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THREE EXTENSIONS OF BUTNARIU-REICH-ZASLAVSKI THEOREM FOR
INEXACT INFINITE PRODUCTS OF NONEXPANSIVE MAPPINGS

ALEXANDER J. ZASLAVSKI

Department of Mathematics, The Technion — Israel Institute of Technology, 32000 Haifa, Israel

Abstract. In this paper, we study the asymptotic behavior of inexact infinite products of nonexpansive
mappings, which take a nonempty, closed subset of a complete metric space into the space under the
presence of summable errors, and generalize the known results in the literature for nonexpansive self-
mappings on the complete metric space.
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1. INTRODUCTION

During more than fifty-five years now, there has been a lot of activity regarding the fixed
point theory of nonexpansive (that is, 1-Lipschitz) mappings. See, for example, [3, 5, 11, 13,
14, 17, 18, 19, 21, 22, 23, 24, 25, 28, 29] and the references cited therein. This activity stems
from Banach'’s classical theorem [1] concerning the existence of a unique fixed point for a strict
contraction. It also covers the convergence of (inexact) iterates of a nonexpansive mapping to
one of its fixed points. Since that seminal result, many developments have taken place in this
field including, in particular, studies of feasibility and common fixed point problems, which find
important applications in engineering and medical sciences [8, 12, 15, 26, 27, 28, 29].

In [5], it was shown that if any exact orbit of a nonexpansive mapping converges to its fixed
point, then this convergence property also holds for its inexact orbits with summable errors.
This result was obtained for a self-mapping on a complete metric space X. In this paper, we
establish variants of this results for inexact infinite products of nonexpansive mappings which
take a nonempty, closed subset of a complete metric space X into X.

2. PRELIMINARIES

Let (X, p) be a complete metric space. For every point z € X and every nonempty set B C X,
let

p(z,B) =inf{p(z,y) : y € B}.
For every point z € X and every positive number y > 0, set

Bz,y)={yeX: p(zy) <7}
For every mapping T : X — X, let Tz = z for all z € X.
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In [5], it was studied the influence of errors on the convergence of orbits of nonexpansive
mappings in metric spaces and it was obtained the following result (see also Theorem 2.72 of
[25]).

Theorem 2.1. Let T : X — X satisfy p(Tz,Ty) < p(z,y) for all y,z € X, let F(T) be the set of
all fixed points of T and let, for each z € X, the sequence {T"z};>_| converge in (X,p). Assume
that {z, )5 o C X, {Yatm_o C (0,00) satisfies Y g% < o and p(zn41,Tzn) < Yoo n=0,1,....
Then the sequence {z,}_, converges to a fixed point of T in (X, p).

In [21], we obtained the following extension of Theorem 2.1 (see also Theorem 2.74 of [25]).

Theorem 2.2. Let T : X — X satisfy p(Tz,Ty) < p(z,y) for all z,y € X, let F be a nonempty
closed subset of X such that, for each z € X, limj_e p(T'z,F) = 0. Assume that {z,}7_, C X,
{}_y C (0,00) satisfies Yoo Vn < oo and p(zp41,T2n) < Yuyn=0,1,.... Thenlim;_o p(z,,F)
=0.

In the present paper, we generalize these results for inexact infinite products of nonexpansive
mappings, which take a nonempty, closed subset of the complete metric space X into X.

Theorem 2.1 finds interesting applications and is an important ingredient in superiorization
and perturbation resilience of algorithms. See [2, 4, 6, 7, 9, 10, 16, 20] and the references
mentioned therein. The superiorization methodology works by taking an iterative algorithm,
investigating its perturbation resilience, and then using proactively such perturbations in order
to ’force” the perturbed algorithm to do in addition to its original task something useful. This
methodology can be explained by the following result on convergence of inexact iterates.

