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TWO INERTIAL LINESEARCH EXTRAGRADIENT ALGORITHMS FOR THE
BILEVEL SPLIT PSEUDOMONOTONE VARIATIONAL INEQUALITY WITH
CONSTRAINTS
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Abstract. In this paper, two modified inertial linesearch extragradient algorithms are investigated for finding a
solution of the bilevel split variational inequality problem with the fixed-point constraint of a quasi-nonexpansive
mapping. Two strong convergence theorems of solutions are established without the Lipschitz continuity assump-
tion of pseudomonotone mappings.
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1. INTRODUCTION

Let J7 be a real Hilbert space and let C be a closed convex nonempty subset. Let Pc be the
metric projection from 7 onto C. The following equalities and inequalities are known
(i) (x—y,Pex—Fcy) > |[Pex —Foy||?, Vx,y € A5
(ii) (x —Pcx,y—Pcx) <0,Vx e .y € C;
(iif) [l —y[|* > v —Pex|]® + [ly — Pex]®, Vx € A,y € C;
(@) [ =yl = [Ix]> = [IYI* = 2{x =y, ¥), Vx,y € A
W) llsx-+ (1= )2 = s>+ (1= )1y = 51 =)=y, ¥,y € #, 5 € [0,1]

Let S : C — ¢ be a mapping. Recall § is said to be L-Lipschitzian (or L-Lipschitz con-
tinuous) if there exists a constant L such that ||Sx — Sy|| < L||x — y||, Vx,y € C; monotone if
(Sx —Sy,x —y) >0, Vx,y € C; pseudomonotone if (Sx,y —x) > 0= (Sy,y—x) >0, Vx,y € C;
B-strongly monotone if there exists a constant 8 > 0 such that (Sx — Sy, x —y) > B|lx — y||
Vx,y € C.

Given a vector sequence {x"} C H, we use the notation x* — x (resp., X" — x) to denote
the strong (resp., weak) convergence of {x"} to x. Given a mapping S : C — ¢, we denote
by Fix(S) the fixed point set of S. Let ® : C — JZ be a single-valued mapping. Consider
the classical variational inequality problem (VIP), which consists of finding a vector x* in set
C such that (®x*,x —x*) > 0, Vx € C. Its solution set is denoted by Sol(C,®). Recently, ef-
forts and attention have been given to the effective and implementable iterative algorithms for
solving the variational inequality; see, e.g., [10, 17, 19, 20, 22]. One of the most popular meth-
ods for solving the variational inequality is the extragradient method, studied by Korpelevich

E-mail address: zenglc @shnu.edu.cn.
Received May 14, 2020; Accepted July 30, 2020.
(©2020 Journal of Applied and Numerical Optimization

213



214 L.C. CENG

[14] for saddle point problems. Korpelevich’s extragradient method and its variants have been
extensively studied recently; see, e.g., [4, 12, 15, 24, 25].

In 2011, Censor, Gibali and Reich [4] modified Korpelevich’s extragradient method and first
introduced the subgradient extragradient method, in which the second projection onto C is re-
placed by a projection onto a half-space:

e,

Y= Pe(x" —lFX"),

Co={ye A (X"—lFx"—y",y—y") <0},
X = Pe (X" —LFY"), Vn>0,

(1.1)

where F : 5 — ¢ is monotone on C, k-Lipschitzian on .77, ¢ € (0, ,l() and Sol(C,F)# 0.
They proved that {x"} converges to a solution x* € Sol(C, F) weakly.

Let C and Q be two closed convex nonempty subsets of real Hilbert spaces .7 and 4,
respectively. Consider the split variational inequality problem (SVIP), which is formulated as
follows:

Findx* € C: (Fix*,x—x") >0, VxeC,
such that
Yi=Ax"€Q: (Fy',y—y") >0, VyeQ,
where F; is a self-mapping on .7 for i = 1,2 and A : 741 — %3 is a bounded linear operator. The
solution set of the SVIP is denoted by Q := {x* € Sol(C, F}) : Ax* € Sol(Q, F)}. In particular,
if F; is oy-inverse strongly monotone on 77 for i = 1,2, Censor, Gibali, Reich [5] devised the
following iterative algorithm for solving the SVIP:

{xo € 4 chosen arbitrarily,

1.2
W= PR (AT (1 - PRMARY), Y20, (12

where £ € (0, 7A), 0 < A < 2minfou, 0}, P = Pe(I— AF)) and P = Pe(I = AF). Tt
was proven in [5] that the sequence {x"} is weakly convergent provided Q # 0.

In particular, if F; = 0 and F, = 0, then the SVIP is reduced to the split feasibility problem
(SFP) of finding x* € C such that Ax* € Q, which was first introduced by Censor and Elfving
[6] in finite-dimensional Hilbert spaces for modeling inverse problems. It is well known that
the SFP can be used to model the intensity-modulated radiation therapy [3, 7, 8], and other
real world problems. For recent results on approximation solutions of the SFP, we refer to
[9, 18, 21].

Recently, Anh [2] studied the following bilevel split variational inequality problem (BSVIP):

Findx* € Q: (®x",x—x") >0, VxeQ, (1.3)

where Q is the same as above, and ® : C — .77 is n-strongly monotone, k-Lipschitzian on
C. He introduced a linesearch extragradient method for solving the above BSVIP and gave the
strong convergence analysis in the framework of Hilbert spaces.

Inspired by the results presented in [2], we introduce two modified inertial linesearch ex-
tragradient algorithms for finding a solution of the BSVIP with a fixed-point constraint. Our
proposed algorithms are based on the inertial method, the linesearch extragradient method, the
hybrid steepest-descent method, and the viscosity approximation method. Under some suitable
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conditions, it is proven that the sequences constructed by our proposed algorithms converge
strongly to a solution of the BSVIP. The remainder of this paper is arranged below. In Section 2,
some definitions and lemmas are provided for the later use. In Section 3, the convergence anal-
ysis of the proposed algorithms is investigated, and the proposed algorithms are applied to solve
strongly monotone variational inequalities with constraints.

