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TWO INERTIAL LINESEARCH EXTRAGRADIENT ALGORITHMS FOR THE
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Abstract. In this paper, two modified inertial linesearch extragradient algorithms are investigated for finding a
solution of the bilevel split variational inequality problem with the fixed-point constraint of a quasi-nonexpansive
mapping. Two strong convergence theorems of solutions are established without the Lipschitz continuity assump-
tion of pseudomonotone mappings.
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1. INTRODUCTION

Let H be a real Hilbert space and let C be a closed convex nonempty subset. Let PC be the
metric projection from H onto C. The following equalities and inequalities are known

(i) 〈x− y,PCx−PCy〉 ≥ ‖PCx−PCy‖2, ∀x,y ∈H ;
(ii) 〈x−PCx,y−PCx〉 ≤ 0, ∀x ∈H ,y ∈C;

(iii) ‖x− y‖2 ≥ ‖x−PCx‖2 +‖y−PCx‖2, ∀x ∈H ,y ∈C;
(iv) ‖x− y‖2 = ‖x‖2−‖y‖2−2〈x− y,y〉, ∀x,y ∈H ;
(v) ‖sx+(1− s)y‖2 = s‖x‖2 +(1− s)‖y‖2− s(1− s)‖x− y‖2, ∀x,y ∈H , s ∈ [0,1].

Let S : C →H be a mapping. Recall S is said to be L-Lipschitzian (or L-Lipschitz con-
tinuous) if there exists a constant L such that ‖Sx− Sy‖ ≤ L‖x− y‖, ∀x,y ∈ C; monotone if
〈Sx−Sy,x− y〉 ≥ 0, ∀x,y ∈C; pseudomonotone if 〈Sx,y− x〉 ≥ 0⇒ 〈Sy,y− x〉 ≥ 0, ∀x,y ∈C;
β -strongly monotone if there exists a constant β > 0 such that 〈Sx− Sy,x− y〉 ≥ β‖x− y‖2

∀x,y ∈C.
Given a vector sequence {xn} ⊂ H, we use the notation xn → x (resp., xn ⇀ x) to denote

the strong (resp., weak) convergence of {xn} to x. Given a mapping S : C→H , we denote
by Fix(S) the fixed point set of S. Let Φ : C →H be a single-valued mapping. Consider
the classical variational inequality problem (VIP), which consists of finding a vector x∗ in set
C such that 〈Φx∗,x− x∗〉 ≥ 0, ∀x ∈ C. Its solution set is denoted by Sol(C,Φ). Recently, ef-
forts and attention have been given to the effective and implementable iterative algorithms for
solving the variational inequality; see, e.g., [10, 17, 19, 20, 22]. One of the most popular meth-
ods for solving the variational inequality is the extragradient method, studied by Korpelevich
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[14] for saddle point problems. Korpelevich’s extragradient method and its variants have been
extensively studied recently; see, e.g., [4, 12, 15, 24, 25].

In 2011, Censor, Gibali and Reich [4] modified Korpelevich’s extragradient method and first
introduced the subgradient extragradient method, in which the second projection onto C is re-
placed by a projection onto a half-space:

x0 ∈H ,

yn = PC(xn− `Fxn),

Cn = {y ∈H : 〈xn− `Fxn− yn,y− yn〉 ≤ 0},

xn+1 = PCn(x
n− `Fyn), ∀n≥ 0,

(1.1)

where F : H →H is monotone on C, κ-Lipschitzian on H , ` ∈ (0, 1
κ
) and Sol(C,F)6= /0.

They proved that {xn} converges to a solution x∗ ∈ Sol(C,F) weakly.
Let C and Q be two closed convex nonempty subsets of real Hilbert spaces H1 and H2,

respectively. Consider the split variational inequality problem (SVIP), which is formulated as
follows:

Find x∗ ∈C : 〈F1x∗,x− x∗〉 ≥ 0, ∀x ∈C,

such that
y∗ = Ax∗ ∈ Q : 〈F2y∗,y− y∗〉 ≥ 0, ∀y ∈ Q,

where Fi is a self-mapping on Hi for i= 1,2 and A : H1→H2 is a bounded linear operator. The
solution set of the SVIP is denoted by Ω := {x∗ ∈ Sol(C,F1) : Ax∗ ∈ Sol(Q,F2)}. In particular,
if Fi is αi-inverse strongly monotone on Hi for i = 1,2, Censor, Gibali, Reich [5] devised the
following iterative algorithm for solving the SVIP:{

x0 ∈H1 chosen arbitrarily,

xn+1 = PF1,λ
C (xn− `A∗(I−PF2,λ

Q )Axn), ∀n≥ 0,
(1.2)

where ` ∈ (0, 1
‖A‖2 ), 0 ≤ λ ≤ 2min{α1,α2}, PF1,λ

C = PC(I−λF1) and PF2,λ
C = PC(I−λF2). It

was proven in [5] that the sequence {xn} is weakly convergent provided Ω 6= /0.
In particular, if F1 = 0 and F2 = 0, then the SVIP is reduced to the split feasibility problem

(SFP) of finding x∗ ∈C such that Ax∗ ∈ Q, which was first introduced by Censor and Elfving
[6] in finite-dimensional Hilbert spaces for modeling inverse problems. It is well known that
the SFP can be used to model the intensity-modulated radiation therapy [3, 7, 8], and other
real world problems. For recent results on approximation solutions of the SFP, we refer to
[9, 18, 21].

Recently, Anh [2] studied the following bilevel split variational inequality problem (BSVIP):

Find x∗ ∈Ω : 〈Φx∗,x− x∗〉 ≥ 0, ∀x ∈Ω, (1.3)

where Ω is the same as above, and Φ : C→H1 is η-strongly monotone, κ-Lipschitzian on
C. He introduced a linesearch extragradient method for solving the above BSVIP and gave the
strong convergence analysis in the framework of Hilbert spaces.

Inspired by the results presented in [2], we introduce two modified inertial linesearch ex-
tragradient algorithms for finding a solution of the BSVIP with a fixed-point constraint. Our
proposed algorithms are based on the inertial method, the linesearch extragradient method, the
hybrid steepest-descent method, and the viscosity approximation method. Under some suitable
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conditions, it is proven that the sequences constructed by our proposed algorithms converge
strongly to a solution of the BSVIP. The remainder of this paper is arranged below. In Section 2,
some definitions and lemmas are provided for the later use. In Section 3, the convergence anal-
ysis of the proposed algorithms is investigated, and the proposed algorithms are applied to solve
strongly monotone variational inequalities with constraints.

2. PRELIMINARIES

Let H be a real Hilbert space and let C be a closed convex nonempty subset. Let S : C→H
be a nonexpansive mapping. Recall that S is said to be δ -contractive if ‖Sx−Sy‖ ≤ δ‖x− y‖,
∀x,y ∈C, where δ is a constant in (0,1). S is said to be nonexpansive if ‖Sx−Sy‖ ≤ ‖x− y‖,
∀x,y ∈ C. S is said to be quasi-nonexpansive if Fix(S) 6= /0, and ‖Sx− y‖ ≤ ‖x− y‖, ∀x ∈ C,
y ∈ Fix(S). The class of quasi-nonexpansive is quite different from the class of nonexpansive.
Indeed, quasi-nonexpansive mappings may not be continuous.

Next, we give an example of a quasi-nonexpansive mapping, which is not nonexpansive.

Example 2.1. Let H = R with the inner product 〈a,b〉= ab and induced norm ‖ · ‖= | · |. Let
S : H →H be defined by Sx := 2x

3 sinx, ∀x ∈H . We first claim that Fix(S) = {0}. Indeed,
if x 6= 0 and Sx = x, then sinx = 3

2 , which reaches a contradiction. Hence we get Fix(S) = {0}.
Also, we claim that S is quasi-nonexpansive. Indeed, we note that ‖Sx− 0‖ = ‖2x

3 sinx‖ ≤
‖2x

3 ‖ ≤ ‖x‖= ‖x−0‖, ∀x ∈H . However, we claim that S is not nonexpansive. In fact, setting
x = 2π and y = 3π

2 , we get ‖Sx−Sy‖= π > ‖2π− 3π

2 ‖=
π

2 .

