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THE SUBGRADIENT EXTRAGRADIENT-TYPE ALGORITHMS FOR SOLVING A
CLASS OF MONOTONE VARIATIONAL INCLUSION PROBLEMS
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Abstract. In this paper, we introduce two subgradient extragradient-type algorithms for finding a solution of a class
of monotone variational inclusion problem. Weak and strong convergence theorems are established under some
conditions. A numerical example is presented in order to illustrate the performance of our proposed algorithm.
From the example, the effect of parameters on convergence speed is shown.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖·‖. In this paper, we consider
the monotone variational inclusion problem, which is to find a point x∗ ∈ H such that

0 ∈ A(x∗)+ f (x∗), (1.1)

where A : H→ 2H is a maximally monotone operator and f : H→ H is a single-valued mono-
tone operator. This problem plays an important role in many optimization-related areas, such
as, mathematical programming, optimal control and many others; see, e.g., [1, 6, 17, 18] and
the references therein. This problem was investigated by many researchers and a great deal of
iterative algorithms were introduced and developed; see, for example, [4, 5, 19, 14, 25].

Let C be a nonempty closed convex subset of H. If A is the normal cone of C at x ∈C defined
by

NC(x) = {d ∈ H|〈d,y− x〉 ≤ 0,∀y ∈C}. (1.2)

Then, problem (1.1) is reduced to the problem, which consists of finding a point x∗ ∈ C such
that

0 ∈ NC(x∗)+ f (x∗). (1.3)

It is clear that problem (1.3) indeed is the classical variational inequality problem, which con-
sists of finding a point x∗ ∈C such that

〈 f (x∗),x− x∗〉 ≥ 0,∀x ∈C. (1.4)
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Among the algorithms for solving variational inequality (1.3), the extragradient method intro-
duced by Korpelevich [16] is one of the simple and attractive methods. It reads as follows{

yk = PC(xk−λk f (xk)),

xk+1 = PC(xk−λk f (yk)),
(1.5)

where λk ∈ (0, 1
L), L is the Lipschitz constant of f , or λk is updated by some adaptive rule, for

example, λk‖ f (xk)− f (yk)‖ ≤ ν‖xk− yk‖, where ν ∈ (0,1). In recent years, the extragradient
method has received a great deal of attention from many authors, who improved this method in
various ways (see, e.g., [8, 9, 10, 12, 13, 22] and references therein).

However, if set C is not simple enough to calculate, then it affects the computation effort
and complexity of the method. The projection and contraction method of He [14] and Sun [20]
was introduced to overcome this obstacle recently. Cai, Gu and He [3] gave the “optimal” step
size in the contraction sense. On the other hand, Censor, Gibali and Reich [7] modified the
extragradient algorithm and gave the subgradient extragradient method. In their algorithm, the
second projection onto C is replaced by a projection onto a half-space which constraint C. The
projection onto a half-space is easier to compute. The subgradient extragradient method is of
the form: 

yk = PC(xk−λ f (xk)),

Tk = {ω ∈ H|〈xk−λ f (xk)− yk,ω− yk〉 ≤ 0},
xk+1 = PTk(xk−λ f (yk)),

(1.6)

where λ ∈ (0, 1
L).

Recently, Dong, Jiang and Gibali [11] further introduced a modified subgradient extragradi-
ent method by improving the stepsize of the second step. Their algorithm reads as follows.

Algorithm 1 Dong-Jiang-Gibali modified subgradient extragradient algorithm

Initialization: Give τ > 0, ` ∈ (0,1), ν ∈ (0,1) and γ ∈ (0,2). Let x0 ∈ H be arbitrary.
Iterative Steps: Calculate xk+1 as follows:

Step 1. Compute yk = PC(xk − λk f (xk)), where λk is chosen to be the largest λ ∈
{τ,τ`,τ`2, . . .} satisfying

λ‖ f (xk)− f (yk)‖ ≤ ν‖xk− yk‖.
If xk− yk = 0, then STOP.