Assume that (X, || - ||) is a Banach space, p(z,y) = ||z—y|| for all z,y € X, for each z € X, the
sequence {7"z};_; converges in the norm topology, zo € X, {B«};_, is a sequence of positive
numbers satisfying

Y B <o, 2.1)
k=0
{vk}7 o C X is a norm bounded sequence and that, for any integer k > 0,
Zer1 = T (2 + Brve)- (2.2)

Then it follows from Theorem 2.1 that the sequence {z; };_, converges in the norm topology of
X and its limit is a fixed point of 7. In this case, the mapping A is called bounded perturbations
resilient (see [6] and Definition 10 of [9]). In other words, if exact iterates of a nonexpansive
mapping converge, then its inexact iterates with bounded summable perturbations converge too.

Now, we assume that zp € X and the sequence {f};°_, satisfying (2.1) are given and we need
to find an approximate fixed point of 7. In order to meet this goal, we construct a sequence
{zx}7_, defined by (2.2). Under an appropriate choice of the bounded sequence {vi};>, the
sequence {zx };_, possesses some useful property. For example, { f(zx)}7; can be decreasing,
where f is a given function.

3. MAIN RESULTS

3.1. The first result. Let K be a nonempty closed subset of a complete metric space (X,p),
F C K be a nonempty closed set in (X,p) and 7; : K — X, i =0, 1,... satisfy for all integers
i>0,

p(Tiz, Ty) < p(z,y) forall z,y € K.
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We use the following assumptions.
(A) If z € K, p > 01s an integer and the sequence {(H?:p Ti)z};":p C K is well defined, then

smo ((f1r)er) -

We prove the following result.

Theorem 3.1. Let (A) hold, 7> 0, {¥,}5_y C (0,00) satisfy

Y <o, 3.1)
n=0
{Zn}::o CK,
p(Zn+1>TnZn) <Y, n=0,1,... (3.2)
and
B(zn,¥) C K for all sufficiently large natural numbers n. (3.3)
Then

lim p (24, F) = 0.

[—oo

Proof. By (3.3), there exists an integer ng > 1 such that

B(zy,¥) C K for all integers n > ny. (3.4)
Let
€€ (0,7/2). (3.5)
In view of (3.1), we have that there is a natural number
ny > ng (3.6)
such that .
Y n<e/a (3.7)

i=ny

By induction, we show that, for all integers n > ny,

n
H T; n € K
i:nl

p ((H Tz) Zn17Zn+1> < Z Y- (3.8)

i=m i=n,

is well defined and that

Relations (3.2) and (3.4)-(3.7) imply that that

p(TI’HZn] 7Zn1+1> < Yo, < ’7 (39)
and that
Tnlznl S B(Zn1+1,37) CK. (3.10)

n
[17% )z €k
i=n1

Assume that n > nj is an integer,
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is well defined and that (3.8) holds. (In view of (3.9) and (3.10), our assumption holds for
n=ny). It follows from (3.2) and (3.8) that

n+1 n+1
p ((H Tl) Zny 7Zn+2> < p <<H Tl) anyTn—O—lZn—O—l) +p(Tn+1Zn+17Zn+2)
i=n1 i:nl

n n+1
SP <<H Tz) ZnI,ZrH»l) + Yut1 < Z Y

i=n] i=}’l1

(3.11)

In view of (3.5), (3.7) and (3.11), we have

n+1
P <<H Ti) Zny 7Zn—|—2> <7. (3.12)
i=n1

By (3.4), (3.6) and (3.12), we have

n+1
H Tl Zny GB(Zn+25’}7) CK.

i=n1
It follows from the inclusion above and (3.11) that the assumption made for n also holds for
n+ 1. Therefore by induction we showed that

n
(H T,~> Zn, € K for all integers n > ny

i:n]

and that (3.8) holds for all integers n > n;. From our assumptions,

lim p ((H T,-) zm,F) =0. (3.13)
1=n)

It follows from (3.13) that there exists a natural number n, > n; such that, for all natural num-

bers n > n»,
p <(H T,-) znl,F> <e/a. (3.14)
i=ny

By (3.7), (3.8) and (3.14), for all integers n > n,, we have

P(Zn—l—paF) <p <Zn+p7 (H Tl) an) +p <<H Tl) Z”17F>
i:nl i:nl

<€g/2.

