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THE SUBGRADIENT EXTRAGRADIENT METHOD FOR SOLVING MIXED
EQUILIBRIUM PROBLEMS AND FIXED POINT PROBLEMS IN HILBERT
SPACES
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Abstract. In this paper, we introduce an iterative method based on hybrid methods and hybrid extragradient
methods for finding a common solution of mixed equilibrium problems and fixed point problems of nonexpansive
mappings in a real Hilbert space. We define the notion of generalized skew-symmetric bifunctions which is a
natural extension of a skew-symmetric bifunctions. Further, we prove that the sequences generated by the proposed
iterative scheme converge strongly to a common solution of these systems. The results presented in this paper are
the supplements, extensions and generalizations of the previously known results in this area.
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1. INTRODUCTION

In this paper, we are concerned with the problem of finding a common solution of mixed
equilibrium problems and fixed point problems in real Hilbert spaces. Lets us recall the involved
problems.

The mixed equilibrium problem (in short, MEP): Find x € C such that

F(x,y)+{Ax,y=x) + ¢(y.x) = 9(x,x) 2 0, Vy € C, (1.1)

where C is a nonempty convex and closed set in a real Hilbert space H, A : C — H is a nonlinear
mapping and F : CxC = R, ¢ : C x C — R, are bi-functions. The solution set of MEP (1.1) is
denoted by Sol(MEP(1.1)).

This problem is quite general and it includes several known problems as special cases. For
example, if ¢ =0 and A =0, then (1.1) is reduced to the equilibrium problem (in short, EP):
Find x € C such that

F(x,y) >0, YyeC, (1.2)
which was studied by Blum and Oettli [1]. The solution set of EP (1.2) is denoted by Sol(EP(1.2)).
In the development of various fields of science and engineering, the equilibrium problem

provides a framework for many problems, such as, variational inclusion problem, variational
inequality problem, saddle point problem, complementary problem, Nash equilibrium problem
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in noncooperative games, minimization problem, minimax inequality problem, and fixed point
problem, see [1, 8, 10, 12, 16, 17, 20].

If =0and F=0, (1.1) becomes the following variational inequality problem (in short,
VIP): Find x € C such that

(Ax,y—x) >0, VyeC, (1.3)

which was studied by Hartmann and Stampacchia [9]. The solution set of (1.3) is denoted by
Sol(VIP(1.3)).

If =0, then (1.1) is reduced to the following generalized equilibrium problem (in short,
GEP): Find x € C such that

F(x,y)+ (Ax,y—x) >0, Vy € C. (1.4)

The Solution set of (1.4) is denoted by Sol(GEP(1.4)).
In 1976, Korpelevich [11] introduced the following iterative method in Hilbert space H,
which is known as extragradient iterative method for (1.3):

xo € CCH,
up = Pe(x, — AAxy), (1.5)
Xnt1 = Po(x, — AAuy),

where A > 0, A is a monotone and Lipschitz continuous mapping and Pc is the metric projection
of H onto C. He proved that if Sol(VIP(1.3)) is nonempty, then, under some suitable conditions,
the sequence generated by (1.5) converges to a solution of VIP(1.3).

In 2006, with the help of the extragradient iterative method for (1.3) given in [11], Nadezkhina
and Takahashi [13] introduced and studied the following extragradient method and proved a
strong convergence theorem:

xoe CCH, )
up = Pe(x, — rnAx,),

Yn = QX + (1 — 04y) T Pc(x — rpAuy,),
Co={z€C:|lyn—zll* <llxa—zl*},
On={z€C: {(xy—2z,x—x,) >0},

Xn+1 = Fc,no,Xo0- J

(1.6)

For further generalizations of iterative method (1.6), we refer to [3, 4, 5, 18].