The demiclosed principle is a useful tool in study of fixed points of nonexpansive mappings.
Let S : C → H be a mapping with Fix(S) 6= /0. Recall that I − S is said to be demiclosed
at zero if, for any {xn} ⊂ C with xn ⇀ x, (I− S)xn → 0⇒ x ∈ Fix(S). It is known that the
class of nonexpansive mappings process the demiclosed principle. However, the class of quasi-
nonexpansive mappings may do not process the demiclosed principle; see, e.g., [23, 27].

The following lemmas play an important role in the proof of our main convergence theorems.

Lemma 2.1. [11] Let F : C→H be a pseudomonotone and continuous mapping. For any
x ∈C, we have 〈Fx,y− x〉 ≥ 0,⇔ 〈Fy,y− x〉 ≥ 0, ∀y ∈C.

Lemma 2.2. [26] Let {an} be a sequence in [0,+∞) satisfying the condition: an+1 ≤ (1−
sn)an + snbn, ∀n ≥ 0, where {sn} and {bn} are real sequences such that (a) {sn} ⊂ [0,1] and
∑

∞
n=0 sn = ∞, and (b) limsupn→∞ bn ≤ 0 or ∑

∞
n=0 |snbn|< ∞. Then limn→∞ an = 0.

Lemma 2.3. [13] Let S be a nonexpansive self-mapping on C with Fix(S) 6= /0. Then I− S is
demiclosed at zero.

Lemma 2.4. [26] Let ` ∈ (0,1], S : C→C be a nonexpansive mapping, and the mapping S` :
C → H be defined by S`x := Sx− `µF(Sx), ∀x ∈ C, where F : C → H is κ-Lipschitzian
and η-strongly monotone. If 0 < µ < 2η

κ2 , then S` is a contraction, that is, ‖S`x− S`y‖ ≤
(1− `τ)‖x− y‖, ∀x,y ∈C, where τ = 1−

√
1−µ(2η−µκ2) ∈ (0,1].

Lemma 2.5. [16] Let {Γn} be a sequence of real numbers that does not decrease at infinity in
the sense that there exists a subsequence {Γnk} of {Γn} which satisfies Γnk < Γnk+1 for each
integer k ≥ 1. Define the sequence {τ(n)}n≥n0 of integers as follows: τ(n) = max{k ≤ n : Γk <
Γk+1}, where integer n0 ≥ 1 such that {k ≤ n0 : Γk < Γk+1} 6= /0. Then, the following hold:
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(i) τ(n0)≤ τ(n0 +1)≤ ·· · and τ(n)→ ∞;
(ii) Γτ(n) ≤ Γτ(n)+1 and Γn ≤ Γτ(n)+1,∀n≥ n0.

3. MAIN RESULTS

In this section, we give two strong convergence algorithms for solving the BSVIP with the
fixed-point constraint of a quasi-nonexpansive mapping by using the modified inertial linesearch
extragradient methods. In what follows, we always assume the conditions:

(A1) F : C→H1 is pseudomonotone on C,
(A2) limk→∞ Fxk = Fx̄ for every sequence {xk} ⊂C converging weakly to x̄,
(A3) G : Q→H2 is pseudomonotone on Q,
(A4) limk→∞ Guk = Gū for every sequence {uk} ⊂ Q converging weakly to ū,
(A5) f : C→H1 is a δ -contractive mapping on C and Φ : C→H1 is κ-Lipschitzian, η-

strongly monotone mapping on C, where δ < τ := 1−
√

1−µ(2η−µκ2) for µ ∈
(0, 2η

κ2 ),
(A6) T is a quasi-nonexpansive self-mapping on C and I−T is demiclosed at zero such that

Fix(T )∩Ω 6= /0,
(A7) {εk} ⊂ (0,1] and {βk},{νk} ⊂ (0,1) such that

(i) βk +νk ≤ 1, ∑
∞
k=1 βk = ∞, limk→∞ βk = 0,

(ii) εk = o(βk), i.e., limk→∞
εk
βk

= 0,
(iii) 0 < liminfk→∞ νk ≤ limsupk→∞ νk < 1.

Algorithm 3.1. Initial Step: Give x0,x1 ∈ C arbitrarily. Let α > 0, ` ∈ (0,1), γ ∈ (0,1),
{δk} ⊂ [δ ,δ ]⊂ (0, 1

1+‖A‖2 ), {λk} ⊂ (0,1), and limk→∞ λk = λ ∈ (0,1).

Iteration Steps: Compute xk+1 below:
Step 1. given the iterates xk−1 and xk (k ≥ 1), choose αk such that 0≤ αk ≤ ᾱk, where

ᾱk =

min{α,
εk

‖xk− xk−1‖
}, if xk− xk−1 6= 0,

α, otherwise.
(3.1)

Step 2. Set pk = xk +αk(xk− xk−1), and calculate uk = PQ(Apk) and vk = PQ(uk−Guk). If
vk = uk, then set tk = uk and go to Step 5. Otherwise, go to Step 3.

Step 3. Find ik as the smallest nonnegative integer i such that wk,i = (1− γ i)uk + γ ivk and
〈Gwk,i,uk− vk〉 ≥ 1

2‖u
k− vk‖2. Set γk = γ ik and wk = wk,ik .

Step 4. Calculate tk = PQ(uk−σkGwk), where σk =
〈Gwk,uk−wk〉
‖Gwk‖2 .

Step 5. Calculate ūk = PC(pk + δkA∗(tk−Apk)) and v̄k = PC(ūk−Fūk). If v̄k = ūk, then set
yk = ūk and go to Step 8. Otherwise, go to Step 6.

Step 6. Find jk as the smallest nonnegative integer j such that w̄k, j = (1− ` j)ūk + ` jv̄k and
〈Fw̄k, j, ūk− v̄k〉 ≥ 1

2‖ū
k− v̄k‖2. Set `k = ` jk and w̄k = w̄k, jk .

Step 7. Calculate yk = PC(ūk− σ̄kFw̄k), where σ̄k =
〈Fw̄k,ūk−w̄k〉
‖Fw̄k‖2 .

Step 8. Calculate zk = (1−λk)ūk +λkyk and

xk+1 = PC[βk f (zk)+νk pk +((1−νk)I−βkµΦ)T zk].

Set k := k+1 and go to Step 1.
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Remark 3.1. (i) In finite dimensional spaces, conditions (A2) and (A4) are reduced to the
conditions for the continuity of F, G.

(ii) If F and G satisfy properties (A1), (A2) and (A3), (A4) respectively, then the solution
sets Sol(C,F) and Sol(Q,G) of the VIP(C,F) and VIP(Q,G) are closed and convex (see e.g.,
[1, Lemma 6]). Therefore, the solution set Ω = {x∗ ∈ Sol(C,F) : Ax∗ ∈ Sol(Q,G)} of the SVIP
is also closed and convex.

(iii) If {xk}⊂C is bounded, then {Fxk} is bounded. In fact, assume that {Fxk} is unbounded,
that is, ∃{xki} ⊂ {xk} such that ‖Fxki‖ → ∞ (i→ ∞). But the boundedness of {xki} guarantees
that ∃{xkil } ⊂ {xki} such that xkil ⇀ x̂. Hence Fxkil → Fx̂ (l→∞). Thus, ‖Fxkil ‖→ ‖Fx̂‖ (l→
∞). From ‖Fxki‖ → ∞ (i→ ∞), we get ‖Fxkil ‖ → ∞ (l→ ∞), a contradiction. Consequently,
{Fxk} is bounded.

(iv) limk→∞
αk‖xk−xk−1‖

βk
= 0. In fact, we get from (3.1) that εk ≥ αk‖xk−xk−1‖,∀k≥ 1. Since

limk→∞
εk
βk

= 0, we have 0 = limk→∞
εk
βk
≥ limsupk→∞

αk‖xk−xk−1‖
βk

.

We are now in a position to state and prove the first main result in this paper.

Theorem 3.1. Let {xk} be the sequence defined by Algorithm 3.1. Then xk→ x∗ ∈ Fix(T )∩Ω,
which is a unique solution to the VIP: 〈(µΦ− f )x∗, p− x∗〉 ≥ 0, ∀p ∈ Fix(T )∩Ω.

