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THE SUBGRADIENT EXTRAGRADIENT-TYPE ALGORITHMS FOR SOLVING A
CLASS OF MONOTONE VARIATIONAL INCLUSION PROBLEMS
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Abstract. In this paper, we introduce two subgradient extragradient-type algorithms for finding a solution of a class
of monotone variational inclusion problem. Weak and strong convergence theorems are established under some
conditions. A numerical example is presented in order to illustrate the performance of our proposed algorithm.
From the example, the effect of parameters on convergence speed is shown.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. In this paper, we consider
the monotone variational inclusion problem, which is to find a point x* € H such that
0€A(X) + f(x), (1.1)

where A : H — 2 is a maximally monotone operator and f : H — H is a single-valued mono-
tone operator. This problem plays an important role in many optimization-related areas, such
as, mathematical programming, optimal control and many others; see, e.g., [1, 6, 17, 18] and
the references therein. This problem was investigated by many researchers and a great deal of
iterative algorithms were introduced and developed; see, for example, [4, 5, 19, 14, 25].
Let C be a nonempty closed convex subset of H. If A is the normal cone of C at x € C defined
by
Ne(x) ={d € H|{d,y—x) <0,Vy € C}. (1.2)

Then, problem (1.1) is reduced to the problem, which consists of finding a point x* € C such
that

0 € Ne(x™)+ f(x). (1.3)
It is clear that problem (1.3) indeed is the classical variational inequality problem, which con-
sists of finding a point x* € C such that

(f(x"),x—x") >0,vxeC. (1.4)
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Among the algorithms for solving variational inequality (1.3), the extragradient method intro-
duced by Korpelevich [16] is one of the simple and attractive methods. It reads as follows

{yk = Po(xx — A f (xx)), (1.5)

Xe1 = Pe(xe — A f (k)

where A4, € (0, %), L is the Lipschitz constant of f, or A; is updated by some adaptive rule, for
example, A || f(xx) — fFr)|| < Vv[xx — yi||, where v € (0,1). In recent years, the extragradient
method has received a great deal of attention from many authors, who improved this method in
various ways (see, e.g., [8, 9, 10, 12, 13, 22] and references therein).

However, if set C is not simple enough to calculate, then it affects the computation effort
and complexity of the method. The projection and contraction method of He [14] and Sun [20]
was introduced to overcome this obstacle recently. Cai, Gu and He [3] gave the “optimal” step
size in the contraction sense. On the other hand, Censor, Gibali and Reich [7] modified the
extragradient algorithm and gave the subgradient extragradient method. In their algorithm, the
second projection onto C is replaced by a projection onto a half-space which constraint C. The
projection onto a half-space is easier to compute. The subgradient extragradient method is of
the form:

Yk = Pl — A f(xi)),
Ty ={o € H|{x — A f (xi) — Y, @ — yr) < 0}, (1.6)
X1 = Pr(xx = A f(yi)),

where 4 € (0, 1).

Recently, Dong, Jiang and Gibali [11] further introduced a modified subgradient extragradi-
ent method by improving the stepsize of the second step. Their algorithm reads as follows.

Algorithm 1 Dong-Jiang-Gibali modified subgradient extragradient algorithm

Initialization: Give 7 >0, /€ (0,1), v € (0,1) and y € (0,2). Let xo € H be arbitrary.
Iterative Steps: Calculate x| as follows:

Step 1. Compute y, = Po(xp — A f(xx)), where A; is chosen to be the largest A €
{7,7¢,7¢?,.. .} satisfying

A o) = F i) | < v ek = yell-
If x; — yr = 0, then STOP.
Step 2. Compute
X1 = P, (o — YA f (V)

where
Ty :={o € H|[(x; — Af (Xx) — Yk, ® — yi) < 0},
and
(= i d (v i)
Nk = 2
Il (X, yie) |
where

d (X, yi) = X — yie — A (f (0) — £ (i)
Step 3. Set k <— k—+1, and go to Step 1.
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Motivated and inspired by the above works, two natural questions which raise are: can the
subgradient extragradient method and the modified subgradient extragradient method be used
to solve problem (1.1)? Can one devise their algorithms and obtain the convergence of the al-
gorithms? In order to answer these questions, we introduce two subgradient extragradient-type
algorithms for solving monotone variational inclusion problem (1.1). The weak convergence
and the strong convergence are obtained, respectively.

