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Abstract. In this paper, we study a class of mixed equilibrium problems under the extended generalized α–η monotonicity in
finitely continuous topological spaces. Existence of solutions to the problems is established by relaxing the convexity structure
and the linearity condition by using the relatively Knaster-Kuratowski-Mazurkiewicz principle. We also propose an iterative
scheme based on auxiliary principle techniques. The results obtained in this paper improve and generalize some recent results
in the framework of FC spaces under weaker conditions. They are useful to solve problems, where the domain and range of the
underlying mappings lack the convexity structure.
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1. INTRODUCTION

Equilibrium problems are considered as the unifying concept that embodies various interesting and
important mathematical models, such as, optimization problems, game theory, variational inequalities
and complementarity problems. They were primarily introduced by Blum and Oettli [4]. Recently, they
have been extensively studied by many authors in the context of both Hilbert and Banach spaces under
different kinds of generalized monotonicities, such as, pseudomonotonicity, quasimonotonicity, relaxed
monotonicity and semimonotonicity. Generally the underlying functions in most of the equilibrium and
variational inequality problems involved in real life applications are not monotone. This fact motivates
many researchers to extend the concept of the monotonicity to more weaker form. Weaker versions of
the monotonicity like semimonotonicity and relaxed monotonicity have been studied by many authors.
Bai, Zhou and Ni [2] studied variational-like inequalities, under the relaxed η–α pseudomonotonicity.
Recently, Chen and Luo [5] introduced the relaxed η–α quasimonotone and the relaxed η–α proper
quasimonotone mappings to study generalized variational-like inequality problems. In all these results,
the underlying convexity assumptions appear to be strict from the viewpoint of applications. Sometimes
it is encountered that in the study of some real life problems the domain and range of mappings may
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lack the convexity structure. Such problems fit the framework of finitely continuous topological spaces
(in short FC-spaces) without any convexity and linear structure. This class of spaces was introduced by
Ding [6, 7] for generalized games and problems in mathematical economics.

The aim of this paper is to study mixed equilibrium problems under the extended generalized α-
monotonicity in FC-spaces with both qualitative and approximation approaches via an iterative scheme
with the aid of auxiliary principle techniques. We also discuss the existence of solutions under the
generalized α-pseudomonotonicity.

Let E be a finitely continuous topological space and let K be a finitely continuous subset of E. We
consider the following extended generalized mixed equilibrium problem: Find x̄ ∈ K such that

φ(y, x̄,z)+b(x̄,z)−b(x̄, x̄)≥ 0, for all y,z ∈ K, (1.1)

where φ : K×K→ R is a trifunction and b : E×E→ R is a bifunction.
Recently, the extended generalized mixed equilibrium problem has been studied by Pany-Mohapatra-

Pani [13] when K is an FC-subspace of a reflexive Banach space E. It involves particularly the problem
studied in FC-spaces by Wang [18]. If b ≡ 0 and φ(y,x,z) = ψ(x,η(z,x)), where η : K×K → E is a
mapping, then problem (1.1) is reduced to the following problem studied by Liu-Zeng in [12]:

Find x̄ ∈ K such that ψ(x̄,η(z, x̄))≥ 0, for all z ∈ K.

The following nonlinear mixed variational-like inequality problem

find x̄ ∈ K such that 〈N(x̄,y),η(z, x̄)〉+b(x̄,z)−b(x̄, x̄)≥ 0, ∀y,z ∈ K

studied in [13, 14], can be obtained as a special case of (1.1) if φ(y,x,z) = 〈N(x,y),η(z,x)〉, where
N : E×E → E∗ and η : K×K→ E. Here, E denotes a topological vector space with its dual space E∗

and K is an FC-subspace of E.
If φ(y,x,z) = ψ(x,z) and b≡ 0, then (1.1) is reduced to the following classical equilibrium problem,

introduced by Blum and Oettli [4]

find x̄ ∈ K such that ψ(x̄,z)≥ 0, for all z ∈ K.