2. PRELIMINARIES

Let 7 be a real Hilbert space and let C be a closed convex nonempty subset. Let S : C — 5
be a nonexpansive mapping. Recall that S is said to be d-contractive if ||Sx — Sy|| < &|lx—y||,
Vx,y € C, where § is a constant in (0, 1). S is said to be nonexpansive if ||Sx — Sy|| < [lx—y|,
Vx,y € C. S is said to be quasi-nonexpansive if Fix(S) # 0, and ||Sx —y|| < |lx—y||, Vx € C,
y € Fix(S). The class of quasi-nonexpansive is quite different from the class of nonexpansive.
Indeed, quasi-nonexpansive mappings may not be continuous.

Next, we give an example of a quasi-nonexpansive mapping, which is not nonexpansive.

Example 2.1. Let .7 = R with the inner product (a,b) = ab and induced norm || - || = | - |. Let
S A — A be defined by Sx := % sinx, Vx € 7. We first claim that Fix(S) = {0}. Indeed,
if x # 0 and Sx = x, then sinx = 3, which reaches a contradiction. Hence we get Fix(S) = {0}.
Also, we claim that S is quasi-nonexpansive. Indeed, we note that ||Sx — 0|| = || sinx|| <
I % | < |lx|| = |lx—0J|, Vx € 2. However, we claim that S is not nonexpansive. In fact, setting
x=2mandy=3F, we get ||Sx—Sy| = 7 > ||2n — 3F|| = Z.

The demiclosed principle is a useful tool in study of fixed points of nonexpansive mappings.
Let S : C — 2 be a mapping with Fix(S) # 0. Recall that [ — S is said to be demiclosed
at zero if, for any {x"} C C with x" — x, (I — S)x" — 0 = x € Fix(S). It is known that the
class of nonexpansive mappings process the demiclosed principle. However, the class of quasi-
nonexpansive mappings may do not process the demiclosed principle; see, e.g., [23, 27].

The following lemmas play an important role in the proof of our main convergence theorems.

Lemma 2.1. [11] Let F : C — JZ be a pseudomonotone and continuous mapping. For any
x € C, we have (Fx,y—x) >0, < (Fy,y—x) >0, Vy € C.

Lemma 2.2. [26] Let {a,} be a sequence in [0,+) satisfying the condition: a,; < (1 —
Sn)an + Spbp, Yn > 0, where {s,} and {b,} are real sequences such that (a) {s,} C [0, 1] and
Yo oSn =00, and (b) limsup,_,..b, <0 o0r Y~ |suby| < eo. Then lim,_sea, = 0.

Lemma 2.3. [13] Let S be a nonexpansive self-mapping on C with Fix(S) # 0. Then I —S is
demiclosed at zero.

Lemma 2.4. [26] Let £ € (0,1], S: C — C be a nonexpansive mapping, and the mapping St
C — S be defined by S'x := Sx — LuF (Sx), Vx € C, where F : C — J is k-Lipschitzian
and M-strongly monotone. If 0 < pu < %l, then S* is a contraction, that is, ||Sx — S| <
(1—£7)||x—yl, ¥x,y € C, where t=1— /1 —pu(2n — ux?) € (0,1].

Lemma 2.5. [16] Let {I',} be a sequence of real numbers that does not decrease at infinity in
the sense that there exists a subsequence {I'y, } of {I'y} which satisfies T',, < I'p 41 for each
integer k > 1. Define the sequence {t(n)}n>n, of integers as follows: t(n) =max{k <n:T} <
Tii1}, where integer ng > 1 such that {k < ny : Ty < T'y.1} # 0. Then, the following hold:
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(i) T(ng) < t(np+1) <--- and t(n) — oo;
(ii) Ff(n) S Ff(n)Jrl and Fn S Ff(n)+l,vn Z no.

3. MAIN RESULTS

In this section, we give two strong convergence algorithms for solving the BSVIP with the
fixed-point constraint of a quasi-nonexpansive mapping by using the modified inertial linesearch
extragradient methods. In what follows, we always assume the conditions:

(Al) F : C — 72 is pseudomonotone on C,

(A2) limy_,.. Fx* = F# for every sequence {x*} C C converging weakly to %,

(A3) G: Q — % is pseudomonotone on Q,

(A4) limy_,.. Gu* = Gii for every sequence {uf} C Q converging weakly to 7,

(AS) f:C — £ is a 6-contractive mapping on C and & : C — J# is k-Lipschitzian, n-
strongly monotone mapping on C, where § < 7:=1— /1 —u(2n —pux?) for u €
0.20)

(A6) T is a quasi-nonexpansive self-mapping on C and I — T is demiclosed at zero such that

Fix(T)NQ # 0,
(A7) {&} C (0,1] and {B},{vc} C (0,1) such that
@) Pr+vie <1, Xy B = o0, limyyo0 B = 0,
(ii) & = 0(By). ie., limy,oo & =0,
(111) 0 < Iiminfy_se Vi < limsup;_,., vk < 1.

Algorithm 3.1. Initial Step: Give x°,x' € C arbitrarily. Let a >0, £ € (0,1), y € (0,1),

{8} € [8.8] € (0, yzp)s {4} € (0,1), and Timy o &g = 4 € (0,1).
Iteration Steps: Compute x**! below:

Step 1. given the iterates X1 and xF (k> 1), choose ay such that 0 < oy, < 0, where

: & ek ~1
min{a, —————}, ifx — X1 =+o,
0 = [k — XK= (3.1)
a, otherwise.

Step 2. Set p* = x* + o (xF — x*71), and calculate u* = Pp(Ap*) and v* = Py(u* — Gu). If

vE = ik, then set r* = u¥ and go to Step 5. Otherwise, go to Step 3. . .

Step 3. Find i as the smallest nonnegative integer i such that w*' = (1 — 7")u* 4 ¥V and
(Gwhi uk — k) > L|uk —vK||2. Set y = Y% and wk = whik,
(GWK ik —wk)

IGwH|*

Step 5. Calculate ii* = Po(p* + §A*(t* — Ap")) and ¥ = Po(a* — Fi¥). If 7% = i, then set
y* = ii* and go to Step 8. Otherwise, go to Step 6.