The paper is organized as follows. We collect some necessary definitions and lemmas for the
convergence analysis in Section 2. We introduce two subgradient extragradient-type algorithms
and prove their convergence in Section 3. We give a numerical example in Section 4, the last
section.

2. PRELIMINARIES

Throughout this section, we use x; — x and x; — x to indicate that {x;} converges weakly to
x and converges strongly to x, respectively. Let T be an operator. We denote the fixed point set
of T by Fix(T). For each x,y,z € H and a, 8,7 € [0, 1] with ot + 3 + 7 = 1, we have

x4+ y|* < x| +2(,x+), 2.1)
and
llax + By + yz||* = a||x||* + BIy|I* + ¥llzl|> — aBllx —y||* — ayllx —zl|* = Bylly —z]*. (2.2)

Definition 2.1. An operator 7 : H — H is said to be
e [-Lipshcitz continuous iff, forall x,y € H,

ITx =Tyl < Lllx—yl, (2.3)

where L > 0 is Lipschitz constant;
e nonexpansive iff L=11in (2.3);
e firmly nonexpansive iff 27 — I is nonexpansive, or equivalently, for all x,y € H,

(Tx—Ty,x—y) > ||Tx—Ty|*. (2.4)
It is clear that firm nonexpansiveness implies nonexpansiveness. If T is firmly nonexpansive

and Fix(T) # 0, we have that
(x—Tx,Tx—y) >0forall xe H, y € Fix(T). (2.5)

For every x € H, there exists a unique nearest point in C, denoted by Pcx, such that, for every
y €C, ||x—Pex|| < ||x—y||. Pc is called the metric projection of H onto C. It is well-known that
Pc is firmly nonexpansive. It is easy to prove that, for every y € C,

1Pex =y < flx=yII* = [ — Pex]*. (2.6)

Definition 2.2. A single-valued operator 7 : H — H is said to be
e monotone iff, for all x,y € H,

(Tx—Ty,x—y) > 0. (2.7)

e B-inverse strongly monotone(or B-cocoercive) iff forall x,y € H,

(Tx—Ty,x—y) > B||Tx—Ty|>. (2.8)
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A multi-valued operator A : H — 2 is said to be
e monotone iff

(u—v,x—y) >0 whenever u € A(x), veA(y). (2.9)
e maximally monotone iff, in addition, its graph
G(A) :={(x,y) eHxH:yecA(x)} (2.10)

is not properly contained in the graph of any other monotone operator.

It is well-known that a monotone operator A is maximal if and only if for (x,y) € H X H,
(x —v,y —w) >0 for every (v,w) € G(A) implies y € A(x).

Lemma 2.1. [27] Let A : H — 21 be a maximally monotone operator and let f : H — H be a
Lipschitz continuous operator. Then the operator B= A + f is a maximally monotone operator.

Lemma 2.2. [2] Let C be a nonempty set of H, and {x;.} be a sequence in H. If the following
conditions hold:

(i) for every x € C, limy_o ||x; — x|| exists;

(ii) every weak sequential cluster point of {x;.} belongs to C,

then the sequence {x;} converges weakly to a point in C.
From [21, Lemma 3.4], we have the following Lemma immediately.

Lemma 2.3. Let A : H — 21 be a maximally monotone operator and J{ = (I1+AA)~" be the
resolvent of A for A > 0. Let f : H— H be a B-inverse strongly monotone with B > 0. Suppose
that A=Y (0) N f~1(0) # 0. Let p > 0 and u € H. Then the following are equivalent:
(i) u=J5(I—pfu;
(i) u e A~1(0) N f~1(0);
(iii) 0 € A(u) + f(u).
Consequently, Fix(J{(I—pf)) = (A+ f)~1(0) =A~1(0)n f~(0).

