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Abstract. In this paper, we introduce some new iterative algorithms for finding fixed points of nonexpansive map-
pings with the aid of projection and contraction methods. Weak and strong convergence theorems are established
under mild conditions in Hilbert spaces. The numerical examples are presented to illustrate the advantage of our
proposed algorithms.
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1. INTRODUCTION

1.1. Projection methods for the variational inequality problem. The classical variational
inequality (VI) problem is to find a point x∗ ∈H such that

〈F(x∗),x− x∗〉 ≥ 0, for all x ∈C, (1.1)

where C ⊆H is nonempty, closed and convex set in a real Hilbert space H , 〈·, ·〉 denotes the
inner product in H , and F : H →H is a given mapping.

Assume that the following conditions hold:

Condition 1.1. The solution set of (1.1), denoted by SOL(C,F), is nonempty.

Condition 1.2. The mapping F is monotone on H , i.e.,

〈F(x)−F(y),x− y〉 ≥ 0, ∀x,y ∈H . (1.2)

Condition 1.3. The mapping F is Lipschitz continuous on H with the Lipschitz constant L> 0,
i.e.,

‖F(x)−F(y)‖ ≤ L‖x− y‖, ∀x,y ∈H . (1.3)
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There are a great deal of projection methods for solving variational inequality (1.1), includ-
ing well-known extragradient method proposed by Korpelevich [21]. Among these methods,
projection and contraction methods [18] have excellent numerical behaviors and attracted much
attention of researchers.

Algorithm 1.1 (Projection and contraction methods). Given xk ∈H , compute

yk = PC(xk−αkF(xk)),

where αk ∈ (0,1/L) or αk = σρmk , σ > 0, ρ ∈ (0,1) and mk is the smallest nonnegative integer
such that

αk‖F(xk)−F(yk)‖ ≤ µ‖xk− yk‖, µ ∈ (0,1). (1.4)
Let

d(xk,yk) = (xk− yk)−αk(F(xk)−F(yk)),

and

βk :=
ϕ(xk,yk)

‖d(xk,yk)‖2 , ϕ(xk,yk) := 〈xk− yk,d(xk,yk)〉,

for each k ≥ 1. Calculate
xk+1

I = xk− γβkd(xk,yk), (1.5)
or

xk+1
II = PC(xk− γβkαkF(yk)), (1.6)

where γ ∈ (0,2).

In Algorithm 1.1, two choices for xk+1 are given. There is one projection onto the C if xk+1
I

is chosen and two projections onto the C if xk+1
II is chosen in the (k+1)−th iteration.

Dong, Cho and Rassias [12] extended Algorithm 1.1 to solve the common solutions of vari-
ational inequality problems. From [12, Theorem 3.1 and Theorem 3.2], it is easy to obtain the
weak convergence of Algorithm 1.1 under the standard conditions.

Theorem 1.1. Let Conditions 1.1–1.3 hold. Then the sequence {xk}∞
k=0 generated by Algorithm

1.1 converges weakly to a solution of variational inequality problem (1.1).

The computation of xk+1
II involves the projection onto C, and, in general, the projection onto

a convex set is difficult. Following the idea of Censor, Gibali and Reich [5], Dong, Jiang and
Gibali [10] replaced xk+1

II in (1.6) with

xk+1 = PTk(x
k− γβkαkF(yk)), (1.7)

where
Tk := {w ∈H |〈(xk−αkF(xk))− yk,w− yk〉 ≤ 0}. (1.8)

1.2. Krasnosel’skiı̌–Mann method for nonexpansive mappings. An operator T : C→ C is
said to be to be nonexpansive if

‖T x−Ty‖ ≤ ‖x− y‖
for all x,y ∈C and Fix(T ) := {x ∈C : T x = x} denotes the set of fixed points of T .

Next, we give the definition of the fixed point problem.

Problem 1.1. Suppose that T : C→C is a nonexpansive mapping with Fix(T ) 6= /0.

