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Abstract. In the early 17th century, Pierre de Fermat proposed the following problem: given three points in the
plane, find a point such that the sum of its Euclidean distances to the three given points is minimal. This problem
was solved by Evangelista Torricelli and was named the Fermat-Torricelli problem. A more general version of the
Fermat-Torricelli problem asks for a point that minimizes the sum of the distances to a finite number of given points
in R”. This is one of the main problems in location science. In this paper we revisit the Fermat-Torricelli problem
from both theoretical and numerical viewpoints using some ingredients of convex analysis and optimization.
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1. INTRODUCTION

The Fermat-Torricelli problem asks for a point that minimizes the sum of the distances to
three given points in the plane. This problem was proposed by Fermat and solved by Torricelli.
Torricelli’s solution states as follows: if one of the angles of the triangle formed by the three
given points is greater than or equal to 120°, the corresponding vertex is the solution of the
problem. Otherwise, the solution is a unique point inside of the triangle formed by the three
points such that each side is seen at an angle of 120°. The first numerical algorithm for solving
the general Fermat-Torricelli problem was introduced by Weiszfeld in 1937 [20]. The assump-
tions that guarantee the convergence along with the proof were given by Kuhn in 1972. Kuhn
also pointed out an example in which Weiszfeld’s algorithm fails to converge; see [9]. The
Fermat-Torricelli problem has attracted great attention from many researchers not only because
of its mathematical beauty, but also because of its important applications to the field of facil-
ity location. Many generalized versions of the Fermat-Torricelli and several new algorithms
have been introduced to deal with generalized Fermat-Torricelli problems as well as to improve
Weiszfeld’s algorithm; see, e.g., [2, 3, 10, 11, 12, 13, 18, 19]. The problem has also been re-
visited several times from different viewpoints as in [4, 5, 15, 21] and the references therein.
Among many researchers working on the field of facility location, Christiane Tammer is one
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of the pioneers with important contributions to the theory, algorithms, and software for solving
facility location problems; see [1, 7, 8, 14] and their bibliographies.

The main goal of this paper is to provide easy access to the problem from both theoretical and
numerical aspects by using some tools of convex analysis. These tools are presented in the paper
with simple proofs that are understandable for students with basic background in introduction
to elementary analysis.

The paper is organized as follows. In Section 2 we establish the existence and uniqueness of
the optimal solution for the Fermat-Torricelli problem generated by a finite number of points.
We also present proofs of some properties of the optimal solution and derive its explicit rep-
resentations for the case of three points using the convex subdifferential. Various advantages
of employing convex analysis when solving the Fermat-Torricelli problem has been revealed in
[6, 10, 11, 17]. Section 3 is devoted to revisiting Kuhn’s proof of the convergence of Weiszfeld’s
algorithm. In this section we mainly follow the line of proving the convergence given by Kuhn
[9], while with involving new ingredients from convex analysis to replace some technical tools
in order to make the proof more clear.

Throughout the paper the symbol /B denotes the closed unit ball of R”, and IB(%; r) stands for
the closed ball centered at X with radius r.

2. ELEMENTS OF CONVEX ANALYSIS AND PROPERTIES OF SOLUTIONS

In this section we review several important concepts of convex analysis to study the classical
Fermat-Torricelli problem as well as its general version mentioned in Section 1. Then we
present elementary proofs for some properties of optimal solutions of the problem. More details
of convex analysis can be found in the fundamental monograph [16].

Let || - || be the Euclidean norm in R”. Given a finite number of distinct points g; for i =
1,...,min R", define the function

Q(x) =Y [lx—ail. 2.1)
i=1

The mathematical model of the Fermat-Torricelli problem is as follows:
minimize ¢@(x) subject to x € R". (2.2)

The weighted version of this problem can be formulated and treated by a similar way.
Let f: R" — R be a real-valued function. The epigraph of f is a subset of R"” x R defined by

epi f:={(x,a) eER"' |xeR" and a > f(x)}.
The function f is called convex if we have the inequality
F(Ax+(1=2A)y) <Af(x)+(1—=A)f(y) forall x,y € R" and A € (0,1).

If this equality becomes strict for x # y, we say that f is strictly convex. It is easy to check by
the definitions that f is a convex function on R” if and only if its epigraph is a convex set in
R+, We obviously have that the function ¢ from (2.1) is convex on R”.

