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Abstract. This paper studies the local stability of a parametric optimal control problem with mixed pointwise
constraints. We show that if the unperturbed problem satisfies the strictly second-order optimality conditions, then
the solution map is upper Holder continuous in L*-norm of control variable.
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1. INTRODUCTION

In this paper, we study the following parametric optimal control problem. For each fixed
parameter w € L™(]0, 1],R¥), one determines a control vector i, € L*([0,1],R™) and a corre-
sponding trajectory £, € C([0, 1], R") which solve

1
I(x,u,w):/o (gol(t,x(t),w(t))-l—(pz(t,x(t),w(t))u(t)+(p3(w(t))|u(t)|2)dt—>min (1.1)

S.t.
x(t) = xg —|—/Ot (f1 (s,x(s),w(s)) —|—f2(s,w(s))u(s))ds, (1.2)
g(t,x(t),w(t))+eu(t) <0 ae.re]|0,1], (1.3)

u(t) <0 ae.rel0,1], (1.4)

where € >0, @1 : [0, 1] x R" x RE = R, @5 : [0,1] x R" x RE = R™, f1:[0,1] x R" x Rk — R,
f2:10,1] x R¥ — R™ and g : [0,1] x R" x R¥ — R™ are Carathéodory vector functions and
@3 : R¥ — R is a continuous function.
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Throughout this paper, we denote by (P(w)) the problem (1.1)-(1.4), by ®(w) the feasi-
ble set of (P(w)) and by S(w) the optimal solution set of (1.1)-(1.4) corresponding to pa-
rameter w. Note that the constraints (1.3) and (1.4) aim at regularizing the pure state con-
straint g(¢,x(¢),w(t)) < 0. Besides, it is failed to simplify (P(w)) by changing variable v(t) =
g(t,x(t),w(t)) + €u(t).

Fixing a parameter w, we call (P(w)) the unperturbed problem and assume that (X, i) € S(w).
Our main concern is to estimate the error ||£,, — X|| + ||, — #@|| whenever (%,,,,,) € S(w). This
problem has been studied by several authors in the last decade. For the papers which are related
to the present work, we refer the readers to [7, 8, 11, 20, 21, 22, 23, 24] and the references
therein.

The solution stability of optimal control problems has some important applications in param-
eter estimation problems and in numerical methods (see, for instance, [11, 19]). It is known
that when (P(w)) is a convex problem and J(-,-,w) is strongly convex, then the solution map
of S(w) is single-valued. In this case, under certain conditions, the solution map is continuous
in parameters (see, for instance, [8]). Also, in [20, 21, 22, 23, 24], Malanowski showed that
if weak second-order optimality conditions and standard constraints qualifications are satisfied
at the reference point, then the solution map is a Lipschitz continuous function of parameters.
However, when these conditions are not satisfied, the solution map may not be singleton. In this
situation, we need to use the tools of set-valued and variational analysis to deal with the prob-
lem. Such treatments have been developed recently in [1, 2, 13, 16, 17]. Particularly, in [1, 2]
Alt showed that under certain conditions, the solution map is locally upper Lipschitz continuous
in L>—norm of control variables.

Motivated by results in [1] and [2], in this paper, we show that if the unperturbed problem sat-
isfies strictly second-order optimality conditions, then the solution map S(w) is locally Holder
continuous not only in L?-norm but also in L®—norm. Note that the norm || - || is shaper than
norms || - ||, and so it is often used for error estimate in numerical methods of optimal control.
However, the estimation of |4, — if||. depends on the number of Lagrange multipliers which
equals to the number of constraints. The more constraints the problem has the more difficult
we estimate ||d,, — if||. In our problem, the number of constraints equals to 2m. Therefore, the
estimation of ||fi,, — i||« is difficult to obtain. To tackle the problem, we first transform it to
an abstract parametric optimal control problem, which satisfies the Robinson constrain qualifi-
cation condition. We then establish the regularity of optimal solutions by techniques of metric
projections. Based on this fact, we prove Holder continuity of solutions of adjoint equations.
Then, we can obtain our main results.

The paper is organized as follows. Section 2 is of assumptions and statement of the main
result. Section 3 is destined for some auxiliary results. The proof of the main results is provided
in Section 4.

2. ASSUMPTIONS AND STATEMENT OF MAIN RESULTS

Given a Banach space X, v € X and r > 0, we denote by Bx (v, r) and Bx (v, r) the open ball and
the closed ball with center v and radius r, respectively. In some cases, if no confusion caused,
we write B(v,r) and B(v,r). Also, we denote by By,Bx the open unit ball and the closed unit
ball, respectively. As in the introductory section, we assume that 7 = (X, ) is a locally optimal
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solution of (P(Ww)). For each parameter w € L=([0, 1],R¥) and R > 0, we define

®r(w) = D(w)NB(Z,R),

Sr(w) = {(w, uw) € Pr(W) | I(yw, tyy, w) = inf  I(y,u,w)}.
(yvu)eq)R(W)

Given a vector function y = y/(¢,x,u,w), the symbols y|t] and y[t,w] stand for y(r,%(z),u(t),

w(t)) and y(t,%,(1),q,(t),w(t)), respectively. Also, the notations Wy [t], W,[t], Wirlt], Wault],
Wi lt,w], w,[t,w], ect, are used similarly. Given x € C([0,1],R"), the norm ||x||o is defined by
setting

[ x[lo = max. |x(2)].

For an € > 0, we set

N(x,e) ={yeR"| teif(l)fu ly—x(1)| < e},

and

N(w,€) = {w e R | nf bw—w(o)| <},

Let L stand for ¢; (i =1,2,3), f; (j = 1,2) and g. We impose the following hypothesis on L.

(H1) For a.e. t € [0,1] and w € N(w, €), the mappings ¢;(t,-,w), f;(t,-,w) and g(t,-,w) are
twice continuously differentiable but f;(t,-,-) is of class C! on N(%,&) x N(, €).

(H2) For each M > 0, there exists a constant ky;, > 0 such that

\L(t,xl,wl) —L(I,XQ,WQ)’ + ‘VXL(t,xl,Wl) - VXL(I,Xz,W2)|

—+ |V§L([,X1,W1) — V%L(I,XZ,W2)| < kML(lxl —)Cz’ + |W1 — W2|).
for a.e. t € [0,1], for all x; € N(,€) and w; € N(w, €) satisfying |x;| < M and |w;| < M, with
i = 1,2. Furthermore, we require that |L[-]| and |V,L[-]| belong to L=([0, 1], R).