Another related an important problem is the fixed point problem (FPP). As above, C C H is a
nonempty, convex and closed subset of a real Hilbert space H. Given a mapping 7 : C — C, the
fixed point problem is formulated as follows:

Find x € C such that x = Tx. (1.7)

The above problems have been extensively studied due to its theoretical and practical impor-
tance. Our concern in this paper is to study the solution set of (1.1) and (1.7) and propose an
iterative scheme which is motivated by several related methods in this area ( [2, 13, 15, 18]).
The paper is organized as follows. We first recall some basic definitions and results in Section
2. Our algorithm is presented and analyzed in Section 3. Conclusions are given in 4.
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2. PRELIMINARIES

Throughout the paper, let H be a real Hilbert space with inner product (-,-) and norm || - ||.
Let C be a nonempty convex closed set in H. The weak convergence of {x,} to x is denoted by
x" — x as n — oo, while the strong convergence of {x"} to x is written as x" — x as n — oo. The
identity operator on H is denoted by /.

For every point x € H, there exists a unique nearest point in C, denoted by Pcx, such that

[lx = Pex|| < [x =y, vy € C. (2.1

The mapping Fc is called the metric projection of H onto C. It is well known that F¢ is

nonexpansive, that is, ||Pex — Peyl|| < ||[x —y||, Vx,y € H and furthermore, firmly nonexpansive,
(x—,Pcx—Pey) > ||[Pex—Pey||?, Vx,y € H. (22)

Moreover, Pcx is characterized by the fact Pox € C and (x — Pex,y — Pex) < 0, Vy € C. This
implies that

b= yII> > llx = Pex[|* + ||y — Pex[|, ¥x € H, Wy € C.
Further, it is well known that every nonexpansive operator 7 : H — H satisfies, for all (x,y) €
H x H, the inequality

(= T() = (=TI TO) = T(x)) < 5 (T () =) = (T() =)

2
For all (x,y) € H x Fix(T), we have
1
(x=T(x),y=T(x) < IT() = x|

see, e.g., [6, Theorem 3.1] and [7, Theorem 2.1].
In a real Hilbert space H, we have

1+ (1= 2)y )1 = Al (1= 2)[Iyl|* = A(1 = 2)[lx =]
for all x,y € H and A € [0,1]. It is also known that every Hilbert space satisfies the Opial’s
Condition [14], i.e., for any sequence {x"} with x" — x the inequality
liminf |[x" — x|| < liminf|[x" —y||
n—oo n—soo
holds for every y € H with y # x.
Definition 2.1. Given a mapping A : H — H, recall that

(1) A is said to be monotone if
(Ax—Ay,x—y) >0, Vx,y € H;

(ii) A is said to be a-inverse strongly monotone (or, o--ism) if there exists a constant o > 0
such that
(Ax — Ay, x—y) > o||Ax — Ay||?, Vx,y € H;
(ii1) A is said to be firmly nonexpansive if it is 1-ism.
(iv) A is said to be L-Lipschitz continuous if there exists a constant L > 0 such that

|Ax — Ay|| < Llx—yl|, Vx,y € H.

Remark 2.1. If A is an o-ism mapping, then A is monotone and Lipschitz continuous. The
converse is not true in general.
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Lemma 2.1. [21]. Let H be a real Hilbert space and let D be a nonempty, closed and convex
subset of H. Let the sequence {x"} C H be Fejér-monotone with respect to D, i.e., for every
u€eD,

W = < |~ ull, ¥n > 0.

Then {Pp(x")}:_, converges strongly to some z € D.