Since € is any number belonging to (0,7/2), we conclude that lim; e p(z;, F) = 0. This com-
pletes the proof of Theorem 3.1 0

3.2. The second result. Let X be a nonempty closed subset of a Banach space (E, || -||) with a
dual space (E*,||-||«) and let T : X — X satisfy ||Tz—Ty|| < ||z—y|| for each z,y € X. As usual,
we denote by T the identity self-mapping of X. Consider the following assumptions.

(A1) For each z € X, the sequence {7"z};_, converges weakly in X.

(A2) For each z € X, the sequence {7"z};_, converges weakly in X to a fixed point of 7.

The following result was obtained in [5] (see also Theorem 2.73 of [25]).
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Theorem 3.2. Assume that (A1) holds. Let {Y,}_ o C (0,0), ¥ Yn < oo, {zn}g C X, and
|zn+1 — Tznl|| < Yo, n=0,1,.... Then the sequence {z,};_, converges weakly in X. Moreover,
if (A2) holds, then its limit is a fixed point of T.

In the present paper, we generalize this result for infinite products of nonexpansive mappings,
which take a nonempty, closed subset of the Banach space E into E.

Let K be a nonempty closed subset of E, F be a nonempty closed subset of K (in the norm
topology)and 7; : K — E, i =0, 1,... satisfy, for all integers i > 0,

| Tiz—Tiy|| < ||z—y|| foreach z,y € K.

Ti;z=zforall z € F.

We use following assumptions.

(A3)Ifz € K, p > 0is an integer and the sequence {([T\_, 7i)z},-, C K is well defined, then
it converges weakly in E.

(A4)If z € K, p > 0is an integer and the sequence { ([T, 7i)z},-, C K is well defined, then
it converges weakly in E to a point of F.

We prove the following result.

Theorem 3.3. Let (A3) hold, {z,};_y C K, 7> 0, and {y,}7>_, C (0,00) satisfy

Y <o, (3.15)
n=0
\|zne1 — Thznl| < W, n=0,1,.... (3.16)
Let
B(z4,7) C K for all sufficiently large natural numbers n. (3.17)

Then the sequence {z,};_, converges weakly in E and if K is weakly closed, then the limit
belongs to K. Moreover, if (A4) holds, then the limit belongs to F.

Proof. By (3.17), there exists an integer ng > 1 such that

B(zy,¥) C K for all integers n > ny. (3.18)
In view of (3.15), we have that there is a natural number n; such that
ni>ngand Y % <7/4. (3.19)
i=ny
Let
p=n (3.20)

be an integer. By induction, we show that, for all integers n > p,

(ﬁ T,-) pEK
i=p

is well defined. Relations (3.16) and (3.18)-(3.20) imply that that B(z,+1,¥) C K and
Tpzp € K, | Tpzp = 2p1all < %p- (3.2D)
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Assume that n > 0 is an integer,

n+p
(H 7}) peK (3.22)

i=p

ptn
I]tn Zp = Zn+1+4p
i=p

(In view of (3.21), our assumption holds for n = 0). By (3.22), we have that

p+n+1
H I; |zp €E

i=p

is well defined and that
n+p

<Y % (3.23)
i=p

is well defined. Relations (3.18), (3.19) and (3.20) imply that B(z,4p+1,¥) C K. It follows from
(3.16) and (3.23) that

n+1+4+p
I]: T; ip — Zn+2+p

i=p
n+1+4p
< H Ti | zp — Tor14pZnttap|| + | Tot 14 pZns14p — Znr2+pll
i=p
24
n+p (3 )
< HTi Zp = Zn+14p|| T Yatri4p
i=p
n+p+1
<Y n
i=p
In view of (3.19), (3.20) and (3.24), we have
p+n+1
[T % ) 20— ze2p|| < 7/4. (3.25)
i=p