(H3) fix[t] <0, f2[t] <0 and g,[t] > 0 for a.e. r € [0,1], and there exists ¥ > O such that
o3(fi(t)) > yforae.r€]0,1].

(H4) infic(o 1) |gi[t]] > O foralli=1,2,...,m
In the sequel, we shall use the notations

(t,x,1,w) = 1 (1,3, w) + @2 (1,5, w)u + @3 (w)|ul,
I(x,u,w) /(ptx ,w(t))dt,

Oclt,w] = Q1c[t, W] + @ac[t, W]y, @ult, W] = @2, W] + 203 (W)idy,
ft,x,u,w) = fit,x,w) + fa(t,w)u,
fX[taw] :flx[taw]7 fu[f,W] :fz[I,W].
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Let us give some explanations on the assumptions. (H1) and (H2) make sure that each w €
N(w,€),I(-,-,w) is of class C? around (%, ). By a simple calculation, we have

(VI(Ryy, lyy,w), (x,u))
1
=/<mmmmmem+%mmmMmmmmmm
[ (20,800, w00 le) 20500 ().

Assumption (H3) guarantees that the Robinson constraint qualification is fulfilled. Meanwhile
(H4) is a technical assumption which help us to estimate ||u,, — i||co.
Let us set

Ti(w) = {t € [0,1] | glt,w] + () = O}, 2.1)
Tr(w) ={r €[0,1] [ () =0} (2.2)

Definition 2.1. A couple (x,u) € C([0,1],R") x L?(]0,1],R™) is said to be a critical direction
of problem (P(w)) at (£, 4,) if the following conditions are fulfilled:
(e1) (VeI (R, g, W), (x,u)) < 0;

(e2) x() = I ((fials, wle(s) + fals, wla(s))ds:
(c3) gelt,w]x(t) +eu(t) <0ae.t € Ty (w);
(ca) u(t) <0ae.t € h(w).

We denote by €[(%,, )] the closed convex cone of critical directions of (P(w)) at (9, )
and by €’[(x, )] the closed convex cone of critical directions of (P(w)) at (X, ).

Definition 2.2. A triple (p,,, 6,,, Dy), where p,,: [0, 1] — R" is an absolutely continuous vector
function, 6,, and ¥,, belong to L?([0,1],R™), is said to be Lagrange multipliers of (P(w)) at
(%, 1) if the following conditions are fulfilled:

(i) (the adjoint equation)

pw(t) = _(px[taw] _fx[taw]pw(t) - Ow(t)gx[t,w], 2.3)

pw(1) =0;

(ii) (the stationary condition in u)
Oult, w] + fult,wlpw(t) + €6, (t) + €0, =0ae.r €[0,1]; (2.4)

(iii) (the complimentary condition)

B,i(t) > 0, Vy(t) > 0 ace. 1 € [0,1], (2.5)
0,i(1) (gilt, W] + €i(r)) = 0, ace. 1 € [0, 1], (2.6)
Byiw (1) (€l (1)) =0 ae. t € [0,1], (2.7)

where i = 1,2,....m; 6,, = (01, ..., By) and Oy, = (V1 ..., By )-

We shall denote by A[(%,,d,)] and A[(X,i)] the sets of multipliers of (P(w)) and (P(w)),
respectively. We are ready to state our main result.
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Theorem 2.1. Suppose that assumptions (H1) — (H3) are fulfilled and there exists a triple
(p,6,9) € A[(%,i@)] such that

[ (@l + @au ) 5(0 + 2020 f0)ute) + 20550 uo)?)
[ (50 el + 8(0geli ()t > 09(0x,) € BEA\{0.0)). @)

Then there exist numbers R, > 0,1, > 0 and €. > 0 such that, for each w € By (W, &), Sg,(w) C
S(w), that is, any couple (%,,0,) € Sr,(w) is a locally optimal solution of (P(w)). Moreover,

(P, i) € WH=([0,1],R") x L=([0, 1],R™) and

i —llo + |y —itll2 < 1w — 2. (2.9)
In addition, if (H4) is fulfilled, then there are numbers 1} > 0 and € > 0 such that
ot Nty — oo < Iyl w— W] /2. (2.10)

oo
for all (%,,d,,) € Sg,(w) and w € By (W, &).

To prove Theorem 2.1, we need to establish some auxiliary results below.

3. SOME AUXILIARY RESULTS
Let Ey,E,X,U and W be Banach spaces and Z := X x U. Let
J:XXUXW =R, F: XXUXW —=Ey, G: XXUXW —=E

be given mappings and K be a nonempty closed convex set in E. For each w € W, we consider
the parametric optimal control problem of finding a control vector u € U and the corresponding
state x € X, which solve

J(x,u,w) — min
(P'(w)) F (x,u,w) =0,
G(x,u,w) € K.
We denote by @’(w) the feasible set of (P'(w)) and define
D(w) ={z= (x,u) € Z| F(x,u,w) = 0}.
Then (P'(w)) can be written in the simple form

{ J(z,w) — min

(P(w) z€ @' (w).

Fixing a parameter wy € W, we call (P'(wp)) the unperturbed problem and assume that zg =
(XQ,MQ) € (I)/<W0).
Given a closed set C in Z and a point z € C, the sets

T°(C,z) = {h € Z|Vt, — 07, 3h, — h,z+tyh, € C},

and
T(C,z)={h€Z|3t, — 0" ,3h, — h,z+1t,h, € C}
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are called the adjacent tangent cone and the contingent cone to C at z, respectively. These cones
are closed and T°(C,z) C T(C,z). It is well known that if C is convex, then

T°(C,z) = T(C,z) = cone(C — z)
and the normal cone to C at z is given by
N(C,z2)={z"€Z" | (¢",c—z) <0, YVc e C}.
We now impose hypothesis on J, F' and G relating on zp.

(A1) There exist positive numbers ry,r},r] such that for any w € By (wo,r{), the mapping
J(-,-,w), F(-,-,w) and G(-,-,w) are twice Fréchet differentiable on By (yo,r1) x By (uo,r}). The
mapping F(-,-,-) is continuously Fréchet differentiable on By (yo,71) X By (ug,r}) X Bw (wo, ).

(A2) There exist constants kg > 0 and k; > 0 such that
1G(z1,w1) = G(z2,w2) |+ [[VG(z1,w1) = VG(z2,w2) | < kg ([lz1 — 22l + [lwi — wal]),
[ (z1,w1) = J(z2,w2) || + VI (z1,w1) = VI (z2,w2) | < ks([lz1 — 22| + [[w1 —w2l])
for all z;,z2 € By (yo,r1) X By (uo, 7)) and wi,wy € By (wo, r7).
(A3) The mapping Fy(z9,wo) is bijective.
(A4) V.G(z0,w0)(T (D(wy),z0)) — cone(K — G(zo,wp)) = E.