Step 6. Find jj as the smallest nonnegative integer j such that w*/ = (1 — ¢/)i* 4 £/* and
(Fwhi ik — %) > L@k — 7%||2. Set £ = ¢k and Wk = ki,
(FWwk ik —wk)

[Fwh2

Step 4. Calculate t* = Py (u* — 6,Gw*), where o} =

Step 7. Calculate y* = P (it — 6, FWwK), where 6 =
Step 8. Calculate z5 = (1 — Ay )it* + A4 y* and
= Pe[Bif (2) + vap* + (1 = vi)I — Bru®) T,
Set k:=k+ 1 and go to Step 1.
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Remark 3.1. (i) In finite dimensional spaces, conditions (A2) and (A4) are reduced to the
conditions for the continuity of F, G.

(1) If F and G satisfy properties (Al), (A2) and (A3), (A4) respectively, then the solution
sets Sol(C, F) and Sol(Q,G) of the VIP(C,F) and VIP(Q,G) are closed and convex (see e.g.,
[1, Lemma 6]). Therefore, the solution set Q = {x* € Sol(C,F) : Ax* € Sol(Q,G)} of the SVIP
is also closed and convex.

(iii) If {x*} C Cis bounded, then {Fx*} is bounded. In fact, assume that { Fx*} is unbounded,
that is, 3{x*} C {x*} such that ||[Fx"|| — co (i — ). But the boundedness of {x%i} guarantees
that 3{x*1 } C {x%} such that x¥i — £. Hence Fx"i — F£ (I — o). Thus, ||Fx%i|| — ||F%|| (I —
o). From ||Fxki|| — oo (i — o), we get ||[Fx¥it|| — oo (I — o), a contradiction. Consequently,
{Fx*} is bounded.

w = 0. In fact, we get from (3.1) that & > o ||x* —x*~1||,Vk > 1. Since

oyl |

B

(iv) limy_e0
limy_eo %’; =0, we have 0 = lim_,, [% > limsup;_,,
We are now in a position to state and prove the first main result in this paper.

Theorem 3.1. Let {x*} be the sequence defined by Algorithm 3.1. Then x* — x* € Fix(T) N,
which is a unique solution to the VIP: ((u® — f)x*,p—x*) >0, Vp € Fix(T) N Q.

Proof. We first claim that Pgix(1)nq (f+1— ud) is a contraction. Indeed, using Lemma 2.4, we

have
| Prix(ryne (f +1 — uP)x — Prix(r)na (f +1— u®)y||
<f @) = fWI+ U = u®)x — (I — u@)y|
<[=(=8)llx—yl VxyeA,
which implies that Prix(7)n0 (f+1— ud) is a contraction. Banach’s Contraction Mapping Prin-

ciple guarantees that Priy(7)n0 (f +1— u®) has a unique fixed point, say x* € 74, that is,
X" = Prix(r)n@(f +1 — p®)x*. Thus, there is an unique solution x* € Fix(7)) N Q to the VIP

(u®—fx*,p—x")y >0 VpeFix(T)NQ. (3.2)
The following proof is split into eight steps.

Step 1. Show that the linesearches corresponding to u*,v* and @i*, 7* are well defined, respec-
tively.

Indeed, in the case of V€ # u¥, we assume that the following inequality holds for each integer
i>1

(Gwhi ik — k) < %Huk—vkﬂz,
where whi = (1 — ¥')uk 4 ¥'vk. Since wk# — u¥ as i — oo, it follows that
(GuF uF =k < %Huk—kaz. (3.3)
In view of V¢ = Py (uf — Gut), we get
W — GuF — vk u—vF) <0 VueQ.

Putting u = uk e 0, we have
(Guk,uk—vk> > ||uk—vk|]2.
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This together with (3.3) leads to
1
= |J> < EHM"—V"IIZ,

which contradicts the fact that u* # v*. Consequently, the linesearch corresponding to «* and v*
is well defined. Similarly, we know that the linesearch corresponding to ii* and 7 is also well
defined.

Step 2. Show that the following statements hold.
(a) If vk £ u¥ for some k > 0, then GwX # 0, o > 0 and
I —Ax*|? < [lu* —Ax*||* = (orl|Gw!]))*.
(b) If 7 # i@* for some k > 0, then FWwK # 0, 6; > 0 and
Iy = [? < @ — x| = (Gl ).
Indeed, in the case of V% # u¥, we get

Pl =

(GWF, Uk —why = Y (GwF ik — k) 5

>0,

which hence yields

(GWK, Uk —wk)
IGw |2

Since Ax* € Sol(Q,G) and wk € Q, we get (GAx*,wk — Ax*) > 0. Utilizing the pseudomono-

tonicity of G, we have

Gwk£0, o= > 0.

(GwF, Wk — Ax*) > 0.
This further yields
Htk —Ax*H2 < Huk — o, Gwh —Ax*H2
= |Juf — Ax*||2 + oF || GW"||* — 204 (GWF, b — Ax¥)
< |lu* — Ax*|* + || GwF||* — 204 (Gw* uF — wh)
= [|u* — Ax"[* — (o | GW!|))*.
Similarly, we can obtain (b).
Step 3. Show that
@ x| < [k — 12— (1 — SlAIP)IIFk — AP - Sl —ApH> wh> 1.
Indeed, in terms of Step 2 (a) and the fact that K = uk if VK = vk, we get
|tF — Ax*|| < ||luF — Ax¥]). (3.4)
Note that
lu* —Ax*||* = ||[PoAp* —Ax*|[* < | Ap* —Ax||* — || PoAp* — Ap*|®
~ A=A = A o
Combining (3.4) and (3.5) yields
% —Ax*[? = [ Ap* — Ax*|P < —[lut — AP,



TWO INERTIAL LINESEARCH EXTRAGRADIENT ALGORITHMS 219
from which it follows that
—Ax*tF = ApF) — || — ApH|?
[([l* — Ax*||> = [|[Ap* — Ax*||*) — || — Ap*||?]

< 3 (= ApH P+ I Ap)
From &, > 0 and the last inequality, we get
28 (A(p* =) 1" —Ap*) < —&u([lu = Ap |+ (i —ApN?),
which together with the nonexpansivity of F¢ yields
@ — x| < [|p* —x*|? + S A" (1* —Ap") [P + 28 (p — ", A% (¢ — Ap"))
< 1P =212+ APl — AN +28(A(p* —x), 1~ ApY))
< 1P =212+ SENAN 1 — AP — Sl — AP+ 1" —ApK|P)
— [k =2 = 81— SllAIP) [ — APk — &elluk — ApH].

