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INEXACT ORBITS OF SET-VALUED NONEXPANSIVE MAPPINGS WITH
SUMMABLE ERRORS
SIMEON REICH∗ , ALEXANDER J. ZASLAVSKI
Department of Mathematics, The Technion – Israel Institute of Technology, 32000 Haifa, Israel

Abstract. Given a set-valued nonexpansive mapping which acts on a metric space, we study the convergence of its inexact iterates to its attracting sets in the case where the errors are summable. In particular, we extend results which are known to hold for single-valued nonexpansive self-mappings of metric
spaces.
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1. I NTRODUCTION
During more than fifty-five years now, there has been a lot of activity regarding the fixed point
theory of nonexpansive (that is, 1-Lipschitz) mappings. See, for example, [3, 9, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 25, 26] and references cited therein. This activity stems from Banach’s
classical theorem [1] regarding the existence of a unique fixed point for a strict contraction. It
also concerns the convergence of (inexact) iterates of a nonexpansive mapping to one of its fixed
points. Since that seminal result, many developments have taken place in this field including,
in particular, studies of feasibility and common fixed point problems, which find important and
diverse applications in the physical, engineering and medical sciences [8, 10, 22, 23, 24, 25, 26].
For example, in [5], it was shown that if every exact orbit of a nonexpansive mapping converges to one of its fixed points, then this convergence property also holds for its inexact orbits
with summable errors. This result was obtained for a single-valued nonexpansive self-mapping
of a complete metric space.
In this paper, we establish three variants of this result for inexact orbits of set-valued nonexpansive mappings with summable errors.
Such results have already found interesting applications. They are, for instance, an important
ingredient in the study of superiorization and perturbation resilience of algorithms. See [2,
4, 6, 7] and references mentioned therein. The superiorization methodology works by taking
an iterative algorithm, investigating its perturbation resilience, and then using proactively such
perturbations in order to “force” the perturbed algorithm to do, in addition to its original task,
something useful.
This methodology can be explained by the following result on convergence of inexact iterates.
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Assume that (X, k · k) is a Banach space, the mapping A : X → X is nonexpansive, and that
for each x ∈ X, the sequence {An x}∞
n=1 converges in the norm topology. Assume further that the
∞
point x0 belongs to X, {βk }k=0 is a sequence of positive numbers satisfying
∞

∑ βk < ∞,

(1.1)

k=0

{vk }∞
k=0 ⊂ X is a norm bounded sequence and for each integer k ≥ 0,
xk+1 = A(xk + βk vk ).

(1.2)

Then it was shown in [5] that the sequence {xk }∞
k=0 converges in the norm topology of X and its
limit is a fixed point of A. In this case the mapping A is said to be bounded perturbation resilient
(see [6]). In other words, if all the exact iterates of a nonexpansive mapping converge, then its
inexact iterates with bounded summable perturbations converge too.
Now assume that the point x0 ∈ X and the sequence {βk }∞
k=0 satisfying (1.1) are given, and
that we need to find an (approximate) fixed point of A. In order to meet this goal, we construct a
sequence {xk }∞
k=1 defined by (1.2). Under an appropriate choice of the norm bounded sequence
{vk }∞
,
the
sequence
{xk }∞
k=0
k=1 also possesses some useful property. For example, the sequence
∞
{ f (xk )}k=1 can be decreasing, where f is a given function.
We remark in passing that the convergence of perturbed iterates of set-valued mappings was
also studied in [20].
Let (X, ρ) be a metric space. For each x ∈ X and each r > 0, set
B(x, r) := {y ∈ X : ρ(x, y) ≤ r}.
For each x ∈ X and each nonempty set A ⊂ X, define
ρ(x, A) := inf{ρ(x, y) : y ∈ A}.
Finally, for each pair of nonempty sets A, B ⊂ X, define
H(A, B) := max{sup ρ(x, B), sup ρ(x, A)}.
x∈A

y∈B

Assume that a mapping T : X → 2X \ {0}
/ is such that T (x) is closed for each x ∈ X, for each
x, y ∈ X, we have
H(T x, Ty) ≤ ρ(x, y)
(1.3)
and that F ⊂ X is a nonempty closed set.
In this paper, we obtain three results (see Theorems 2.1, 3.1 and 4.1 below). They are stated
and proved in Sections 2, 3 and 4, respectively.
2. T HE FIRST RESULT
Theorem 2.1. Assume that the following property holds:
(a) for each sequence {xi }∞
i=0 ⊂ X such that
xi+1 ∈ T (xi ), i = 0, 1, . . . ,
the relation
lim ρ(xi , F) = 0

i→∞

is true.
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Let {γi }∞
i=1 ⊂ (0, ∞) satisfy
∞

∑ γi < ∞

i=1

and let {xi }∞
i=0 ⊂ X satisfy, for each integer i ≥ 0,
ρ(xi+1 , T xi ) ≤ γi+1 .

(2.1)

Then
lim ρ(xi , F) = 0.

i→∞

Proof. Let ε > 0. Choose a natural number n0 such that
∞

∑ γi < ε/6.

i=n0

Set
yn0 = xn0 .
Assume that n ≥ n0 is an integer, that a finite sequence {yi }ni=n0 ⊂ X has already been defined
and that for each natural number i satisfying n0 < i ≤ n, we have
i

ρ(xi , yi ) ≤ 3

∑

γ j.