The results obtained in this paper are new and improve recent existence results in literatures on equi-
librium problems and mixed variational inequalities in FC-spaces. The paper is organized as the fol-
lowing. In Section 2, we give some basic notions and preliminary results. In Section 3, existence of
solutions for extended generalized mixed equilibrium problem (1.1) are established by relaxing the con-
vexity condition and the linearity structure of the considered space and using the R-KKM (relatively
Knaster-Kuratowski-Mazurkiewicz) principle. The problem is studied under the relaxed α-monotonicity
and the relaxed α-pseudomonotonicity assumptions. Section 4 is devoted to the existence of solutions to
mixed variational-like inequalities in FC-spaces as applications of the main results obtained in Section
3. In Section 5, by means of the auxiliary principle techniques, we give an approximation of solutions
to problem (1.1), where K is an FC-subspace of E. We exhibit an algorithm which generates a sequence
converging strongly to a solution of problem (1.1), and give an application to the approximation of so-
lutions of mixed variational-like inequalities in FC-spaces. A conclusion on the study of solutions of
equilibrium problems and mixed variational inequalities in FC-spaces is given in the last section, Section
6.
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2. PRELIMINARIES

Let X be a topological space. We denote by 2X and 〈X〉 the family of all subsets of X and the family
of all nonempty finite subsets of X , respectively. For a subset A of X , we denote by clX(A) the closure of
A in X . Let 4n be the standard n-dimensional simplex with vertices e0,e1, · · · ,en. If J = {i0, i1, · · · , ik}
is a nonempty subset of {0,1, · · · ,n}, we denote by 4k = co({e j : j = 0, · · · ,k}) the convex hull of the
vertices {e j : j ∈ J}. For any given subset A of X , the compact closure of A, denoted by ccl(A), is defined
as

ccl(A) = ∩{B⊂ X : A⊂ B and B is compactly closed in X}.

Note that A is compactly closed if and only if ccl(A) = A.

Definition 2.1. Let Y be a nonempty set and K be a nonempty closed subset of a topological space X .
A set-valued mapping T : Y → 2K is said to be transfer closed-valued if, for any (y,x) ∈ Y ×K with
y /∈ T (x), there exists y′ ∈ Y such that x /∈ clK(T (y′)).

Remark 2.1. (i) It is easy to see that if T : Y → 2K is closed-valued, then it is transfer closed-valued.
(ii) If T : Y → 2K is transfer closed-valued, then it is transfer compactly closed-valued. For the

definition of transfer compactly closed-valued operators, we refer to Ding [8, Definition 3.1].

Definition 2.2. [8] Let Y be a nonempty set. Let K be a nonempty closed subset of a topological space
X and let ψ : Y ×K → R be a bifunction. Then, we say that ψ is transfer lower (respectively, upper)
semicontinuous in the second variable if, for each λ ∈R and (y,x)∈Y×K with ψ(y,x)> λ (respectively,
ψ(y,x)< λ ), there exists y′ ∈Y and a neighbourhood N(x) of x in K such that ψ(y′,z)> λ (respectively,
ψ(y′,z)< λ ) for all z ∈ N(x).

Remark 2.2. Let T : Y → 2K be a set-valued mapping defined by

T (y) = {x ∈ K : ψ(y,x)≤ λ}, (respectively, T (y) = {x ∈ K : ψ(y,x)≥ λ})

One can easily verify that T is transfer closed-valued if and only if ψ(y,x) is transfer lower (respectively,
upper) semicontinuous in x.

Proposition 2.1. [17] Let X and Y be two topological spaces, and let T : X → 2Y be a set-valued
mapping. Then, T is a transfer closed-valued mapping if and only if⋂

x∈X

T (x) =
⋂
x∈X

cl(T (x)).

The following notion of a finitely continuous topological space (in short, FC-space) was introduced
by Ding in [6].

Definition 2.3. (E,{φN}) is said to be an FC-space if E is a topological space and for each N =

{x0,x1, · · · ,xn} ∈ 〈X〉, there exists a continuous mapping φN :4n→ E. A subset K of (E,{φN}) is said
to be an FC-subspace of E if, for each N = {x0,x1, · · · ,xn} ∈ 〈X〉 and for each {xi0 ,xi1 , · · · ,xik} ⊂ K∩N,
φN(4k)⊂ K, where4k = co({e j : j = 0, · · · ,k}).