Conditions (A3) and (A4) make sure that the unperturbed problem satisfies the Robinson
constraint qualification. According to [14, Theorem 2.5] (see also [25, Theorem 2.1]) condition
(A4) is amount to saying that there exists a number py > 0 such that

BE(O,p()) - VZG(Z(), W())(T(D(WO);ZO) ﬂBz) — (K— G(Z(), W())) NBE.
The following lemma gives the Aubin property of (®'(w)).
Lemma 3.1. ([16, Lemma 3.4]) Suppose that zo € ®'(wg) and assumptions (A1) — (A4) are

satisfied. Then the set-valued map ®'(-) has the Aubin property around (zo,wy), that is, there
exists neighborhoods Bz(zo, r’z) By (wo, r'2’ ) and a constant kg > 0 such that

CI)/(W) NBz(zo, OC/) C dD’(w’) + kg ||lw— WIHBZ
for all w,w' € By (wo,75).

From Lemma 3.1, we see that, for each R > 0, there exists a number 7’ small enough such
that

@' (w)NB(z0,R) # 0, Yw € By (wo,7").

Putting ®f(w) = ®'(w) N B(z0,R), we consider the problem
J(z,w) — min
7 € Dp(w).

(Pr(w)) {

We denote by Si(w) the solution set of (Py(w)).
Recall that 7y € ®'(wy) is a locally strongly optimal solution of (P’'(wyg)) if there exists con-
stant ¥ > 0 and ¢ > O such that

J(z,wo) > J(z0,wo) + Qo||z — 20|* Vz € ®'(wo) N Bz(z0, 10)- (3.1)
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The following proposition is a sharper version of [4, Proposition 4.41] on the local stability of
(P'(w)).

Proposition 3.1. Suppose that (A1) — (A4) are fulfilled and 7o € ®'(wy) is a locally strong
solution of (P'(wy)). Then there exist positive numbers ko, Bo and Ry such that, for all w €
B(wo, Bo) and any (%, i) € Sg (W), (¥w, i) is a locally optimal solution of (P'(w)) and

1/2 =
Sk (W) C 20+ ko|lw—wollyy " Bz.

Proof. By using Lemma 3.1, one finds that ®’ has Aubin property. Since zy is a locally strongly
optimal solution of (P'(wy)), the conclusion follows from [16, Theorem 3.2] or [12, Theorem
4.4] immediately. 0

Let
L(x,u,v* e’ w) =J(x,u,w) + v F(x,u,w) + e G(x,u,w),

be the Lagrangian function corresponding to (P'(w)), where v* € Ej and ¢* € E*. Recall that
a couple (vi,e}) € Ef x E* is said to be multipliers of (P'(w)) at (%,,i,) if the following
conditions are fulfilled

VL (R, iy, Viyyy €5, W) = 0, V. L (X iy, Vi €5, w) = 0, (3.2)

e, € N(K,G(Xy, iy, w)). (3.3)
We shall denote by A’[(%,, iZ,)] the set of multipliers of (P'(w)) at (%, ). The following result

show that A’[(%,,, )] is uniformly bounded when w varies around wy. Its proof can be found
in [2, Theorem 2.4] and [25, Theorem 2.6].

Proposition 3.2. Suppose that (A1) — (A4) are fulfilled. Then there are numbers r§ > 0 and M >
0 such that if (%, iy) is a locally optimal solution of (P'(w)) corresponding to w € By (wo, 1% ),
then N'[(%,, )] are non-empty and

les Il + vl <M, Y(ey,vy,) € A[(F, ity)]. (3.4)
4. THE PROOF OF THEOREM 2.1

The idea for proving Theorem 2.1 is to reduce (P(w)) into (P’(w)) and then use Proposition
3.1 and Proposition 3.2. Let us put

X =C([0,1],R"), U = L*([0,1],R™),W = L™([0, 1],R"),
Z=XxUEy=X,E=UxU, K=K xK,
and
Ky = K> = {ve L*([0,1],R™) | v(r) <0}.
We denote by || - |lo, || - |l2 and || - [~ the norm of X, U and W, respectively. We also use
the Sobolev space W7 ([0, 1],IR"), which consists of absolutely continuous functions x with

x € LP(]0,1],R"), where 1 < p < co. Given x € WP([0,1],R"), one has ||x||1 , := ||x]jo + ||%[| p-
Let us define mappings

()
F(x,u,w) :x—/o F(s,x(s),u(s),w(s))ds,
G(x,u,w) = (G1,G2) = (g(-,x,w) + €u, €u)
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and
D(w)={z= (x,u) € X XU | F(x,u,w) = 0}.

Then, for each w € W, (P(w)) can be formulated in the form of (P'(w)):

I(x,u,w) — min
(P(w)) F(x,u,w) =0,

G(x,u,w) € K.

We shall divide the proof of Theorem 2.1 into some steps.

e Step 1. Verification of assumptions (A1) — (A4).

By (H2), @3(-) is locally Lipschitz continuous. Hence (H3) implies that there exists €’ €
(0,€) so that, for all w € W with ||w — |« < €”, @3(w(t)) > £ for ae. 1 €[0,1]. By taking
ri =r; =¢€ and r{ = €", we see that (H1) and (H2) imply (A1) and (A2). Besides, for each
w € By (w,r{) and Z,, € Bx(%,r1) X By (i, r}), we have

<VZI(ZW7 W)v (xv u)> =

= /0] (@[t w]x(r) + (pzx[t,w]Tﬁw(t)x(t) + @[t wlu(t) +2@3(w(t)) i, (¢)u(t))dt 4.1)

)
(V F(Zyw,w), (x,u)) :x—/o (fixls, wlx(s) + fax[s, Wit (s)x(s) + fa[s,wlu(s))ds  (4.2)
V.G1(Zw,w) = (g[, W], ely), V.G2(Z,w) = (0,€ely), 4.3)

where Iy : U — U 1is the identical mapping.
In order to verify (A3), we take v € Ej and consider equation Fy(Z,w)x = v. This equation is
equivalent to

()
x= /0 fix[s]x(s)ds +v.
By (H2), we have |fi,[-]| € L~([0,1],R). By [10, Lemma 1, p. 51], the equation has a unique
solution x € X. Hence (A3) is valid.
Let us check (A4). Since V,F(z,w) is bijective, VF(Z,w): X x U — Ej is surjective. This
implies that
T(D(w);Z) ={(x,u) € Z: F(z,w)x+ F,(Z,w)u = 0}.