Step 2. Compute
xk+1 = PTk(xk− γηkλk f (yk)),

where
Tk := {ω ∈ H|〈xk−λk f (xk)− yk,ω− yk〉 ≤ 0},

and

ηk :=
〈xk− yk,d(xk,yk)〉
‖d(xk,yk)‖2 ,

where
d(xk,yk) := xk− yk−λk( f (xk)− f (yk)).

Step 3. Set k← k+1, and go to Step 1.
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Motivated and inspired by the above works, two natural questions which raise are: can the
subgradient extragradient method and the modified subgradient extragradient method be used
to solve problem (1.1)? Can one devise their algorithms and obtain the convergence of the al-
gorithms? In order to answer these questions, we introduce two subgradient extragradient-type
algorithms for solving monotone variational inclusion problem (1.1). The weak convergence
and the strong convergence are obtained, respectively.

The paper is organized as follows. We collect some necessary definitions and lemmas for the
convergence analysis in Section 2. We introduce two subgradient extragradient-type algorithms
and prove their convergence in Section 3. We give a numerical example in Section 4, the last
section.

2. PRELIMINARIES

Throughout this section, we use xk ⇀ x and xk→ x to indicate that {xk} converges weakly to
x and converges strongly to x, respectively. Let T be an operator. We denote the fixed point set
of T by Fix(T ). For each x,y,z ∈ H and α,β ,γ ∈ [0,1] with α +β + γ = 1, we have

‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉, (2.1)

and

‖αx+βy+ γz‖2 = α‖x‖2 +β‖y‖2 + γ‖z‖2−αβ‖x− y‖2−αγ‖x− z‖2−βγ‖y− z‖2. (2.2)

Definition 2.1. An operator T : H→ H is said to be
• L-Lipshcitz continuous iff, for all x,y ∈ H,

‖T x−Ty‖ ≤ L‖x− y‖, (2.3)

where L > 0 is Lipschitz constant;
• nonexpansive iff L≡ 1 in (2.3);
• firmly nonexpansive iff 2T − I is nonexpansive, or equivalently, for all x,y ∈ H,

〈T x−Ty,x− y〉 ≥ ‖T x−Ty‖2. (2.4)

It is clear that firm nonexpansiveness implies nonexpansiveness. If T is firmly nonexpansive
and Fix(T ) 6= /0, we have that

〈x−T x,T x− y〉 ≥ 0 for all x ∈ H, y ∈ Fix(T ). (2.5)

For every x ∈H, there exists a unique nearest point in C, denoted by PCx, such that, for every
y ∈C, ‖x−PCx‖ ≤ ‖x−y‖. PC is called the metric projection of H onto C. It is well-known that
PC is firmly nonexpansive. It is easy to prove that, for every y ∈C,

‖PCx− y‖2 ≤ ‖x− y‖2−‖x−PCx‖2. (2.6)

Definition 2.2. A single-valued operator T : H→ H is said to be
• monotone iff, for all x,y ∈ H,

〈T x−Ty,x− y〉 ≥ 0. (2.7)

• β-inverse strongly monotone(or β-cocoercive) iff for all x,y ∈ H,

〈T x−Ty,x− y〉 ≥ β‖T x−Ty‖2. (2.8)
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A multi-valued operator A : H→ 2H is said to be
• monotone iff

〈u− v,x− y〉 ≥ 0 whenever u ∈ A(x), v ∈ A(y). (2.9)
• maximally monotone iff, in addition, its graph

G(A) := {(x,y) ∈ H×H : y ∈ A(x)} (2.10)

is not properly contained in the graph of any other monotone operator.

It is well-known that a monotone operator A is maximal if and only if for (x,y) ∈ H ×H,
〈x− v,y−w〉 ≥ 0 for every (v,w) ∈ G(A) implies y ∈ A(x).

Lemma 2.1. [27] Let A : H → 2H be a maximally monotone operator and let f : H → H be a
Lipschitz continuous operator. Then the operator B = A+ f is a maximally monotone operator.