Lemma 2.2. [13]. Let H be a real Hilbert space, {0} be a real sequence satisfying a >
oy, < b <1 foralln>0, and let {v'};_, and {w"};,_, be two sequences in H such that for
some ¢ > 0,

limsup |V"]| < o, limsup [|[w"| < o,

n—soo n—so0
and
lim ||V + (1 — a)W"|| = ©.
n—yoo
Then

lim |[v" — w"|| = 0.
n—soo

Condition 2.1. Let F' and ¢ satisfy the following conditions:
(1) F(x,x) =0, Vx € C;
(2) F is monotone, i.e.,
F(x,y)+F(y,x) <0, Vx,y € C;
(3) Foreachy € C, x — F(x,y) is hemi-upper semicontinuous, i.e.,

for each x,y,z € C, limsup F (1z+ (1 —t)x,y) < F(x,y);

t—07t

(4) For each x € C, y — F(x,y) is convex and lower semicontinuous;
(5) ¢(-,-) is weakly continuous and (., y) is convex, i.e.,

t¢(xl7y) + (1 —l)(])(Xz,y) < ¢<tX1 + (1 —I)XQ,y), \V/XI,XZ eC, Vi € [07 1]’
(6) ¢ 1s generalized skew symmetric, 1.e.,
¢(x,x) =0 (x,y) + (1Y) —¢(3,2) + 9(2,2) = #(z,x) > 0, Vx,y,z € C.
We also need the following technical result.

Lemma 2.3. [19] Let H be a real Hilbert space and let C be a nonempty, closed, and convex
subset of H. Let F,¢ : C X C — R be nonlinear mappings satisfying Condition 2.1. For each
x € C, there exist a bounded subset Dy C C and z, € C such that, for any y € C\ Dy,

1
F(22) + (2 y) =9 0,3) + —{zx —y,y —2) <0. (2.3)
Define T, : H — C as follows:
Tz— { € C1F(x)) +9(n1) ~ 0x,) + Hy—xx—2) 20, Wy € 0}7 (2.4)

where r is a positive real number. Then the following statements hold:
(1) T,z is nonempty for each z € H;
(1) T is single-valued firmly nonexpansive;
(iii) Fix(7,)= Sol(MEP(1.1));
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(iv) Sol(MEP(1.1)) is convex and closed.
Remark 2.2. It follows from Lemma 2.3 (i)-(ii) that
rF(Tx,y) +ro (v, Trx) — r¢(Tox, Trx) + (Tx —x,y — T,x) > 0, Vy € C, Vx € H. (2.5)

Further, Lemma 2.3 (ii) implies that 7, is nonexpansive and furthermore, (2.1) implies that, for
all x,y € H, the following inequality holds.

I Tox = y)1* < [lx = y)I* = | Tx = x||* + 2rF (Tox,y) — 2r[9 (y, Tyx) — ¢ (Tox, Tyx)]. (2.6)
The function F : C x C — R is said to be 2-monotone if
F(x,y)+F(y,z) +F(z,x) <0, Vx,y,z € C.

By taking y = z, it is clear that every 2-monotone bi-function is a monotone bi-function. For
example, if F(x,y) = x(y — x), then F is a 2-monotone bi-function.

3. MAIN RESULTS

Let C be a nonempty, closed, and convex subsetof H. Let F : CxC —Rand ¢ :CxC — R
be bi-functions, and A : C — H be a monotone operator. Our algorithm is presented below.

Algorithm 3.1.

Initialization: Choose an arbitrary starting point x° € H.

Iterative Steps: Given the current iterate x”, compute:
Step 1. Compute

y' =T, (X" —r,Ax"),
construct the set
On={weH|{((x"—rAx")—y" ,w—y") <0}
and calculate the next iterate x" ! as follows
'xn+1 = TrnQn (‘xn - rnAyn)7

where T}, o, is defined by (2.4) with C = Q,.
Setn:=n+1 and go to Step 1.