Proof. We first claim that PFix(T )∩Ω( f + I−µΦ) is a contraction. Indeed, using Lemma 2.4, we
have

‖PFix(T )∩Ω( f + I−µΦ)x−PFix(T )∩Ω( f + I−µΦ)y‖
≤ ‖ f (x)− f (y)‖+‖(I−µΦ)x− (I−µΦ)y‖
≤ [1− (τ−δ )]‖x− y‖ ∀x,y ∈H1,

which implies that PFix(T )∩Ω( f + I−µΦ) is a contraction. Banach’s Contraction Mapping Prin-
ciple guarantees that PFix(T )∩Ω( f + I − µΦ) has a unique fixed point, say x∗ ∈ H1, that is,
x∗ = PFix(T )∩Ω( f + I−µΦ)x∗. Thus, there is an unique solution x∗ ∈ Fix(T )∩Ω to the VIP

〈(µΦ− f )x∗, p− x∗〉 ≥ 0 ∀p ∈ Fix(T )∩Ω. (3.2)

The following proof is split into eight steps.

Step 1. Show that the linesearches corresponding to uk,vk and ūk, v̄k are well defined, respec-
tively.

Indeed, in the case of vk 6= uk, we assume that the following inequality holds for each integer
i≥ 1

〈Gwk,i,uk− vk〉< 1
2
‖uk− vk‖2,

where wk,i = (1− γ i)uk + γ ivk. Since wk,i→ uk as i→ ∞, it follows that

〈Guk,uk− vk〉 ≤ 1
2
‖uk− vk‖2. (3.3)

In view of vk = PQ(uk−Guk), we get

〈uk−Guk− vk,u− vk〉 ≤ 0 ∀u ∈ Q.

Putting u = uk ∈ Q, we have
〈Guk,uk− vk〉 ≥ ‖uk− vk‖2.



218 L.C. CENG

This together with (3.3) leads to

‖uk− vk‖2 ≤ 1
2
‖uk− vk‖2,

which contradicts the fact that uk 6= vk. Consequently, the linesearch corresponding to uk and vk

is well defined. Similarly, we know that the linesearch corresponding to ūk and v̄k is also well
defined.

Step 2. Show that the following statements hold.
(a) If vk 6= uk for some k ≥ 0, then Gwk 6= 0, σk > 0 and

‖tk−Ax∗‖2 ≤ ‖uk−Ax∗‖2− (σk‖Gwk‖)2.

(b) If v̄k 6= ūk for some k ≥ 0, then Fw̄k 6= 0, σ̄k > 0 and

‖yk− x∗‖2 ≤ ‖ūk− x∗‖2− (σ̄k‖Fw̄k‖)2.

Indeed, in the case of vk 6= uk, we get

〈Gwk,uk−wk〉= γ
i〈Gwk,uk− vk〉 ≥ γ i‖uk− vk‖2

2
> 0,

which hence yields

Gwk 6= 0, σk =
〈Gwk,uk−wk〉
‖Gwk‖2 > 0.

Since Ax∗ ∈ Sol(Q,G) and wk ∈ Q, we get 〈GAx∗,wk−Ax∗〉 ≥ 0. Utilizing the pseudomono-
tonicity of G, we have

〈Gwk,wk−Ax∗〉 ≥ 0.

This further yields

‖tk−Ax∗‖2 ≤ ‖uk−σkGwk−Ax∗‖2

= ‖uk−Ax∗‖2 +σ
2
k ‖Gwk‖2−2σk〈Gwk,uk−Ax∗〉

≤ ‖uk−Ax∗‖2 +σ
2
k ‖Gwk‖2−2σk〈Gwk,uk−wk〉

= ‖uk−Ax∗‖2− (σk‖Gwk‖)2.

Similarly, we can obtain (b).

Step 3. Show that

‖ūk− x∗‖2 ≤ ‖pk− x∗‖2−δk(1−δk‖A‖2)‖tk−Apk‖2−δk‖uk−Apk‖2 ∀k ≥ 1.

Indeed, in terms of Step 2 (a) and the fact that tk = uk if vk = uk, we get

‖tk−Ax∗‖ ≤ ‖uk−Ax∗‖. (3.4)

Note that

‖uk−Ax∗‖2 = ‖PQApk−Ax∗‖2 ≤ ‖Apk−Ax∗‖2−‖PQApk−Apk‖2

= ‖Apk−Ax∗‖2−‖uk−Apk‖2.
(3.5)

Combining (3.4) and (3.5) yields

‖tk−Ax∗‖2−‖Apk−Ax∗‖2 ≤−‖uk−Apk‖2,
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from which it follows that

〈A(pk− x∗), tk−Apk〉= 〈tk−Ax∗, tk−Apk〉−‖tk−Apk‖2

=
1
2
[(‖tk−Ax∗‖2−‖Apk−Ax∗‖2)−‖tk−Apk‖2]

≤−1
2
(‖uk−Apk‖2 +‖tk−Apk‖2).

From δk > 0 and the last inequality, we get

2δk〈A(pk− x∗), tk−Apk〉 ≤ −δk(‖uk−Apk‖2 +‖tk−Apk‖2),

which together with the nonexpansivity of PC yields

‖ūk− x∗‖2 ≤ ‖pk− x∗‖2 +δ
2
k ‖A∗(tk−Apk)‖2 +2δk〈pk− x∗,A∗(tk−Apk)〉

≤ ‖pk− x∗‖2 +δ
2
k ‖A∗‖2‖tk−Apk‖2 +2δk〈A(pk− x∗), tk−Apk)〉

≤ ‖pk− x∗‖2 +δ
2
k ‖A‖2‖tk−Apk‖2−δk(‖uk−Apk‖2 +‖tk−Apk‖2)

= ‖pk− x∗‖2−δk(1−δk‖A‖2)‖tk−Apk‖2−δk‖uk−Apk‖2.

(3.6)

Step 4. Show that

‖zk− x∗‖2 ≤ ‖ūk− x∗‖2−λk(1−λk)‖yk− ūk‖2 ∀k ≥ 1.

Indeed, from yk = ūk if v̄k = ūk and Step 2 (b), we get

‖yk− x∗‖ ≤ ‖ūk− x∗‖,

which hence implies that

‖zk− x∗‖2 = (1−λk)‖ūk− x∗‖2 +λk‖yk− x∗‖2−λk(1−λk)‖yk− ūk‖2

≤ (1−λk)‖ūk− x∗‖2 +λk‖ūk− x∗‖2−λk(1−λk)‖yk− ūk‖2

= ‖ūk− x∗‖2−λk(1−λk)‖yk− ūk‖2.

(3.7)

Step 5. Show that {xk} is bounded.
Indeed, since {δk} ⊂ [δ ,δ ]⊂ (0, 1

1+‖A‖2 ) and {λk} ⊂ (0,1), we get

‖zk− x∗‖ ≤ ‖ūk− x∗‖ ≤ ‖pk− x∗‖ ∀k ≥ 1. (3.8)

From the definition of pk, we have

‖pk− x∗‖= ‖xk +αk(xk− xk−1)− x∗‖

≤ ‖xk− x∗‖+βk ·
αk

βk
‖xk− xk−1‖.

(3.9)

According to Remark 3.1 (iv), we have αk
βk
‖xk− xk−1‖ → 0 (k→ ∞). So it follows that there

exists a constant M0 > 0 such that
αk

βk
‖xk− xk−1‖ ≤M0 ∀k ≥ 1.