Lemma 2.2. [2] Let C be a nonempty set of H, and {xk} be a sequence in H. If the following
conditions hold:

(i) for every x ∈C, limk→∞ ‖xk− x‖ exists;
(ii) every weak sequential cluster point of {xk} belongs to C,

then the sequence {xk} converges weakly to a point in C.

From [21, Lemma 3.4], we have the following Lemma immediately.

Lemma 2.3. Let A : H → 2H be a maximally monotone operator and JA
λ
= (I +λA)−1 be the

resolvent of A for λ > 0. Let f : H→H be a β -inverse strongly monotone with β > 0. Suppose
that A−1(0)∩ f−1(0) 6= /0. Let ρ > 0 and u ∈ H. Then the following are equivalent:

(i) u = JA
λ
(I−ρ f )u;

(ii) u ∈ A−1(0)∩ f−1(0);
(iii) 0 ∈ A(u)+ f (u).

Consequently, Fix(JA
λ
(I−ρ f )) = (A+ f )−1(0) = A−1(0)∩ f−1(0).

Proof. Since A−1(0)∩ f−1(0) 6= /0, there exists u0 such that 0 ∈ A(u0) and f (u0) = 0.
(i)⇒ (ii). Assume that u = JA

λ
(I−ρ f )u. Using the definition of the resolvent operator, we

have
u−ρ f (u) ∈ (I +λA)u,

which follows that
− ρ

λ
f (u) ∈ A(u). (2.11)

Since A is monotone and 0 ∈ A(u0), we obtain

〈−ρ

λ
f (u),u−u0〉 ≥ 0.

Then
〈 f (u),u−u0〉 ≤ 0. (2.12)

On the other hand, since f is β -inverse strongly monotone and f (u0) = 0, we get

〈 f (u),u−u0〉= 〈 f (u)− f (u0),u−u0〉 ≥ β‖ f (u)− f (u0)‖2 = β‖ f (u)‖2 ≥ 0. (2.13)

Combining (2.12) and (2.13), we have f (u) = 0. From (2.11), we have 0 ∈ A(u). Therefore,
u ∈ A−1(0)∩ f−1(0).
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(ii)⇒ (iii). It is obvious.
(iii)⇒ (i). The assumption 0 ∈ A(u)+ f (u) can be rewritten as − f (u) ∈ A(u). Note that

0 ∈ A(u0), the monotonicity of A implies that 〈 f (u),u−u0〉 ≤ 0. From (2.13), we get f (u) = 0.
It follows that 0 ∈ A(u). Then u = JA

λ
u and

JA
λ
(I−ρ f )u = JA

λ
u = u.

The proof is complete. �

Lemma 2.4. [15] Let {sk} be a sequence of nonnegative real numbers such that

sk+1 ≤ (1−αk)sk +αkδk,k ≥ 0,

sk+1 ≤ sk− τk +ζk,k ≥ 0,

where {αk} is a sequence in (0,1), {τk} is a sequence of nonnegative real numbers, and {δk}
and {ζk} are two sequences in R such that

(i) Σ∞
k=0αk = ∞;

(ii) limk→∞ ζk = 0;
(iii) lim j→∞ τk j = 0 implies limsup j→∞ δk j ≤ 0.

Then limk→∞ sk = 0.

3. ALGORITHMS AND THE CONVERGENCE ANALYSIS

In this section, we introduce two self-adaptive subgradient extragradient-type algorithms for
solving the monotone variational inclusion problem. The convergence of two algorithms is
analyzed in Hilbert spaces.

3.1. Weak convergence algorithm and convergence analysis. In this subsection, we give a
subgradient extragradient-type algorithm and establish its weak convergence. We first state the
assumptions that we will use through the rest of this paper.

Condition (i) The solution set of (1.1), denoted by Γ, and A−1(0)
⋂

f−1(0) are nonempty.

Condition (ii) The operator f is β -inverse strongly monotone on H with β > 0.