FC-spaces contain L-convex spaces [3], H-spaces [10] and G-convex spaces [15]. The following
example illustrates the concept of FC-space when the convex property fails for some sets.
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Example 2.1. Let C1 and C2 be two nonempty convex sets in a Banach space E with cl(C1)∩cl(C2) = /0.
Then C =C1∪C2 is not convex. Let l : C2→C1 be a mapping. For N = {x0,x1, · · · ,xn} ∈ 〈C〉, let us set
N1 = {x0,x1, · · · ,x j} ⊂C1 and N2 = {x j+1, · · · ,xn} ⊂C2. Define a mapping φN :4n→ E by

φN(t0, t1, · · · , tn) =

{
∑

n
i=0 tixi, if N ⊂C1 or N ⊂C2,

∑
j
i=0 tixi +∑

n
i= j+1 til(xi), if N = N1∪N2.

One can easily verify that φN is continuous, hence C is an FC-space.

Definition 2.4. Let X be a nonempty set and (E,{φN}) be an FC-space. A set-valued mapping T : X →
2E is said to be a generalized R-KKM mapping (or that the family of sets {T (x)}x∈X has the R-KKM
property) if, for each {x0,x1, · · · ,xn} ∈ 〈X〉, there exists N = {y0,y1, · · · ,yn} ∈ 〈E〉 such that for each
subset {i0, i1, · · · , ik} ⊂ {0,1, · · · ,n}, φN(4k)⊂ ∪k

j=0T (xi j).

Theorem 2.1. [9] Let X be a nonempty set and let (E,{φN}) be an FC-space. Let T : X → 2E be a
transfer compactly closed-valued set-valued mapping. Suppose that T is a generalized R-KKM mapping
and that for some M ∈ 〈X〉, ∩x∈Mccl(T (x)) is compact. Then, ∩x∈X T (x) 6= /0.

Definition 2.5. Let K be an FC-subspace of (E,{φN}). A trifunction φ : K×K×K→ R is said to be

(i) monotone if and only if φ(y,w,v)+φ(y,v,w)≤ 0, for all y,v,w ∈ K;
(ii) weakly relaxed α-monotone if and only if there exists α : E×E→ R such that

φ(y,x,z)+φ(y,z,x)≤ α(x,z), for all x,y,z ∈ K;

(iii) weakly relaxed α-pseudomonotone if and only if there exists α : E×E→ R such that

φ(y,x,z)≥ 0 =⇒ φ(y,z,x)≤ α(x,z), for all x,y,z ∈ K;

(iv) γ-strongly monotone (here E is supposed to be a normed space) if and only if there exists a
positive constant γ , such that,

φ(y,x,z)+φ(y,z,x)≤−γ‖x− z‖2, for all x,y,z ∈ K.

Definition 2.6. Let K be an FC-subspace of (E,{φN}). A bifunction b : K×K→ R is said to be

(i) skew-symmetric if and only if

b(x,z)+b(z,x)−b(x,x)−b(z,z)≤ 0, for all x,z ∈ K.

(ii) γ-strongly skew-symmetric (here E is supposed to be a normed space) if and only if there exists
a positive constant γ , such that,

b(x,z)+b(z,x)−b(x,x)−b(z,z)≤−γ‖x− z‖2, for all x,z ∈ K.

Remark 2.3. Skew-symmetric bifunctions have certain properties, see [1], which can be regarded as
analogs of the conditions governing the gradient monotonicity and nonnegativity of the second derivative
of convex functions.

Definition 2.7. Let K be an FC-subspace of (E,{φN}).
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(i) A function f : K→ R is said to be R-convex if, for each N = {x0,x1, · · · ,xn} ∈ 〈K〉,

f (xt)≤
n

∑
i=0

ti f (xi),

where xt = φN(∑
n
i=0 tiei), ti ∈ [0,1], ∑

n
i=0 ti = 1.

(ii) A trifunction φ : K×K×K→R is said to be R-upper hemicontinuous if, for any N = {x0,x1} ∈
〈K〉 and y,z ∈ K,

limsup
t→0+

φ(y,xt ,z)≤ φ(y,x0,z),

where xt = φN((1− t)e0 + te1), t ∈ [0,1].

Definition 2.8. Let K be an FC-subspace of (E,{φN}), where E is a topological vector space with dual
E∗. If T : K→ E∗ and η : K×K→ E, then T is said to be (η ,R)-upper hemicontinuous if for for any
N = {x0,x1} ∈ 〈K〉 and z ∈ K,

limsup
t→0+

〈T (xt),η(z,xt)〉 ≤ 〈T (x0),η(z,x0)〉,

where xt = φN((1− t)e0 + te1), t ∈ [0,1].