Theorem 3.1. Let H be a real Hilbert space and let C be a nonempty, closed, and convex
subset of H. Let F : C x C — R be 2-monotone bi-function. Let ¢ : C x C — R be gen-
eralized skew-symmetric bi-function satisfying Condition 2.1 and A : C — H be an inverse-
strongly monotone mapping. Let the sequences {x"} and {y"} be generated by Algorithm 3.1
and u € Sol(MEP(1.1)). Then

||xn+1 _u||2 < ||xn _MHZ . (1 i (rnL)2>||yn _anZ7 Vn > 0. (3.1)
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Proof. Denote t" =T, o, (x" — r,Ay"), Vn > 0 and let u € Sol(MEP(1.1)). Using (2.5), (2.6)

and the definition of A, we estimate
[ —ul® < =AY — P — X — Ay — "]
+2r, F (1" u) + 21, (@ (u,t") — ¢ (¢",1")]
= X —ull® = " ="+ 2rn (A" — Auyu— ") + 2r (Auu — ")
21 (AY" 1" — Y+ 2r, F (" u) + 21, [@ (u, 1) — @ (¢",17)]

< =l = =P A 2 (A — ) 4 2r (A" Y — 1)
+2r, F (1" u) + 2r, (@ (u, ") — ¢ (", 17)]
<o =P [ =P A 2 (A Y 1)
21 [F (1", 0) + F (u,Y")] + 2r[¢ (u, ") — @ (¢",8") + ¢ (", 1) — ¢ (u, )]
< WP = =y P = Y =P =20 =Yy = 1)
+2r, (AY* Y — 1) 4 210 [F (u,y") + F (1", u)]
+2r [ (u, ") — @ (1", 1") + (V" 1) — ¢ (u, )]
< W —ulP = [ =y P = Y = =200 — (A, =)
21 (AX" — AY" 1" — YY) + 2 [F (u,Y") + F (", u)]
+2r [ (u, ") — @ (1",1") + (V" 1) — @ (u, )]
< —ulP = [ =y P = Y = P A 2 (A — A =y
+2r,[F (u,y") + F(Y", ")+ F (", u)]
+2r [ (u, 1) — (1", 1") + (V" u) — @ () + 9 (£",3") = 9 (", ")]
< w2 = [ =y = Y =2+ 2 (A — A = Y)
< —uP = =y )P = Y =P 4 2l A =AY [l =5,

where the last inequality follows the 2-monotonicity of F and the generalized skew symmetric
of ¢. Next, we can continue the evaluation and get

" —ull?> < —ul> = [l =y 2 = [ =P =P (L) =
< =l = (1= (L)) " =y,
O
Theorem 3.2. Let H be a real Hilbert space and let C be a nonempty, closed, and convex
subset of H. Let F : C x C — R be 2-monotone bi-function. Let ¢ : C x C — R be generalized
skew-symmetric bi-function satisfying Condition 2.1. Let A : C — H be monotone and Lipschitz
continuous on C with constant L > 0 and let r, < 1/L. Then any sequences {x"} and {y"}

generated by Algorithm 3.1 weakly converge to the same solution u* € Sol(MEP(1.1)) and
furthermore, u* = lim,,_,.. Pr(x"), where I' = Sol(MEP(1.1)).

Proof. Let u € T and define p = 1 — (r,L)%. From r, < L,p € (0,1), and (3.1), we have
plly" —x"|1* < I —ul®.
Using (3.1) with n < (n— 1), we have
plly" = x> +plly" =P < [l =
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Continuing this , we get for all integers n > 0, p Z —olly" —x"||> < ||x® — u||?>. Therefore
pY Iy =P < .
n=0

It follows that
lim ||y" —x"|| =0. 3.2)
n—oo

By (3.1), we see that sequence {x"} is bounded. So, there exists a weakly convergent subse-
quence {x"*} of {x"}, say x* — £. Tit follows from (3.2) that there exists a weakly convergent
subsequence {y"<} of {y"} such that y" — %.

First, let us show that £ € I'. The relation y" = T}, (x" — r,Ax") implies that

1
F(",y)+0(y") —00",y")+ r—<y—y",y" — (X" =r,AX")) >0, Vy € C,

n

and
1
O ") =00 y") + ==y y" =) 2 F(3y") +{Ax" " —y), Vy € C,
n
by the monotonicity of F'. It follows that

T

yk—x
) > F(y,y"™) + (AX"* y"™* —y), ¥y € C. (3.3)

O (3, y"™) — (", y"™) + (v — y"™,

N
For ¢, with 0 <7 < 1, lety, =ty+ (1 —t)% € C. Then from (3.3), we have

(Aye,ye — Y™y > (Ayr —AY"™,y; — y> O (e, Y™ ) + @ (Y™, y"™)
—(y— y"kyk_ )+ F (e, )™) + (AX™ — Ay y; — y™).