Condition (iii) The operator f is Lipschitz continuous on H with constant L > 0.

First, we give a self-adaptive subgradient extragradient-type algorithm. The algorithm is of
the form:

Definition 3.1. Let c1, c2 > 0 be given constants in (0,1). λk is said to satisfy the stepsize

conditions in Algorithm 2 if λk satisfies

〈xk− yk,d(xk,yk)〉 ≥ c1‖xk− yk‖2, (3.3)

ηk ≥ c2, (3.4)

and

inf
k≥0
{λk} ≥ λ > 0. (3.5)
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Algorithm 2 The weakly convergent subgradient extragradient-type algorithm

Initialization: Give γ ∈ (0,2). Let x0 ∈ H be arbitrary.
Iterative Steps: Calculate xk+1 as follows:

Step 1: Compute
yk = JA

λk
(xk−λk f (xk)). (3.1)

If xk− yk = 0: STOP.
Step 2: Compute

xk+1 = PTk(xk− γηkλk f (yk)), (3.2)
where

Tk := {ω ∈ H|〈xk−λk f (xk)− yk,ω− yk〉 ≤ 0},
and

ηk :=
〈xk− yk,d(xk,yk)〉
‖d(xk,yk)‖2 ,

where
d(xk,yk) := xk− yk−λk( f (xk)− f (yk)).

Step 3: Set k← k+1, and go to Step 1.

Lemma 3.1. [23] (i) We know that d(xk,yk) = 0 if and only if xk = yk. Hence if d(xk,yk) = 0,
then xk ∈ Γ. (ii) Assume that the sequence {xk} is generated by Algorithm 2. Then λk satisfies
the stepsize conditions when we take λk ∈ [a,b] ⊂ (0,1/L) or λk is given self-adaptively, i.e.,
λk = σηmk , σ > 0, η ∈ (0,1), where mk is the smallest nonnegative integer such that

λk‖ f (xk)− f (yk)‖ ≤ ν‖xk− yk‖, (3.6)

where ν ∈ (0,1) is given.

Lemma 3.2. Assume that {xk} and {yk} are the sequences generated by Algorithm 2. Let u ∈ Γ

and {λk} satisfy the stepsize conditions. Then, under Conditions (i), (ii) and (iii), we have

‖xk+1−u‖2 ≤ ‖xk−u‖2−‖xk− xk+1− γηkd(xk,yk)‖2− c1c2γ(2− γ)‖xk− yk‖2. (3.7)

Proof. Let u ∈ Γ. From Lemma 2.3, we have 0 ∈ A(u) and f (u) = 0. From (3.1), we have

xk−λk f (xk) ∈ yk +λkA(yk),

which follows that
xk− yk

λk
− f (xk) ∈ A(yk). (3.8)

By virtue of the maximal monotonicity of A, we have

〈xk− yk

λk
− f (xk),yk−u〉 ≥ 0.

Thus, it follows from λk > 0 that

〈xk− yk−λk f (xk),u− yk〉 ≤ 0. (3.9)
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Hence u ∈ Tk. From the definition of xk+1 and (2.6), we get

‖xk+1−u‖2 = ‖PTk(xk− γηkλk f (yk))−u‖2

≤ ‖xk− γηkλk f (yk)−u‖2−‖xk− γηkλk f (yk)− xk+1‖2.

= ‖xk−u‖2−‖xk− xk+1‖2−2〈γηkλk f (yk),xk+1−u〉.

(3.10)

From f (u) = 0, the fact that f is monotone, we get 〈 f (yk),yk− u〉 ≥ 0, which further implies
that

〈 f (yk),xk+1−u〉=〈 f (yk),xk+1− yk〉+ 〈 f (yk),yk−u〉
≥〈 f (yk),xk+1− yk〉.