Therefore, in order to verify (A4), we need to show that, for each (ej,e;) € E, there exists
(x,u) € Z and (v1,v2) € cone(K — G(Z,w)) such that

F(Z,w)x+ F,(Z,w)u = 0,

€1 = Glx(z7 W)X"- Glu(Z, W)l/l — Vi,

ey = sz(Z, vT/)x—f— qu(Z, vT))u — V)

or equivalently,
x(t) = /0 ralslx(s) + folslu(s))ds, 4.4)

el = gyl |x+eu—vy. 4.5)
€)= Eu—Vy. (4.6)
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We represent e; = e;; — e;2, where ¢;1,e;, € K; = K> and i = 1,2. We choose ] and u, such
that eu; = ej; and €uy = ep1. Put u = uy +uy. Since ey (1),e1(t) <0 a.e., then u(t) <0 a.e.

Lemma 4.1. There exists a solution x of equation (4.4) such that x(t) < 0 for all t € [0,1].

Proof. For each j > 1, there exists a unique solution x; satisfying

xj(t) = —% + /0 t (frelslxj(s) + fals]u(s))ds. (4.7)

Since x;(0) < 0, there exists a number #; > 0 such that x;(¢) < O forall 7 € (0,¢;). Since fi,[s] >0
and f[s] > 0, we have

Fixlslx;(s) + folslu(s) <0
forall s € (0,¢;). Hence

5(t) ===+ [ Giallis(5) + fllus))ds <.

Hence, there exists #; > #; such that x;(¢) < 0 for all # € (0,77). Let (0,7) be the maximal
interval so that x;(#) < 0 for all # € (0,¢7). If 7 < 1, then x;(7) < 0. Therefore, there exists
£; >t} such that x;(#) < 0 for all 7 € (0,7;), which contradicts the fact that (0,77) is the maximal
interval. Consequently, #7 = 1 and x;(t) < 0 for all 7 € [0, 1]. We now have

e ()] < 1+/Ot(|f1x[S]ij(S)! +1f2ls]lu(s))ds

t 1
< Wbl [ bes(s)lds+1+ [ alsllu(s) s
The Gronwall inequality (see [6, 18.1.1, p. 503]) implies that

)1 < (14 [ 1730015 ds) (1 el o)

< (1+/01 | fals]][u(s)|ds) (1+ || fre[ -Vl exp([] f1,[]]l)) == M1
for all 7 € [0, 1]. Since
Xj(t) = fixlt]x;(1) + folt]u(t),
we have
(0] < [frele]|My + | f2[e]]|u(2) ]
Hence

[ e Par <2 [P+ PP =
0 0

Thus {x;} is bounded in W!2([0,1],R"). Hence we can assume that x; converges weakly to
a function x € W'2([0, 1],R"). Since the embedding W ([0, 1], R™) — C(]0, 1],R") is compact
(see [5, Theorem 8.8]), x; — x strongly in C([0, 1],R"), that is, x; — x uniformly on [0, 1]. By
letting j — oo, we obtain from (4.7) that

€)= [ (ialla(s) + abluts))ds, v € [0,1].

The lemma is proved. U
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By (H3), one has g,[t] > 0. By Lemma 4.1, one has x(¢) < 0. Hence g,[t]x(¢) <0 for a.e.
t € [0,1]. It follows that
gx[|x(-) +eu—en € K,

and
i+ Eeu—ep € Ks.
Define
dy=g[|+ea+g]x+eu—e,
and

dr) =€+ eu—es.
Then d; € K; and d> € K5. This means that
er = gl lyu+eu—(di —g['] - €a),
and
ey = Eu— (dz — 81/_!),
where (y,,u) satisfies equation (4.4). By putting vi = d| — g[-] — €1 and v, = d) — €11, we see
that (4.4), (4.5) and (4.6) are valid. Hence (A4) is satisfied.

e Step 2. Show that (X, i) is a locally strongly optimal solution of (P(w)).

Lemma 4.2. Under assumptions of Theorem 2.1, there exist numbers oy > 0 and By > 0 such
that

I(x,w) > I(z,w) + aolju — i||3, Vz € Bz(z,Bo) NP(W).
In particular, 7 = (X, i) is a locally optimal solution of (P(W)).
Proof. Suppose the conclusion of the lemma is false. Then we could find sequences { (x, uz) } C
®(w) and {c;} such that (x,u;) — (%,i), ¢, — 01 and

I(xp g, w) < I(%, 8, W) + ci||ugx — ii|3. (4.8)
X—X
I

Up—u
Ik

Define t; = ||uy — it||2, £ = and i, = . Thent, — 07, ||dx||> =1 and
(xg, g, w) < I(%, i, w) +0(t). (4.9)

Since L?([0,1],R™) is reflexive, we can assume that /iy — i as k — co. We now claim that %
converges uniformly to some £ in C([0, 1],R"). Indeed, since (xg,u;) € P (W), we have

5t =0+ [ F(5,30(5) (), 9(5)) s
Since x; = X + t; X, we have
080) = [ (F53005) ), 9(5)) = f 5,6), (s) () s (4.10)

Since x; — X uniformly and u; — i in L?([0,1],R’), there exists a constant p > 0 such that
[xk|lo < p, ||luk||2 < p. By assumption (H2), there exists k7 , > 0 such that

| (s5xk(s), ux (), w(s)) = f (s,(s),t(s), W(s))| < kpp(|xi(s) = X(s)| + |ux(s) — a(s)])
for a.e. s € [0, 1]. Hence, we have from (4.10) that

601 < [ k()] + auls))ds
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and
£(0)] < kpp (1R(0) | + [k (1)]).- (4.11)
It follows that

t 1
40| < [ Kppltoldst [ kpplin(s)lds

t 1 5 1/2
< [[Kolintoas kg, [ acts)Pas)

t
< [ krpltc(olds +krp. (= 1)
By the Gronwall Inequality (see [6, 18.1.1, p. 503]), we have
[£(1)| < kg pexplkyp).

From this and (4.11), we see that
[ (1) < 2KF , (1 () + | (1)]?)
< 2k, (K7 p exp(2kyp) + |tk [?).
Hence

1
/O £ ()] 2dr < Zk%p (k%’p exp(2krp)+1).