(3.6)

Step 4. Show that
12 =22 < fla* =[P = Ae(1 = A Iy = > vk > 1.
Indeed, from y* = i if #* = i#* and Step 2 (b), we get

k

Iy =2 <l 7)),

which hence implies that
125 — x| = (1 = A | — x> + Aelly* — x| = A (1 = o) Iy* — ad*|)?
< (1= Al — |1+ Al — x| = (1= &) | = d))? 3.7
= [l —x1* = A1 = A Iy — )%

Step 5. Show that {x*} is bounded.

Indeed, since {8} C [Q,g] C (0, 1+||1AH2)

and {4} C (0,1), we get

I =2 < @ =2 < [l p* =27 vk 1. (3.8)
From the definition of pk , we have

Ip* = x| = [+ o (=) — x|
O‘kH k1. (3.9

S
B

According to Remark 3.1 (iv), we have %ka — x| = 0 (k — ). So it follows that there
exists a constant My > 0 such that

(0
ﬁ—k||xk—xk1]| <My Vk>1.
k

Combining this with (3.8) and (3.9), we get
125 = x| < @ — x| < [Ip* = x| < | x|+ BMo  VE > 1. (3.10)
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Thus, from f; + v, < 1, Lemma 2.4 and (3.10), we conclude that, for all k > 1,

AT — x| < Bl £ = £+ 1P ) = 2] + viel p* = x|
I—w B

U= Bl e k)T |

< B8 112 — x|+ 17" —x° )+ vellpF —

=i - Lot - - ey + P ey
< B8 ="+ 1707) —x° )+ vellpF ="

-l - 2o+ 2 ey

1-
[1=Be(z = &)]Ip" — x| + Bl f (x ) XI|+H( ue)x())

(1= Bt = 8)](|Ix* || + BeMo) + Be(ILf (x*) =" || + | ( — n@)x”] )
(1= Bt = &)l —x7 [+ Be(Mo + | (x*) =" | + | (I — pP)"]))

mas( e, Mot W) =X 10— 0]y

IN N TN

IN

By induction, we obtain ||x* —x*|| < max{|x" —x*||, MOJ“”f(x*)_ﬂ';”(I_uq))x*u }. Thus, {x*} is
bounded, so are {p*}, {@}, {z*}, { (")}, {TZ"}, and {®T ).
Step 6. Show that

o x* xk+1 —x*
5 2P < 1 e ) i ) [ A )

3M ak k k—1
tomgp A

for some M > 0. Putting @* := B, f (%) + viep* + (1 — vi)I — Bu®) TZ¥, we have x*+! = Pro*.
Note that

o =2 < (Bef () = F)) + welp =) + (1= v [T = b u®)Tz

.
= P ey ¢y B - ) )

1—w
< 1Be(f (&) = £ () + vilp =) + (1 =) [T~ f"Vk

Py Bl e
k
By

P)77*

ud) 77

< SUBLFE) = 7 4ok 2+ (1=~ -

(= TP P [ P Bl - i ),
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Utilizing Lemma 2.4 and (3.10), we obtain that

=12 < 1B/ () = £ () + Vit =) + (1= v [( —

Br
Vi H

= (1= =t )P+ 2B ((f — ), P =)

< B8l — x|+ vallp =+ (1 = Brr — i) | =27
+2Be((f — p)a" ! —x)
< bl =2 |7 4 il =P+ (1= Bt — i |12 — 12
+2Be((f — p)x" T —x")
< [1=Be(z = §)IIp* —x[I> +2Be{ (f — p)a" 11 —x).
From the definition of pk, we have
1P =12 < [l =[]+ oy =)
= [ =12 4 ol = o2 = ] el =4
which together with (3.11) implies that
[T = (12 < 1= Be(7 = )11 — ||+ 2Be{ (f — ), 1T =)
< (1= Be( = &)l =1 + ol = T 20" — o[+ anel ] =11}
+2Bi((f — p@)x" ! —x")
< 1= Be(t = 8)] = (| + ol — T 21]x% — x| 4 ol = 1]
+2Be((f — p@)x" T —x")
< 1= Bl = 8) o — (| + o[ = 2 13M + 2B {(f — p)x* A =)

(3.11)

2((f — u®)x* xk+'—x> 3M o
—1= Sy k%2 -5 ) Xk k 1
(1= Bl B) It — [+ pu(z— ) L —E P + )
(3.12)
where supy~ {||x* — x|, g ||x* — x¥*~1||} < M for some M > 0. For each k > 1, we set
Ty = [l =%,
= Pi(t—9),
Oy = o ||x* — X3M + 2B ((f — u®)x* 5T — i),
Then (3.12) can be rewritten as
e < (=) + % Ve> 1. (3.13)

Step 7. Show that the following statements hold:

(@) If {uh} C {uk}, uht — dand tk —ub — 0 as I — oo, then i € Sol(Q, G).

(b) If {@“1} c {@*}, @ — iiand Y% — " — 0 as [ — oo, then ii € Sol(C, F).

From {u*} C Q and uk — ii, we have i € Q. From u¥ — ii, we know that {1} is bounded.
It follows from (3.4) that {#*'} is bounded.
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Case I. Suppose that there exists a subsequence of {u*'}, still denoted by {u*'}, such that
th =k, VI > 1. If V& £ ¥, then from Step 2, we have |[th — Ax*| < ||u" — Ax*||. This
contradicts t% = k. Hence, V& = uf, i.e., PQ(ukl — Gukl) =1k VI > 1. Note that

<Guk’,v—ukl> >0, WYWweo.