(3.11)

Then
−2γηkλk〈 f (yk),xk+1−u〉 ≤ −2γηkλk〈 f (yk),xk+1− yk〉. (3.12)

On the other hand, from (3.2), we have xk+1 ∈ Tk, which implies that

〈xk−λk f (xk)− yk,xk+1− yk〉 ≤ 0. (3.13)

It follows that

〈xk− yk−λk( f (xk)− f (yk)),xk+1− yk〉 ≤ λk〈 f (yk),xk+1− yk〉,
and thus

〈d(xk,yk),xk+1− yk〉 ≤ λk〈 f (yk),xk+1− yk〉.
Note that

−2γηkλk〈 f (yk),xk+1− yk〉 ≤ −2γηk〈d(xk,yk),xk+1− yk〉. (3.14)
Combining (3.12) and (3.14), we arrive at

−2γηkλk〈 f (yk),xk+1−u〉
≤−2γηk〈d(xk,yk),xk+1− yk〉
=−2γηk〈d(xk,yk),xk− yk〉+2γηk〈d(xk,yk),xk− xk+1〉

=−2γη
2
k ‖d(xk,yk)‖2 +2γηk〈d(xk,yk),xk− xk+1〉.

(3.15)

Now, we estimate 2γηk〈d(xk,yk),xk− xk+1〉. Observe that

2γηk〈d(xk,yk),xk− xk+1〉

=−‖xk− xk+1− γηkd(xk,yk)‖2 +‖xk− xk+1‖2 + γ
2
η

2
k ‖d(xk,yk)‖2.

(3.16)

It implies from (3.15) and (3.16) that
−2γηkλk〈 f (yk),xk+1−u〉

≤−2γη
2
k ‖d(xk,yk)‖2−‖xk− xk+1− γηkd(xk,yk)‖2 +‖xk− xk+1‖2 + γ

2
η

2
k ‖d(xk,yk)‖2

≤−‖xk− xk+1− γηkd(xk,yk)‖2 +‖xk− xk+1‖2− γ(2− γ)η2
k ‖d(xk,yk)‖2.

(3.17)
Substituting (3.17) into (3.10), we have

‖xk+1−u‖2 ≤ ‖xk−u‖2−‖xk− xk+1− γηkd(xk,yk)‖2− γ(2− γ)η2
k ‖d(xk,yk)‖2. (3.18)

Combining (3.3)and (3.4), we obtain

η
2
k ‖d(xk,yk)‖2 = ηk〈d(xk,yk),xk− yk〉 ≥ c1c2‖xk− yk‖2. (3.19)

From (3.18) and (3.19), we obtain (3.7). The proof is completed. �
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Theorem 3.1. Assume that Conditions (i), (ii) and (iii) hold and {λk} satisfies the stepsize
conditions. Then, the sequences {xk} and {yk} generated by Algorithm 2 weakly converge to
the same solution of variational inclusion problem (1.1).

Proof. Let u ∈ Γ. From (3.7), we have

‖xk+1−u‖ ≤ ‖xk−u‖.
It implies that the sequence {‖xk− u‖} is monotonically decreasing and bounded from below.
Hence limk→∞ ‖xk−u‖ exists and {xk} is bounded. From 0 < γ < 2 and (3.7), we get

‖xk− yk‖2 ≤ 1
c1c2γ(2− γ)

(‖xk−u‖2−‖xk+1−u‖2). (3.20)

It follows that limk→∞ ‖xk− yk‖= 0 and {yk} is bounded. Since the sequence {xk} is bounded,
there exists a subsequence {xk j} ⊂ {xk} such that xk j ⇀ x̂ as j → ∞. Subsequently, we get
yk j ⇀ x̂ as j→ ∞.

Now, we show that x̂ is a solution of problem (1.1), that is, x̂∈Γ. We observe that the operator
f is Lipschitz continuous. From Lemma 2.1, we know that A+ f is maximally monotone. Let
(v,w) ∈ G(A+ f ), that is, w− f (v) ∈ A(v). Since yk j = JA

λk j
(xk j −λk j f (xk j)), we have

xk j −λk j f (xk j) ∈ (I +λk jA)(yk j),

that is,
xk j − yk j

λk j

− f (xk j) ∈ Ayk j . (3.21)

By virtue of the maximal monotonicity of A, we have

〈v− yk j ,w− f (v)−
xk j − yk j

λk j

+ f (xk j)〉 ≥ 0.

