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STRONG CONVERGENCE OF A MODIFIED INERTIAL FORWARD-BACKWARD
SPLITTING ALGORITHM FOR A INCLUSION PROBLEM
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Abstract. The aim of this paper is to introduce a new inertial-like forward-backward splitting algorithm for solving
a maximal monotone inclusion problem. A strong convergence theorem is established in the setting of real Hilbert
spaces. A numerical example is also provided to support our main result.
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1. INTRODUCTION

A fundamental and classical problem in nonlinear functional analysis and optimization is to find a zero
point of a maximal monotone mapping G, that is,

find x € H such that 0 € G(x). (1.1)

This problem finds a number of important real-world applications in scientific fields, such as, image
reconstructions, computer visions, the machine learning and the signal processing; see, e.g., [3, 29, 31]
and the references therein. The celebrated Proximal Point Algorithm (PPA), which was first studied
by Martinet [14, 15] and Rockafellar [21, 22], is one of classical methods to solve the above inclusion
problem. Problem (1.1) includes, as special cases, equilibrium problems, convex-concave saddle-point
problems, non-smooth variational inequalities, split feasibility problems and so on [4, 6, 23].

The framework of this paper is a real Hilbert space. From now on, we always assume that H is
a real Hilbert space, and its inner product and norm are denoted by (-,-) and || - ||, respectively. Let
C be a convex and closed nonempty set in space H. Let G : H = H be a set-valued mapping with
dom G = {x € H : G(x) # 0}. G is said to be maximal monotone if and only if G is monotone, i.c.,
(x—x,y—y) >0, forall ye G(x),y € G(x), and its graph, denoted by gphG := {(x,y) € H x H |y €
G(x)}, is not properly contained in the graph of any other monotone mapping on H. On the other hand,
one knows that every monotone continuous mapping is maximal. The theory of maximal monotone
operators has been well studied by Minty, Moreau and Rockafellar [16, 17, 21].

One of celebrated examples of set-valued maximal monotone mappings is the subdifferential of proper,
convex, and closed functions. The subdifferential, dg, of a proper, convex, and closed function g : H
(—o0,00] is defined by

dg(x) :={x" e H: (X —x,x") < g(x')—g(x),vX € H}, Vx€H.
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It is known that the inclusion problem of operator dg(x) is equivalent to the minimization problem of
function g(x), that is, 0 € dg(v) if and only if g(v) = minyey g(x). Let N¢ be the normal cone operator
defined by

Ne(x)={y€H: (yx —x) <0 forall x € C}

for each x € C and is empty if otherwise. Let G be a continuous single-valued maximal monotone
mapping defined on C. It follows that x € C satisfies the variational inequality of (Gx,xl —x) >0 for all
x € Cif and only if 0 € N¢(x) + Gx.

The interdisciplinary nature of problem (1.1) is evident through a vast literature which includes a large
body of mathematical and algorithmic developments; see, for instance, [1, 2] and the references therein.

(1) When G = Vg is the gradient of a differentiable convex function g. The most simple method to
solve (1.1) is to apply the following iterative scheme. For any point xy € C, the sequence (x,),>0 can be
defined as x, 11 = (I — 1,G)xy, Vn € N, where the step size parameter {7, } is chosen according to a rule
that guarantees the weak convergence of the algorithm. 7 — 7,G is the so-called forward operator. The
above scheme is nothing else than the classical steepest descend method.