Proof. Since A~1(0) N £~1(0) # 0, there exists ug such that 0 € A(ug) and f(uo) = O.
(i) = (ii). Assume that u = J5 (I — p f)u. Using the definition of the resolvent operator, we
have
u—pflu) e (I+AA)u,
which follows that
—%f@)eA@) @.11)
Since A is monotone and 0 € A(u), we obtain

<—§f(u),u—uo> >0.

Then
(f (u),u—up) <0. (2.12)
On the other hand, since f is B-inverse strongly monotone and f(ug) = 0, we get

(f(u)u—uo) = (f(u) = f(uo)su—uo) > B f(u) — f(uo)|> = Bl f@)|> = 0. (2.13)

Combining (2.12) and (2.13), we have f(u«) = 0. From (2.11), we have 0 € A(u). Therefore,
uc A1 0)nf1(0).
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(i) = (iii). It is obvious.
(iii) = (i). The assumption 0 € A(u) + f(u) can be rewritten as —f(u) € A(u). Note that
0 € A(up), the monotonicity of A implies that (f(u),u —up) < 0. From (2.13), we get f(u) = 0.
It follows that 0 € A(u). Then u = J4u and
Jo(I—pflu=Jou=u.
The proof is complete. 0

Lemma 2.4. [15] Let {s;} be a sequence of nonnegative real numbers such that

k1 < (1 — og) sk + o4, k > 0,

k1 < Sk — T+ G,k >0,

where { oy} is a sequence in (0,1), {t;} is a sequence of nonnegative real numbers, and {5}
and { &} are two sequences in R such that

(1) L0y = oo

(ii) limy o0 G = 0;
(ii1) lim; e Ty = 0 implies limsup 300 5k,- <0.

Then limy_,. 55, = O.

3. ALGORITHMS AND THE CONVERGENCE ANALYSIS

In this section, we introduce two self-adaptive subgradient extragradient-type algorithms for
solving the monotone variational inclusion problem. The convergence of two algorithms is
analyzed in Hilbert spaces.

3.1. Weak convergence algorithm and convergence analysis. In this subsection, we give a
subgradient extragradient-type algorithm and establish its weak convergence. We first state the
assumptions that we will use through the rest of this paper.

Condition (i) The solution set of (1.1), denoted by I, and A~!(0)( f~!(0) are nonempty.
Condition (ii) The operator f is B-inverse strongly monotone on H with 8 > 0.
Condition (iii) The operator f is Lipschitz continuous on H with constant L > 0.

First, we give a self-adaptive subgradient extragradient-type algorithm. The algorithm is of
the form:

Definition 3.1. Let ¢, c; > 0 be given constants in (0,1). A is said to satisfy the stepsize
conditions in Algorithm 2 if A; satisfies

(e — yiend (i k) > e e — il (3.3)
Nk > €2, (3.4)

and
i > . .
inf{d}=24>0 (3.5)
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Algorithm 2 The weakly convergent subgradient extragradient-type algorithm

Initialization: Give y € (0,2). Let xo € H be arbitrary.
Iterative Steps: Calculate x| as follows:
Step 1: Compute

e = T3 (= Aef (%)) (3.1)
If x; — y; = 0: STOP.
Step 2: Compute

Xy 1 = Pr (o — YMidacf (k) (3.2)

where
T :={ o € H|{xx — M f (x) — yi, @ — yx) < 0},
and
(= Yo d (e, k)
Nk = 2
(e, i)l

where

d (%, yi) 2= X — yi — M (f (i) — f ()
Step 3: Set k <— k+ 1, and go to Step 1.