From u* — ii, we have Gu* — Gii as | — oo. Thus, (Git,v —it) > 0,¥v € Q, i.e., ii € Sol(Q,G).
Case II. Suppose that there exists a subsequence of {u*'}, still denoted by {u*'}, such that

th £ uki V1 > 1. Let {i;} be the sequence of the smallest nonnegative integers such that, for all
[>1,
) ) ki yki)|2

(61— Pl ettt iy > I
where V¥ = Py (ukt — Gult), wht = (1 — vy, )uft + y,v¥ and g, = Y. According to Step 2 (a), we
have

I — A < [l —Ax*|]* — (o3, | GWH )2,
where oy, = (Gwkl,uft —wk1) /|| Gw*t||?. Thus,
(0, [|GWH1)? < [l — Ax || — [Jr* — Ax"||?
< ([l = Ax |+ [l — Ax ) |ad =]

which, together with the boundedness of {u*'}, {t"'} and ||t* —u*'|| — 0, implies that

lim oy, ||Gw"|| = 0.
[—o0

From {uf1} C Q, we get
IV — ]| = | Po(u — Gu) — Pou || < [|Gud ™,

which, together with the boundedness of {u*'} and {Gu*'}, implies that {¥*} is bounded. We
also infer that {w*} is bounded. Thus, {Gw!} is bounded. So, from (Gwh uh —wk) =
oy, ||Gwh %, we have

lim (Gw* 1"t — wkt) = 0.
[0

In view of wk = (1 — ykl)ukl + }/k,vkl, we get

ki ki|)2
<ka’,uk’ —wh) = '}’kz(kal,ukl —vk’> > —%Hu > al
It follows that
lim [l =42 = 0. (3.14)
From v} = Pp(uh — Guk), we have
(uk’ — Guk —vk’,v—vk’> <0 WYveo,
which immediately yields
(Gukt y =Kty > (ke —yki oy kY gy e . (3.15)

We now discuss two distinct cases.
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Case IL.1. limsup,_,.. %, > 0. In this case, there exist ¥ and a subsequence of {, }, still
denoted by {,} such that %, — 7. From (3.14), we deduce that lim;_,. [|u* —v¥|| = 0. From
ukt — i1, we have v — 7. Since u* —v¥ — 0 and {v¥} is bounded, we have

lim (' — vk vy — k1) = 0.
[—yoo
From (3.15), uk — @ and VM — i, we get (Gii,v —ii) > 0,Vv € Q, i.e., i € Sol(Q,G).

Case I1.2. lim;_,c. %, = 0. From the boundedness of {vk1}, without loss of generality, we may
assume that v — ¥ as [ — oo, From /! = Y, — 0 as [ — oo, we have that j; > 1 for [ enough
large, and hence
et — >

5 )
where ¢* = (1 — Y= 1uki + =1k Putting v = u¥ in (3.15), we have

<qul 3 ukl - vkl> <

<Gukl,uk’—vk’> > HI/lkI—Vkluz- (316)
It follows that
1
(Gl =) < S (G V1), G317)

Note that {#*1} and {v*'} are bounded and ¥, — 0. So it follows that

o~ = Tk A 0 (1 es)

From uf — i and qkl —ukt — 0, we know that qkl — ii. Since VKl — 7, we get from (3.17) that
(Git,ii —v) < 3(Gi,ii— v). Thus,

Note that
(Gukt uft — k1) > 0.
From X — i and V¥ — ¥, we get (G, i — vy > 0, which leads to
(Ga,u—v) =0.

This further implies that

lim (Gu" | uF — VM) = (Gaa,ii—v) = 0.

[—o0
Hence, lim;_,.. ||u* — vk || = 0, which together with % — i, yields v¥ — . From u} —v% — 0
and the boundedness of {V%}, we get lim;_,o, (¥ — v v — k1) = 0. So, from (3.15), ukt — it
and VN — i, we get (Gii,v—ii) >0, Vv € Q, i.e., it € Sol(Q,G). Similarly, we can obtain (b).
Step 8. Show that {x*} converges strongly to the unique solution x* € Fix(T) N Q of the
VIP: ((u® — f)x*,p—x*) >0, Vp € Fix(T) N Q.

Indeed, it is sufficient to show the convergence of {I';} to zero by the following two cases:

Case 1. Suppose that there exists a positive integer ky > 1 such that {I';} is nonincreasing
for k > ko. Then, we obtain that the limit limy_,., ||x* — x*|| exists and

Fk—FkH —0 (k—)oo)
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So, it follows from (3.6), (3.8) and (3.11) that
[t =2
< [1=Bu(t—8) = vi @ —x"[* + il p* = 2|1 + 2B{ (f — p)a" 1 — 1)
< [1=Be(t—=8) = Vil [llp* —x*|I> = 8 (1 = Sl A1) Ie* —ApM||> — &llu* —Ap (]
+ Vil =217+ 2Bl (F — p)a [ |
< [1=Bu(r=8)lIp* — x> — [1 = Bt — 8) — Vil [8(1 — & |A|I*) 1" — Ap|?
+ 8| — ApH|[*] + By
< =12 ol =3 — [1 = Be(7 — 8) — Vil [8e(1 — Gl AII*) 1 — Ap*|I?
+ 8llu — Ap*|IP] + By,
where sup;o2||(f — u®)x*||||x* —x*|| < M, for some M; > 0. This immediately arrives at
(1= Bz~ 8) — vl 8e(1 — BAIP) I — A+ & — Apk )
< Ty —Dppr + oy || = XYM+ BMy Yk > k.

Since {8} C [8,8] C (0, M), Ty —Thy1 — 0, By —0, ogl|xF —x*=1|| — 0and liminf;_,..(1 —

Vi) > 0, we get
lim ||/* —Ap*|=0 and lim ||uf —ApF| =0,
k—>°° k—)oo
which further yields that
lim ||7¥ — u¥|| = 0. (3.18)
k—yoo

k=1) and oy ||x* — 1| — 0, we get

lim || p* — x*|| = 0. (3.19)
k—oo

In view of p* —xk = oy (x* — x

Since the projection operator Pc is nonexpansive and {x*} C C, we can write
I — )] < [ — pF — A (F — ApH|
<t = pFl+ Sell A%l — AP
< o= pH| + SlA 1 — Apt],
which, together with (3.19), leads to

lim ||« — @*|| = 0. (3.20)
k—roo
Using (3.7), (3.8) and (3.11) that, for all k > ko,
ka—i—l _x*||2
<1 = Be(7— &) = Vi [l = x>+ Vallp* — x> + 2B | (f — )" | 1 —x*|

IN

=Bt = )IP* — x> — [1 = BT — 8) — Vil A1 = ) |y — &"||* + By
ok — |2+ gk — A 13M — [1— B(t— &) — vid k(1 — )y — ] + By

IN

[
[1—Bi(t—8) — vi (J|i@* — x| — Ae(1 = L) [y* — @*[1) + vl | p* — x*||* + By
1
|

IN
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This immediately leads to
[1—Bi(t—8) = vid A (1 = M) Iy — @[> < T = Tger + o |X* =X 3M + By, Yk > k.

