defined by continuous functions.
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