Consequently, {£;} is bounded in W!2(]0,1],R"). By passing subsequence, we may assume
that £, — £ weakly in W12([0, 1],R"). Since the embedding W!2([0, 1],R") < C([0,1],R") is
compact, we have that £, — £ uniformly on [0, 1]. The claim is justified.

For convenience, we write I(+), F(-), G (+) and Gy () for I(-,w),F(-,w), G (-,w) and G (-, W),
respectively. Define the Lagrangian .Z(z, p, 0,1) associated with (P(w)) by setting

)
Z(2,5,0,0) =1() +(p,F(2)) +(8,G1(2)) + (3,G2(2)),

where

Since (p, 0, 1) satisfies condition (i) and (i) of Defintion 2.2 w.r.t. w, we have
V.%(zp,0,%) =0. (4.12)
Also, the condition (iii) in Definition 2.2 implies that
0 € N(K1;G1(2)),D € N(K»;G(3)), (4.13)

where N(K;;v) denotes the normal cone to K; at v in L>([0, 1], R™).
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By a Taylor expansion, we have from (4.8) that
o(t)
Ik

Note that L,[-] € L*(]0,1],R™) and I,(Z): L*([0,1],R™) — R is a continuous linear mapping,
where

L(2) % + L,(2) dx + <0. (4.14)

1
(1,(2),u) ::/O Ly[slu(s)ds, Yue L*([0,1],R™).

By [5, Theorem 3.10], I,,(Z) is weakly continuous on L?([0, 1], R™). By letting k — oo in (4.14),
we get

L)%+ 1L(2)a < 0. (4.15)
Since F(Z) = 0, F (x,u;) = 0 and by a Taylor expansion, we have
ot
F(@5+ E@ic 2 o
k

Using the same arguments as the above and letting k — oo, we obtain

F(2)£+ F,(2)a=0.

This means
80 = [ (lsli(0) + lslats))ds @.16)
Since G(xg,ux) — G(%,i) € K — G(%,i) and by a Taylor expansion, we have
G (2)%k + Gu(2)dy + %") € cone(K — G(x,i)) C T(K;G(x,i)), (4.17)

where T (K;G(%,i)) is the tangent cone to K at G(x,) in L>([0,1],R). It is easily seen that
T(K;G(x,w)) = T (K1,G1(2)) x T (K2,G2(2)),

and
T(K1,G1(2)) = {v e L*([0,1],R™) : v(t) € T((—,0"; g[t] + €d(t)) ae.}
= {ve L*([0,1],R™) : v(t) € T1 (W) ae. },
T(K2,Ga(2)) = {v e L*([0,1],R™) : v(t) € T((—o0,0]";€i1(t)) a.e.}
= {ve L*([0,1],R™) : v(t) € Tr(W) a.e.}
Here

Ti(w) ={t €[0,1]: g[t] +¢€u(t) =0}, Tr(w) ={r € [0,1] : €ii(t) = 0}.
By passing the limit in (4.17) when k — oo, we obtain
Gy(2)%+ G,()t € T(K1,G1(2)) x T (K2, Ga(2)).
It follows that
gx[t)x(r) +€i(t) € Ti(w),
and
ei(t) € H(w).
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Combining this with (4.15) and (4.16), we get (£,i) € € (Z). We now prove that (£,4) = (0,0).
By a second-order Taylor expansion for .# and (4.12), we get

_ _ _ 12 _
g(zkapaeaﬁ) _"%(Zvﬁvevﬁ) = %Vig(z,p,e,ﬁ)<2k,2k)+0(t]?), (2/{ = (xAkuﬁk))‘

On the other hand, from (4.9) and (4.13), we have
$<Zkuﬁué71§) _g(zaﬁaéaé)
=I(z) = 1(2) +(0,G1(z) — G1(2)) + (9, Ga(m) — G2(2))

<o(r})
due to the fact that F(z;) = F(Z) = 0. Therefore,
12 _
V2 2(25.0.9) (20 ) o) < old)),

or, equivalently,

(4.18)

By letting k — oo, we obtain V2..#(Z, p, 6,9)(2,2) < 0. By a simple calculation, we have

[ (@1l + @200)50) + 202 5()0) + 20570 (1))

/ flxx ( )gxx[t])x(t)zdt

= ngg(z;lvpv 719)(272)
<0.

Combining this with (2.8), we must have (£,i) = (0,0). However, from (4.18) and (H3), we
have
0(t2)

i

>V2.2(2,p5,0,0) (%, %)

= [ (@ral) @2 lT0)) 400 + 20150 )i (1) + 205500 200)
+ / 1) fralt] + 0.(1) gualt])xe (1)t

> / (Pracld] + @aecla(t)) (1) + 200,11 (1) () + 27|+

+ / ) fraelt] + B(0)guelt])ee (1) 2.
By letting k — oo and using the fact that £, — 0, iy — 0 together with [|d|, = 1, we obtain
0 > 27, which is impossible. The proof of the lemma is complete. 0
e Step 3. Prove upper Holder continuity of solution sets and their regularity.

Let F(x,u) := F(x,u,w). Since F(x,i) = 0 and Fy(%,i) is bijective, the implicit function
theorem implies that there are numbers y; > 0, 9, > 0 and a mapping ¢ : By (&, 71) — Bx (%, 12)
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of class C! such that F({(u),u) = 0 for all u € By (i1, 1) and ¢ (i7) = X. We can choose 81 < fBo.
which is given in Lemma 4.2. Particularly, { is Lipschitz on By (i,y1). Hence there exists a
number kg > 0 such that ||{(u) — %[jo < k¢|lu—il|> for all u € By (i, v1). We now take any
(x,u) € ®(W) N (Bx(%,%2) X By (@, %)). Then x = {(u) and ||x — X||o < k¢||u — il|2. From this
and Lemma 4.2, we have

1(x,) = 1(2,W) + oto|u — |3

IR _ ]
=1(Z,W) + oo (kg llu— |3 + kg [l — )
> 1(2,%) + 2 (k2 |lu— a3+ x— 73
> 1(2,w) + 5 (kg llu —allz + lx — xlp)

¢
> 1(z,w) + o (JJu— a3 + x —x5)

for some constant o; > 0. Hence (X, ) is a locally strongly optimal solution of (P(w)). Thus
we have shown that (P(w)) satisfies all conditions of Proposition 3.1. According to Proposition
3.1, there exist numbers R, > 0,/, > 0 and &, > 0 such that