Since A — A € (0,1), Ty =Ty — 0, By — 0, og||x* —x*~1|| — 0 and liminfy_..(1—v;) >0,
we get
lim ||y* — @ = 0. (3.21)
n—oo

Note that, for all k > 1,
kK —k k =k _k
12 = &) = Aglly* — || < [IyF—a]),
which, together with (3.21), implies that
lim || ¥ — #*|| = 0. (3.22)
k—boo
Taking into account the inequality [|x* — z%|| < ||x* — @[] + ||@ — Z*||, Yk > 1, we find from
(3.20) and (3.22) that
lim ||x* — 2| = 0. (3.23)
k—boo
In view of
A —x* = Be(f(F) = uDT ) + i (p* —x) + (1 = v ) (T —x"),
we deduce from (3.8) that
[ =12 < vi(pF =) + (1= vi) (T =) 1P + 2Be (£ () — ndT 4 — )
< Vil =P+ (L= Vi) | T2 = |2 = vi(1 = vi) || = T
+ 2Bl () — udT [ — x|
< Willp* =X [P+ (1= ) I =¥ | = vie (1 = i) || p* = T2
+ 2Bl () — udT [ — x|
<" =2 (1P = vie(1 = i) lp* = T)? + 2B £ () — T 2| ! —x*|
< [P =17+ ol = 3M — v (1= i) [ p* = T
+ 2Bl () — u@T [ =),
which further yields
V(1= i) [lp* = T2* < Do = Tops + ol — 1 13M + 2B | £(2) — T2 4 — 7).

Since By — 0, Ty — i1 — 0, og|x* —x¥~1|| — 0 and 0 < liminfy e, vi < limsup, ., Vi < 1,
we have from the boundedness of the sequences {x*} and {z*} that limy_., ||p* — TZX|| = 0.
Thus,

e = Pl < 1Be(f () = m@TZ) + (1 = vi) (T = )|

< Bl f() —u@TH|+ T =pH| =0 (k= ).
This together with (3.19) implies that
= < =P+ 1P A = 0 (ko). (3:24)
From the fact that
|1 = T2 < 1|2 =&+ | = (| 11 p* =T,
we conclude from (3.19) and (3.23) that limy_,.. ||Z* — TZ*|| = 0.



226 L.C. CENG

Now, we claim that
limsup((f—/.LdD)x*,xH1 —x") <0.
k—sc0
In fact, from the boundedness of {x}, it follows that there exists a subsequence {x*} of {x*}
such that
limsup((f — u®)x*,x* —x*) = lim ((f — pd®)x*, xX — x*).
k—yoo [—eo

Since .7 is reflexive and {x*} is bounded, we may assume, without loss of generality, that
xk — % € C. Hence

limsup((f — pud)x*, " —x*) = lim {(f — HP)" xM — ) = ((f — pP)x*, F—x).  (3.29)

k—yoo o
From (3.22), (3.23) and x* — %, we deduce that 7 — % and z — %. From (3.21), it follows
that lim;_,., |[y* — @*|| = 0. So, utilizing #* — X and Step 7 (b), we have % € Sol(C,F). From
pkt — %, we have ApK — Ax. This implies that ¥ — A%. From (3.18), we obtain lim;_,., ||t* —
ukt|| = 0. Hence, utilizing u¥ — A% and Step 7 (a), we have A% € Sol(Q,G). According to
% € Sol(C,F) and A% € Sol(Q,G), we have ¥ € Q. Note that lim_,.. ||z — T7"|| = 0. From
the demiclosedness of I — T at zero, we deduce from 7 — % that ¥ € Fix(T). Consequently,
¥ € Fix(T) N Q. Hence from (3.2) and (3.25), we get
limsup((f — pP)x", x4 —x*) = ((f — )", F—x") <0,
k—oo
which leads to
limsup((f — u®)x*, 1 —x*)

k—yo0

= limsup[((f — u®)x*, X1 — x5 4 ((f — u®)x*, x* — x*)] (3.26)

k—boo

< liznsup[H(f—HCP)X*H||%"+1 =+ ((f — pP) 2] <0

Note that {Bi(7—6)} C [0,1], X Bi(T — 0) = oo, and
: 2((f —p@)x A —xt)  3M oy -1
hglsoljp[ —6 +,L._6E”xk_xk H]SO

Therefore, applying Lemma 2.2 to (3.12), we get limy_,c ||xx —x*|| = 0.
Case 2. Suppose that 3{I'y, } C {T'} s.t. I, <T't,41 VI € N, where N is the set of all positive
integers. Define the mapping 7 : N — N by

t(k) :=max{l <k:I'; <I}.

Using Lemma 2.5, we have

oy <Tryer and T <Tpgoyg.

Setting T’y = ||x* — x*||?, we can similarly obtain

lim [|x*®+1 — x*®)|| =0, (3.27)
k—oo
and
limsup((f — u®@)x*, x* K+ — x*) <0.

k—yo0
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Thanks to I'z(3) < T’z and 0 < ﬁf(k), we conclude from (3.12) that

3M . af(k) ||x’r(k)
T—06 B

Hence limsup, ... [[x*®) —x*||2 < 0 and limy_,.. |[x*® —x*||> = 0. From (3.27), we have

T(k)—1 ||

) 2P < 2 ((f - O ) 4 ~x

er(k)—i—l _X*Hz . er(k) —x*||2

Y B (O B ST O B

< YR+ _ TR0 _ | [T T B2 S0 (= o).
From I'y <T'¢(z)11, we have

ka_x*HZ < ||x1,'(k)+l _x*HZ

< Hx’c(k) _x*||2 +2||x’r(k)+l _x’c(k)H ||x’c(k) _x*” + ||x7:(k)+l _x’c(k)HZ‘
It is easy to see from (3.27) that x* — x* as k — 0. This completes the proof. UJ
If F = G =0, we derive the following result from Algorithm 3.1 and Theorem 3.1.