(2.2)

j=n0 +1

We now proceed to define yn+1 ∈ X. In view of (1.1), we have
H(T xn , Tyn ) ≤ ρ(xn , yn ).

(2.3)

From (2.1), we see that there exists a point
z ∈ T xn

(2.4)

ρ(xn+1 , z) ≤ 2γn+1 .

(2.5)

such that
It follows from (2.3) and (2.4) that
ρ(z, Tyn ) ≤ ρ(xn , yn ).
Hence, there exists a point
yn+1 ∈ Tyn
such that
ρ(z, yn+1 ) ≤ ρ(xn , yn ) + γn+1 .
In view of (2.5) and (2.6), we have
ρ(xn+1 , yn+1 ) ≤ ρ(xn+1 , z) + ρ(z, yn+1 )
≤ 2γn+1 + ρ(xn , yn ) + γn+1
and
ρ(xn+1 , yn+1 ) ≤ ρ(xn , yn ) + 3γn+1 .

(2.6)
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From (2.2), we see that the assumption made for n also holds for n + 1. Thus we have constructed by induction a sequence {yi }∞
i=n0 such that (2.2) holds for all integers i > n0 . It follows
from (2.2) that, for all integers k ≥ n0 ,
k

ρ(xk , yk ) ≤ 3

∑ γi < ε/2.

(2.7)

i=n0

and
yk+1 ∈ Tyk .
Property (a) implies that
lim ρ(yi , F) = 0.

i→∞

(2.8)

In view of (2.7) and (2.8), we have, for all sufficiently large natural numbers k,
ρ(xk , F) < ε/2.
Since ε is an arbitrary positive number, we conclude that
lim ρ(xk , F) = 0.

k→∞



This completes the proof of Theorem 2.1.
3. T HE SECOND RESULT
Theorem 3.1. Assume that the following property holds:
(b) for each sequence {xi }∞
i=0 ⊂ X such that
xi+1 ∈ T (xi ), i = 0, 1, . . . ,
the relation
lim inf ρ(xi , F) = 0
i→∞

is true.
Let {γi }∞
i=1 ⊂ (0, ∞) satisfy
∞

∑ γi < ∞
i=i

and let

{xi }∞
i=0

⊂ X satisfy, for each integer i ≥ 0,
ρ(xi+1 , T xi ) ≤ γi+1 .

Then
lim inf ρ(xi , F) = 0.
i→∞

Proof. Let ε > 0. Choose a natural number n0 such that
∞

∑ γi < ε/6.

i=n0

Arguing as in the proof of Theorem 2.1, we construct a sequence {yi }∞
i=n0 ⊂ X such that
yn0 = xn0 ,
yi+1 ∈ T (yi ) for all integer i ≥ n0

(3.1)
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and
ρ(xi , yi ) ≤ ε for all integer i ≥ n0 .
Property (b) and (3.1) imply that
lim inf ρ(yi , F) = 0.
i→∞

(3.2)
(3.3)

In view of (3.2) and (3.3), we have
lim inf ρ(xi , F) ≤ ε.
i→∞

Since ε is an arbitrary positive number, we conclude that
lim inf ρ(xk , F) = 0.
k→∞



Theorem 2.1 is proved.
4. T HE THIRD RESULT
For every set A, we denote by Card(A) its cardinality.
Theorem 4.1. Assume that the following property holds:
(c) for each sequence {zi }∞
i=0 ⊂ X such that
zi+1 ∈ T (zi ), i = 0, 1, . . . ,
and each ε > 0, we have
lim Card({i ∈ {0, . . . , n − 1} : ρ(zi , F) > ε})n−1 = 0.

n→∞

Let {γi }∞
i=1 ⊂ (0, ∞) satisfy
∞

∑ γi < ∞
i=i

and let

{xi }∞
i=0

⊂ X satisfy for each integer i ≥ 0,
xi+1 ∈ T (xi )

and
ρ(xi+1 , T xi ) ≤ γi+1 .
Then, for each ε > 0,
lim Card({i ∈ {0, . . . , n − 1} : ρ(xi , F) > ε})n−1 = 0.

n→∞

Proof. Let ε > 0. Choose a natural number n0 such that
∞

∑ γi < ε/6.

i=n0

Arguing as in the proof of Theorem 2.1, we construct a sequence {yi }∞
i=n0 ⊂ X such that
yn0 = xn0 ,
yi+1 ∈ T (yi ) for all integer i ≥ n0

(4.1)

ρ(xi , yi ) ≤ ε/2 for all integer i ≥ n0 .

(4.2)

and
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Property (c) and (4.1) imply that
lim Card({i ∈ {n0 , . . . , k − 1} : ρ(yi , F) > ε/2})k−1 = 0.

k→∞

(4.3)

Let n > n0 be an integer. By (4.2) and (4.3), we have
{i ∈ {n0 , . . . , n − 1} : ρ(xi , F) > ε}
⊂ {i ∈ {n0 , . . . , n − 1} : ρ(yi , F) > ε/2}
and

n−1 Card({i ∈ {0, . . . , n − 1} : ρ(xi , F) > ε})
≤ n−1 (n0 + Card({i ∈ {n0 , . . . , n − 1} : ρ(yi , F) > ε/2})

→0
as n → ∞. This completes the proof of Theorem 4.1.



Remark 4.1. It is not difficult to see that the above result remains true if we replace the n−1
factor by tn−1 , where {tn }∞
n=1 is any strictly increasing sequence of natural numbers.
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