Sr.(w) C (%,i1) +I*||w — w|| /2B; Yw € By (w, &)

which implies (2.9). Moreover, for any (£,,4,) € Sg,(w) with w € By (W, &), (£y,0y) is
a locally optimal solution of (P(w)). Here we can choose €, > 0 small enough such that
the conclusions Proposition 3.2 are fulfilled. Hence, for each w € By (w,¢€,) and for any
(X, 1) € Sg, (W), A[(%w,i,)] is nonempty and uniformly bounded, that is, there exit v}, € Ej
and (6,,9,) € E* = L?(]0, 1], R™)? such that the following conditions are valid:

L2y, w) + Vi Fx (B, w) + 640G 12 (2, W) + B0Gox (2, w) = 0, (4.19)
Li(Zw,w) + Vi Fy (2w, w) + 0,,G 1y (2w, w) + 0 Goy(Z,w) =0, (4.20)
0, € N(K1,G1(3y,w)) = N(Ky,g(-, %, w) + €ily,), 4.21)
By € N(Kz, G2 (2, w)) = N(K3, €ddyy), (4.22)
and
[Vl 4 116w l2 4[| B [l2 < Mo (4.23)

for some absolute constant My > 0. Here v}, is a signed Radon measure. By Riesz’s Represen-
tation (see [10, Chapter O1, p. 19] and [9, Theorem 3.8, p. 73]), there exists a vector function
of bounded variation v, which is continuous from the right and vanish at zero such that

1
03} = [ y(0)avis) vy e Bo
where fol y(t)dv(t) is the Riemann-Stieltjes integral. Besides, ||[v},|| = V{ (), which is the
variation of v. By [15, Lemma 2.4], we have
N(Ki,Gi(Zw,w))
= {v" € L2([0,1],R") [ V(1) € N((=o0,0]", Gy(2u (1), w(1))) +u(r)) ae.1 € [0,1]}.

Define py: [0,1] — R” by setting p,,(t) = v(t) — v(1). Then p,,(1) = 0. From (4.19)-(4.22)
and using the similar arguments as the proof of [18, Theorem 2.2] (see also [3]), we can show
that p,, is absolutely continuous and (p,,, 6,,, ;) satisfies the following conditions (i), (if) and
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(iii) of Definition 2.2. Since K; are cones, (4.21) and (4.22) are equivalent to (iif) in Definition
2.2. Since p,, is absolute continuous on [0, 1], there is #,, € [0, 1] such that

= max t
Ivllo = ma |pu (1)

k]

= [ pw(tw)]
=[v() —v(1)]
<Vg(v).
From this and (4.23), we have
[Pwllo+ 116ll2 + [ Dwll2 < Mo. (4.24)

Let us show that £, € W>([0,1],R") and &,, € L=([0,1],R™). In fact, from (iii) in Definition
2.2, we have
(€6,i(1) + €0yi(1)) (gi(t, %0 (1), w(t)) + €dyi(t) ) (€di(t)) =0 ace. t € [0, 1] (4.25)
and so
(€6,i(1) 4 €0, (1))?(gi(t, R (1), w (1)) + €yi () (€1 (£)) = 0 ace. t € [0,1]. (4.26)
We now consider two cases:
Case 1. gi(t,%,,(t),w(t)) > 0.
It is equivalent to
gi(t, £ (1), w(t)) + €yi(t) = €dit).
If
gi(t, % (1), w(t)) + €y (t) > €illyi(1),
then
0= gi(r, % (1), w(t)) + €lyi(r) > Edlyi(1).
due to (£, 4,,) € ®(w). From this and (4.25), we get
(£6,i(1) + €0yi(t))(gi(t, £ (1), w(t)) + €iyi(t)) = 0.
If
gi(t, X (t),w(t)) + €lyi(t) = €dyi(t)
then we have from (4.26) that
(€6wi(1) + €0i(1)) (gi(t, 2w (1), w(t)) + €llyi(t)) = 0.
Consequently,
€0, (1) + €0yi(t) € N((—o0,0], gi(t,%(2),w(t)) + €lyi(2)).
Combining this with the condition (i) of Definition 2.2 yields

= @it W] = fiult; wlpy (1) € N((—o0,0], 8i(2, % (1), w(t)) + €0i(1))
or
—QDZi[t,W] _2(P3(W<t>)ﬁwi(t) _f2i[taw]pw(t) € N((_ooaO]vgi(tajew(t)aw(t)) +£ﬁwi(t))'
This implies that

€ 1 N N
T 205(w(1)) (ailt, W]+ failt, wlpu()) — €i(t) € N((—o0, 0, gi(t, £(1), w(t)) + €ii(t)).
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Note that 2¢3(w(z)) > 7. It follows that
- m (@2ilts W]+ Foilt, WP (1)) + £, w) — gilt ) — Eidi(2)

€ N((—o0, 0], 8i(1, £ (1), w(2)) + Edline (1))

Hence

gilt, W)+ Eityit) = P ( %(%[z,w] + hilt wlpw(®)) +giltw)),  @27)

23
where P(_., qj(a) denotes the metric projection of a on (—eo,0] (see [5, Theorem 5.2]). Using

non-expansive property of metric projections in Hilbert spaces (see, for instance [5, Proposition
5.3]) and the fact that 0 = P_., g (0), we have

elii(1)] < |gilt, W] ﬁ(w,w] + failt, Wl pu (1)) + it )|

I+ 5ot
< 2|gi[f,W]|+?,(|<Pzi[f,W]|+|fzi[t,W]|Mo)- (4.28)

Case 2. gi(t,%,(t),w(r)) <O0.
We have
gi(t, %, (1), w(t)) + €, () < €y (t) <O0.
It follows from (4.25) that
(eeiw(t) + £ﬁwi(t))(£ﬁwi<t)) =0.
Hence
SQiW(I) + Eﬁwi(l‘)) S N(_ooﬂ()](gﬁwi(t)).
Combining this with (2.4) yields
—@u[t, W] — fult,wlpw(t) € N(fw,o}(gﬁwi(t))

and so

—@ailt, w] = 203 (w(1))iti(1) — failt, W]pw () € N oo 0)(€di(1))-
This implies that

£
_ it W+ Hilt, w|pw(t)) — €lyi(t) € Ni_eo01(Elyi(2)).
Sty (P Pl WP (0) = etle) €N fete)

Hence
€

2

Using non-expansive property of metric projections, we get

Eyi(t) = P_eo ) ( @it W]+ failt, wlpw(1))). (4.29)

£lini(1)] < |%(¢2i[uw] + failt, wlpu (1)]

2¢3
€
< )_/(l(PZi[taWH + | failt, w]|Mo).
Combing this with (4.28) yields

2
€|dyi(t)] < 2|gilt,w]| +78(|(p2i[t,w]| + | failt, w]|Mp) a.e. t € [0, 1]. (4.30)
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Since the terms of the right hand side are L*— functions, #,,; € L*(]0, 1],R). Since

(1) = f1 (8,20 (1), w(1)) + fo(r, w(t) )i (1)
we have
e ()] < [ f1 (2, 2 (2), W) | + [ 21, w(2) | (1)
Because the function on the right hand side is of L*([0,1],R), one has |%,| € L*([0,1],R).