Corollary 3.1. Let C and Q be two closed convex nonempty subsets of two real Hilbert spaces
JA and 7%, respectively. Let [ : C — 4 be a d-contractive mapping and let ® : C — 74
be a x-Lipschitzian, 1n-strongly monotone mapping, where 8 < t:=1— \/ 1—p(2n —uk?)
for u € (0, i—’;) Let T be a quasi-nonexpansive self-mapping on C with the fact that I — T is
demiclosed at zero such that Fix(T ) NI # 0 where I’ = {x* € C : Ax* € Q} is the solution set of
the SFP. Assume that {&} C (0,1] and {B},{vk} C (0,1) satisfy
(1) B+ Vi <1, Yily B = oo, limyyo0 B = 0;
m)q:omﬂi&hmﬁm%:O;
(iii) 0 < liminfy_,. V¢ < limsup;_, . Vx < 1.
For any given X" x' € C, a > 0 and {§} C [8,8] C (O’HI\]—AHZ)’ let the sequence {x*} be
constructed as follows:
Inertial Step: Given the iterates x* ' and x* (k > 1), calculate p* = x* + oy (x* —x*=1), where
oy, is chosen such that 0 < oy < &y, and

&
[k — XK=

b, ifxf =Xt £o,

min{c,
oy =
a, otherwise.
Iteration Steps: Compute xX**! below:
u = Pp(ApY),
i* = Pe(p* + §A* (it — Aph)),
XkJrl = Pc[ka(L_tk) + Vkpk + ((1 — Vk)I — Bk,uCID)Tﬁk].

Then x* — x* € Fix(T ) NT, which is the unique solution to the VIP: {(u®— f)x*,p—x*) > 0,Vp €
Fix(T)NT.

Next, we introduce the other modified inertial linesearch extragradient algorithm.
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Algorithm 3.2. Initial Step: Give x’,x' € C arbitrarily. Let o >0, £ € (0,1), ¥ € (0,1),
{6/(} - [év 6] - «LW)’ {Ak} C (07 1)7 hmk—)OO)Vk =€ (07 1)

Iteration Steps: Compute x**! below:

Step 1. Given the iterates x* ! and x* (k > 1), choose 0y s.t. 0 < oy < @, where
g
£ if xf —x*=1 £ 0,

min{ @, ——————
e
a, otherwise.

oy =

Step 2. Set p* = x* + o (x¥ — x*~1) and calculate ¥ = Py(Ap*) and ¢ = Py (uf — Gu*). 1f
vF = u¥, then set r* = u* and go to Step 5. Otherwise, go to Step 3.
Step 3. Find i as the smallest nonnegative integer i such that wh' = (1 — 9 )u* + y"v* and
(Gwhi ik — k) > L|uk —1K||2. Set y = ik and wk = whik,

k ok k
Step 4. Calculate t* = Py (uf — 6,Gw*), where o} = %

Step 5. Calculate ii* = Pc(p* + §A*(tF — Ap")) and ¥ = Po(a* — Fi¥). If 7% = i, then set
y* = i?* and go to Step 8. Otherwise, go to Step 6.
Step 6. Find j; as the smallest nonnegative mteger j such that wkJ = =(1—¢ )b_tk + 077 and
(Fwhi ik — %) > L@k — 7%||2. Set £ = ¢k and Wk = ki,
k =k__ =k
Step 7. Calculate y* = P (it — 6, FwK), where 6 = %
Step 8. Calculate 75 = (1 — A )it* + Axy* and

= Pe[Bif (&) + i + (1 = Vi)l = Bipu®) T2
Set k:=k+ 1 and go to Step 1.

Theorem 3.2. Assume that {x} is the sequence constructed by Algorithm 3.2. Then x* — x* €
Fix(T) N Q, which is a unique solution to the VIP: {(u® — f)x*,p —x*) > 0,Vp € Fix(T) N Q.

Proof. As in Theorem 3.1, we deduce that there exists a unique solution x* € Fix(7) N € to the
VIP (3.2). In order to show limy_.., ||x* —x*|| = 0, we divide the rest of the proof into two steps.

Step 1. Show that {x*} is bounded.
Indeed, from Steps 1-5 in the proof of Theorem 3.1, B; + v, < 1, we obtain from Lemma 2.4
that

[T = < Bl ) = N 1 O) =[] A+ vl b =7
l-ve B

(
=Bl T g T |
< B8 — ]|+ 1) —x° ) + Vel — 7|
=i - Pyt - - ey + ey
< BB -+ ) =)+
U=l - PR - pe)
Mot = LI e

< max{||Jx* —x*|, — H}.
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By induction, we obtain ||x* —x*| < max{|jx! — x* ||, Mt =CIHIT=RPIT Y vy > 1 Thys,

T—0
{x*} is bounded, so {p*}, {@*}, {Z*}, {F(xF)},{TZ} and {@TZ*}.
Step 2. Show that {x"} converges strongly to x*.

Indeed, putting @* := B f(x¥) + vix + ((1 — vi)I — Bu®)Tz*, we have X! = Pcok. Tt
follows that

o — |12 < (Br(F () = £(x) + Vi —x*) + (1 =) [ — 7 EkaucD)Tz"

(1= TP ) (- B )

< B — S + vl =)+ (1= vl = T Epayrd
(= PP+ Bl — e )

< SUBUE) —1) + e =20) +(1 vl = 1 Epeyrd
= (= TR )P+ A P B — ),

Utilizing Lemma 2.4, we obtain that
[ =12
< (B[ = 4 Vil = x| (1 = Bt — i) [l =17
+2Bi((f — p@)x*, 2 —x)
< B[ =17 4 Vil = 2P (1= Bt — i) [ =
+2B((f — pP@)a” A —x")
< (Bed + Vi I = 27|17 + (1 = Bz — i) [ " —x*|I* +2B((f — p@)x* 4! —x7)
< (B Vi =1 ouel|x* = THI 2l =2+ ol =T
+ (1= Bt = Vi)l =2 |1? 4 ol = 2]l — x|+ o =]
+2Bi((f — p@)x" T —x")
< (1= BT = )] =" + ol |x* —x*HI3M + 2B ((f — pp)” T —x)

2(f Dl A ) M o
- s

= [1=Bi(7 = &) Ix* ="+ Be(t — )]

We rewrite it as follows:
e < (=) + %, Vk>1.
From Step 7 of the proof of Theorem 3.1, we can show that the following statements hold:
(@) If {uh} C {uk}, uht — dand tf —ub — 0 as I — oo, then i € Sol(Q, G).