Definition 2.9. Let K be an FC-subspace of (E,{φN}). A trifunction φ : K×K×K → R is said to be
λ -generalized R-diagonally convex if for each finite subsets {y0, · · · ,yn} and N = {x0, · · · ,xn} of K, and

any xt = φN(
n

∑
i=0

tiei) (ti ≥ 0,
n

∑
i=1

ti = 1), we have

n

∑
i=0

tiφ(yi,xt ,xi)≥ 0.

Definition 2.10. Let K be an FC-subspace of (E,{φN}), where E is a topological vector space with dual
space E∗. Let N : K×K→E∗ be a nonlinear operator and let η : E×E→E be a vector-valued bifunction.
The operator N is said to be (η ,λ )-generalized R-diagonally convex if for each finite subsets {y0, · · · ,yn}

and N = {x0, · · · ,xn} of K, and any xt = φN(
n

∑
i=0

tiei) (ti ≥ 0,
n

∑
i=1

ti = 1), we have
n

∑
i=1

ti〈N(xt ,yi),η(xi,xt)〉 ≥

λ .

Definition 2.11. Let K be an FC-subspace of (E,{φN}), where E is a topological vector space with dual
space E∗. Let N : E×E → E∗ be a nonlinear operator and let η : E×E → E. The operator N is said to
be

(i) η-monotone if and only if 〈N(x,y)−N(z,y),η(x,z)〉 ≥ 0 for all x,y,z ∈ K;
(ii) weakly relaxed (η ,α)-monotone if and only if there exists α : E×E→ R such that

〈N(x,y)−N(z,y),η(x,z)〉 ≥ α(z,x) for all x,y,z ∈ K.

Remark 2.4. Let N : E × E → E∗ be a nonlinear operator and η : E × E → E such that η(w,v) =
−η(v,w). If N is weakly relaxed (η ,−α)-monotone, then the trifunction φ : E×E×E→ R defined by
φ(y,w,v) = 〈N(w,y),η(v,w)〉 is weakly relaxed α-monotone.

Definition 2.12. Let K be an FC-subspace of (E,{φN}), where E is a topological vector space with dual
E∗. If T : K→ E∗ and η : K×K→ E, then T is said to be

(i) δ -strongly positive if and only if there exists δ > 0 such that 〈T (w),w〉 ≥ δ‖w‖2, for all w ∈ E;
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(ii) monotone if and only if 〈T (w)−T (v),w− v〉 ≥ 0, for all w,v ∈ K;
(iii) γ-strongly monotone if and only if there exists γ > 0 such that 〈T (w)−T (v),w−v〉 ≥ γ‖w−v‖2,

for all w,v ∈ K.

Remark 2.5. If T : E → E∗ is linear, bounded and δ -strongly positive, then it is δ -strongly monotone
and ‖T‖-Lipschitz continuous, i.e. ‖T (w)−T (v)‖ ≤ ‖T‖ ‖w− v‖ where ‖T‖ is the norm of T .

3. EXISTENCE RESULTS

In this section, we give some existence results for the mixed equilibrium problem (1.1) under gener-
alized monotonicity conditions in the general setting of FC-spaces without any linear structure.

Lemma 3.1. Let (E,{φN}) be an FC-space and let K be a nonempty closed FC-subspace of E. Let
φ : K×K×K→ R be a real-valued trifunction and let b : E×E → R be a real-valued bifunction such
that

(i) φ weakly relaxed α-monotone, 0-generalized R-diagonally convex and R-upper hemicontinuous;
(ii) b is R-convex with respect to the second argument;

(iii) α : E×E→ R is R-convex with respect to the second argument, with parameter t2, i.e.,

α(z,xt)≤ (1− t2)α(z,x1)+ t2
α(z,x2),

where xt = φN((1− t)e0+ te1), t ∈ [0,1] and N = {x1,x2} ∈ 〈K〉, and satisfies α(u,u) = 0 for all
u ∈ K.