By (3.18), (3.20) and (3.25), we have

n+1+4p
( I1 T,~> peK. (3.26)

i=p
It follows from (3.24) and (3.26) that the assumption made for n also holds for n+ 1. Therefore
by induction we showed that (3.22) and (3.23) hold for all integers n > 0. Assumption (A3)

implies that the sequence {(H::lf T;)zp}o_ converges weakly to y, € E. If the set K is weakly
closed, then

yp €K (3.27)
and if (A4) holds, then y, € F. Fix an integer g > 0. By using (3.23), we have

q+p
H Tj | zp = 2g+p+1
j=pr

o)

<Y v

J=p
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q+p
HT ip — 2g+p+l
Jj=pr

It follows from that, for each integer i > 1,

q+p+i q+p+i
[17)%- [T 7 )zgeps
J=p

Jmprat] ; (3.28)
S
j=pr
The equations
yp = lim <H T; ) zp in the weak topology, (3.29)
" \i=p
Ygtp+1 = lim ( H Tj> Z¢+p+1 In the weak topology (3.30)
" \i=ptat
hold. By (3.28), (3.29) and (3.30), for each f € E* satisfying || f||« < 1, we have
n
j=p+q+1
n n
<11msuprH 117 )zo—| II 7 )awten (3.31)
j=p J=p+q+l
<)V
j=p
This implies that
1yp = Yprgrill < Y % (3.32)

j=pr
Since the above inequality holds for each integer p > n; and each integer g > 0, and since
Y7 07j < oo, we conclude that {yk}7, is a Cauchy sequence and there exists

v, = lim y, (3.33)
k—so0

in the norm topology of E. Clearly, if K is weakly closed, then y, € K and if (A4) holds, then
v« € F By (3.32) and (3.33), we have

o=yl <Y ¥ (3.34)
j=p
for all integers p > n;.

In order to complete the proof, it is sufficient to show that lim;_,., zx = y. in the weak topol-
ogy. Let f € E* be a continuous linear functional on E such that || f||« < 1 and let € > 0 be
given. It is sufficient to show that | f(y, — z;)| < € for all large enough integers i > 0. In view of
(3.15), there is an integer p > n; such that

i v < e/4. (3.35)
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It follows from (3.27) and (3.34) that, for each integer n > 0,
n+p
f Yp — H TJ Zp
j=pr
n+p
f Yp — H TJ Zp
j=pr
<y v+l I ) ) |+ X
J=pr J=pr Jj=r
By (3.29), there is a natural number mg such that

(1))

It follows from (3.35) that, for each integer n > my,
[ = 2pans1)| S €/4+€/4+€/4 =3¢ /4.
Theorem 3.3 is proved. UJ

|f (v« _Zp+n+1)’ < |f (s —yp)| + +

n+p
f ((H Tj) Zp _Zn+p+l> |
J=pP

n+p

< v —yll+ FITT 7029 = 2nspen
J=pP

< g/4 for all natural numbers n > my.

3.3. The third result. Let (E, || -||) be a reflexive Banach space with a dual space (E*,|| - |«)-
In [21], we obtained the following result (see also Theorem 2.75 of [25]).

Theorem 3.4. Let X be a nonempty closed subset of E, and let T : X — X satisfy ||Tz— Ty|| <
lz—y|| for all z,y € X. Let F be a nonempty closed subset of X such that, for each z € X,
the sequence {T"z}_, is bounded and all its weak limit points belong to F. Assume that
{za}ir o CX, { W} C (0,00) satisfies ¥ Yn < o and ||zp41 —Tzn|| < Yo, n=0,1,.... Then
the sequence {z,}_ is bounded and all its weak limit points belong to F.

In the present paper, we generalize this result for infinite products of nonexpansive mappings
which take a nonempty, closed subset of the Banach space E into E.

Let K be a nonempty closed subset of E, (in the norm topology) andlet7;: K — E,i=0,1,...
satisfy, for all integers i > 0,

|Tiz— Tiy|| < ||z — | for each z,y € K. (3.36)
We prove the following result.