Find a point x∗ ∈C such that T (x∗) = x∗.
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Construction of common fixed points for a finite family of nonlinear mappings is of practi-
cal importance. In particular, iteration algorithms for finding common fixed points of a finite
family of nonexpansive mappings have received vast investigation (see [1, 6, 28]) since these al-
gorithms have a variety of application in inverse problem, image recovery, and signal processing
(see [7, 27, 30, 31]).

The Krasnosel’skiı̌–Mann algorithm (KM) [25, 26] is one of the most used algorithms to
solve the fixed point problem, which is defied as follows:

xk+1 = (1−λk)xk +λkT (xk), ∀k ≥ 0, (1.9)

where T : H →H is a nonexpansive operator in a Hilbert space H and λk ∈ [0,1] for each
k≥ 1. The iterative sequence {xk} converges weakly to a fixed point of a nonexpansive mapping
T provided that the relaxation parameter {λ} ⊂ [0,1] satisfies the following condition:

∞

∑
k=1

λk(1−λk) = +∞.

Recently, Cruz [8] introduced the following algorithm to improve the convergence speed of
KM iteration.

Algorithm 1.2. Step 0. Choose x0 ∈H , 1� αmax < ∞, α0 ∈ (0,αmax], γ , σ ∈ (0,1) and a
positive sequence {ηk} such that

∞

∑
k=0

ηk = η < ∞.

Let k := 0 and y0 = x0−T x0.
Step 1. If ‖xk−T xk‖= 0, then stop.
Step 2. Compute xk+1, yk+1 and αk+1 as follows: Find mk as the smallest nonnegative integer

number m such that

‖xk−σ
m

αkyk−T (xk−σ
m

αkyk)‖2 ≤ (1− γσ
2m)‖yk‖2 +ηk.

Set λk = σmk , xk+1 = xk−λkαkyk, yk+1 = xk+1−T xk+1 and

αn+1 =


λkαk‖yk‖2

‖yk‖2−〈yk+1,yk〉
, if 〈yk+1,yk〉 ≤

(
1− αk

αmax

)
‖yk‖2,

αmax, otherwise

Step 3. Set k := k+1 and go to Step 1.

To get the convergence of Algorithm 1.2, Cruz [8] assumed that Ω0 := {x ∈H : ‖Fx‖2 ≤
‖Fx0‖2+η} is compact, where F : H →H is defined as F = I−T . This assumption is strong
and it is difficult to verify it.

KM iteration has only weak convergence (see [16] for an example). However, strong con-
vergence is often much more desirable than the weak convergence in many problems that arise
in infinite dimensional spaces (see [2] and references therein). So, attempts have been made
to modify Krasnosel’skiı̌–Mann iteration algorithm so that strong convergence is guaranteed.
To get the strong convergence of KM iterations, Nakajo and Takahashi [22] first introduced the
following hybrid algorithm:
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Algorithm 1.3. 

x0 ∈C chosen arbitrarily,

yk = αkxk +(1−αk)T xk,

Ck = {z ∈C : ‖yk− z‖ ≤ ‖xk− z‖},

Qk = {z ∈C : 〈xk− z,xk− x0〉 ≤ 0},

xk+1 = PCk∩Qkx0,

(1.10)

The Algorithm 1.3 strongly converges to PFix(T)x0. There are some modifications and im-
provement for the hybrid method 1.3 (see, e.g. [9, 11]).

Recently, some authors [4, 13, 15] investigated the inertial KM algorithms by combining
KM iterations and inertial techniques. Very recently, Dong et al. [14] firstly introduced the
multi-step inertial KM iterations (MiKM) and showed the numerical advantage of the MiKM.

2. PRELIMINARIES

We use the following notations:
(i) ⇀ for weak convergence and→ for strong convergence;
(ii) ωw(xk) = {x : ∃xk j ⇀ x} denotes the weak ω-limit set of {xk}, that is, any x ∈ ωw(xk)

such that there exists a subsequence
{

xk j
}∞

j=0of
{

xk}∞

k=0 which converges weakly to x.