Then the following problems are equivalent:

x̄ ∈ K, φ(y, x̄,z)+b(x̄,z)−b(x̄, x̄)≥ 0, for all y,z ∈ K, (3.1)

x̄ ∈ K, φ(y,z, x̄)+b(x̄, x̄)−b(x̄,z)≤ α(x̄,z), for all y,z ∈ K. (3.2)

Proof. Let x̄ ∈ K be a solution of (3.1). Since φ is weakly relaxed α-monotone, we have

φ(y,z, x̄)+b(x̄, x̄)−b(x̄,z)≤ α(x̄,z)−φ(y, x̄,z)+b(x̄, x̄)−b(x̄,z)

≤ α(x̄,z), for all y,z ∈ K.

So x̄ is a solution of (3.2). Conversely, let x̄ be a solution of (3.2) and z be an arbitrary element of K. Let
N = {x̄,z} ∈ 〈K〉 and

xt = φN((1− t)e0 + te1), t ∈ (0,1).

So xt ∈ K. Now replacing z by xt in (3.2), we have,

φ(y,xt , x̄)≤ α(x̄,xt)+b(x̄,xt)−b(x̄, x̄). (3.3)

On the other hand, by using the 0-generalized R-diagonal convexity of φ , we have

tφ(y,xt ,z)+(1− t)φ(y,xt , x̄)≥ 0 (3.4)

Using relation (3.3) and the R-convexity of b(x̄, ·), we have from realtion (3.4) that

0≤ tφ(y,xt ,z)+(1− t) [α(x̄,xt)+ tb(x̄,z)+(1− t)b(x̄, x̄)−b(x̄, x̄)]

≤ t
[

φ(y,xt ,z)+(1− t)b(x̄,z)− (1− t)b(x̄, x̄)+(1− t)
α(x̄,xt)

t

]
.
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Hence, by using (iii), we deduce

φ(y,wt ,v)+(1− t)b(w̄,v)− (1− t)b(w̄, w̄)+(1− t)tα(x̄,z)≥ 0. (3.5)

Since φ is R-upper hemicontinuous, it follows, by considering the upper limit when t→ 0+ in (3.5), that

φ(y, x̄,z)+b(x̄,z)−b(x̄, x̄)≥ 0.

So x̄ satisfies (3.1). This completes the proof. �

Theorem 3.1. Let (E,{φN}) be an FC-space and let K be a nonempty closed FC-subspace of E. Let φ :
K×K×K→R be a real-valued trifunction such that φ(y,z,z) = 0 for all y,z ∈ K, and let b : E×E→R
be a real-valued bifunction. Suppose that

(i) φ is weakly relaxed α-monotone and R-upper hemicontinuous;
(ii) φ is 0-generalized R-diagonally convex and b is R-convex with respect to the second argument;

(iii) For each y ∈ K fixed, the bifunction φy : K×K → R defined by φy(z,x) = φ(y,z,x)+ b(x,x)−
b(x,z)−α(x,z) is transfer lower semicontinuous with respect to the second argument;

(iv) α : E×E→ R is R-convex with respect to the second argument, with parameter t2, i.e.,

α(z,xt)≤ (1− t2)α(z,x1)+ t2
α(z,x2),

where xt = φN((1− t)e0+ te1), t ∈ [0,1] and N = {x1,x2} ∈ 〈K〉, and satisfies α(u,u) = 0 for all
u ∈ K;

(v) (Coercivity) There exists a nonempty compact subset D of K and z0 ∈ D, y0 ∈ D such that

φ(y0,z0,w)+b(w,w)−b(w,z0)> α(w,z0), for all w ∈ K \D.

Then problem (1.1) has at least one solution.

Proof. Let
A = {y1,y2, · · · ,yn} ∈ 〈K〉

and
Ã = {y1,y2, · · · ,yn}∪{y0},

where y0 ∈ D given in the coercivity condition (v). For z ∈ K, let us consider the following set

T(z) =
⋂
y∈Ã

{x ∈ K : φ(y,z,x)+b(x,x)−b(x,z)≤ α(x,z)}.

Note that T(z) 6= /0 since it contains z. We claim that
⋂

z∈K T(z) 6= /0. To verify this affirmation, we apply
Lemma 2.1. To this aim, first we verify that the family of sets {T(z)}z∈K has the R-KKM property.
Suppose by contradiction that there exists N = {z0,z1, · · · ,zn} ∈ 〈K〉 such that

φN(4n)*
n⋃

i=0

T(zi).