Hence
〈v− yk j ,w〉 ≥ 〈v− yk j , f (v)+

xk j − yk j

λk j

− f (xk j)〉

= 〈v− yk j , f (v)− f (yk j)+ f (yk j)− f (xk j)+
xk j − yk j

λk j

〉

≥ 〈v− yk j , f (yk j)− f (xk j)〉+ 〈v− yk j ,
xk j − yk j

λk j

〉.

Since limk→∞ ‖yk− xk‖ = 0, and f is Lipschitz continuous, we obtain that lim j→∞ ‖ f (yk j)−
f (xk j)‖= 0. Since λk ≥ λ > 0, it follows that

lim
j→∞
〈v− yk j ,w〉= 〈v− x̂,w〉 ≥ 0.

It follows from the maximal monotonicity of A+ f that 0 ∈ (A+ f )(x̂), that is, x̂ ∈ Γ. Using
Lemma 2.2, we find that the {xk} and {yk} converge weakly to a point in Γ. This completes the
proof. �

Remark 3.1. If γηk ≡ 1, Algorithm 2 is reduced to the follow algorithm:{
yk = JA

λk
(xk−λk f (xk)),

xk+1 = PTk(xk−λk f (yk)).
(3.22)
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where Tk := {ω ∈ H|〈xk− λk f (xk)− yk,ω − yk〉 ≤ 0}. By using the similar method, we can
obtain the the weak convergence result with c2 ∈ (1

2 ,1).

3.2. Strong convergence algorithm and convergence analysis. In this subsection, we give
the other subgradient extragradient-type algorithm. Different conditions is necessary to estab-
lish the strong convergence.
Condition(iv) Let {αk} and {βk} be two real sequences in (0,1) such that {βk} ⊂ (a,b) ⊂
(0,1−αk) for some a > 0,b > 0 and

lim
k→∞

αk = 0,
∞

∑
k=1

αk = ∞. (3.23)

Algorithm 3 The strongly convergent subgradient extragradient-type algorithm

Initialization: Give γ ∈ (0,2). Let x0 ∈ H be arbitrary.
Iterative Steps: Calculate xk+1 as follows:

Step 1: Compute
yk = JA

λk
(xk−λk f (xk)), (3.24)

If xk− yk = 0, then STOP.
Step 2: Compute

zk = PTk(xk− γηkλk f (yk)), (3.25)
where Tk := {ω ∈ H|〈xk−λk f (xk)− yk,ω− yk〉 ≤ 0}.
and

ηk :=
〈xk− yk,d(xk,yk)〉
‖d(xk,yk)‖2 ,

where
d(xk,yk) := xk− yk−λk( f (xk)− f (yk)).

Step 3: Compute
xk+1 = (1−αk−βk)xk +βkzk. (3.26)

Step 4: Set k← k+1, and go to Step 1.

Theorem 3.2. Assume that Conditions (i), (ii), (iii) and (iv) hold and λk satisfies the stepsize
conditions. The sequence {xk} generated by Algorithm 3 converges strongly to û ∈ Γ, where
‖û‖= min{‖u‖ |u ∈ Γ}.

Proof. From Lemma 3.2, we have

‖zk− û‖2 ≤ ‖xk− û‖2−‖xk− zk− γηkd(xk,yk)‖2− c1c2γ(2− γ)‖xk− yk‖2, (3.27)

and

‖zk− û‖ ≤ ‖xk− û‖. (3.28)
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First, we prove {xk} is bounded. Using (3.28), we get

‖xk+1− û‖=‖(1−αk−βk)(xk− û)+βk(zk− û)−αkû‖
≤‖(1−αk−βk)(xk− û)+βk(zk− û)‖+αk‖û‖
≤(1−αk−βk)‖xk− û‖+βk‖zk− û‖+αk‖û‖
≤(1−αk)‖xk− û‖+αk‖û‖
≤max{‖xk− û‖,‖û‖}
≤ . . .≤max{‖x0− û‖,‖û‖}.