Let C be a nonempty, closed and convex subset of H . For each point x ∈H , there exists a
unique nearest point in C, denoted by PC(x), such that

‖x−PC (x)‖ ≤ ‖x− y‖ for all y ∈C. (2.1)

The mapping PC : H →C is called the metric projection of H onto C. It is known that PC is
a nonexpansive mapping of H onto C, and further more firmly nonexpansive mapping. This is
captured in the next lemma.

Lemma 2.1. For any x,y ∈H and z ∈C, it holds

• ‖PC(x)−PC(y)‖ ≤ ‖x− y‖;

• ‖PC(x)− z‖2 ≤ ‖x− z‖2−‖PC(x)− x‖2;

The characterization of the metric projection PC [17, Section 3] is given in the next lemma.

Lemma 2.2. Let x ∈H and z ∈C. Then z = PC (x) if and only if

〈x−PC (x) ,PC (x)− y〉 ≥ 0 for all x ∈H , y ∈C. (2.2)

Give x ∈H and v ∈H , v 6= 0 and let T = {z ∈H : 〈v,z− x〉 ≤ 0}. Then, for all u ∈H ,
the projection PT (u) is defined by

PT (u) = u−max
{

0,
〈v,u− x〉
‖v‖2

}
v, (2.3)

which gives us an explicit formula to find the projection of any point onto a half-space (see [19]
for details).
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Definition 2.1. The normal cone of C at v ∈C, denote by NC (v) is defined as

NC (v) := {d ∈H | 〈d,y− v〉 ≤ 0 for all y ∈C}. (2.4)

Definition 2.2. Let B : H ⇒ 2H be a point-to-set operator defined on a real Hilbert space H .
The operator B is called a maximal monotone operator if B is monotone, i.e.,

〈u− v,x− y〉 ≥ 0 for all u ∈ B(x) and v ∈ B(y), (2.5)

and the graph G(B) of B,

G(B) := {(x,u) ∈H ×H | u ∈ B(x)} , (2.6)

is not properly contained in the graph of any other monotone operator.

It is clear ([23, Theorem 3]) that a monotone mapping B is maximal if and only if, for any
(x,u) ∈H ×H , if 〈u− v,x− y〉 ≥ 0 for all (v,y) ∈ G(B), then it follows that u ∈ B(x).

Lemma 2.3. [3] Let K be a nonempty, closed and convex subset of a Hilbert space H . Let
{xk}∞

k=0 be a bounded sequence which satisfies the following properties:

• every limit point of {xk}∞
k=0 lies in K;

• limn→∞ ‖xk− x‖ exists for every x ∈ K.

Then {xk}∞
k=0 weakly converges to a point in K.

3. ALGORITHMS AND THE CONVERGENCE ANALYSIS

In this section, we give some iterative algorithms based on the projection and contraction
algorithms of the variational inequalities.

3.1. Some iterative methods with weak convergence. Let

F := I−T.

Lemma 3.1. Let T : H →H be a nonexpansive mapping. Then F is monotone and 2-Lipschitz
continuous.

Proof. For ∀x,y ∈H , from the nonexpansivity of T , we have

〈F(x)−F(y),x− y〉= ‖x− y‖2−〈T (x)−T (y),x− y〉
≥ ‖x− y‖(‖x− y‖−‖T (x)−T (y)‖)≥ 0,

which implies that F is monotone.
Using the nonexpansivity of T again, we have

‖F(x)−F(y)‖= ‖(x− y)− (T (x)−T (y))‖
≤ ‖x− y‖+‖T (x)−T (y)‖
≤ 2‖x− y‖.

So, F is 2–Lipschitz continuous. �

Lemma 3.2. Let T : C → C be a nonexpansive mapping with Fix(T ) 6= /0. Then Fix(T ) =
SOL(C,F).