(i1)) When G is a general maximal monotone mapping. A classical method for solving (1.1) is the
proximal point algorithm, which can be traced back to the early works in [19, 22]. Starting with any
point xo € C, a sequence (x,),>0 C H can be defined as x,.1 = (I +%G) ' (x,), Vn € N, where 7, > 0
is a regularization parameter, see [18]. (I+7,G)~! is the so-called resolvent operator. In the context of
algorithms, the resolvent operator is often referred as the backward operator. In addition, Rockafellar
[22] has shown that the sequence (x,),>0 generated by the proximal point algorithm weakly converges to
a point x* such that 0 € G(x*). Quite often, the evaluation of the resolvent operator, which is an inverse
problem, is too difficult to solve problem (1.1). This limits the practicability of the proximal point
algorithm. Aiming at this, Rockafellar [22] proved that this algorithm still has a weakly convergence
by using the inexact evaluation of the resolvent operator. The evaluation error has to satisfy a certain
summability condition which essentially implies that the resolvent operator has to be computed with the
increasing accuracy. In fact, this is still somewhat limiting due to the error of the resolvent operator is
often hard to control in practice.

A favorable situation occurs when the operator G can be written as the sum of two maximal monotone
operators, i.e., G = A+ B, such that (I + aA)~! or (I+ aB)~! is much easier to compute than the full
resolvent (I 4+ aG)~!. In general, by combining the resolvent operator with respect to A or B in a certain
way, one might be able to mimic the effect of the full proximal step based on G. Motivated by the
proximal point method and the steepest decent method, Lions and Mercier [11] proposed the forward-
backward splitting method in the case of G = A + B. It is based on the recursive application of an explicit
forward step with respect to B, followed by an implicit backward step with respect to A. The algorithm
takes the following form:

Algorithm 1.1

Input: initial data: xq;iterative stepsize: (%);>0.
Output: Output x

1: Setn <« 1.

2: Initialize the data xo,x; € H.

3: while not converged do

Xni1 = (I + YnA)il(xn — YuBxn).
4: end while
5: return x = x,
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Basically, A is maximal monotone and B is single valued and L-Lipschitz continuous, i.e., Bx —
Bx|| < L|x —x]||,(x,x € H). If, in addition, B is the gradient of a smooth convex function, the situation
becomes much more beneficial. This method was recently extensively analyzed and further studied, see
[7, 10, 24, 28] and references therein. Of course, the problem decomposition is not the only consideration,
the convergence rate is another.

In 1964, Polyak [19] introduced a heavy-ball technique in the context of optimization problems. In
the context of algorithms, it is often referred as the inertial extrapolation. It involves two iterative steps
and the second one is defined based on the previous two iterates. Recently, the inertial extrapolation,
which has been intensively investigated, is viewed as an acceleration procedure of speeding up the rate of
convergence; see, e.g., [13, 20, 25, 27, 32]. Some authors constructed fast iterative algorithms by using
the inertial extrapolation, including inertial proximal algorithms, inertial forward-backward algorithms,
inertial forward-backward splitting algorithms, and so on; see [9, 26] and the references therein. On the
other hand, the heavy-ball method can also be interpreted as an explicit finite difference discretization of
the two-order time dynamical system. To motivate the so-called the inertial forward backward splitting
algorithm, we consider the following regularized dynamic system

My gy (x(2)) +X(t) +1(2)%(t) = 0. (1.2)

where A : H = H and B: H =% H are maximal monotone operators, and My p ;) : H = H is the operator
defined by

My g y(x) = (r— (x4 YA(X;) (x—¥B(x))) .

There is classical trick to replace the inclusion 0 € (A + B)(x) with a regular equation My g 4 (x) = 0.
Indeed, for any y > 0, we have the equivalences

0c(A+B)(x) & x—(x+7A(x) H(x—yB(x)) =0 & My gy (x) = 0.