Proposition 2.1. Let f: R" — R be a convex function. Then f has a local minimum at X if and
only if f has an absolute/global minimum at this point.
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Proof. We only need to prove the “only if”” implication since the converse is trivial. Suppose
that f has a local minimum at . Then there exists a number 6 > 0 with
f(u) > f(x) forall u € B(X;0).
1 1
For any x € R it follows that x; := (1 — z)i—k i X as k — co. Thus we get x; € B(%;0)

when £ is sufficiently large. It follows furthermore that

70 < f) < (1= ) F0) + 10,

which implies in turn that

| I |

0 < LS,
and hence f(xX) < f(x). It shows that f achieves an absolute minimum at x. O
Proposition 2.2. The solution set of the Fermat-Torricelli problem (2.2) is nonempty.
Proof. Let m := inf{@(x) | x € R"} > 0, and let (x;) be a sequence satisfying

lim @(x;) = m.

k—yo0
It follows from the definition that there exists ky € N with

llxk —ai]] < @(xx) <m+1forall k> ky,
which implies that ||x;|| < m+ 1+ ||a;]|| for such k. Thus {x;} is a bounded sequence, and so it
has a subsequence {x,} that converges to X € R" as £ — co. Since ¢ is obviously continuous,
we get
9(®) = lim p(xg,) = m.
{—so0
This shows that X is an optimal solution of the problem. 0
For two different points a,b € R", the line containing a and b is given by
Z(a,b):={ta+(1—1)b|1 €R}.

Proposition 2.3. Suppose that the points a; for i = 1,...,m do not lie on the same line (i.e.,

not collinear). Then the function @ defined by (2.1) is strictly convex, and the Fermat-Torricelli
problem (2.2) has a unique solution.

Proof. Define @;(x) := ||x —a;|| for i =1,...,m. Then ¢ =Y, ¢;. For any x,y € R" and
A € (0,1) we have the inequality
(pi(7Lx+ (1 —?L)y) <AQi(x)+ (1 =A)@i(y) for i=1,...,m.
This readily implies that
@(Ax+(1=A)y) <Ap(x)+(1-2)p(y). (2.3)

On the contrary, suppose that ¢ is not strictly convex. It means that there exist ¥,y € R"” with
x#yand A € (0,1) for which (2.3) holds as equality. Then

0i(A5+(1-2)5) = Aqi(D) + (1 - 2)@i(y) for i=1,....m,
which can be rewritten as

IAE—a)+ (1= A5 —a)| = [AE—a)l| + (1= A) G —ap)| for i=1,...,m.
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If X # a; and y # a;, then there exists #; > 0 such that
A(X—a)=(1-A2)T—a).

This tells us that ¥ — a; = %(y — a;), where % := . Since X # ¥, we obtain ¥; # 1 and

lil
a; = : - y€Z(x5).
-y 1-%
In the case where either X = a; or j = q;, it is obvious that a¢; € Z(x,¥). Thus we arrive at
a; € Z(x,y) fori=1,...,m, which is a contradiction that completes the proof. O

Recall that a vector v € R" is a subgradient of a convex function f: R" — R at the given
point X € R” if it satisfies the inequality

f(x) > f(x)+ (vx—x) forall xeR", (2.4)

where (-,-) stands for the usual scalar product in R”. The set of all subgradients of f at X is
called the subdifferential of this function at X and is denoted by d f(%).
Directly from the definition, we deduce the following subdifferential Fermat rule:

f achieves an absolute minimum at x if and only if 0 € d f(%). (2.5)

The proposition below shows that the subdifferential of a convex function at a given point
reduces to the gradient at that point when the function is differentiable.

Proposition 2.4. Suppose that f: R" — R is convex and (Fréchet) differentiable at x. Then
(Vf(x),x—x) < f(x)— f(x) forall xeR". (2.6)
Furthermore, we have d f(x) = {V f(x)}.

Proof. Since f is differentiable at ¥, it follows from the definition that for any € > 0 there exists
0 > 0 such that

—gllx —x|| < f(x) — f(x) = (Vf(X),x—X) < €||x — x|| whenever |x—x| < 6.
Consider further the function
Y(x) == f(x) = f(%) = (Vf(x),x —X) +&lx— x|,

which satisfies y(x) > y(x) =0 for all x € IB(%; 6). By the convexity of y we have y(x) > y/(x)
whenever x € R". Hence

(VF(x),x—x) < f(x)— f(*) +€||lx—%| forall xeR"

Letting now € | O justifies the estimate in (2.6).
Equality (2.6) yields V f(x) € d f(X). Taking any v € d f(X), we get by definition that

(v, x—x) < f(x) — f(x) for all x € R".
The differentiability of f at X also implies that for any € > 0 there exists & > 0 such that
(v—Vf(x),x—x) <¢|lx—x|| whenever ||x—x| <d.