148 X.H. LI, Q.L. DONG, A. GIBALI

Proof. It is easy to verify that Fix(T ) ⊆ SOL(C,F). Next we show SOL(C,F) ⊆Fix(T ). Take
arbitrarily x∗ ∈ SOL(C,F)⊆C. For ∀α ∈ (0,1), from (1.1), it follows

〈x∗− (x∗−αF(x∗)) ,x− x∗〉 ≥ 0, for all x ∈C,

Using Lemma 2.2, we have
x∗ = PC(x∗−αF(x∗)). (3.1)

By the convexity of C and α ∈ (0,1), we have

x∗−αF(x∗) = (1−α)x∗+αT (x∗) ∈C. (3.2)

Therefore, (3.1) yields x∗ = x∗−αF(x∗), i.e., F(x∗) = 0. We get x∗ = T (x∗). Hence x∗ ∈
Fix(T ). So, SOL(C,F)⊆Fix(T ). �

Algorithm 3.1. Take arbitrarily x0 ∈C and calculate{
yk = (1−αk)xk +αkT (xk),

xk+1 = PC(xk− γρkd(xk,yk)),
(3.3)

where γ ∈ (0,2), and

ρk :=
〈xk− yk,d(xk,yk)〉
‖d(xk,yk)‖2 , (3.4)

where
d(xk,yk) = (xk− yk)−αk(F(xk)−F(yk)), (3.5)

the stepsize αk is chosen as in Algorithm 1.1, where σ ∈ (0,1).

The inner loop of the stepsize calculation in (1.4) is always finite and that the denominator in
the definition of αk is nonzero.

Lemma 3.3. [20] The line rule (1.4) is well defined. Besides, α ≤ αk ≤ σ , where α =

min{σ ,
µρ

2 }.

Theorem 3.1. Let T : C→C be a nonexpansive mapping with Fix(T ) 6= /0. Assume that σ ∈
(0,1). Then the sequence {xk}∞

k=0 generated by Algorithm 3.1 converges weakly to a point in
Fix(T ).

Proof. Using Lemma 3.3 and σ ∈ (0,1), we get αk ≤ σ < 1. From (3.2), we have

xk−αkF(xk) = (1−αk)xk +αkT (xk) ∈C.

Using Lemmas 3.1 and 3.2, and Theorem 1.1, the proof is completed. �

Algorithm 3.2. Take arbitrarily x0 ∈C and calculate{
yk = (1−αk)xk +αkT (xk),

xk+1 = PC(xk− γρkαkF(yk)),
(3.6)

where γ ∈ (0,2), the stepsize αk chosen as in Algorithm 1.1, and

ρk :=
〈xk− yk,d(xk,yk)〉
‖d(xk,yk)‖2 , (3.7)

where
d(xk,yk) = (xk− yk)−αk(F(xk)−F(yk)). (3.8)
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By using Theorem 1.1, we easily show the weak convergence of Algorithm 3.2.

Theorem 3.2. Let T : C→C be a nonexpansive mapping with Fix(T ) 6= /0. Assume that σ ∈
(0,1). Then the sequence {xk}∞

k=0 generated by Algorithm 3.2 converges weakly to a point in
Fix(T ).

Remark 3.1. Algorithm 3.1 and Algorithm 3.2 involve a projection onto set C which may lead
to difficulty in the actual calculation. One way to overcome is to replace the projection onto set
C with a projection onto a halfspace [10].

Next, we introduce two new method which does not involve the projection onto set C.

Algorithm 3.3. Take arbitrarily x0 ∈H and calculate{
yk = (1−αk)xk +αkT (xk),

xk+1 = xk− γρkd(xk,yk),
(3.9)

where γ ∈ (0,2), the stepsize αk chosen as in Algorithm 1.1, and

ρk :=
〈xk− yk,d(xk,yk)〉
‖d(xk,yk)‖2 , (3.10)

where

d(xk,yk) = (xk− yk)−αk(F(xk)−F(yk)). (3.11)

Theorem 3.3. Let T : H →H be a nonexpansive mapping with Fix(T ) 6= /0. Assume that
σ ∈ (0,1). Then the sequence {xk}∞

k=0 generated by Algorithm 3.3 converges weakly to a point
in Fix(T ).