Theorem 3.5. Let F C K be a nonempty closed in the norm topology set and let the following
property holds:

(a) if z€ K, p > 0 is an integer and the sequence {(H?:p T})Z}‘,’f’:p C K is well defined, then
it is bounded and all its weak limit points belongs to F.

Assume that {Y,}_, C (0,00) satisfies

Y <o, (3.37)
n=0
{Zn}::o C K7
||Zn+1 _TnZn” <%, n=0,1,... (3.38)

7>0
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and

B(zn,¥) C K for all sufficiently large natural numbers n. (3.39)

Then the sequence {z,};_, is bounded and all its weak limit points belongs to F.

Proof. By (3.39), there exists an integer ny > 1 such that

B(zy,¥) C K for all integers n > ny. (3.40)
Let
e € (0,7/4). (3.41)
In view of (3.37), there is a natural number
ni Z no (3.42)
such that
Y n<e/4 (3.43)
i=n1
Let
p=>n (3.44)
be an integer. Relations (3.42) and (3.44) imply that
B(zp+1,7) CK. (3.45)

By (3.38), (3.41), (3.43), (3.44) and (3.45), we have
Tpzp € B(zpi1,7) CK (3.46)

and
HTPZP —Zp+1 | < Yp- (3.47)

By induction, we show that, for all integer n > p,

n
HTi peK
i=p

is well defined. Assume that n > p is an integer,

<H T,-) €K (3.48)

i=p

n
H I; ip —Zn+1
i=p

(In view of (3.46) and (3.47), our assumption holds for n = p). By (3.48), we have

n+1
[17 |z cE

i=p

is well defined and that

< i Y- (3.49)
i=p
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is well defined. Relations (3.40), (3.42) and (3.44) imply that B(z,+1,¥) C K. It follows from
(3.36), (3.38) and (3.49) that

n+1
H T; Zp —Zn+2

i=p

n+1
< (H Tz) Zp — dp4-13n41 H + HTn—HZn—H —Zn2
i=p

+ Yo+1

n
< HTz ip — Zn+1
i=p

n+1

<)%
i=p

In view of (3.41), (3.43) and (3.44), we have

n+1
H T; Zp —Zn+2

i=p

<7/4,

which together with (3.40) implies that (Hfipl T,~> Zp € K and the assumption made for n also
holds for n+ 1. Therefore by induction we showed that (3.48) and (3.49) hold for all integers
n>p.

Property (a) implies that the sequence {(IT;_,7i)zp},-, is bounded and all its weak limit
points belong to F. Together with (3.49) this implies that sequence {z,};_ is bounded.

Let & be a weakly limit point of {z,}7" . There exists a subsequence {z;,}*_; which con-
verges weakly to & € E. We may assume without loss of generality that

in—1 =

H Tj ) zp

j=p n=1
weakly converges to 5 eF.

From (3.43), (3.44) and (3.49), for each f € E* satisfying || f|| < 1, we have

i1
f@,)—f ((H Tj) Zp)
Ziy — (lﬁ T> Zp

£(&) = f(&)| = lim | f

n—oo

<limsup || f]|
n—soo

<)Y
J=p

<eg/h

This implies that ||€ — &|| < e. Since € € F, we have p(z,F) < €. Since € is any number
satisfying (3.41), we conclude that & € F. Theorem 3.5 is proved. 0

It should be mentioned that in our proofs assumptions (A), (A3), (A4), (a), (3.3), (3.17)
and (3.39) play a crucial role. Mappings for which assumption (A) holds are considered in
[25, 28]. Assumptions (A3), (A4) and (a) usually hold if the set K is bounded and the space X
is Hilbert. Assumptions (3.3), (3.17) and (3.39) for a given sequence {Zk}zo:o can be checked



THREE EXTENSIONS OF BUTNARIU-REICH-ZASLAVSKI THEOREM 119

numerically. They mean that the distance of every element of the sequence from the boundary
of K is bounded from below by a positive constant.
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