It comes naturally by discretizing (1.2) explicitly with a time step s, > 0. Denote #; = Zf-‘zl hi, 4 =1(t),
Y = Y(tx) and x; = x(f;). An explicit finite-difference scheme for (1.2) with centered second-order
variations gives that

1 4%

) (X1 — 20 + 1) + I (X% — Xk—1) +Ma gy (k) =0, (1.3)
k

where yy 1s a point belonging to the line passing through x;_; and x;. The above equality can be rewritten

as
2

— h? h
i (0 = ) (s —5) 50 £+ 54) ™ 0= 1BOw). (1.4)

Xk+1 =
Set . = h,% and oy = 1 — 1;hi. Using the classical Nesterov extrapolation choice for y;, one has

Yk = O (X — Xp—1) +x¢
which, together with (1.4), yields that

Xep1 = ([+%A) " (e — nBOK))-

where {}; } is a step-size parameter. The extrapolation term o (x; —x;_1) is intended to speed up the rate
of convergence. Therefore, this dynamical approach leads to a special case of the forward-backward al-
gorithm of inertial type. An alternative modification to the inertial forward-backward splitting algorithm
is the following algorithm proposed by Lorzenz and Pock [12]. The algorithm weakly converges to a zero
of the sum of two maximal monotone operators with one of two operators being L-Lipschitz continuous
and single valued. The scheme is as follows:
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Algorithm 1.2

Input: initial data: xo; iterative stepsizes: (0;);>0, (¥;)i>o0-
Output: Output x
1: Setk+ 1.
2: Initialize the data xg,x; € H.
3: while not converged do
Yk = Xk + 0 (X — X5—1),
X1 = (M +%A)" (M —¥B) ().
4: end while
5: return x = x;,

where M is a linear self-adjoint positive definite mapping, ¥ is a step-size parameter and oy € [0, 1) is an
extrapolation factor.

For all x € H, there exists a unique nearest point in C, denoted by Pcx, such that ||x — Pex|| = inf{|jx —
y|l : ¥y € C}. Then P is called the metric projection of H onto C. It is known that the projection operator
can be characterized by

(1) ||PCX_PCy|| < ||)C—y||, Vx,y € H;

(ii) (x — Pcx,y — Pcx) <0, Vx € H,y € C.

Among first-order methods, there have always been some trade-off between methods with variable
stepsizes and ones with fixed stepsizes. These methods with fixed stepsizes require less computation per
iteration, however, very often they require to know much more information, for example, the Lipschitz
constant of mappings, see [12]. Usually, we can estimate the Lipschitz constant from the above. However,
this estimation is often quite conservative and the method will use tiny steps.

In [28], Tseng described the modified forward-backward splitting method with the Lipschitz constant
unknown. Let X C domA be a convex closed set with the restriction that X N (A + B)~1(0) # 0. The
scheme is stated as follows:

Algorithm 1.3

Input: initial data: xo; iterative stepsize: (7%);>o-
Output: Output x
1: Setn <+ 1.
2: Initialize the data xg,x; € H.
3: while not converged do
o= (I+1A) ™ (X0 — TaBon),
Xnt1 = Px (Xn - ’Yn(A(XfJ _A(xn)))'
4: end while
5: return x = x,

where B is single-valued, A is a set-valued and {,} satisfies an Armijo-Goldstein-type stepsize rule.
Specifically, {7,} is chosen to be the largest y € {p,pc,pc?,---} such that y||Az, — Ay,|| < Kl|zn — Yal-
It was shown that, under certain conditions on k, p and o, the algorithm converges weakly to an element
of (B+A)~1(0). This method seems to be simple and the search procedure is inexpensive and flexible.
We note that variable stepsizes run some search procedures by using the Armijo-Goldstein-type stepsize
rule, which aims to find an appropriate stepsize in each iteration. This method often allows to use a larger
step than what is predicted by the Lipschitz constant. It uses variable and nonmonotone stepsizes to avoid
the modulus of A or B or the Lipschitz constant of B.
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Unfortunately, those methods are only known to be weakly convergent in the setting of Hilbert spaces.
In many disciplines, problems always arises in infinite dimensional spaces. For these problems, strong
convergence, that is, norm convergence, is often much more desirable than weak convergence (con-
vergence in weak topology). The natural question that arises is how to construct an algorithm which
guarantees the norm convergence in the setting of infinite dimensional real Hilbert spaces. To answer this
question, Takahashi, Takeuchi and Kubota [33] introduced the following shrinking projection algorithm