Lemma 3.1. [23] (i) We know that d(xi,yi) = 0 if and only if x;x = y. Hence if d(x,yr) =0,
then x; € . (ii) Assume that the sequence {x; } is generated by Algorithm 2. Then A satisfies
the stepsize conditions when we take A € [a,b] C (0,1/L) or A is given self-adaptively, i.e.,
A =on™, o >0, n e (0,1), where my is the smallest nonnegative integer such that

Al Cee) = £ ) T < vl = el (3.6)
where v € (0,1) is given.

Lemma 3.2. Assume that {x; } and {y} are the sequences generated by Algorithm 2. Letu € T’
and { A} satisfy the stepsize conditions. Then, under Conditions (i), (ii) and (iii), we have

k41— MH2 <ok — MH2 — ||k — X1 — YNed (k5 Vi) H2 —c102Y(2 =) xx _kaz_ 3.7)

Proof. Letu € T'. From Lemma 2.3, we have 0 € A(u«) and f(u) = 0. From (3.1), we have

xi — M f (xx) € i+ MA (Vi)

which follows that
Xk — Yk
At

By virtue of the maximal monotonicity of A, we have

— f(xx) € A()- (3.8)

<Xk;kyk — f(x), ke —u) > 0.

Thus, it follows from A; > 0 that

(X — yk — Aef (i), u — i) < 0. (3.9)
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Hence u € T. From the definition of x;, | and (2.6), we get
b1 —ull® = [Py (o — ymedaf () — ul|?
< [ = ymeAes (a) — el = lloe — Y (k) — 21 1. (3.10)
= [l = el =l =21 [ = 207mdacf (k) s 21 — ).

From f(u) = 0, the fact that f is monotone, we get (f(yx),yx — u) > 0, which further implies

ha
o Ok — ) =L F 00Kt — i)+ () 3 — 1)

(3.11)
>(f (k) X1 — Vi)-
Then
=2y f (k) s X1 — 1) < =2YMicAie(f (Vk) > X1 — Vi) - (3.12)
On the other hand, from (3.2), we have x| € T, which implies that
(X — Aicf (i) — Yis Xee1 — Yk) < 0. (3.13)
It follows that
(X =y — A (f () = FOR)) s X1 — i) < Aae{f 00) s X1 — Vi)
and thus
(d (X, y) s X1 — Vi) < Ml f k), Xk 1 — Vi) -
Note that
= 2YM A (f k) s Xk — Vi) < —2YMic(d (ks Vi), X 1 — Vi) - (3.14)
Combining (3.12) and (3.14), we arrive at
=2y f (V)5 X1 — 1)
< —2yMi(d (X, Yk ), Xkt 1 — V) 3.15)
= = 2YMi{d (X5, Vi) s Xk — Vi) + 2YMi(d (X, Vi) s Xk — X 1) '
= —2ynEl|d (e, yi) II* + 27Mie{d (o, i) s Xk — X 1)
Now, we estimate 2yn(d (xk, k), Xk — Xx+1). Observe that
2yMi(d (Xk, Vi) s Xk — Xk 1) (3.16)
= — |Ixk = Xkr1 — YMed (Xk, i) ||2 + ||k — Xk41 H2 + }’27113||d(xk,)’k) ||2. .
It implies from (3.15) and (3.16) that
=2y f (i), X1 — 1)
< =2ymi A (ks Vi) || — |1 — X1 — YMed (X, Vi Xk — X1 i 11d (Xic, Vi
< =2y lld (o, i) |12 — | Y1ed (xie, i) | > + | 1>+ v* 02 l1d (e, yie) |1
< — [l — Xt — ymd (e )11 A+ Nk — 31 |2 = ¥(2 = Y ld e, i) |1
(3.17)

Substituting (3.17) into (3.10), we have
ek = 2l < [ = ull® = ok — a1 — ymed o, y) 12 = 2 = )0 d (s y) [P (3.18)
Combining (3.3)and (3.4), we obtain

NENd G, yie) |12 = Maedd (o yi) s i — i) = crea e — vl (3.19)
From (3.18) and (3.19), we obtain (3.7). The proof is completed. ]
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Theorem 3.1. Assume that Conditions (i), (ii) and (iii) hold and {A;} satisfies the stepsize
conditions. Then, the sequences {x;} and {y,} generated by Algorithm 2 weakly converge to
the same solution of variational inclusion problem (1.1).