Since A is monotone and Lipschitz continuous, ||Ay* —Ax"|| — 0 as ||y"* —x"|| — 0. Further,
since F is weak lower semicontinuous in second argument and ¢ is weak continuous therefore
from the above inequality, we have

¢()’nf) - ¢<5C\7XA) Z F()’t,f) - (A}’z;)’t _XA>

Now,
0 = F()’ta)’z)
< tF(yy)+(1=1)F (y, %)
S tF(ytvy)+(1 t)[¢(y;, ) ¢< X, X )+<Aylayt >
< tF(yy)+(1- )[t[fb(y,) ¢(£,2)] + (1 —1)(Ayr, 1y + (1 = 1)£ = %)
= 1

t X
F(ye,y) +(1=1)[¢(y, %) — ¢ (£,%) + (Ayr,y — %).

Letting t — 0, we have
F(£,y)+ (%) — 9(£,%) + (AL, y— %) > 0, Vy € C,

which implies that X € T".
In order to show that the entire sequence weakly converges to X, we assume that there is
another subsequence {x"} of {x"} that weakly converges to some £’ # £ and £ € . From
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Theorem 3.1, it follows that the sequence {||x" — £||} is decreasing for each u € I'. By the
Opial’s Condition, we have

limy, o0 || — %] liminf;_,e [|x" — £|| < limy_se0 [|x" — ||
limy, o0 |[x" — &'|| = liminf;_e [[x" —&||
liminf;_,c, ||x" — X||

limy, o0 | X" — £]].

A

This is a contradiction. Thus £ = £. This implies that {x"} and {y"} converges weakly to
the same point £ € I'. Put u" = P-(x"). By (2.2) and Lemma 2.1, we see that {u"} converges
strongly to some £ € I'. We also have (£ —&/,% —£) > 0. Hence £ = &/, which completes the
proof. 0

Next, we give a modification of Algorithm 3.1 to find a common solution to Sol(MEP(1.1))
and Fix(S) (1.7) for a nonexpansive mapping S : C — C.

Algorithm 3.2.

Initialization: Choose an arbitrary starting point x° € H.

Iterative Steps: Given the current iterate x”, compute:
Step 1. Compute

Y' =T, (x" —r,Ax"),
construct the set
On={weH|{(x"—rAx")—y" ,w—y") <0}
and calculate the next iterate x" 1 as follows
P 0 X" + (1 — 04,) ST, 0, (X" — 1hAY").

Setn:=n+1 and go to Step 1.

Theorem 3.3. Let H be a real Hilbert space and let C be a nonempty, closed, and convex subset
of H. Let F : C x C — R be 2-monotone bi-function and let ¢ : C x C — R be generalized
skew-symmetric bi-function satisfying Condition 2.1. Let A : C — H be monotone and Lipschitz
continuous on C with constant L > 0 and let r,, < % Moreover, let S : C — C be a nonexpansive
mapping and 0y, C (0,1). Let {x"} and {y"} be any two sequences generated by Algorithm 3.2.
Then both the sequences weakly converge to the same solution u* € I', where I' = Fix(S)(1.7)N
Sol(MEP(1.1)) and furthermore,
u* = lim Pr(x").
n—oo

Proof. Denote t" = T,, on(x" — r,A(y")), VYn >0 and let u € I". As estimated in Theorem 3.1,
we have

2 2 2 2
" = uf|” < " = el |7 = (1 = (raL) ) [} " = "]
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Using (2.2), we have