Algorithm 3.4. Take arbitrarily x0 ∈H and calculate{
yk = (1−αk)xk +αkT (xk),

xk+1 = xk− γρkαkyk + γρkαkT (yk),
(3.12)

where γ ∈ (0,2), the stepsize αk chosen as in Algorithm 1.1, and

ρk :=
〈xk− yk,d(xk,yk)〉
‖d(xk,yk)‖2 , (3.13)

where

d(xk,yk) = (1−αk)(xk− yk)+αk(T (xk)−T (yk)). (3.14)

Theorem 3.4. Let T : H →H be a nonexpansive mapping with Fix(T ) 6= /0. Assume that
σ ∈ (0,1). Then the sequence {xk}∞

k=0 generated by Algorithm 3.4 converges weakly to a point
in Fix(T ).

3.2. Some hybrid methods. By combining the hybrid technique, we introduce some iterative
algorithms with strong convergence.
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Algorithm 3.5. Take arbitrarily x0 ∈C and calculate

yk = (1−αk)xk +αkT (xk),

wk = PC(xk− γρkd(xk,yk)),

Ck = {v ∈C : ‖wk− v‖2 ≤ ‖xk− v‖2− γ(2− γ)ρkϕk},

Qk = {v ∈C : 〈x0− xk,v− xk〉 ≤ 0},

xk+1 = PCk∩Qkx0,

(3.15)

where γ , ρk, d(xk,yk) and αk given as in Algorithm 3.1, and

ϕk = 〈xk− yk,d(xk,yk)〉. (3.16)

Employing the proof of [12, Theorem 4.1], we get the following convergent result of Algo-
rithm 3.5.

Theorem 3.5. Let T : C→C be a nonexpansive mapping with Fix(T ) 6= /0. Assume that σ ∈
(0,1). Then the sequence {xk}∞

k=0 generated by Algorithm 3.5 converges strongly to PFix(T)x0.

Algorithm 3.6. Take arbitrarily x0 ∈C and calculate

yk = (1−αk)xk +αkT (xk),

wk = PC(xk− γρkαkF(yk)),

Ck = {v ∈C : ‖wk− v‖2 ≤ ‖xk− v‖2− γ(2− γ)ρkϕk},

Qk = {v ∈C : 〈x0− xk,v− xk〉 ≤ 0},

xk+1 = PCk∩Qkx0,

(3.17)

where γ , ρk, d(xk,yk) and αk given as in Algorithm 3.2, and ϕk defined as in (3.16).

Theorem 3.6. Let T : C→C be a nonexpansive mapping with Fix(T ) 6= /0. Assume that σ ∈
(0,1). Then the sequence {xk}∞

k=0 generated by Algorithm 3.6 converges strongly to PFix(T)x0.

Algorithm 3.7. Take arbitrarily x0 ∈H and calculate

yk = (1−αk)xk +αkT (xk),

wk = xk− γρkd(xk,yk),

Ck = {v ∈H : ‖wk− v‖2 ≤ ‖xk− v‖2− γ(2− γ)ρkϕk},

Qk = {v ∈H : 〈x0− xk,v− xk〉 ≤ 0},

xk+1 = PCk∩Qkx0,

(3.18)

where γ , ρk, d(xk,yk) and αk given as in Algorithm 3.3, and ϕk defined as in (3.16).