Combining this with (3.8) and (3.9), we get

‖zk− x∗‖ ≤ ‖ūk− x∗‖ ≤ ‖pk− x∗‖ ≤ ‖xk− x∗‖+βkM0 ∀k ≥ 1. (3.10)



220 L.C. CENG

Thus, from βk +νk ≤ 1, Lemma 2.4 and (3.10), we conclude that, for all k ≥ 1,

‖xk+1− x∗‖ ≤ βk(‖ f (zk)− f (x∗)‖+‖ f (x∗)− x∗‖)+νk‖pk− x∗‖

+(1−βk−νk)‖(
1−νk

1−βk−νk
I− βk

1−βk−νk
µΦ)T zk− x∗‖

≤ βk(δ‖zk− x∗‖+‖ f (x∗)− x∗‖)+νk‖pk− x∗‖

+(1−νk)‖(I−
βk

1−νk
µΦ)T zk− (I− βk

1−νk
µΦ)x∗+

βk

1−νk
(I−µΦ)x∗‖

≤ βk(δ‖zk− x∗‖+‖ f (x∗)− x∗‖)+νk‖pk− x∗‖

+(1−νk)[(1−
βk

1−νk
τ)‖zk− x∗‖+ βk

1−νk
‖(I−µΦ)x∗‖]

≤ [1−βk(τ−δ )]‖pk− x∗‖+βk(‖ f (x∗)− x∗‖+‖(I−µΦ)x∗‖)

≤ [1−βk(τ−δ )](‖xk− x∗‖+βkM0)+βk(‖ f (x∗)− x∗‖+‖(I−µΦ)x∗‖)

≤ [1−βk(τ−δ )]‖xk− x∗‖+βk(M0 +‖ f (x∗)− x∗‖+‖(I−µΦ)x∗‖)

≤max{‖xk− x∗‖, M0 +‖ f (x∗)− x∗‖+‖(I−µΦ)x∗‖
τ−δ

}.

By induction, we obtain ‖xk− x∗‖ ≤ max{‖x1− x∗‖, M0+‖ f (x∗)−x∗‖+‖(I−µΦ)x∗‖
τ−δ

}. Thus, {xk} is
bounded, so are {pk},{ūk},{zk},{ f (zk)},{T zk}, and {ΦT zk}.
Step 6. Show that

‖xk+1− x∗‖2 ≤ [1−βk(τ−δ )]‖xk− x∗‖2 +βk(τ−δ )[
2〈( f −µΦ)x∗,xk+1− x∗〉

τ−δ

+
3M

τ−δ

αk

βk
‖xk− xk−1‖],

for some M > 0. Putting ωk := βk f (zk)+νk pk+((1−νk)I−βkµΦ)T zk, we have xk+1 = PCωk.
Note that

‖xk+1− x∗‖2 ≤ 〈βk( f (zk)− f (x∗))+νk(pk− x∗)+(1−νk)[(I−
βk

1−νk
µΦ)T zk

− (I− βk

1−νk
µΦ)x∗],xk+1− x∗〉+βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ ‖βk( f (zk)− f (x∗))+νk(pk− x∗)+(1−νk)[(I−
βk

1−νk
µΦ)T zk

− (I− βk

1−νk
µΦ)x∗]‖‖xk+1− x∗‖+βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ 1
2
{‖βk( f (zk)− f (x∗))+νk(pk− x∗)+(1−νk)[(I−

βk

1−νk
µΦ)T zk

− (I− βk

1−νk
µΦ)x∗]‖2 +‖xk+1− x∗‖2}+βk〈( f −µΦ)x∗,xk+1− x∗〉.
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Utilizing Lemma 2.4 and (3.10), we obtain that

‖xk+1− x∗‖2 ≤ ‖βk( f (zk)− f (x∗))+νk(pk− x∗)+(1−νk)[(I−
βk

1−νk
µΦ)T zk

− (I− βk

1−νk
µΦ)x∗]‖2 +2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ [βkδ‖zk− x∗‖+νk‖pk− x∗‖+(1−βkτ−νk)‖zk− x∗‖]2

+2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ βkδ‖zk− x∗‖2 +νk‖pk− x∗‖2 +(1−βkτ−νk)‖zk− x∗‖2

+2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ [1−βk(τ−δ )]‖pk− x∗‖2 +2βk〈( f −µΦ)x∗,xk+1− x∗〉.

(3.11)

From the definition of pk, we have

‖pk− x∗‖2 ≤ [‖xk− x∗‖+αk‖xk− xk−1‖]2

= ‖xk− x∗‖2 +αk‖xk− xk−1‖[2‖xk− x∗‖+αk‖xk− xk−1‖],

which together with (3.11) implies that

‖xk+1− x∗‖2 ≤ [1−βk(τ−δ )]‖pk− x∗‖2 +2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ [1−βk(τ−δ )]{‖xk− x∗‖2 +αk‖xk− xk−1‖[2‖xk− x∗‖+αk‖xk− xk−1‖]}

+2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ [1−βk(τ−δ )]‖xk− x∗‖2 +αk‖xk− xk−1‖[2‖xk− x∗‖+αk‖xk− xk−1‖]

+2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ [1−βk(τ−δ )]‖xk− x∗‖2 +αk‖xk− xk−1‖3M+2βk〈( f −µΦ)x∗,xk+1− x∗〉

= [1−βk(τ−δ )]‖xk− x∗‖2 +βk(τ−δ )[
2〈( f −µΦ)x∗,xk+1− x∗〉

τ−δ
+

3M
τ−δ

αk

βk
‖xk− xk−1‖],

(3.12)
where supk≥1{‖xk− x∗‖,αk‖xk− xk−1‖} ≤M for some M > 0. For each k ≥ 1, we set

Γk = ‖xk− x∗‖2,

εk = βk(τ−δ ),

ϑk = αk‖xk− xk−1‖3M+2βk〈( f −µΦ)x∗,xk+1− x∗〉.

Then (3.12) can be rewritten as

Γk+1 ≤ (1− εk)Γk +ϑk ∀k ≥ 1. (3.13)

Step 7. Show that the following statements hold:
(a) If {ukl} ⊂ {uk}, ukl ⇀ ū and tkl −ukl → 0 as l→ ∞, then ū ∈ Sol(Q,G).
(b) If {ūkl} ⊂ {ūk}, ūkl ⇀ ũ and ykl − ūkl → 0 as l→ ∞, then ũ ∈ Sol(C,F).
From {uk} ⊂ Q and ukl ⇀ ū, we have ū ∈ Q. From ukl ⇀ ū, we know that {ukl} is bounded.

It follows from (3.4) that {tkl} is bounded.
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Case I. Suppose that there exists a subsequence of {ukl}, still denoted by {ukl}, such that
tkl = ukl , ∀l ≥ 1. If vkl 6= ukl , then from Step 2, we have ‖tkl − Ax∗‖ < ‖ukl − Ax∗‖. This
contradicts tkl = ukl . Hence, vkl = ukl , i.e., PQ(ukl −Gukl) = ukl ∀l ≥ 1. Note that

〈Gukl ,v−ukl〉 ≥ 0, ∀v ∈ Q.

From ukl ⇀ ū, we have Gukl →Gū as l→∞. Thus, 〈Gū,v− ū〉 ≥ 0, ∀v ∈Q, i.e., ū ∈ Sol(Q,G).
Case II. Suppose that there exists a subsequence of {ukl}, still denoted by {ukl}, such that

tkl 6= ukl , ∀l ≥ 1. Let {il} be the sequence of the smallest nonnegative integers such that, for all
l ≥ 1,

〈G((1− γ
il)ukl + γ

il vkl),ukl − vkl〉 ≥ ‖u
kl − vkl‖2

2
,

where vkl = PQ(ukl −Gukl), wkl = (1− γkl)u
kl + γkl v

kl and γkl = γ il . According to Step 2 (a), we
have

‖tkl −Ax∗‖2 ≤ ‖ukl −Ax∗‖2− (σkl‖Gwkl‖)2,

where σkl = 〈Gwkl ,ukl −wkl〉/‖Gwkl‖2. Thus,

(σkl‖Gwkl‖)2 ≤ ‖ukl −Ax∗‖2−‖tkl −Ax∗‖2

≤ (‖ukl −Ax∗‖+‖tkl −Ax∗‖)‖ukl − tkl‖,

which, together with the boundedness of {ukl},{tkl} and ‖tkl −ukl‖→ 0, implies that

lim
l→∞

σkl‖Gwkl‖= 0.

From {ukl} ⊂ Q, we get

‖vkl −ukl‖= ‖PQ(ukl −Gukl)−PQukl‖ ≤ ‖Gukl‖,

which, together with the boundedness of {ukl} and {Gukl}, implies that {vkl} is bounded. We
also infer that {wkl} is bounded. Thus, {Gwkl} is bounded. So, from 〈Gwkl ,ukl −wkl〉 =
σkl‖Gwkl‖2, we have

lim
l→∞
〈Gwkl ,ukl −wkl〉= 0.