Thus we have ||v — V f(X)|| < €, which shows that v =V f(X) since € > 0 was chosen arbitrarily.
It verifies that d f(x) = {V f(X)} and thus completes the proof of the proposition. O
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The subdifferential formula for the norm function derived in the next example plays a crucial
role in our subsequent analysis to solve the Fermat-Torricelli problem.

Example 2.1. Let p(x) := ||x||, the Euclidean norm function on R”. Then we have
B, if x=0,
Ipx) = {”x—H}, otherwise.
x

Since the function p(-) is differentiable with Vp(x) = x/||x|| for x # 0, it suffices to verify the
claimed formula for x = 0. It follows from (2.4) that v € dp(0) if and only if

(v,x) = (v,x—0) < p(x) — p(0) = ||x|| for all x € R".

Letting x := v, we get (v,v) < ||v||, which implies that ||v|| < 1, i.e., v € B. Conversely, for v € B
the Cauchy-Schwarz inequality tells us that

(v,x=0) = (v,x) < [IV][ - x| < [[x[| = p(x) — p(0) whenever x € R",
and hence v € dp(0). Thus we arrive at dp(0) = B.

Solving the Fermat-Torricelli problem involves the usage of the following subdifferential rule
for sums of two convex functions one of which is differentiable while the other may be not.

Proposition 2.5. Let fi: R" — R, i = 1,2, be two convex functions such that f> is differentiable
at X. Then we have the equality

A(fi+ fo)(X) =9 f1(x)+ Vfo(%). (2.7)

Proof. Fix any v € d(f] + f2)(X) and get for each x € R” that
vx—3) < fi(x) = fi(%) + f2(x) = (%) = f1(x) = f1 (%) + (VL2(), x = %) + o([lx = x]))-
For any € > 0 there exists 6 > 0 such that
0 <(Vfo(x) —v,x—X) + f1(x) — f1(X) + €||x — X|| whenever x € B(X;9).
The convexity of f; ensures that the latter holds for all x € R". Letting € | 0 yields
0 <(Vfa(%) —v,x—X) + f1(x) — f1(¥) whenever x € R".
By (2.4) it tells us that v — V f,(X) € df;(X) and hence v € d fi(X) + V f2(X), which justifies the
inclusion “C” in (2.7). Representing f; = fi + f2 + (—f2) and applying the obtained inclusion,
we have the relationships
df1(%) CI(fi+ f2)(X) + V(= /f2) (%) = (f1 + /2) (%) = Vf2(%),

which verify the opposite inclusion “>” in (2.7) and thus complete the proof. 0

Let us now use subgradients of the norm function to obtain the classical solution of the
Fermat-Torricelli problem. Given two nonzero vectors u,v € R”, denote

o {w,)
R PR

Fix X # a; and define the unit vectors
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Each v; is the unit vector pointing in the direction from the vertex a; to X. Observe that the
Fermat-Torricelli problem formulated above always has a unique solution even if the three given
points are on the same line. It is easy to see in the latter case that the middle point is the solution
of the problem. The next proposition completely characterizes the solution of the Fermat-
Torricelli problem in the general three-point setting of the n-dimensional space, not just on the
plane as in the original framework.

Proposition 2.6. Let the points ay,a;,a3 € R" generate the Fermat-Torricelli problem in R".
Then we have the following descriptions of the optimal solution to (2.2) with @ taken from (2.1):
(i) In the case where X ¢ {ay,az,a3}, X is the solution of the problem if and only if

cos(vy,vy) = cos(va,v3) = cos(vs,vy) = —1/2.

(ii) Consider the case where X € {ay,ay,a3} and suppose for definiteness that X = a. Then X is
the solution of the problem if and only if

cos(vp,v3) < —1/2.

Proof. In case (i) we have that the function ¢ from (2.1) is differentiable at x. Since ¢ is convex,
X is the solution to the Fermat-Torricelli problem if and only if

Vo(x)=vi+va+v3=0.

Remembering that ||v;|| = 1 fori = 1,2,3, we get

(vi,v2) +(v1,v3) = —1,

(v2,v1) + (v2,v3) = —1,

(v3,v1) + (v3,v2) = —1.
Solving this system of equations yields

(vi,vj) =cos(v;,v;) = —1/2for i # j, i,j € {1,2,3}.