Theorem 3.7. Let T : H →H be a nonexpansive mapping with Fix(T ) 6= /0. Assume that σ ∈
(0,1). Then the sequence {xk}∞

k=0 generated by Algorithm 3.7 converges strongly to PFix(T)x0.
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Algorithm 3.8. Take arbitrarily x0 ∈H and calculate

yk = (1−αk)xk +αkT (xk),

wk = xk− γρkαkyk + γρkαkT (yk),

Ck = {v ∈H : ‖wk− v‖2 ≤ ‖xk− v‖2− γ(2− γ)ρkϕk},

Qk = {v ∈H : 〈x0− xk,v− xk〉 ≤ 0},

xk+1 = PCk∩Qkx0,

(3.19)

where γ , ρk, d(xk,yk) and αk given as in Algorithm 3.4, and ϕk defined as in (3.16).

Theorem 3.8. Let T : H →H be a nonexpansive mapping with Fix(T ) 6= /0. Assume that σ ∈
(0,1). Then the sequence {xk}∞

k=0 generated by Algorithm 3.8 converges strongly to PFix(T)x0.

4. NUMERICAL EXAMPLES

In this section, we present a numerical example to illustrate the behaviors of Algorithm 3.4
and Krasnosel’skiı̌–Mann iteration. All the programs are written in Matlab version 7.0. and
performed on a PC Desktop Intel(R) Core(TM) i5-4200U CPU @ 1.60GHz 2.30 GHz, RAM
4.00 GB.

Problem 4.1. [24] For any nonempty closed convex set Ki ⊂ RN for each i = 0,1, · · · ,m,

find x∗ ∈ K :=
m⋂

i=0

Ki,

where one assumes that K 6= /0.

Define a mapping T : RN → RN by

T := P0

( 1
m

m

∑
i=1

Pi

)
, (4.1)

where Pi =PKi (i= 0,1, · · · ,m) stands for the metric projection onto Ki. Since Pi (i= 0,1, · · · ,m)
is nonexpansive, the mapping T defined by (4.1) is also nonexpansive. Moreover, we find that

Fix(T ) = Fix(P0)
m⋂

i=1

Fix(Pi) = K0

m⋂
i=1

Ki = K.

TABLE 1. Comparison of Algorithm 3.4 and KM iteration.

Algorithm 3.3(3.4) KM iteration
(N,m) Iter. Sec. Iter. Sec.
(100,50) 38 0.079298 378 0.08
(50,100) 77 0.22849 800 0.26983
(100,100) 70 0.22219 697 0.2803
(100,500) 264 2.7284 2368 3.9372
(500,100) 64 0.52328 588 0.6021
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FIGURE 1. Comparison of Algorithm 3.4 and Mann Iteration.

In the experiment, we set Ki (i = 0,1, · · · ,m) as a closed ball with center ci ∈ RN and radius
ri > 0. Thus Pi (i = 0,1, · · · ,m) can be computed with

Pi(x) :=

ci +
ri

‖ci− x‖
(x− ci) if ‖ci− x‖> ri,

x if ‖ci− x‖ ≤ ri.

We take ri := 1(i = 0,1, · · · ,m), c0 := 0. And ci ∈ (−1/
√

N,1/
√

N)N (i = 1, · · · ,m) are ran-
domly chosen.

In the numerical results listed in the following tables, “Iter.” denotes the number of iterations
and “Sec.” denotes the CPU time. We take ‖xk− xk−1‖ < 10−6 as the stopping criterion and
choose γ = 1.9, µ = 0.5, σ = 7 and ρ = 0.6 in Algorithm 3.4 and αk = 0.9 in Mann Iteration.
Take m = 100, N = 500 in Figure 1.

As we see from Table 1 and Figure 1 the behaviors of Algorithm 3.3 and Algorithm 3.4 are
the same, and they are better than KM iteration from the number of iterations and the iteration
time.

5. CONCLUSION

In this paper, by using the equivalence of the nonexpansive operator and monotone and Lip-
schitz continuous operator, we gave eight iterative algorithms for fixed points of nonexpansive
mappings. The numerical example illustrates the advantage of our proposed algorithms. There
are other methods for the variational inequalities, such as, Tseng’s forward-backward-forward
method, which has good numerical performance [29]. It is thus natural to consider these method
to approximate fixed points of nonexpansive mappings or related operators.
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