Hence %,, € W'>([0,1],R"). To complete the proof of Theorem 2.1, we need the following
lemma.

Lemma 4.3. If (H4) is valid, then there exist positive numbers 1} and s| such that, for all
w € By (w,s1) and (X, i) € Sg, (W),

= %100 + [l — 0 < | — 0| 2.
Proof. Letw € By (w,¢€,) and (£,,4,,) € Sg,(w). By (2.9), we have

3 — Ello < Lfw—w|| Y2 < 1,6 4.31)

It follows that
A N _ _ 1/2 _
R (0)] < [ () = %(2)] + [|%llo < Lel”* +Illo

and
w(t)] < [w(t) —w()[+ w(t)] < &+ [[W]]e.
Putting
M = L&l +||7]lo + & + )]sy (4.32)
we then have
£ ()| + w(r)] < M. (4.33)

By (H4), 0 <inf,cg 17|8i[t]| < +oco. Take a number o such that 0 < o < inf,¢o 17 |g:[t]| for all
i=1,2,...,m. Then, for all z € [0,1], |g;[t]| > o for all i = 1,2,..,m. This means g;[t] > ¢ or
gilt] < —o fori=1,2,..,m. Using (H2), we have for all i = 1,2, ...,m that

i1, 5(), 0(1)) — (¢, 82 (1) . w(0)| < g (1R (1) — 2(2) |+ [wie) —w(2)])
< kg (Lllw =] 42+ [lw —7]..)
< kg e (Lullw = w42 + &2 [w — ]| /2)
< kgar(l+ &) Jw—w] L2
<o,

whenever w € By (w, €1 ), where

o2

€] ;= min

» Ex
k;M(l* + 8*1/2)2

Hence, if g;[t] > o, then
gi(t, %, (2),w(t) > gi(t,x(t),w(t)) — o > 0. (4.34)
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If gi[t] < —0, then
gi(t,%(1),w(t)) < gilt] + 0 < 0. (4.35)

Let us fix any w € By (w, €1) and (£,,,4,,) € Sg,(w). Then (§,,4,,) is a locally optimal solution
of (P(w)). Hence there is a triplet (py, Oy, Ow) € A[(£w,dy)], which satisfy the conditions
(i), (if) and (iii) of Definition 2.2. Fixing any i € {1,2,..,m}, we put

Tyi={te€0,1]:git] >0}, Thi={r€[0,1]:git] < —0o}. (4.36)

Then Tj; N Th; = 0 and [0,1] = T1; U Ty;. If i € Ty;, then g;[t] > o and g;(t,%,(¢),4,(t)) > 0
because of (4.34). Hence

0> gilr] + i (t) > eii(1),
and
02 g1t (1), 1), w(0)) + 8 1) > i1,
From this and (2.7), 3(t) = 0 and 0,(¢) = 0. By (2.4), we have
Oui(t) =~ (Qult, W] + fultwlpu 1)
= = (W] + 20300) i) + falt Wl (0)
and
Bi(0) = — 5 (Pull] + fullP(1)
= 2 (@aili] + 205(W)(1) + £l ().
Inserting these into (2.3), we get
pui(6) = = @ult, ] = it Wlpul0) + (02116014 20300) i)+ sl W) 1)) il ]
=~ gualw] — @t Wla(6) — flt Wl 1)
2 0ailt, W]+ 203 00)i0) + falt, w]pu 1) il ]
= (2 altwlgiltsw] — flt. W)
2 0alt wlgidt ] = gult,w] + (20300) (galt ]~ 2011w ()
and
Bilt) = (- faflguli] — fuli) (1)

+ é(Pzi [t]gix[t] — @1i[t] + (203 (W) gix[t] — 2¢2:[t]) i ).
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This implies that
puile) = pi(6) = (3 Sl wlsialt ] it w)pu(0) = (3 follgaed] — il ()
+ é(pZi[LW]gix[t?W] - (pli[t7w] + (2@3(W)gix[l,W] - 2(p2i[tvw])ﬁWi(t)

- éfpzi[f]gix[t] +ouilt] = (29309) (1) gixlt] = 2@ailt]) 1),

which can rewrite in the form
puilt) = Bi(0) = (il — file) (pult) — (1)
+ (2 e wlginlt ] — = Felgad ]+ falll — fult, ) pue)

(1 P2t wlgix[t, W] — _(pZI[t]glx[t] — @1t W+ @it ])

((2(P3< )8ix[t, W] —203(W)gix([t] — 2t W]+ 22t ])’/‘Wt( )
+ (203 (09) (1) 8ixlt] = 2@ait]) (dw (1) — i 1))
= (Sl = Fld) (pule) = () + He), @.37)
Similarly, if # € T»;, then g;[t] < —o and g;(¢,%,(¢),dw(¢)) < 0. Hence
gilt] +em;(t) < en(t) <0,
8i(t, X (1), (1), w(t)) + €lyi(t) < €yi(t) <O0.
These and (2.6) imply that 6;(z) = 0 and 6,,;(r) = 0. By (2.4), we get
Pwi(t) = —@ix[t, W] — fixlt, wlpu(t)
= — Qrix[tw] — @aix[t, Wlili(t) — fix[t, Wpw (1)
and
ﬁi(t) = _(Pix[t] _fix[t]ﬁ(t)
= = Qiclt] — @ic[t)ini (1) — fixlt] (1)
By taking difference, we have
Pwi(t) = pi(t) = — @it :
+ Qriclt] + @ix[t]iti () + filt] p(2)
= —ficlt](pw(t) = p(2)) + (fixlt] = fixlt, W]) P () +
+(P21x[t](ul( ) Uz (t))_'_(q)Zix[t]_%ix[taw]>ﬁwi(l)
1]—¢

] D2ix [t W]ﬁwi(t)_fix[tvw]pw(t)

+ Qi t] lzx[t W]
= —fult](pw(t) = p(t)) + Hailt). (4.38)
We now define functions 4;(¢) and H;(z) which are given by
Lo 1o ¢ — £ i .
hi(l‘) _ {§f2l[t]gtx[t] ﬁx[t]v %ft € T, (4.39)
— fixlt], ift € I,
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and

Hyi(1), if ¢ € Ty,
B = e e
Ho(1), ift € Tp;.