Algorithm 1.4

Input: initial data: xo; iterative stepsize: (4;);>o.
Output: Output x
1: Setn<+ 1.
2: Initialize the data xg,x; € H.
3: while not converged do
Zn = Apxn+ (1 = A) Txy,
Cor1 ={w e Gtz —wl| < [lxn —wl},
Xnt1 = Fe,,, (x0)-
4: end while
5: return x = x|

where T : H — H is a nonexpansive mapping, i.e., 1-Lipschitz continuous. They proved that the sequence
{x,} generated above converges strongly to an element of the variational inequality solution set. Note that
the shrinking projection method is essentially important for proving the strongly convergence in many
cases.

In this paper, motivated by the mentioned works in literature, and the ongoing research in these di-
rections, we propose a modified inertial forward-backward splitting algorithm with the Armijo-like step
size rule for finding a common zero point of the sum of two families of maximal monotone mappings.
A norm convergence theorem is established by using the shrinking projection method. This algorithm
is based on the inertial method and the Tseng’s splitting method. Finally, we give a numerical example
to illustrate the performance of the proposed algorithm within the framework of the signal processing
problem.

In order to prove our main result, we need the following lemmas.

Lemma 1.1. [28] Let H be a real Hilbert space and let S : H = H be a maximal monotone mapping.
Let {x,} be a bounded sequence in H converging weakly to some x, and let {w,} be a sequence in H
converging strongly to some w. If w, € S(x,) for all n, then w € S(x).

Lemma 1.2. [8] Let H be a real Hilbert space and let {x,} be a vector sequence in H. ||x,|| — ||x|| and
xp — x imply that {x,} converges to x in norm as n — oo

Lemma 1.3. [30] Let {a,} be a sequence of nonnegative real numbers and let {b,} be a sequence of real
numbers. Let {a, } be a sequence of real numbers in (0,1) such that }._, 0, = oo. Assume that

ant1 < by + (1 —ay)ay, Yn > 1.
If limsup,,_,.. b, <0, then lim,_,c.a, = 0.
2. MAIN RESULTS

First, we give our algorithm for our inclusion problem involving two family of maximal monotone
operators {A1,As,--- Ay} and {By,By,--- ,By}, where M is some positive integer.
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Algorithm 2.1 Shrinking inertial splitting algorithm with Armijo-like step (SISA)

Input: initial data: xo,u € H,x; = Pc,u; algorithm parameters: (@;)i>0,p, 0, K.
Output: Output x

1: Setn<+ 1.

2: Initialize the data xg,x; € H.

3: while not converged do

Yn :xn+an(xn _xnfl)a
4: form=1,2,--- Mdo

2nm = I+ YomAm) ™' On = YamBm¥n), 2.1)
where?, », is chosen to be the largest y € {p,po, po?2,--- }such that

YIBmyn — Bmznml| < Kllyn —znml, (2.2)

Wnm = Znm = Ya(Bm(2nm) = Bm(Vn)), (2.3)

5: end for
Wy = A%{Z%:lwmm,
Coi1={weC,: ||wn—wl||* < ||lx0—w||> + 204 (X0 — W, X, — X,_1),
‘Hx;%Hxn —Xn—1 ||2 —(1- KZ)AL/I %:1 [ _Zn,mHZ} (2.4)
Xnt1 = Pc,  u. (2.5)

6: end while
7: return x = x|

The following assumptions will be used for the convergence analysis of the above algorithm.

(a) The solution set A = _,(A,, + B,,)~'(0) is nonempty.
(b) The mappings A,, : H = H and B,, : H =% H are maximal monotone with B,, being Lipschitz contin-
uous and single-valued on dom B,, D domA,,, where m =1,2,--- M.