Thus, there exists zt = φN(∑
n
i=0 tiei) with ti ≥ 0 for i = 0, · · · ,n and ∑

n
i=0 ti = 1 such that zt /∈ T(zi) for all

i = 0, · · · ,n. Hence, for each i ∈ {0, · · · ,n}, there exists yi ∈ Ã such that

φ(yi,zi,zt)+b(zt ,zt)−b(zt ,zi)> α(zt ,zi).

Since φ is weakly relaxed α-monotone, it follows that

φ(yi,zt ,zi)< b(zt ,zt)−b(zt ,zi), for all i = 0, · · · ,n.
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Hence,
n

∑
i=0

tiφ(yi,zt ,zi)< b(zt ,zt)−
n

∑
i=0

tib(zt ,zi)≤ b(zt ,zt)−b(zt ,zt) = 0,

which is in contradiction with (ii). On the other hand, from condition (iii) and by taking account of
Remark 2.2 and Proposition 2.1, we deduce for each y ∈ Ã that⋂

z∈K

{x ∈ K : φy(z,x)≤ 0}=
⋂
z∈K

cl({x ∈ K : φy(z,x)≤ 0}),

where φy is the real-valued bifunction defined in condition (iii). It follows that⋂
y∈Ã

⋂
z∈K

{x ∈ K : φy(z,x)≤ 0}=
⋂
y∈Ã

⋂
z∈K

cl({x ∈ K : φy(z,x)≤ 0}),

which implies⋂
z∈K

T(z) =
⋂
z∈K

⋂
y∈Ã

cl({x ∈ K : φy(z,x)≤ 0})⊇
⋂
z∈K

cl(
⋂
y∈Ã

{x ∈ K : φy(z,x)≤ 0}).

As a consequence, we obtain that ⋂
z∈K

T(z) =
⋂
z∈K

cl(T(z)). (3.6)

Since the family of sets {T(z)}z∈K has the R-KKM property, it follows that {cl(T(z))}z∈K has also the
R-KKM property. Now, let us verify that cl(T(z0)) is a compact set. Indeed, let w ∈ T(z0). Then,

φ(y,z0,w)+b(w,w)−b(w,z0)≤ α(w,z0), for all y ∈ Ã.

Since y0 ∈ Ã, it follows that

φ(y0,z0,w)+b(w,w)−b(w,z0)≤ α(w,z0). (3.7)

If w /∈ D, then w ∈ K \D . Hence from the coercivity condition (v), we deduce that

φ(y0,z0,w)+b(w,w)−b(w,z0)> α(w,z0),

which is in contradiction with (3.7). Therefore, T(z0) ⊂ D, which implies that cl(T(z0)) is a compact
subset of E. Thus, by using Lemma 2.1, we deduce that ∩z∈Kcl(T(z)) 6= /0. Consequently, we derive
from (3.6) that

/0 6=
⋂
z∈K

T(z)⊂ D.

Hence, we have proved that, for any {y1, · · · ,yn} ∈ 〈K〉, there exists x ∈ D such that

φ(yi,z,x)+b(x,x)−b(x,z)≤ α(x,z), ∀z ∈ K, ∀i = 1, · · · ,n. (3.8)

For y ∈ K, let us consider the set

U(y) = {x ∈ D : φ(y,z,x)+b(x,x)−b(x,z)≤ α(x,z), ∀z ∈ K}.

From (3.8), we have that U(y) 6= /0 for each y ∈ K, and
n⋂

i=1

U(yi) 6= /0, for each {y1, · · · ,yn} ∈ 〈K〉.

Furthermore, since U(y) can be written as the following

U(y) =
⋂
z∈K

{x ∈ D : φ(y,z,x)+b(x,x)−b(x,z)≤ α(x,z)},
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it follows from assumption (iii) and Proposition 2.1 that

U(y) =
⋂
z∈K

cl({x ∈ D : φ(y,z,x)+b(x,x)−b(x,z)≤ α(x,z)}).

Thus, {U(y)}y∈K is a family of closed subsets of D which has the finite intersection property. Therefore,⋂
y∈K

U(y) 6= /0.

This means that there exists x̄ ∈ D such that

φ(y,z, x̄)+b(x̄, x̄)−b(x̄,z)≤ α(x̄,z), ∀z ∈ K, ∀y ∈ K.