If furthermore (v;,v;) = —1/2fori # j, i,j € {1,2,3}, then

3 3
itva+vsP=Y vl + Y, (vivj) =0,

which gives us vi +v; +v3 = 0 and thus completes the proof in the case.

In case (i1) we deduce from the subdifferential Fermat rule (2.5) and the subdifferential sum
rule (2.7) that X = a; is the solution to the Fermat-Torricelli problem if and only if

0€dp(a))=B+vy+vs.

This is equivalent to ||v2 4 v3||?> < 1 or, equivalently, to ||[v2]|? +|[v3]|> +2(v2,v3) < 1. Since v,
and v3 are unit vectors, we obtain

(va,v3) =cos(vp,v3) < —1/2
and complete the proof of the proposition. U

Next we present an example with a figure illustrating the obtained solution in the classical
case of three points on the plane.
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Example 2.2. Consider the Fermat-Torricelli problem given by three points A, B, and C on the
plane as shown in the figure. If one of the angles of the triangle ABC is greater than or equal
to 120°, then the corresponding vertex is the solution to the problem by Proposition 2.6(ii).
Let us examine the case where none of the angles of the triangle is greater than or equal to
120°. Construct two equilateral triangles ABD and ACE and let S be the intersection of DC
and BE as in the figure. Two quadrilaterals ADBC and ABCE are convex, and hence S lies
inside the triangle ABC. It is clear that two triangles DAC and BAE are congruent. A rotation
of 60° about A maps the triangle DAC to the triangle BAE. The rotation maps CD to BE, so
ZDSB = 60°. Let T be the image of S through this rotation. Then 7 belongs to BE. It follows
that ZAST = ZASE = 60°. Moreover, /DSA = 60°, and hence /BSA = 120°. It is now clear
that ZASC = 120° and ZBSC = 120°. Proposition 2.6(i) tells us that the point S is the solution
to this classical Fermat-Torricelli problem.

3. WEISZFELD’S ALGORITHM

In this section we revisit Kuhn’s proof [9] of the convergence of Weiszfeld’s algorithm [20]
for solving the Fermat-Torricelli problem (2.2). With some additional ingredients of convex
analysis we are able to provide a more clear picture of Kuhn’s proof. Throughout this section,
assume that the points g; for i = 1,...,m are not collinear.

The gradient of the function ¢ from (2.1) is computed by

x=E T R, 3.1)

To keep the continuity, define F(x) := x forx € {ay,ay,...,an}.
Weiszfeld introduced the following algorithm: choose a starting point xo € R” and define

X :F(xk_l) for k€ IN.
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He also claimed that if xo ¢ {a,as,...,a,} where a; fori = 1,... ,m are not collinear, then {x; }
converges to the unique optimal solution of the problem. A correct statement and the proof of
the convergence were given by Kuhn in [9].

The next proposition guarantees that the cost function value in (2.2) decreases after each
iteration of the Weiszfeld algorithm.

Proposition 3.1. If F(x) # x, then ¢(F(x)) < ¢(x).

Proof. Tt is clear that x is not a vertex, since otherwise we get F(x) = x. Moreover, the point
F(x) is the unique minimizer of the following strictly convex function:

Z Iz —ail|?
lx—aill
Indeed, we can easily check that F(x) is the unique solution of the equation Vg(z) = 0. Us-
ing F(x) # x tells us that g(F(x)) < g(x) = @(x). Furthermore, it clearly follows from the
constructions above that

i —asz

= Hx aill

i (= aill +[1F (x) — ail| — [lx —ail})?

= [Ix — aill
O ([1F (x) — ail| = [|x—ail)?
= 9(0)+2(e(F(x)) —9(x) + ) el
i=1 !
which verifies the strict inequality
- F — U — 1
)+ (IF () —aill =[x —ail)* _ 20(x)
P [Ix —ail]
and hence yields the claimed decreasing property @ (F(x)) < ¢@(x). O

Now we investigate behavior of the algorithm mapping F near a vertex and deal with the case
where a vertex is not the solution of the Fermat-Torricelli problem (2.2). Let us first present a
necessary and sufficient condition for a vertex to be the optimal solution of the problem. Define

di—a: .
R;:= Z %, j=1,....m,
i=1,ij ”al_aJH

Proposition 3.2. The vertex a; is the optimal solution to (2.2) if and only if |R;|| < 1.