Remark 2.1. From (2.4), one has
i = X1 < {6 — x| 420, (6 — 2,30 = X1} + 0 [0 — X1 [|P = (1 = &) lyn —zall>,  x€GCy,
which is equivalent to
20,y = wn) < [|yall* = [[wall* = 201 = &2)[[yn — zal|*.

This shows that the set C,, | defined in algorithm (SISA) is a half space. As a result, the nearest point
projection Fg,,, has a closed form expression, which can be easily computed.

Lemma 2.1. Let m € {1,2,---,r}. If By, is Lipschitz continuous on domB,, D domA,, with constant
L, > 0, then Y, is well defined for all n, and the Armijo-like search rule (2.2) always terminates and

min{p,?} < Yo < P-

Proof. Tt follows from the Lipschitz continuity of B,,, we have that || By, (yn) — B (znm) || < Linl|yn — zaml|,
that is,

K
L_”Bm()’n) _Bm<Zn,m>H < KHyn — Znm
m
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For all y < LL,,,’ this shows that (2.2) holds. Hence, sequences {}, » } are well defined. Observe p > ¥, .
If ¥%,m = p, this is done. Otherwise, if %,,, < p, one can easily reach a contradiction. Since B, is
L,,-Lipschitz continuous on domA,,, one sees that

T,
KHyn - me” < ncm ||Bmyn _BmmeH
LY,
< %Hyn —Zn,m |
This implies that E—Z < Yu,m- This completes the proof. U

Now we are in a position to prove our main convergence theorem.

Theorem 2.1. Let {x,} be a sequence generated by Algorithm (SISA) and let G,, = A,, + By, where
m e {1,2,---,r}. Let one of the following assumptions be satisfied (i) iminf, e Yo m > 0; (ii) By, is
continuous on domB,, O domA,, and the function x — Mingeg,,(x) [|P| is locally bounded on domA,.
Then {xn},{yn} and {w,} generated by Algorithm (SISA) converge to z € Pxu in norm.

Proof. Foranyne N, m € {1,2,--- ,M}, we denote a, ,, = By, and py = Binzn,m. Furthermore, there
eXists g, m 1N A2y m. Invoking (2.1) and (2.5), we find that

Znm + Yomdnm = Yn — Yam@n,
and
Wam = Znm — Yam(Prm — Qnm)-
This sends us to
Yn = Wnm = YamPnm + Yamn,m- (2.6)

For each e € A, that there exists p,q € H such that p = B,,(e¢) and ¢ = A,,(e). Hence, p+¢g = 0. It follows
from (2.3) and (2.6) that

[y — e||2 = [lyn _Zn,mH2 + [|znm — Wn,mH2 + lwnm — e||2 +2(Vn — Znms Znm — €)
+2(Znm — Wams Wnm — €)

= ||yn — Zn,m”2 - Ys,mHBmZn,m - Bm)’nH2 + [[Wnm — 6”2 + 2Ynm P+ Gnms 2nm —e€) (2.7

= [|yn — zn,m ’2 - 7;%7mHBmZn,m _Bm)’nHZ + [wnm — eHZ + 2% m{Prm — Py Znm — €)

+ 2%nm (Gnm — @ 2nm —€)-

The monotonicity of A, and B, gives that (p, ,» — p,znm —€) > 0 and (g m — g, 2n,m —€) > 0. Borrowing
(2.7) to yeild

[Wim — e||2 < |lyn— e||2 —|yn = zm |2 + Yr%,m”Bm)’n _Bmzn,mnz- (2.8)
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Employing (2.8), one arrives at

1 ¥ )
Hwn—eH2 S[\_/I Z [Wnm — el

m=1
2 2 &

<l (xen —xn—1) +x0 —e[|” = |lyn — znml|” + Z o || Bmyn —

< 2 2 2 2

<|[xn — ell” + 20 (xn — €,xn — xn-1) + 0 ||xn — Xn—1| _M Z yn = znm|l (2.9)
m=1

Z m”Bmyn mZn,mH2
§||xn—e||2+206n<xn—e,xn—xn,1>—i—OC,%Hxn Xn— 1|| —(1-x Z [y — an”