By using Lemma 3.1, we deduce that x̄ is a solution of the problem (1.1). This completes the proof. �

Remark 3.1. The assumption (iii) of Theorem 3.1 is satisfied if the following three conditions hold:

(1) For each y,z ∈ K, the function x ∈ K×K 7→ φ(y,z,x) is lower semicontinuous;
(2) b is lower semicontinuous and upper semicontinuous with respect to the first argument;
(3) limsupα(xλ ,z)≤ α(x,z) for any net xλ converging to x and z ∈ K.

Remark 3.2. In Theorem 3.1, let us suppose that E is a reflexive Banach space endowed with the weak
topology σ(E,E∗), K is an FC-subspace of E such that int(K) 6= /0 and α ≡ 0, i.e., φ : K×K×K→ R
is monotone. Furthermore, let us assume that φ is convex and lower semicontinuous with respect to the
third argument and that φ(y,x,x) = 0 for all y,x ∈ K. Then the coercivity assumption (v) in Theorem 3.1
is satisfied if the following property holds: There exists z0 ∈ int(K) such that

b(w,z0)−b(w,w)
‖w− z0‖

→−∞ when ‖w− z0‖→+∞. (3.9)

Indeed, since z0 ∈ int(K), there exists r > 0 such that K contains the closed ball

B̄(z0,r) := {z ∈ E : ‖z− z0‖ ≤ r}

of E. We have that B̄(z0,r) is a convex and σ(X ,X∗)-compact subset of E. Since the function φ(z0,z0, ·)
is lower semicontinuous, it follows that there exists k0 ∈ R such that

φ(z0,z0,x)> k0, for all x ∈ B̄(z0,r). (3.10)

Let w ∈ K \ B̄(z0,r) and let us set

w̃ =
r

‖w− z0‖
w+(1− r

‖w− z0‖
)z0,

due to w̃ ∈ B̄(z0,r). From (3.10), we have that φ(z0,z0, w̃)> k0. Since φ(z0,z0, ·) is a convex function, it
follows that

r
‖w− z0‖

φ(z0,z0,w)+(1− r
‖w− z0‖

)φ(z0,z0,z0)> k0.

Hence,

φ(z0,z0,w)>
k0

r
‖w− z0‖, for all w ∈ K \ B̄(z0,r). (3.11)

It follows that

φ(z0,z0,w)+b(w,w)−b(w,z0)> ‖w− z0‖[
k0

r
− b(w,z0)−b(w,w)

‖w− z0‖
], ∀w ∈ K \ B̄(z0,r). (3.12)
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From (3.9) and (3.12), we deduce that there exists r̄ > 0 such that

φ(z0,z0,w)+b(w,w)−b(w,z0)> 0, for all w ∈ K \ B̄(z0, r̄),

which completes the proof of the assertion.

We give the following existence result for problem (1.1) when φ is relaxed weakly α-pseudomonotone
and b≡ 0.

Theorem 3.2. Let (E,{φN}) be an FC-space and K be a nonempty closed FC-subspace of E. Let
φ : K×K×K→ R be a real-valued trifunction such that φ(y,z,z) = 0 for all y,z ∈ K. Suppose that

(i) φ is weakly relaxed α-pseudomonotone and R-upper hemicontinuous;
(ii) φ is 0-generalized R-diagonally convex;

(iii) For each y ∈ K fixed, the bifunction φy : K×K → R defined by φy(z,x) = φ(y,z,x)−α(x,z) is
transfer lower semicontinuous with respect to the second argument;

(iv) α : E×E→ R is R-convex with respect to the second argument, with parameter t2, i.e.,

α(z,xt)≤ (1− t2)α(z,x1)+ t2
α(z,x2),

where xt = φN((1− t)e0+ te1), t ∈ [0,1] and N = {x1,x2} ∈ 〈K〉, and satisfies α(u,u) = 0 for all
u ∈ K;

(v) (Coercivity) There exists a nonempty compact subset D of K and z0 ∈ D, y0 ∈ D such that

φ(y0,z0,w)> α(w,z0), for all w ∈ K \D.

Then, there exists x̄ ∈ K such that

φ(y, x̄,z)≥ 0, for all y,z ∈ K.