I —ull? = ol = ul|* + (1 o) [|S2" — ul]® — @ (1 — o) [| (¥ — 1) = (St" —u)||?
<ol —u]+ (1 0)||St" — u]|?
<ol — ]+ (1= o) —ul®
< =l (1= o) (L) = 1) [l =y,
(3.4)
Hence, ||x"+! —u||? < ||x" — ul|?. It follows that
lim ||x" —u|| = 0. (3.5)
n—oo
So, {x"} and {¢"} are bounded. From (3.4), we have
(1= 0) (1= (raL)) [ =" |1 < 10" =] = [l =] ?,
and
Hxn _yn||2 < Hxn — qu — ”anrl — MH2
= (1=0p)(1—(ral)?)
Hence,
lim ||x" —y"|| =0. (3.6)
n—yoo
Note that
" =211 < 1Ay = raAx" (2 < (raL)?[ly" = 2"
It follows from (3.6) that
lim ||y" —¢"|| = 0. (3.7)
n—yoo
Using (3.6) and (3.7), we have
lim ||x" —¢"|| = 0. (3.8)
n—yoo

Since {x"} is bounded, we may assume that there exists a subsequence {x"/}§ which weakly
converges to some £ € H. We next show that £ € I'. By using the same approach d in the proof
of Theorem 3.2, we get £ € Sol(MEP(1.1)). It is now left to show that £ € Fix(S)(1.7). Now,
1St —u|| < ||" —u|| < ||x* —u]|. Using (3.5), we have limsup,,_... ||S" — u|| < o. Furthermore,

lim || —u|| = Tim |Joo, (X" —u) + (1 — 04, (S" — ) || = o. (3.9)
n—o0 n—oo

Now, applying Lemma 2.2, we have lim,_,. ||S"" — x"|| = 0. Since
182" = o | < (IS = St 4[]S — x| <l = 2"[| 4 [ St = X"

Using (3.8) and (3.9), we have lim,_ ||Sx" —x"|| = 0. Since S is nonexpansive on H, x*/ — £
and lim; . ||(I — S)(x™)|| = 0 we get from the Demiclosedness Principle that (I — S)% = 0,
which means that £ € Fix(S)(1.7). By using similar arguments to those used in the proof of
Theorem 3.2, we find that the entire sequence weakly converges to X. Therefore the sequences
{x"} and {y"} weakly converge to £ € I". Finally, we put «”" = Pr(x"*). By (2.2) and Lemma 2.1,
we see that {u"} converges strongly to some £ € I. We also have (£ — &', —£) > 0. Hence
£ = &/, which completes the proof. 0

Finally, we have the following results from Theorems 3.1 and 3.2.
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Corollary 3.1. Let H be a real Hilbert space and let C be a nonempty, closed, and convex subset
of H. Let F : C x C — R be 2-monotone bi-function satisfying Condition 2.1 and A : C — H
be an inverse-strongly monotone mapping. Let the sequences {x"} and {y"} be generated by
Algorithm 3.1 and u € Sol(GEP(1.4)). Then

e = < = = (1= (L)) [y = "%, ¥ > 0,

Corollary 3.2. Let H be a real Hilbert space and let C be a nonempty, closed, and convex subset
of H. Let F : C x C — R be 2-monotone bi-function satisfying Condition 2.1. Let A :C — H
be monotone and Lipschitz continuous on C with constant L > 0 and let r,, < 1 /L. Then any
sequences {x"} and {y"} generated by Algorithm 3.1 weakly converge to the same solution
u* € Sol(GEP(1.4)) and furthermore, u* = limy,_,0 Pr(x"), where I' = Sol(GEP(1.4)).

4. CONCLUSIONS

In this paper, We introduced the new extension of skew-symmetric bi-functions, called gen-
eralized skew-symmetric bi-functions. We also proposed two subgradient extragradient modifi-
cations for finding a common solution to mixed equilibrium problems and fixed point problems
in real Hilbert spaces. Strong convergence theorems of common solutions are established in
Hilbert spaces.
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