Proof. Letu € I'. From (3.7), we have
k1 — el < [leie — u]]-

It implies that the sequence {||x; — u||} is monotonically decreasing and bounded from below.
Hence limy_,. ||x; — u|| exists and {x; } is bounded. From 0 < y < 2 and (3.7), we get

2 2 2
Xp — < — (| — w||” = | xgy — u||*). 3.20
o= < oo o=l = s =) (320

It follows that limy_,e ||xx — yk|| = 0 and {y;} is bounded. Since the sequence {x;} is bounded,
there exists a subsequence {xi;} C {x;} such that x;; — £ as j — co. Subsequently, we get
Yk; —Xas j—oo.

Now, we show that X is a solution of problem (1.1), thatis, £ € I'. We observe that the operator
f 1s Lipschitz continuous. From Lemma 2.1, we know that A + f is maximally monotone. Let
(v,w) € G(A+ f), thatis, w— f(v) € A(v). Since yy, = Jfkj (xk; — Ax, f (xx;)), we have

Xy — Mg f (xk;) € (14 A, A) (i),

that is,
Xk, — YVk;
J/IkA - — flog) € Ay, (3.21)
J
By virtue of the maximal monotonicity of A, we have
Xk; — Yk;
(v == F(3) = =5 fx,)) 2 0.
j
Hence
xkj_}’kj
<V_ykj,W> Z <V_ykj7f(v)+T _f(xkj)>
j
ij_ykj
= <V_ykj7f(v) _f(ykj)+f(ykj) _f(xkj) +T>
j
xkj_)’kj

> (V= f ;) — ;) + (v =k T>-

Since limy e ||[yk — x| = 0, and f is Lipschitz continuous, we obtain that lim; e || f(x;) —
f(xx;)|| = 0. Since A > A > 0, it follows that

lim (v —yg;,w) = (v—%,w) >0
J=eo

It follows from the maximal monotonicity of A+ f that 0 € (A 4 f)(%), that is, £ € I". Using
Lemma 2.2, we find that the {x; } and {y;} converge weakly to a point in I". This completes the
proof. 0

Remark 3.1. If yn; = 1, Algorithm 2 is reduced to the follow algorithm:

{)’k = T3 (o= M f (i),

(3.22)
X1 = Pr (e — A f (k)
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where T := {® € H|{(x; — Af(xx) — Yk, @ — yx) < 0}. By using the similar method, we can
obtain the the weak convergence result with ¢; € (3, 1).

3.2. Strong convergence algorithm and convergence analysis. In this subsection, we give
the other subgradient extragradient-type algorithm. Different conditions is necessary to estab-
lish the strong convergence.

Condition(iv) Let {0y} and {B;} be two real sequences in (0,1) such that {8} C (a,b) C
(0,1 — o) for some a > 0,b > 0 and

lim o =0, ) oy = oo. (3.23)
k=1

k—>oo

Algorithm 3 The strongly convergent subgradient extragradient-type algorithm

Initialization: Give y € (0,2). Let xo € H be arbitrary.
Iterative Steps: Calculate x| as follows:
Step 1: Compute

e = I3, (= M f (), (3.24)
If x; —yr = 0, then STOP.
Step 2: Compute
2k = P (o — YA f (V) ) (3.25)
where T}, := {(D € H]<xk — lkf(xk) — Vg, @ —yk> < O}
and
- (xXk — Y, d Xz, %))
ld (xze, 1)1
where

d (ke yi) := Xk — Y — A (f (k) — £ )
Step 3: Compute
X1 = (1= 04 — Br)xx + Brax- (3.26)
Step 4: Set k < k+ 1, and go to Step 1.