(3.29)

This proves that {xk} is bounded, so is {zk}.
Second, setting tk = (1−βk)xk +βkzk, we have

‖tk− û‖ ≤(1−βk)‖xk− û‖+βk‖zk− û‖
≤(1−βk)‖xk− û‖+βk‖xk− û‖
=‖xk− û‖,

(3.30)

and
‖tk− xk‖= βk‖xk− zk‖. (3.31)

From (3.30), (3.31) and (2.1), we have

‖xk+1− û‖2 = ‖(1−αk)(tk− û)−αk(xk− tk)−αkû‖2

≤ (1−αk)
2‖tk− û‖2−2〈αk(xk− tk)+αkû,xk+1− û〉

= (1−αk)
2‖tk− û‖2 +2〈αk(xk− tk), û− xk+1〉+2〈αkû, û− xk+1〉

≤ (1−αk)‖xk− û‖2 +2αk‖xk− tk‖‖û− xk+1‖+2〈αkû, û− xk+1〉

≤ (1−αk)‖xk− û‖2 +αk(2βk‖xk− zk‖‖û− xk+1‖+2〈û, û− xk+1〉).

(3.32)

On the other hand, from (3.2) and (2.2), we have

‖xk+1− û‖2 =‖(1−αk−βk)(xk− û)+βk(zk− û)+αk(−û)‖2

=(1−αk−βk)‖xk− û‖2 +βk‖zk− û‖2 +αk‖û‖2

−βk(1−αk−βk)‖xk− zk‖2

−αk(1−αk−βk)‖xk‖2−αkβk‖zk‖2

≤(1−αk−βk)‖xk− û‖2 +βk‖zk− û‖2 +αk‖û‖2.

(3.33)

Combining (3.27) and (3.33), we obtain

‖xk+1− û‖2 ≤(1−αk−βk)‖xk− û‖2 +βk‖xk− û‖2−βk‖xk− zk− γηkd(xk,yk)‖2

−βkc1c2γ(2− γ)‖xk− yk‖2 +αk‖û‖2

≤‖xk− û‖2−βk‖xk− zk− γηkd(xk,yk)‖2−βkc1c2γ(2− γ)‖xk− yk‖2 +αk‖û‖2.
(3.34)

From Condition (iv), we have

‖xk+1− û‖2 ≤‖xk− û‖2−a‖xk− zk− γηkd(xk,yk)‖2

−ac1c2γ(2− γ)‖xk− yk‖2 +αk‖û‖2.
(3.35)
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Setting
sk = ‖xk− û‖2, δk = 2βk‖xk− zk‖‖û− xk+1‖+2〈û, û− xk+1〉,

τk = a‖xk− zk− γηkd(xk,yk)‖2 +ac1c2γ(2− γ)‖xk− yk‖2,ζk = αk‖û‖2,

we find that (3.32) and (3.35) can be rewritten as the following, respectively:

sk+1 ≤ (1−αk)sk +αkδk,

and
sk+1 ≤ sk− τk +ζk.

Finally, from conditions (iv), we know that limk→∞ ζk = 0 and Σ∞
k=1αk = ∞. In order to

complete the proof by using Lemma 2.4, it suffices to verify the fact that lim j→∞ τk j = 0 implies
limsup j→∞ δk j ≤ 0 for any subsequence {k j} ⊂ {k}. In fact, if lim j→∞ τk j = 0, then

lim
j→∞
‖xk j − yk j‖= 0 and lim

j→∞
‖xk j − zk j − γηk jd(xk j ,yk j)‖= 0.