In view of wkl = (1− γkl)u
kl + γkl v

kl , we get

〈Gwkl ,ukl −wkl〉= γkl〈Gwkl ,ukl − vkl〉 ≥
γkl‖ukl − vkl‖2

2
.

It follows that
lim
l→∞

γkl‖u
kl − vkl‖2 = 0. (3.14)

From vkl = PQ(ukl −Gukl), we have

〈ukl −Gukl − vkl ,v− vkl〉 ≤ 0 ∀v ∈ Q,

which immediately yields

〈Gukl ,v− vkl〉 ≥ 〈ukl − vkl ,v− vkl〉, ∀v ∈ Q. (3.15)

We now discuss two distinct cases.
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Case II.1. limsupl→∞ γkl > 0. In this case, there exist γ̄ and a subsequence of {γkl}, still
denoted by {γkl} such that γkl → γ̄ . From (3.14), we deduce that liml→∞ ‖ukl − vkl‖ = 0. From
ukl ⇀ ū, we have vkl ⇀ ū. Since ukl − vkl → 0 and {vkl} is bounded, we have

lim
l→∞
〈ukl − vkl ,v− vkl〉= 0.

From (3.15), ukl ⇀ ū and vkl ⇀ ū, we get 〈Gū,v− ū〉 ≥ 0, ∀v ∈ Q, i.e., ū ∈ Sol(Q,G).
Case II.2. liml→∞ γkl = 0. From the boundedness of {vkl}, without loss of generality, we may

assume that vkl ⇀ v̄ as l→ ∞. From γ jl = γkl → 0 as l→ ∞, we have that jl > 1 for l enough
large, and hence

〈Gqkl ,ukl − vkl〉< ‖u
kl − vkl‖2

2
,

where qkl = (1− γ il−1)ukl + γ il−1vkl . Putting v = ukl in (3.15), we have

〈Gukl ,ukl − vkl〉 ≥ ‖ukl − vkl‖2. (3.16)

It follows that

〈Gqkl ,ukl − vkl〉< 1
2
〈Gukl ,ukl − vkl〉. (3.17)

Note that {ukl} and {vkl} are bounded and γkl → 0. So it follows that

‖qkl −ukl‖=
γkl

γ
‖ukl − vkl‖→ 0 (l→ ∞).

From ukl ⇀ ū and qkl −ukl → 0, we know that qkl ⇀ ū. Since vkl ⇀ v̄, we get from (3.17) that
〈Gū, ū− v̄〉 ≤ 1

2〈Gū, ū− v̄〉. Thus,
〈Gū, ū− v̄〉 ≤ 0.

Note that
〈Gukl ,ukl − vkl〉 ≥ 0.

From ukl ⇀ ū and vkl ⇀ v̄, we get 〈Gū, ū− v̄〉 ≥ 0, which leads to

〈Gū, ū− v̄〉= 0.

This further implies that

lim
l→∞
〈Gukl ,ukl − vkl〉= 〈Gū, ū− v̄〉= 0.

Hence, liml→∞ ‖ukl −vkl‖= 0, which together with ukl ⇀ ū, yields vkl ⇀ ū. From ukl −vkl → 0
and the boundedness of {vkl}, we get liml→∞〈ukl − vkl ,v− vkl〉 = 0. So, from (3.15), ukl ⇀ ū
and vkl ⇀ ū, we get 〈Gū,v− ū〉 ≥ 0, ∀v ∈ Q, i.e., ū ∈ Sol(Q,G). Similarly, we can obtain (b).

Step 8. Show that {xk} converges strongly to the unique solution x∗ ∈ Fix(T )∩Ω of the
VIP: 〈(µΦ− f )x∗, p− x∗〉 ≥ 0, ∀p ∈ Fix(T )∩Ω.

Indeed, it is sufficient to show the convergence of {Γk} to zero by the following two cases:
Case 1. Suppose that there exists a positive integer k0 ≥ 1 such that {Γk} is nonincreasing

for k ≥ k0. Then, we obtain that the limit limk→∞ ‖xk− x∗‖ exists and

Γk−Γk+1→ 0 (k→ ∞).
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So, it follows from (3.6), (3.8) and (3.11) that

‖xk+1− x∗‖2

≤ [1−βk(τ−δ )−νk]‖ūk− x∗‖2 +νk‖pk− x∗‖2 +2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ [1−βk(τ−δ )−νk]‖[‖pk− x∗‖2−δk(1−δk‖A‖2)‖tk−Apk‖2−δk‖uk−Apk‖2]

+νk‖pk− x∗‖2 +2βk‖( f −µΦ)x∗‖‖xk+1− x∗‖

≤ [1−βk(τ−δ )]‖pk− x∗‖2− [1−βk(τ−δ )−νk][δk(1−δk‖A‖2)‖tk−Apk‖2

+δk‖uk−Apk‖2]+βkM1

≤ ‖xk− x∗‖2 +αk‖xk− xk−1‖3M− [1−βk(τ−δ )−νk][δk(1−δk‖A‖2)‖tk−Apk‖2

+δk‖uk−Apk‖2]+βkM1,

where supk≥0 2‖( f −µΦ)x∗‖‖xk− x∗‖ ≤M1 for some M1 > 0. This immediately arrives at

[1−βk(τ−δ )−νk][δk(1−δk‖A‖2)‖tk−Apk‖2 +δk‖uk−Apk‖2]

≤ Γk−Γk+1 +αk‖xk− xk−1‖3M+βkM1 ∀k ≥ k0.

Since {δk}⊂ [δ ,δ ]⊂ (0, 1
1+‖A‖2 ), Γk−Γk+1→ 0, βk→ 0, αk‖xk−xk−1‖→ 0 and liminfk→∞(1−

νk)> 0, we get
lim
k→∞
‖tk−Apk‖= 0 and lim

k→∞
‖uk−Apk‖= 0,

which further yields that
lim
k→∞
‖tk−uk‖= 0. (3.18)

In view of pk− xk = αk(xk− xk−1) and αk‖xk− xk−1‖→ 0, we get

lim
k→∞
‖pk− xk‖= 0. (3.19)

Since the projection operator PC is nonexpansive and {xk} ⊂C, we can write

‖xk− ūk‖ ≤ ‖xk− pk−δkA∗(tk−Apk)‖

≤ ‖xk− pk‖+δk‖A∗‖‖tk−Apk‖

≤ ‖xk− pk‖+ δ̄‖A‖‖tk−Apk‖,

which, together with (3.19), leads to

lim
k→∞
‖xk− ūk‖= 0. (3.20)

Using (3.7), (3.8) and (3.11) that, for all k ≥ k0,

‖xk+1− x∗‖2

≤ [1−βk(τ−δ )−νk]‖zk− x∗‖2 +νk‖pk− x∗‖2 +2βk‖( f −µΦ)x∗‖‖xk+1− x∗‖

≤ [1−βk(τ−δ )−νk](‖ūk− x∗‖2−λk(1−λk)‖yk− ūk‖2)+νk‖pk− x∗‖2 +βkM1

≤ [1−βk(τ−δ )]‖pk− x∗‖2− [1−βk(τ−δ )−νk]λk(1−λk)‖yk− ūk‖2 +βkM1

≤ ‖xk− x∗‖2 +αk‖xk− xk−1‖3M− [1−βk(τ−δ )−νk]λk(1−λk)‖yk− ūk‖2 +βkM1.
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This immediately leads to

[1−βk(τ−δ )−νk]λk(1−λk)‖yk− ūk‖2 ≤ Γk−Γk+1 +αk‖xk− xk−1‖3M+βkM1, ∀k ≥ k0.