Theorem 3.2. Assume that Conditions (i), (ii), (iii) and (iv) hold and Ay satisfies the stepsize
conditions. The sequence {x;} generated by Algorithm 3 converges strongly to ii € T', where
]} = min{{lul] |u € T}.

Proof. From Lemma 3.2, we have
2k — al|* < [|Jx — 1> = [Jx — zx — Yed (o i) [|* = crea(2 = ) e — vl (3.27)

and

2k — | < [Jxx — 4] (3.28)
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First, we prove {x;} is bounded. Using (3.28), we get
i1 = atf| =[(1 = o4 — Be) (ke — ) + Bz — &) — g
<11 — o = Bic) (o — ) + B (zie — )| + o
<(1— o = Be) |k — ] + Bl zx — aal| + oyell ]

<(1— 0)lxe — ] + o ] G2
< max{||x; — al|, [[a]|}
<...<max{|xo—a,|a]}
This proves that {x;} is bounded, so is {z;}.
Second, setting 7, = (1 — B )xx + Brzx, we have
e —al| <(1— Bi) llxx — | + Brllzx — @l
<(1 = Bi) llxx — @l + Brlxx — 4 (3.30)
=l — |,
and
1tk — k]l = Brellxx — zl|- (3.31)
From (3.30), (3.31) and (2.1), we have
bk — 1> = [[(1— o) (1 — ) — o (o — ) — ot
< (1= o4)* |1t — 1l|* — 2o (v — 1) + O, X — i)
= (1— o) ||t — a])* + 2 {0y (xk — 1), 6 — Xp1 ) + 2( O, &8 — Xgep 1) (3.32)

)
< (1= o) [l — a1l|* + 20| |xi — 1 | — Xy || + 2{ 0, & — 1)
< (1= o) [l — a1l|* + o (2Bl — 2wl | — X 1 || + 2470, 12 — x41) ).
On the other hand, from (3.2) and (2.2), we have
s — a1 = (1 — o6 — Bie) (xic — ) + Be(zi — ) + oge(—d) ||
=(1— o4 — Bi) ek — &]* + Bellzx — al|* + ouel ]|
— Bi(1— o4 — Be) e — zl|? (3.33)
— oy (1= o — B [lxell” — 0w Belzx >
<(1— o — Be) bex — al1* + Bellzx — al|* + ouel| ]|
Combining (3.27) and (3.33), we obtain
ek — all* <(1 = o — B [l — | > + Brllx — | > = Billxk — zi — Ymed (o, ) I
— Brercay(2 — ) llo — yel|* + ol al>

<||xx — al|* — Bellxk — 2 — yMud (i, i) | > — Brercav(2 — ) 1k — vl | + o | 2]
(3.34)

From Condition (iv), we have
b1 = all* <l —al1* — albo — 2 — ymed (v, ) |12

' (3.35)
—ac1eay(2—7) |lx — yil|* + ol >
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Setting
sk = |lee—all*, 8 = 2Bl — zell | — xesr || + 2@, & — xes1),
T = allx — 2k — YMd (5, 1) |17 + acreay(2 = )| — vl G = owe|aa]|?,
we find that (3.32) and (3.35) can be rewritten as the following, respectively:
Skt < (1 — o) sg + Sy,
and
Skl < Sk — T+ G
Finally, from conditions (iv), we know that limy_,., {; = 0 and X7° 0 = oo, In order to

complete the proof by using Lemma 2.4, it suffices to verify the fact that lim .. Ty, = 0 implies
limsup;_,,, &; < 0 for any subsequence {k;} C {k}. In fact, if lim; e 74, = O, then