(b) If {@“1} c {@*}, @ — iiand ¥ — i — 0 as | — oo, then ii € Sol(C, F).
Finally, we show the convergence of {I';} to zero by the following two cases.
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Case 1. Suppose that there exists an integer kp > 1 such that {I';} is non-increasing for k > k.
Then we obtain that the limit limy_,.. ||x* — x*|| exists and

Ii—Tki1 —0 (k— o).
It follows from (3.6) and (3.8) that, for all k > kg,
I 2
< (B +vio) [l =1 4 (1 = Ber = vig) 1" — 2|17 — 8e(1 — Sel|Al*) 1 — Ap*1>
— &cllu* — Ap*|P) + 2B {(f — u®)x*, 2" — x*)
< (B8 + Vi [ — x|+ ol 1 [3M] 4+ (1 — Bt — vi [ —x° 2
+ o || —13M — 8 (1= &il|A|P) 11 — Ap*|1* — &l — Ap|?]
+ 2B ((f — p@)x*, 1" — )
= 1= Bi( = O)] [l —x"|1* + oyl |x* = 1[3M] — (1 = Br — vio)[8(1 — & |A[I*)
x [|% = ApM|1* + 8l — ApH|P] + 2Bk {(f — u)t T —x*)
< =17+ ol — X I3M — (1= Bz — vio) [8(1 = & JJA[1P) [ — Ap*||?
+ &l — ApM|1P] + BeMi.
This immediately yields
(1= Bt — Vi) [8(1 — 8| AIP) 11 — Ap¥|> + &l —Ap*|]
< Ty —Tgep1 + oy || = XX Y13M + BeMy, Yk > ko.
Since {8} C [8,8] C (0, 1+||1—AH2)’ Ty —Thy1 — 0, B — 0, ogl|x—x*=1|| = 0 and liminf;_,..(1 —
Vi) > 0, we get
Jim ¢ —Ap*[ =0 and lim u—Ap||=0.
Consequently, limy_,.. ||t* — u¥|| = 0. As in Theorem 3.1, we can obtain that
Jim |pf =¥ = Jim [l — | = Jim |y =[] = lim || — || = Jim [l ]| =0.
By use of (3.8), we deduce that
=22 < vk =) 4 (1= Vi) (T2 =) |+ 2B f () — T 4 —x7)
< Vi =[P (1= V) I T2 = x> = vi(1 = vi) [ = T2
+ 2B f (o) — p@T || -2
< Vel =[P+ (1= v Ip* — x> = vie(1 = vie) [ — T2
2Bl f () — nDTZ [ — |
< =P ot =3 = vie(1 = i) [ - T
+ 2B f () — T || -2
which hence yields
V(1= Vi) 5 = TP < T = Ty + o ek — 1130 4+ 2B £ (%) — n@T 2] ]+ — .
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Since B — 0, Ty — Ty — 0, oglx* —x*1|| = 0 and 0 < liminfy e, vx < limsup, ., Vs < 1,
we infer from the boundedness of {x*} and {z*} that

lim ||x* — TZ*|| = 0.
k—>oo

It follows that
=X < B (f () — u@TZ) + (1 — v (T =)
< Bull F(F) = p@T |+ | T =54 =0 (k= o).

In addition, we find
limsup((f — u®)x*,x, —x*) <0,
k—ro0
and
limsup((f — puP)x*, x341 —x") <0.
k—>oo
Note that {fi(t—8)} C [0,1], Y7 Bx(T—0) = oo, and
_ 2((f —u®@)x* X —x*)  3M 1
1 - — — <0.
1215:p[ P -6 ﬁkHXk X <o

By use of Lemma 2.2, we have limy_,¢ ||x; —x*|| = 0.
Case 2. Suppose that there exits {I'y,} C {I'x} such that I'y, < Iy, VI € N, where N is the
set of all positive integers. Define the mapping 7: N — N by

T(k) :==max{l <k:T; <TI 1}

As in Case 2 of the proof of Theorem 3.1, we obtain the desired result immediately. This
completes the proof. 0

If F = G =0, we derive the following result from Algorithm 3.2 and Theorem 3.2.

Corollary 3.2. Let C and Q be two closed convex nonempty subsets of two real Hilbert spaces
JA and 5, respectively. Let f : C — 7 be a §-contractive mapping and ® : C — 7 be
a K-Lipschitzian, 1n-strongly monotone mapping, where § < 7:=1— \/ 1—u(2n — ux?) for
u € (0, %21) Let T be a quasi-nonexpansive self-mapping on C such that I — T is demiclosed at
zero and Fix(T)NT # 0, where I = {x* € C : Ax* € Q} is the solution set of the SFP. Assume
{&r} € (0,1] and {Br},{vx} C (0,1) such that
(i) B+ Vi <1, Yy Br = o0, limyye0 B = 0;
(ii) & = o(By), i.e., limy_,., % =0;
(iii) 0 < liminfy_,., V¢ < limsup;_, . vk < 1.

For any given xX°,x' € C, a > 0 and {§} C [8,8] C (O,m), let the sequence {x*} be
constructed as follows:
Inertial Step: Given the iterates x* ' and x* (k > 1), calculate p* = x* + oy (x* —x*=1), where
Q. is chosen such that 0 < oy < 0y and
) & . 1
o — min{a, m}, if Xk —xk=1£0,
a, otherwise.
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Iteration Steps: Compute xX**! below:
uk = Po(Ap"),
i = Pe(p* + &A™ (u* —ApY)),
X = Pe[Bef () + vid* + (1 = vi)l — Bru®) T

Then x* — x* € Fix(T) NI, which is the unique solution to the VIP: {(u® — f)x*, p —x*) > 0,
Vp € Fix(T)NT.
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