Then, form (4.37) and (4.38), we have
Pwi(t) = pi(t) = hi(t)(pw(t) — p(t)) + Hi(t) a.e.1 € [0,1]
Pwi(1) = pi(1) =0.
Define g,,(t) = pw(1 —1) and g(¢) = p(1 —t). From the above, we have
) =) = [ (1= 9)(awls) ~ae)ds-+ [ Hi(1 = 5)ds.

It follows that

t 1
90i() = @i0)] < il [ law(s)=a(s)|+ [ |Hi(1 —s)lds. (440)
0 0
From the definition of /;, we have
1 1
Wrilleo < N A2l 180k Moo + 201 firllleo < Z 2L g0l Moo + 201 fil oo == M1 (4.41)

Also,
/ IHi( 1—s)|ds—/ Hy(1—s) |ds+/ |Hoi(1 — 5)|ds
- 11 - 21

/ Hyi(0)|di + / (Hog(1) d. (4.42)
From definition of H; in (4.37), (H3), (2.9) and (4.24), we have

H(e)] < o, pha (150 (0) —5(0) |+ wle) — () Mo

9kM okar.g([fu(t) = %(1)[ + [w(t) — (1))

+C3kM,<mkM,ng.,<pz(|xw( ) = ()] 4 |w(2) = w(e)]) ] (1)]
+ Cality (1) —aa(t)]
< Cs|lw = ]| 4% + Co|lw = l|2 | (1) + Calin (1) — (1)

Since ||y, — ]| < L ||w — ]| &/%, we have
1
| o) lar < Cplhw—w) 2 443
0

for some constant C; > 0, which is independent of w. By the same argument, we obtain from
definition of Hy; in (4.38) that

1
/ \Hsi(s)|ds < Cg|Jw — || /2.
0
Combining this with (4.42) and (4.43) yields

1
[ 10 = 9)lds < Clw— w2,
0



L*-STABILITY 317

From this and (4.40), we get

) =G0 < M1 [ 10() = 06) +Co w2

Summing on i, we have

wlt) = ()] < by [ la(5) —305) |+ nCollw = w2
The Gronwall inequality implies that
[w(t) = @(1)] < nCollw —wl|/* (1 + My exp(M)).
Hence, there exists a constant Cy¢ > 0 such that
1pu(t) = p(1)] < Crolw—wl|42, Vi€ [0,1] (4.44)

Let us consider the following possibilities.
(i) The case t € Ty;.

In this case, we have g;[] > o and g;(¢,%,,(t),w(¢)) > 0. By the same argument as in Case I,
we have from (4.27) that

£i(r) = —gilt, W]+ Py (— m(mnw} + falt, WP (1)) + it ),
and

eit;(t) = —gilt] + P— ] (- @2lt] + f2lt] (1)) + gilt]).

oL
203 (w(1))
Using the non-expansive property of metric projections, (H2) and (4.44), we have

€ldwi(r) — wi(1)] < 2|gilt, w] — gilt]]

1 gty (P2lw] + o w1pu0) 4 0 s (oul + 1P
< 2k g (1R () = X(1) [+ |w(t) —w (1))
8 —_
+ 2(p3(W(t))(P3( }(P3 ((Pzt[t W] +f21[t W]pw( ) (le'[t] —le[l’]p(t))}
8 n -

< 2k g (L[| w — ]| 2 + [[w — 19 |co)
+ %H% (W] lleo (ka5 | W(2) — (1) [Mo + || f2il-]l] oo P (2) — 5 (2) | + kit g [W(2) — ()] )

+ %|||<P2i['] + f2il: ] () lleolw(2) = (2)].
Hence
elityi(t) — (1) < Cry|jw— w22 (4.45)

for some constant C;; > 0.
(ii) The case t € T»;.
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In this case, g;[f] < —o and g;(¢,%,(¢),w(t)) < 0. By the same argument as in Case 2, we
have

ibyi(r) = ooy (— m (@uilt. W]+ failt wlpu(2)).
and
eii(t) = Pl_o)(— m (@ailt] + f2ilt] p(2))).-

It follows that

£ € ]
Sortwy; (Pl W Fale wlpu(0) = 5o (@ail] + £l ()

: v i|\r,w Af.w — ] — T4l 7
S2<p3< G <>>"”3(W<f>><‘/’2l[fv |+ failt,wlpa(t) — @aill] - falt] ()|

&€ . L

<—<||<p3<w>r| kM%<| (1) — ()| + [w(t) —w(t)])
+kM,fz(|xw(f)—x(l)|+|W(l)—W(f)|)+||f2[']||oo|Pw(f)—ﬁ(f)|)
+%kM,¢3|w<r>—w<z>|||<pzi[-] — £l 15()) e

From this, (4.44) and the inequality ||£,, — |0 < L||lw — WHL,/Z, we get
£|ii(t) — @i(t)| < Cralw — 9|22 (4.46)
Combining this with (4.45), we get
€|ii(t) — (1)) < (Cr1 4+ Cra)||w—w|| /2 ae.t €[0,1].

This implies that

””Wt “l”w <C13HW WHI/Z
Summing on i = 1,2,..,m, we obtain
i — llee < Crallw —w]| 2. (4.47)

Finally, since (£,,,,,) € ®(w) and (x,i) € ®(w), we have

xw(l) — fl(tawa(t>7W(t)) ‘f’fZ([vW(t))ﬁw(t)a
xX(1) = filt] + falt)ar).
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Using (H2), (2.9), (4.47) and the boundedness of #,,, we get
[ (1) = X()] < [fi(1, 20 (1), w(2)) — filt]] + [ fo(t, (1)) b (2) — fo[t)ia(t))]
<k p, (18w (1) = X(0) [+ [w(2) —w(1)])
+ L2t w(t) = fLale][|dw (1) | + [ f2[e]|d () — ()]
< kg gy (Lllw = 9[22 + 72w — 191 2/2)
ko gy (w(e) = 9(0) ) (1) + [| [ |ooCral lw — 9] 2/
< Cysllw—w| Y2
for some constant C;5 > 0. Hence
[y — £llew < Cis|w — 9.
Combining this with (2.9) and (4.47), we obtain

o = Fllo + It = Elloo + iy = it} < (L + Cra + Cas) w = w2/,

which is (2.10). The proof of the lemma is complete. U
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