hm kaj _yij = 0 and hm kaj _ij _'}’nkjd(xkj7ij)|| = O
J—° J—°

Since
||)ij _ijH Skaj —Zk; ynkjd(xkjvykj)|| + ’ynijd(xkjaykj)H

<ij _ykjad<xkj7ykj)>

:kaj _ij - Ynkjd(xkja)’kj)” + y

dxk.,yk.
o it O
Xie; — Vi |1 (X, Vi
<|lxw; — zx; — Y1k, d O i) || + Y —"—7 o
Iy = =1k 1 g S
:kaj_zkj_’}/nkjd(xkpykj)H—’—/}/kaj_ykj||7
it follows that limj, [|xx; — 2, || = 0. We also have
1241 — X | < 0t [k [+ B llek; — 251 (3.37)

which implies that lim ;e [[xg;+1 — xt,[| = 0. Since {x;} is bounded, we obtain that @, (x;)
is nonempty. Using the similar method in Theorem 3.1, we can obtain ®,,(x;) C I". Since
||| = min{||u|||u € T}, it follows that

limsup(d, & — x;41) = limsup(@,i —x;;) = sup (4,4 — ) <0.
J—ree J—ree DED(xy;)

Since [[xg; — vk, || — 0 and {xy;} is bounded, it is easy to see that limsup;_,., &; < 0. From
Lemma 2.4, we conclude that limy_,., x; = @ and the proof is completed. [

4. THE NUMERICAL EXAMPLE

In this section, we present an example to demonstrate the performance of the proposed Algo-
rithm 2 (denoted by SEA). With different initial values, we compare the SEA with the proximal
and contraction algorithm (denoted by PCA) in [26] as follows:

Vi = i (= A f ()
d(xe,yk) = (= yie — M (f () — () ) (4.1)
Xy 1 = Xk — YPBrd (xx, yi)-

We use figures to show their difference in the convergence speed of the algorithms. Besides, we
also show the different convergence speed about SEA with the different A values.
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All experiments are carried out using MATLAB on a personal computer with 1.6GHz central
processing unit (Intel(R) Celeron(R) CPU N3150), 4.00 GB memory, and Window operating
system (Window 10).

Example 4.1. Let x* € R" be a K-sparse signal, K < n. The sampling matrix A € R™*"(m <<
n) is stimulated by standard Gaussian distribution and vector b = Ax* + e, where e is additive

noise. When ¢ = 0, it means that there is no noise to the observed data. Our task is to recover
the signal x* from the data b.

SEA=1
=== 1PGA=08
e = SEA <06
= PCA=04
s SFA =04
= PCA1=02
 SEA =02
N

5000 6000 7000 8000 9000

k

0 1000 2000

3000 4000

FIGURE 1. Comparision results of SEA and PCA with the different parameter y selection.

- -~ SEA 0901
oL % === SEAIDL
TEENNNG ™ e SEAJ=0T0L
_or SEA=DS0L
oW ——SEA DAL
X L
PR ——SEANDAL
x iy —SEAI0L
b e A 0.0
PIR J
10 r V‘I‘. ::
i x x x
0 2000 4000 6000 8000 10000 12000
k

FIGURE 2. Comparision results of SEA with the different parameter A selection.
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It is well-known that the sparse signal x* can be recovered by solving the following LASSO
problem [24],

1
min EHAx_bH%"‘KHx”l, (4.2)

which is to
Find x* € H such that 0 € k9 ||x*||; + AT (Ax* —b).

The resolvent Jf“'“l is given by the Moreau decomposition

M = +23) 0 @)
= Proxy |, (x) = sgn(x) max{|x| — A,0}.

We take m = 120, n = 512 and K = 60, the stopping criteria ||x; —x*|| < € where € >0 is a
given small constant. We randomly choose the starting points xg € [0, 1]".

We can obtain two figures under the different parameters of y and A. In FIGURE 1, we take
M = %, and SEA is compared with PCA. If vy is larger, then SEA is worse than PCA, and if
v is smaller, then SEA is better than PCA. In FIGURE 2, we obtain that the value of A is the
greater, and the convergence is the better. In conclusion, as we can see from the figures, our
algorithm (SEA) is feasible.
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