Proof. Employing the subdifferential Fermat rule (2.5) and the subdifferential sum rule from
Proposition 2.5 ensures that the vertex a; is the optimal solution of the problem if and only if

0e 8q)(aj) = —Rj+B,
which can be equivalently rewritten as ||R;|| < I. O

The obtained result allows us to significantly simplify the proof of the next proposition taken
from [9, Subsection 3.2].
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Proposition 3.3. Suppose that the vertex a; is not the optimal solution to (2.2). Then there is a
number & > 0 such that the condition 0 < ||x —aj|| < 0 yields the existence of a positive integer
q for which we have the estimates

|F9(x) —aj|| > S and |[FI ' (x) —a;|| <& (3.2)
with using the notation
Fi(x):= F(Fq_](x)) whenever q=1,2,... and F°(x) :=x. (3.3)
Proof. If x is not a vertex, then we get from (3.1) that
F(x)="51 I 1alH ;
,-; [lx — ail]

which implies in turn that

Taking now the limit as x — a; leads us to

Flx)—a. & Tl
lim T gy, =L =R;.
x—aj Hx—ajH x%ajl_i_ Z Hx—ajH
i=1,i£] ||X—CliH
This implies by Proposition 3.2 that
F -
tim WFW) =aill IR > 1 (3.4)
xaj |x—aj
and thus allows us to find positive numbers € and 6 with
F -
ME (14 €) whenever 0 < |[[x—aj|| < 0. (3.5)
X—aj

Remembering the notation in (3.3), if
0< ||[FP~'(x)—aj|| <8 forall p=1,...,q,
then by (3.5) we have
IF9(x) —aj = (1 +)IF () —ajl > ... > (1+&)x —aj].

Taking into account that (14 €)9||x — a|| — oo as g — o verifies the estimates in (3.2) and thus
completes the proof of the proposition. U

We finally present the following simplified and improved proof (with taking into account
Propositions 3.2 and (3.3) above) of Kuhn’s convergence result [9] for Weiszfeld’s algorithm to
solve the Fermat-Torricelli problem.
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Theorem 3.1. Let {x;} be the sequence of iterates generated by Weiszfeld’s algorithm, and let
x. ¢ {ay,az,...,an} forallk =0,1,.... Then {x;} converges to the optimal solution X of the
Fermat-Torricelli problem (2.2).

Proof. Observe first that if x; = x| for some k = kg, then x; is a constant sequence for all
k > ko, which therefore converges to xy,. Since F(x,) = xi, and xi, is not a vertex, the point
Xy, is the solution of the problem. Hence we can proceed by assuming that x4 # xi for every
k. Proposition 3.1 tells us that the sequence {@(x)} is nonnegative and decreasing, and thus it
converges, which means that

lim (9(x) = @(xe11)) =0. (3.6)

It follows from the algorithm that x; € co {aj,as,...,a,} for all k > 1. Since the latter set is
compact in R”, we have the convergence of some subsequence of {x;}. Take a subsequence
{xx, } of {xx} that converges to a point y. It suffices to prove that y = X. To proceed, deduce
from (3.6) that

}1_5210 (@(xe,) — @(F(xz,)) =0

and conclude by the continuity of ¢ that ¢(3) = @(F(¥)). This clearly yields F () = y.

If ¥ is not a vertex, then it is the solution of the problem, so y = Xx. Let us consider the
case where y is a vertex, say a;. Arguing by contradiction, suppose that y # X. Choose 6 > 0
sufficiently small such that the properties in Proposition 3.3 hold, and that the ball B(a;; 6) does
not contain X and a; for i =2,...,m. Since x;, — a; =y, we assume without loss of generality
that the sequence is contained in B(ay;6).

For x = xi,, choose ¢ such that x,, € B(a;;0) and F(x,,) ¢ B(a;;0). Selecting further
an index ky > ¢ and applying Proposition 3.3, we find g, > ¢; such that x,, € B(a;;8) and
F(x4,) ¢ B(ay;0). Repeating this procedure gives us a sequence {x,, } with x,, € B(a;;8) and
F(x4,) not belonging to the ball. Extracting yet another subsequence, suppose that x;, — Z. It
follows from the above that F(Z) = zZ. If Z is not a vertex, then it must be the solution, which is
a contradiction because the solution X is not in /B(a;;6). Thus Z is a vertex that should be aj,
since the other vertices do not belong to the ball as well. It tells us that

P ) — ]| _

lim ,

(= loxg, —an]
which contradicts Proposition 3.2 via (3.4) and thus completes the proof of the theorem. 0
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