Since λk→ λ ∈ (0,1), Γk−Γk+1→ 0, βk→ 0, αk‖xk−xk−1‖→ 0 and liminfk→∞(1−νk)> 0,
we get

lim
n→∞
‖yk− ūk‖= 0. (3.21)

Note that, for all k ≥ 1,
‖zk− ūk‖= λk‖yk− ūk‖ ≤ ‖yk− ūk‖,

which, together with (3.21), implies that

lim
k→∞
‖zk− ūk‖= 0. (3.22)

Taking into account the inequality ‖xk − zk‖ ≤ ‖xk − ūk‖+ ‖ūk − zk‖, ∀k ≥ 1, we find from
(3.20) and (3.22) that

lim
k→∞
‖xk− zk‖= 0. (3.23)

In view of

xk+1− x∗ = βk( f (zk)−µΦT zk)+νk(pk− x∗)+(1−νk)(T zk− x∗),

we deduce from (3.8) that

‖xk+1− x∗‖2 ≤ ‖νk(pk− x∗)+(1−νk)(T zk− x∗)‖2 +2βk〈 f (zk)−µΦT zk,xk+1− x∗〉

≤ νk‖pk− x∗‖2 +(1−νk)‖T zk− x∗‖2−νk(1−νk)‖pk−T zk‖2

+2βk‖ f (zk)−µΦT zk‖‖xk+1− x∗‖

≤ νk‖pk− x∗‖2 +(1−νk)‖zk− x∗‖2−νk(1−νk)‖pk−T zk‖2

+2βk‖ f (zk)−µΦT zk‖‖xk+1− x∗‖

≤ ‖pk− x∗‖2−νk(1−νk)‖pk−T zk‖2 +2βk‖ f (zk)−µΦT zk‖‖xk+1− x∗‖

≤ ‖xk− x∗‖2 +αk‖xk− xk−1‖3M−νk(1−νk)‖pk−T zk‖2

+2βk‖ f (zk)−µΦT zk‖‖xk+1− x∗‖,
which further yields

νk(1−νk)‖pk−T zk‖2 ≤ Γk−Γk+1 +αk‖xk− xk−1‖3M+2βk‖ f (zk)−µΦT zk‖‖xk+1− x∗‖.

Since βk→ 0, Γk−Γk+1→ 0, αk‖xk− xk−1‖ → 0 and 0 < liminfk→∞ νk ≤ limsupk→∞ νk < 1,
we have from the boundedness of the sequences {xk} and {zk} that limk→∞ ‖pk− T zk‖ = 0.
Thus,

‖xk+1− pk‖ ≤ ‖βk( f (zk)−µΦT zk)+(1−νk)(T zk− pk)‖

≤ βk‖ f (zk)−µΦT zk‖+‖T zk− pk‖→ 0 (k→ ∞).

This together with (3.19) implies that

‖xk+1− xk‖ ≤ ‖xk+1− pk‖+‖pk− xk‖→ 0 (k→ ∞). (3.24)

From the fact that

‖zk−T zk‖ ≤ ‖zk− xk‖+‖xk− pk‖+‖pk−T zk‖,
we conclude from (3.19) and (3.23) that limk→∞ ‖zk−T zk‖= 0.
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Now, we claim that
limsup

k→∞

〈( f −µΦ)x∗,xk+1− x∗〉 ≤ 0.

In fact, from the boundedness of {xk}, it follows that there exists a subsequence {xkl} of {xk}
such that

limsup
k→∞

〈( f −µΦ)x∗,xk− x∗〉= lim
l→∞
〈( f −µΦ)x∗,xkl − x∗〉.

Since H1 is reflexive and {xk} is bounded, we may assume, without loss of generality, that
xkl ⇀ x̃ ∈C. Hence

limsup
k→∞

〈( f −µΦ)x∗,xk− x∗〉= lim
l→∞
〈( f −µΦ)x∗,xkl − x∗〉= 〈( f −µΦ)x∗, x̃− x∗〉. (3.25)

From (3.22), (3.23) and xkl ⇀ x̃, we deduce that ūkl ⇀ x̃ and zkl ⇀ x̃. From (3.21), it follows
that liml→∞ ‖ykl − ūkl‖ = 0. So, utilizing ūkl ⇀ x̃ and Step 7 (b), we have x̃ ∈ Sol(C,F). From
pkl ⇀ x̃, we have Apkl ⇀ Ax̃. This implies that ukl ⇀ Ax̃. From (3.18), we obtain liml→∞ ‖tkl −
ukl‖ = 0. Hence, utilizing ukl ⇀ Ax̃ and Step 7 (a), we have Ax̃ ∈ Sol(Q,G). According to
x̃ ∈ Sol(C,F) and Ax̃ ∈ Sol(Q,G), we have x̃ ∈ Ω. Note that limk→∞ ‖zk− T zk‖ = 0. From
the demiclosedness of I−T at zero, we deduce from zkl ⇀ x̃ that x̃ ∈ Fix(T ). Consequently,
x̃ ∈ Fix(T )∩Ω. Hence from (3.2) and (3.25), we get

limsup
k→∞

〈( f −µΦ)x∗,xk− x∗〉= 〈( f −µΦ)x∗, x̃− x∗〉 ≤ 0,

which leads to

limsup
k→∞

〈( f −µΦ)x∗,xk+1− x∗〉

= limsup
k→∞

[〈( f −µΦ)x∗,xk+1− xk〉+ 〈( f −µΦ)x∗,xk− x∗〉]

≤ limsup
k→∞

[‖( f −µΦ)x∗‖‖xk+1− xk‖+ 〈( f −µΦ)x∗,xk− x∗〉]≤ 0.

(3.26)

Note that {βk(τ−δ )} ⊂ [0,1], ∑
∞
k=1 βk(τ−δ ) = ∞, and

limsup
k→∞

[
2〈( f −µΦ)x∗,xk+1− x∗〉

τ−δ
+

3M
τ−δ

· αk

βk
‖xk− xk−1‖]≤ 0.

Therefore, applying Lemma 2.2 to (3.12), we get limk→∞ ‖xk− x∗‖= 0.
Case 2. Suppose that ∃{Γkl} ⊂ {Γk} s.t. Γkl < Γkl+1 ∀l ∈N, where N is the set of all positive

integers. Define the mapping τ : N→ N by

τ(k) := max{l ≤ k : Γl < Γl+1}.

Using Lemma 2.5, we have

Γτ(k) ≤ Γτ(k)+1 and Γk ≤ Γτ(k)+1.

Setting Γk = ‖xk− x∗‖2, we can similarly obtain

lim
k→∞
‖xτ(k)+1− xτ(k)‖= 0, (3.27)

and
limsup

k→∞

〈( f −µΦ)x∗,xτ(k)+1− x∗〉 ≤ 0.
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Thanks to Γτ(k) ≤ Γτ(k)+1 and 0 < βτ(k), we conclude from (3.12) that

‖xτ(k)− x∗‖2 ≤ 2
τ−δ

〈( f −µΦ)x∗,xτ(k)+1− x∗〉+ 3M
τ−δ

·
ατ(k)

βτ(k)
‖xτ(k)− xτ(k)−1‖.

Hence limsupk→∞ ‖xτ(k)− x∗‖2 ≤ 0 and limk→∞ ‖xτ(k)− x∗‖2 = 0. From (3.27), we have

‖xτ(k)+1− x∗‖2−‖xτ(k)− x∗‖2

= 2〈xτ(k)+1− xτ(k),xτ(k)− x∗〉+‖xτ(k)+1− xτ(k)‖2

≤ 2‖xτ(k)+1− xτ(k)‖‖xτ(k)− x∗‖+‖xτ(k)+1− xτ(k)‖2→ 0 (n→ ∞).

From Γk ≤ Γτ(k)+1, we have

‖xk− x∗‖2 ≤ ‖xτ(k)+1− x∗‖2

≤ ‖xτ(k)− x∗‖2 +2‖xτ(k)+1− xτ(k)‖‖xτ(k)− x∗‖+‖xτ(k)+1− xτ(k)‖2.

It is easy to see from (3.27) that xk→ x∗ as k→ ∞. This completes the proof. �

If F = G = 0, we derive the following result from Algorithm 3.1 and Theorem 3.1.