Since
‖xk j − zk j‖ ≤‖xk j − zk j − γηk jd(xk j ,yk j)‖+ γηk j‖d(xk j ,yk j)‖

=‖xk j − zk j − γηk jd(xk j ,yk j)‖+ γ
〈xk j − yk j ,d(xk j ,yk j)〉
‖d(xk j ,yk j)‖

≤‖xk j − zk j − γηk jd(xk j ,yk j)‖+ γ
‖xk j − yk j‖‖d(xk j ,yk j)‖

‖d(xk j ,yk j)‖
=‖xk j − zk j − γηk jd(xk j ,yk j)‖+ γ‖xk j − yk j‖,

(3.36)

it follows that lim j→∞ ‖xk j − zk j‖= 0. We also have

‖xk j+1− xk j‖ ≤ αk j‖xk j‖+βk j‖xk j − zk j‖, (3.37)

which implies that lim j→∞ ‖xk j+1− xk j‖ = 0. Since {xk} is bounded, we obtain that ωw(xk)
is nonempty. Using the similar method in Theorem 3.1, we can obtain ωw(xk) ⊂ Γ. Since
‖û‖= min{‖u‖|u ∈ Γ}, it follows that

limsup
j→∞

〈û, û− xk j+1〉= limsup
j→∞

〈û, û− xk j〉= sup
ω∈ωw(xk j )

〈û, û−ω〉 ≤ 0.

Since ‖xk j − yk j‖ → 0 and {xk j} is bounded, it is easy to see that limsup j→∞ δk j ≤ 0. From
Lemma 2.4, we conclude that limk→∞ xk = û and the proof is completed. �

4. THE NUMERICAL EXAMPLE

In this section, we present an example to demonstrate the performance of the proposed Algo-
rithm 2 (denoted by SEA). With different initial values, we compare the SEA with the proximal
and contraction algorithm (denoted by PCA) in [26] as follows:

yk = JA
λk
(xk−λk f (xk));

d(xk,yk) = (xk− yk−λk( f (xk)− f (yk));
xk+1 = xk− γβkd(xk,yk).

(4.1)

We use figures to show their difference in the convergence speed of the algorithms. Besides, we
also show the different convergence speed about SEA with the different λ values.
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All experiments are carried out using MATLAB on a personal computer with 1.6GHz central
processing unit (Intel(R) Celeron(R) CPU N3150), 4.00 GB memory, and Window operating
system (Window 10).

Example 4.1. Let x∗ ∈Rn be a K-sparse signal, K� n. The sampling matrix A ∈Rm×n(m <<
n) is stimulated by standard Gaussian distribution and vector b = Ax∗+ e, where e is additive
noise. When e = 0, it means that there is no noise to the observed data. Our task is to recover
the signal x∗ from the data b.
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FIGURE 1. Comparision results of SEA and PCA with the different parameter γ selection.
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FIGURE 2. Comparision results of SEA with the different parameter λ selection.
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It is well-known that the sparse signal x∗ can be recovered by solving the following LASSO
problem [24],

min
x∈Rn

1
2
‖Ax−b‖2

2 +κ‖x‖1, (4.2)

which is to
Find x∗ ∈ H such that 0 ∈ κ∂‖x∗‖1 +AT (Ax∗−b).

The resolvent J∂‖.‖1
λ

is given by the Moreau decomposition

J∂‖.‖1
λ

(x) = (I +λ∂‖.‖1)
−1(x)

= Proxλ‖.‖1(x) = sgn(x)max{|x|−λ ,0}.

We take m = 120, n = 512 and K = 60, the stopping criteria ‖xk− x∗‖ ≤ ε where ε > 0 is a
given small constant. We randomly choose the starting points x0 ∈ [0,1]n.

We can obtain two figures under the different parameters of γ and λ . In FIGURE 1, we take
λk =

0.99
L , and SEA is compared with PCA. If γ is larger, then SEA is worse than PCA, and if

γ is smaller, then SEA is better than PCA. In FIGURE 2, we obtain that the value of λ is the
greater, and the convergence is the better. In conclusion, as we can see from the figures, our
algorithm (SEA) is feasible.
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