It is evident that set C,,4 is convex and closed. In light of (2.9), we have that A C C,;1, Vn € N. For
this, sequence {x,} is well defined. Denote z = PAu. From x, = Pc,u and z € A C C,, one arrives at
||xn — u|| < ||z—ul|, which further implies that {x,} is a bounded vector sequence. Since x, = Pc,u, we
observe that (x, —u,x —x,) > 0, Vx € C,. This together with the fact that x| = P, ,u € C,y1 C Gy,
leads us to (x,+1 —X,,Xx, —u) > 0. By using the above inequality, we find that
6 =21 1 =1 = x| = [pon = ul* = 202 — 0, 26011 —22) 2.10)
2 2 :
<1 — ul[” = {200 — u]|~.
This yields that ||, —u/|*> > ||x, — ul|?, Since {x,} is bounded, we conclude that lim,, . ||x, — u|| exists.
From this, we obtain from (2.10) that

lim ||x,;, — x,+1|| = 0. (2.11)
n—soo
Coming back to (2.4) and substituting p = x,,+ into set Cy,,.1, one gets that

[[wn _anrIH2 < 2w — X1 ||2 + 200 (Xn — Xn41, %0 — Xn—1) + OC,%Hxn —Xn—1 ||2

1 M (2.12)
- KZ)M Z_: [y —
m=1
By letting n tend to infinity in (2.12), one sees from (2.11) that
2 2 1 f 2
lim ||wy, — x,41]|" + (1 — x7) lim — lyn —
n—soo n—eo M =, (2.13)

. 2 . . 2 2
Snlg{}onxn_anrlH +2r}g{}oaﬂ<xn_xn+17xn_xn71>‘I'r}glgoaonn_xnle =0.

Taking account of condition x € (0,1), one infers that 1 — k2 is also in (0,1). Recall that the above
inequality and (2.13) lead us to

lim ||w, — x,+1]] =0, (2.14)
n—yo0
and
1 ([, =zl P =0 (m = 1,2, ,M). (2.15)

Invoking (2.11), which together with the definition of y, finds that

lim ||x, — yu|| = lim o4, ||x, —x,—1|| = 0. (2.16)
n—roo n—yoo
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By combining (2.15) with (2.16), one concludes that
lim |[x, — Zom|| < Hm (|[xn — yall + |yn — 2aml]) = 0. (2.17)
n—roo n—oo
Using (2.11), which together with (2.14) derives that
lim ||wy, —x,|| < lim (||wy, — X041 + |01 —x0]|) = 0. (2.18)
n—oo n—oo

It directly follows from (2.11) that {x,} is a bounded vector sequence. So there exists a sequence {x,,},
which is indeed a subsequence of {x,}, such that {x,} converges weakly to some £ € H. Thanks to
(2.16), (2.17), (2.18), one concludes that {yp, }, {zs,m } and {w,, } also weakly converge to %.

Next, one focus on X € A. Invoking (2.1), one derives that

—Z
I e Az + B (), (2.19)
'}/n,m
which further implies that
— I
’% + Bon(znm) — Bun(n) € Am(znm) + Bun(znm) = Gm(zam)- (2.20)
n,m

We consider the following two cases.
Case 1. Let liminf,, e ¥, > 0. It follows from (2.2) and (2.15) that

1B (yn) — Bm(zam)|| — 0, as n — oo. (2.21)
Hence, (2.15), (2.20) and (2.21) guarantees that the left-hand side of (2.20) converges strongly to 0. In
view of the fact that z,, ,, converges weakly to £, which together with Lemma 1.1 deduces that 0 € G, ().

Case 2. Let B, be continuous on domB,, O domA,, and function x — miny || || be locally uniformly
continuous on dom A,,.