Corollary 3.1. Let C and Q be two closed convex nonempty subsets of two real Hilbert spaces
H1 and H2, respectively. Let f : C→H1 be a δ -contractive mapping and let Φ : C→H1
be a κ-Lipschitzian, η-strongly monotone mapping, where δ < τ := 1−

√
1−µ(2η−µκ2)

for µ ∈ (0, 2η

κ2 ). Let T be a quasi-nonexpansive self-mapping on C with the fact that I−T is
demiclosed at zero such that Fix(T )∩Γ 6= /0 where Γ = {x∗ ∈C : Ax∗ ∈Q} is the solution set of
the SFP. Assume that {εk} ⊂ (0,1] and {βk},{νk} ⊂ (0,1) satisfy

(i) βk +νk ≤ 1, ∑
∞
k=1 βk = ∞, limk→∞ βk = 0;

(ii) εk = ◦(βk), i.e., limk→∞
εk
βk

= 0;
(iii) 0 < liminfk→∞ νk ≤ limsupk→∞ νk < 1.

For any given x0,x1 ∈ C, α > 0 and {δk} ⊂ [δ ,δ ] ⊂ (0, 1
1+‖A‖2 ), let the sequence {xk} be

constructed as follows:
Inertial Step: Given the iterates xk−1 and xk (k≥ 1), calculate pk = xk+αk(xk−xk−1), where

αk is chosen such that 0≤ αk ≤ ᾱk and

ᾱk =

min{α,
εk

‖xk− xk−1‖
}, if xk− xk−1 6= 0,

α, otherwise.

Iteration Steps: Compute xk+1 below:
uk = PQ(Apk),

ūk = PC(pk +δkA∗(uk−Apk)),

xk+1 = PC[βk f (ūk)+νk pk +((1−νk)I−βkµΦ)T ūk].

Then xk→ x∗ ∈Fix(T )∩Γ, which is the unique solution to the VIP: 〈(µΦ− f )x∗, p−x∗〉≥ 0,∀p∈
Fix(T )∩Γ.

Next, we introduce the other modified inertial linesearch extragradient algorithm.
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Algorithm 3.2. Initial Step: Give x0,x1 ∈ C arbitrarily. Let α > 0, ` ∈ (0,1), γ ∈ (0,1),
{δk} ⊂ [δ ,δ ]⊂ (0, 1

1+‖A‖2 ), {λk} ⊂ (0,1), limk→∞ λk = λ ∈ (0,1).

Iteration Steps: Compute xk+1 below:
Step 1. Given the iterates xk−1 and xk (k ≥ 1), choose αk s.t. 0≤ αk ≤ ᾱk, where

ᾱk =

min{α,
εk

‖xk− xk−1‖
}, if xk− xk−1 6= 0,

α, otherwise.

Step 2. Set pk = xk +αk(xk− xk−1) and calculate uk = PQ(Apk) and vk = PQ(uk−Guk). If
vk = uk, then set tk = uk and go to Step 5. Otherwise, go to Step 3.

Step 3. Find ik as the smallest nonnegative integer i such that wk,i = (1− γ i)uk + γ ivk and
〈Gwk,i,uk− vk〉 ≥ 1

2‖u
k− vk‖2. Set γk = γ ik and wk = wk,ik .

Step 4. Calculate tk = PQ(uk−σkGwk), where σk =
〈Gwk,uk−wk〉
‖Gwk‖2 .

Step 5. Calculate ūk = PC(pk + δkA∗(tk−Apk)) and v̄k = PC(ūk−Fūk). If v̄k = ūk, then set
yk = ūk and go to Step 8. Otherwise, go to Step 6.

Step 6. Find jk as the smallest nonnegative integer j such that w̄k, j = (1− ` j)ūk + ` jv̄k and
〈Fw̄k, j, ūk− v̄k〉 ≥ 1

2‖ū
k− v̄k‖2. Set `k = ` jk and w̄k = w̄k, jk .

Step 7. Calculate yk = PC(ūk− σ̄kFw̄k), where σ̄k =
〈Fw̄k,ūk−w̄k〉
‖Fw̄k‖2 .

Step 8. Calculate zk = (1−λk)ūk +λkyk and

xk+1 = PC[βk f (xk)+νkxk +((1−νk)I−βkµΦ)T zk].

Set k := k+1 and go to Step 1.

Theorem 3.2. Assume that {xk} is the sequence constructed by Algorithm 3.2. Then xk→ x∗ ∈
Fix(T )∩Ω, which is a unique solution to the VIP: 〈(µΦ− f )x∗, p− x∗〉 ≥ 0,∀p ∈ Fix(T )∩Ω.

Proof. As in Theorem 3.1, we deduce that there exists a unique solution x∗ ∈ Fix(T )∩Ω to the
VIP (3.2). In order to show limk→∞ ‖xk−x∗‖= 0, we divide the rest of the proof into two steps.

Step 1. Show that {xk} is bounded.
Indeed, from Steps 1-5 in the proof of Theorem 3.1, βk +νk ≤ 1, we obtain from Lemma 2.4

that

‖xk+1− x∗‖ ≤ βk(‖ f (xk)− f (x∗)‖+‖ f (x∗)− x∗‖)+νk‖xk− x∗‖

+(1−βk−νk)‖(
1−νk

1−βk−νk
I− βk

1−βk−νk
µΦ)T zk− x∗‖

≤ βk(δ‖xk− x∗‖+‖ f (x∗)− x∗‖)+νk‖xk− x∗‖

+(1−νk)‖(I−
βk

1−νk
µΦ)T zk− (I− βk

1−νk
µΦ)x∗+

βk

1−νk
(I−µΦ)x∗‖

≤ βk(δ‖xk− x∗‖+‖ f (x∗)− x∗‖)+νk‖xk− x∗‖

+(1−νk)[(1−
βk

1−νk
τ)‖zk− x∗‖+ βk

1−νk
‖(I−µΦ)x∗‖]

≤max{‖xk− x∗‖, M0 +‖ f (x∗)− x∗‖+‖(I−µΦ)x∗‖
τ−δ

}.
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By induction, we obtain ‖xk− x∗‖ ≤ max{‖x1− x∗‖, M0+‖ f (x∗)−x∗‖+‖(I−µΦ)x∗‖
τ−δ

} ∀k ≥ 1. Thus,
{xk} is bounded, so {pk},{ūk},{zk},{ f (xk)},{T zk} and {ΦT zk}.
Step 2. Show that {xn} converges strongly to x∗.

Indeed, putting ωk := βk f (xk)+ νkxk +((1− νk)I− βkµΦ)T zk, we have xk+1 = PCωk. It
follows that

‖xk+1− x∗‖2 ≤ 〈βk( f (xk)− f (x∗))+νk(xk− x∗)+(1−νk)[(I−
βk

1−νk
µΦ)T zk

− (I− βk

1−νk
µΦ)x∗],xk+1− x∗〉+βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ ‖βk( f (xk)− f (x∗))+νk(xk− x∗)+(1−νk)[(I−
βk

1−νk
µΦ)T zk

− (I− βk

1−νk
µΦ)x∗]‖‖xk+1− x∗‖+βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ 1
2
{‖βk( f (xk)− f (x∗))+νk(xk− x∗)+(1−νk)[(I−

βk

1−νk
µΦ)T zk

− (I− βk

1−νk
µΦ)x∗]‖2 +‖xk+1− x∗‖2}+βk〈( f −µΦ)x∗,xk+1− x∗〉.

Utilizing Lemma 2.4, we obtain that

‖xk+1− x∗‖2

≤ [βkδ‖xk− x∗‖+νk‖xk− x∗‖+(1−βkτ−νk)‖zk− x∗‖]2

+2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ βkδ‖xk− x∗‖2 +νk‖xk− x∗‖2 +(1−βkτ−νk)‖zk− x∗‖2

+2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ (βkδ +νk)‖xk− x∗‖2 +(1−βkτ−νk)‖pk− x∗‖2 +2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ (βkδ +νk){‖xk− x∗‖2 +αk‖xk− xk−1‖[2‖xk− x∗‖+αk‖xk− xk−1‖]}

+(1−βkτ−νk){‖xk− x∗‖2 +αk‖xk− xk−1‖[2‖xk− x∗‖+αk‖xk− xk−1‖]}

+2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ [1−βk(τ−δ )]‖xk− x∗‖2 +αk‖xk− xk−1‖3M+2βk〈( f −µΦ)x∗,xk+1− x∗〉

= [1−βk(τ−δ )]‖xk− x∗‖2 +βk(τ−δ )[
2〈( f −µΦ)x∗,xk+1− x∗〉

τ−δ
+

3M
τ−δ

αk

βk
‖xk− xk−1‖].