If there is a subsequence of {¥,,,} and the subsequence is bounded below by a positive value, one,
with a similar discussion as above, deduces that X € A. Otherwise, one assumes ¥, , — 0,n — oo. For
all n € N sufficiently large, one finds that ¥, ,, < p. The choice of ¥, , shows that (2.2) fails to hold if
Y= Yam/O,ie.,

KHyn - 2n,mH < f/n,mHBm)’n - Bmzn,mH- (2.22)
where ¥, ,» = Ypm/0 and

2n,m = (I+ ?n,mAm)i1 (yn - ?n,mBmyn>-
It follows that

A

Yn —Znm

= € Am(fnm) +Bm<yn)- (2.23)
Yo.m
Hence,
R -z
<yn—Zn,m;x_}%> > 07 vx GAm(yn)+Bm(yn)
n,m

foreachm € (1,2,---,r) and

130 = Znaml* < Fon (30 — 2am) < Tl | X | |yn — 2 -
This indicates that

Do =Znanll = il (2.24)
Yn,m XEAmYn+Bmyn
Note that x — mingcg,,(y) [|P|| is locally bounded on domA,,. From the assumption on ¥, one has

Ynm = Yam/0 — 0 (n — o). Accordingly,
lim ||y, — Zoml| = 0. (2.25)
n—yoo
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Since {yp,} converges weakly to £, we concludes that {Z,, ,,} converges weakly to £, too. Borrowing
(2.23), one finds
Yn— 2n,m
?n,m
Denote 8, , = y”;ﬂ% + By (Znm) — Bm(yn). It immediately follows from (2.26) that &, € Gm(Znm),
VneN. |

(i) Assume liminf; . ||8p, m|| > 0. Since B, is continuous on domB,, O domA,,, one deduces that
lim;se0 || BmYn; — BmZn;m|| =0, for each m € {1,--- ,r}. Using (2.25), one finds

+Bm<2n,m) - Bm()’n) € Am (fnm) +Bm(2n,m> - Gm@n,m)- (2~26)

A
Yni — Zn;,

liminf """ = liminf||8,, || > 0.
[—o0

i Yim
This contradicts the fact that (2.22) holds for all n € N sufficiently large.
(ii) Otherwise, assume liminf; . |6y, | = 0. In view of Z,, ,, converges weakly to £, we assert from
Lemma 1.1 that 0 € G, (m=1,---,r). Hence, £ € A.

By putting together A C Gy, and x,,, = Fc, (u), we conclude that
Jue—z] < Jlu— ] < liminf u— x| < limsuplu— x| < [lu—z]|.
oo i—yo0
where z = Pyu. Thus, lim;_ s |4 —xp,|| = ||u — X||. From this and u — x,;, — u — £ as i — oo, one concludes
from Lemma 1.2 that u — x,, — u — £ as i — . Hence, x,, — £ as i — oo. In view of x,, = P, (u) and
z€ A CCy;, Vn; €N, one has

HZ—xn[Hz = <u —Xn;2 _'xni> + <Z — U,z _'xni> < <Z — U,z _‘xni>' (2.27)
Letting i tend to infinity in (2.27), and combining z = P, with X € A, one finds that
lz—%|]> < (z—u,z—%) <O0. (2.28)

Therefore, z = £. Since subsequence {x,, } was arbitrarily chosen in {x, }, one finds that x, — z. Coming
back to (2.16) and (2.18), one concludes that y,, — z and w,, — zas n — oo. O

3. NUMERICAL EXAMPLES

In this section, we consider a computational experiment in support of the convergence of our proposed
algorithm. Since set C,, in Algorithm (SISA) is either a half-space or the whole space H. All programs
are written in Matlab version 5.0. and performed on a PC Desktop Intel(R) Core (TM) i5-8250U CPU
@1.60GHz. We apply our proposed algorithm to solve the following convex feasibility problem.

Many problems in signal processing can be formulated as inverting a linear system of the form

U =v+0Ox, 3.1

where x € R” is the ’true’ and unknown signal vector to be estimated, u € R is the vector of measure-
ments or noisy observations, v € R is the noise/perturbation vector of unknown, and the data matrix
Q € R™*" describes the blur operator, which is often ill conditioned. The problem of recovering x from
the observed blurred and noisy signal u is called an signal deblurring problem. A classical and efficient
model for the linear problems of type (3.1) is the /;-regularized least squares in which one seeks to find
the sparse solutions of
10x — 3 +20tx]]
2 )
where a (o > 0) provides a tradeoff between the fidelity to the measurements and the noise sensitivity.
The solution set of problem (3.2) is always nonempty. The optimal solution tends to zero as o — oo.

(3.2)

minmize,cpn
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As a — 0, the limiting point has the minimum /; norm among all points that satisfy Q7 (Qx — u) = 0,
i.e., x = argmingr gy )—o |[x||1. The convergence occurs for a finite value of (ot > 10T u||-) for I;-
regularized least squares. One now uses a first-order optimality condition based on the subdifferential
calculus. Fori=1,2,---, one can obtain the necessary and sufficient conditions for the optimal solution
as follows
{—OC,'}, X; > 0;
(@ (@x—p))ieq {+a}, %<0
[—(X,‘, —HX,‘] , x;=0.

From above, one sees that the optimal solution of Problem (3.2) is 0, when & > ||Q” tt||-. Thus one can
now derive the formula

Omax = [|Q7 pt|eo- (3.3)

)
By substituting g(x) = al|x||; and f(x) = M, one can see that Problem (3.2) is a special case of
problem

find x € H such that 0 € (dg+ Vf)x,

dg and Vf are maximal monotone and

{ (I+%0dg)'x= (sgn (x") max{|x'| — an,0},-- ,sgn (¢") max{|x"| — a,,0}),
(I—-%Vf)x=x—%0T(0x—u), Vy, >0.

One now considers a general compressed sensing scenario, where the goal is to reconstruct a n-length
sparse signal x with exactly m nonzero components from ¢ observations. In this experiment, considering
the storage limitation of the PC, one tests a small size signal with n = 2% and the original signal contains
m = 2% randomly nonzero elements. One reconstructs this signal from ¢ = 2% observations.

More precisely, the observation u = v + Qx, where Vv is the Gaussian noise distributed as N(0, 6%1)
with 62 = 10~% and Q is at x n Gaussian matrix whose elements are randomly obtained from the standard
normal distribution N(0,1). Based on p, the noisy measurement, our aim is to reconstruct x, the true
signal. We restrict our attention to /;-regularized least squares model (3.2). To avoid that the optimal
sparse solution is a zero vector, the regularization parameter, in our experiment, is denoted by o =
0.01 044y, Where the value of Qg is from (3.3). One randomly chooses {¢;} (i = 1,2,---), the inertial
parameter, in (0, 1). We take Kk = 0.5 p = 0.8 and 6 = 0.5. One chooses the starting signals in the range
of (0,1)%% randomly. One takes the number of iterations 100 as the stopping criterion in the following
experiment.

0 100 200 0 100 200 0 100 200

FIGURE 1. The original signal with length 28 and 2° nonzero elements (left). The min-
imum norm solution (middle). The reconstructed signal (right). The number of iterations
is 100.
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As depicted in Figure 1, one can find the result of this experiment for a signal sparse reconstruction.
The minimum norm solution, in this experiment, is the point in {x € R | 9T Qx = QT u}, which is the
observed noisy signal. Comparing the left plot and the right plot in Figure 1, one finds that the original
sparse signal is recovered almost exactly. That is, the reconstructed signal is closest to the original sparse
signal. Our algorithm therefore provides an efficient and important approach to deal with the deblurring
problem.
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