We rewrite it as follows:

Γk+1 ≤ (1− εk)Γk +ϑk, ∀k ≥ 1.

From Step 7 of the proof of Theorem 3.1, we can show that the following statements hold:
(a) If {ukl} ⊂ {uk}, ukl ⇀ ū and tkl −ukl → 0 as l→ ∞, then ū ∈ Sol(Q,G).
(b) If {ūkl} ⊂ {ūk}, ūkl ⇀ ũ and ykl − ūkl → 0 as l→ ∞, then ũ ∈ Sol(C,F).
Finally, we show the convergence of {Γk} to zero by the following two cases.
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Case 1. Suppose that there exists an integer k0≥ 1 such that {Γk} is non-increasing for k≥ k0.
Then we obtain that the limit limk→∞ ‖xk− x∗‖ exists and

Γk−Γk+1→ 0 (k→ ∞).

It follows from (3.6) and (3.8) that, for all k ≥ k0,

‖xk+1− x∗‖2

≤ (βkδ +νk)‖xk− x∗‖2 +(1−βkτ−νk)[‖pk− x∗‖2−δk(1−δk‖A‖2)‖tk−Apk‖2

−δk‖uk−Apk‖2]+2βk〈( f −µΦ)x∗,xn+1− x∗〉

≤ (βkδ +νk)[‖xk− x∗‖2 +αk‖xn− xn−1‖3M]+ (1−βkτ−νk)[‖xk− x∗‖2

+αk‖xk− xk−1‖3M−δk(1−δk‖A‖2)‖tk−Apk‖2−δk‖uk−Apk‖2]

+2βk〈( f −µΦ)x∗,xn+1− x∗〉

= [1−βk(τ−δ )][‖xk− x∗‖2 +αk‖xk− xk−1‖3M]− (1−βkτ−νk)[δk(1−δk‖A‖2)

×‖tk−Apk‖2 +δk‖uk−Apk‖2]+2βk〈( f −µΦ)x∗,xk+1− x∗〉

≤ ‖xk− x∗‖2 +αk‖xk− xk−1‖3M− (1−βkτ−νk)[δk(1−δk‖A‖2)‖tk−Apk‖2

+δk‖uk−Apk‖2]+βkM1.

This immediately yields

(1−βkτ−νk)[δk(1−δk‖A‖2)‖tk−Apk‖2 +δk‖uk−Apk‖2]

≤ Γk−Γk+1 +αk‖xk− xk−1‖3M+βkM1, ∀k ≥ k0.

Since {δk}⊂ [δ ,δ ]⊂ (0, 1
1+‖A‖2 ), Γk−Γk+1→ 0, βk→ 0, αk‖xk−xk−1‖→ 0 and liminfk→∞(1−

νk)> 0, we get
lim
k→∞
‖tk−Apk‖= 0 and lim

k→∞
‖uk−Apk‖= 0.

Consequently, limk→∞ ‖tk−uk‖= 0. As in Theorem 3.1, we can obtain that

lim
k→∞
‖pk− xk‖= lim

k→∞
‖xk− ūk‖= lim

k→∞
‖yk− ūk‖= lim

k→∞
‖zk− ūk‖= lim

k→∞
‖xk− zk‖= 0.

By use of (3.8), we deduce that

‖xk+1− x∗‖2 ≤ ‖νk(xk− x∗)+(1−νk)(T zk− x∗)‖2 +2βk〈 f (xk)−µΦT zk,xk+1− x∗〉

≤ νk‖xk− x∗‖2 +(1−νk)‖T zk− x∗‖2−νk(1−νk)‖xk−T zk‖2

+2βk‖ f (xk)−µΦT zk‖‖xk+1− x∗‖

≤ νk‖xk− x∗‖2 +(1−νk)‖pk− x∗‖2−νk(1−νk)‖xk−T zk‖2

+2βk‖ f (xk)−µΦT zk‖‖xk+1− x∗‖

≤ ‖xk− x∗‖2 +αk‖xk− xk−1‖3M−νk(1−νk)‖xk−T zk‖2

+2βk‖ f (xk)−µΦT zk‖‖xk+1− x∗‖,

which hence yields

νk(1−νk)‖xk−T zk‖2 ≤ Γk−Γk+1 +αk‖xk− xk−1‖3M+2βk‖ f (xk)−µΦT zk‖‖xk+1− x∗‖.



TWO INERTIAL LINESEARCH EXTRAGRADIENT ALGORITHMS 231

Since βk→ 0, Γk−Γk+1→ 0, αk‖xk− xk−1‖ → 0 and 0 < liminfk→∞ νk ≤ limsupk→∞ νk < 1,
we infer from the boundedness of {xk} and {zk} that

lim
k→∞
‖xk−T zk‖= 0.

It follows that

‖xk+1− xk‖ ≤ ‖βk( f (xk)−µΦT zk)+(1−νk)(T zk− xk)‖

≤ βk‖ f (xk)−µΦT zk‖+‖T zk− xk‖→ 0 (k→ ∞).

In addition, we find
limsup

k→∞

〈( f −µΦ)x∗,xk− x∗〉 ≤ 0,

and
limsup

k→∞

〈( f −µΦ)x∗,xk+1− x∗〉 ≤ 0.

Note that {βk(τ−δ )} ⊂ [0,1], ∑
∞
k=1 βk(τ−δ ) = ∞, and

limsup
k→∞

[
2〈( f −µΦ)x∗,xk+1− x∗〉

τ−δ
+

3M
τ−δ

· αk

βk
‖xk− xk−1‖]≤ 0.

By use of Lemma 2.2, we have limk→0 ‖xk− x∗‖= 0.
Case 2. Suppose that there exits {Γkl} ⊂ {Γk} such that Γkl < Γkl+1, ∀l ∈ N, where N is the

set of all positive integers. Define the mapping τ : N→ N by

τ(k) := max{l ≤ k : Γl < Γl+1}.

As in Case 2 of the proof of Theorem 3.1, we obtain the desired result immediately. This
completes the proof. �

If F = G = 0, we derive the following result from Algorithm 3.2 and Theorem 3.2.

Corollary 3.2. Let C and Q be two closed convex nonempty subsets of two real Hilbert spaces
H1 and H2, respectively. Let f : C→H1 be a δ -contractive mapping and Φ : C→H1 be
a κ-Lipschitzian, η-strongly monotone mapping, where δ < τ := 1−

√
1−µ(2η−µκ2) for

µ ∈ (0, 2η

κ2 ). Let T be a quasi-nonexpansive self-mapping on C such that I−T is demiclosed at
zero and Fix(T )∩Γ 6= /0, where Γ = {x∗ ∈C : Ax∗ ∈ Q} is the solution set of the SFP. Assume
{εk} ⊂ (0,1] and {βk},{νk} ⊂ (0,1) such that

(i) βk +νk ≤ 1, ∑
∞
k=1 βk = ∞, limk→∞ βk = 0;

(ii) εk = ◦(βk), i.e., limk→∞
εk
βk

= 0;
(iii) 0 < liminfk→∞ νk ≤ limsupk→∞ νk < 1.

For any given x0,x1 ∈ C, α > 0 and {δk} ⊂ [δ ,δ ] ⊂ (0, 1
1+‖A‖2 ), let the sequence {xk} be

constructed as follows:
Inertial Step: Given the iterates xk−1 and xk (k≥ 1), calculate pk = xk+αk(xk−xk−1), where

αk is chosen such that 0≤ αk ≤ ᾱk and

ᾱk =

min{α,
εk

‖xk− xk−1‖
}, if xk− xk−1 6= 0,

α, otherwise.
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Iteration Steps: Compute xk+1 below:
uk = PQ(Apk),

ūk = PC(pk +δkA∗(uk−Apk)),

xk+1 = PC[βk f (xk)+νkxk +((1−νk)I−βkµΦ)T ūk].

Then xk→ x∗ ∈ Fix(T )∩Γ, which is the unique solution to the VIP: 〈(µΦ− f )x∗, p− x∗〉 ≥ 0,
∀p ∈ Fix(T )∩Γ.
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