Proof. We follow a similar development to the one used in the proof of Theorem 3.1. For z ∈ K, let us
consider the following set

M(z) =
⋂
y∈Ã

{x ∈ K : φ(y,z,x)≤ α(x,z)},

with Ã = {y1,y2, · · · ,yn}∪{y0}, where {y1,y2, · · · ,yn} is an arbitrary finite subset of K and y0 is the ele-
ment of K considered in the coercivity condition (v). By using the weakly relaxed α-pseudomonotonicity
of φ and condition (ii), we verify that the family of sets {M(z)}z∈K has the R-KKM property. From con-
dition (iii) and by taking account of Remark 2.2 and Proposition 2.1, we deduce that, for each y ∈ Ã,⋂

z∈K

{x ∈ K : φy(z,x)≤ 0}=
⋂
z∈K

cl({x ∈ K : φy(z,x)≤ 0}),

where φy is the real-valued bifunction defined in condition (iii). It follows that⋂
y∈Ã

⋂
z∈K

{x ∈ K : φy(z,x)≤ 0}=
⋂
y∈Ã

⋂
z∈K

cl({x ∈ K : φy(z,x)≤ 0}),

which implies⋂
z∈K

M(z) =
⋂
z∈K

⋂
y∈Ã

cl({x ∈ K : φy(z,x)≤ 0})⊇
⋂
z∈K

cl(
⋂
y∈Ã

{x ∈ K : φy(z,x)≤ 0}).

As a consequence, we obtain that ⋂
z∈K

M(z) =
⋂
z∈K

cl(M(z)). (3.13)
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Since the family of sets {M(z)}z∈K has the R-KKM property, it follows that {cl(M(z))}z∈K has also the
R-KKM property. Similarly as in the proof of Theorem 3.1, we have cl(M(z0)) ⊂ D and hence it is a
compact set. Thus, by using Lemma 2.1, we deduce that ∩z∈Kcl(M(z)) 6= /0. Consequently, we derive
from (3.13) that

/0 6=
⋂
z∈K

M(z)⊂ D.

Hence, we have proved that for any {y1, · · · ,yn} ∈ 〈K〉 there exists x ∈ D such that

φ(yi,z,x)≤ α(x,z), ∀z ∈ K, ∀i = 1, · · · ,n. (3.14)

For y ∈ K, let us consider the set

V(y) = {x ∈ D : φ(y,z,x)≤ α(x,z), ∀z ∈ K}.

From (3.14) we have that V(y) 6= /0 for each y ∈ K, and
n⋂

i=1

V(yi) 6= /0, for each {y1, · · · ,yn} ∈ 〈K〉.

Furthermore, by using assumption (iii) and Proposition 2.1, we have

V(y) =
⋂
z∈K

cl({x ∈ D : φ(y,z,x)≤ α(x,z)}).

Thus, {V(y)}y∈K is a family of closed subsets of D which has the finite intersection property. Therefore,⋂
y∈K

V(y) 6= /0.

This means that there exists x̄ ∈ D such that

φ(y,z, x̄)≤ α(x̄,z), ∀z ∈ K, ∀y ∈ K.

To conclude, we argue as in the proof of Lemma 3.1. �

4. APPLICATIONS TO MIXED VARIATIONAL-LIKE INEQUALITIES IN FC-SPACES

In this section, let (E,{φN}) be an FC-space and K be a nonempty FC-subspace of E, where E is a
topological vector space. We consider the following nonlinear mixed variational-like inequality problem,
in short NMVLIP:

Find x̄ ∈ K such that 〈N(x̄,y),η(z, x̄)〉+b(x̄,z)−b(x̄, x̄)≥ 0, for all y,z ∈ K, (4.1)

where N : E×E → E∗ is a nonlinear operator with E∗ as the topological dual of E, b : E×E → R is a
bifunction and η : K×K→ E is a vector-valued bifunction.

Problem (5.15) was introduced and studied recently by Pany-Mohapatra-Pani [13] in the setting of
FC-spaces. Numerous mixed variational inequalities studied earlier can be obtained as special cases
from inequality problem (5.15), see, e.g., [11, 16] and the references therein.

Theorem 4.1. Let K be a nonempty closed FC-subspace of (E,{φN}), where E is a topological vector
space with dual space E∗. Let N : K×K→ E∗ be a nonlinear operator, b : K×K→ R be a real-valued
bifunction and η : E×E→ E be a vector-valued bifunction. Suppose that

(i) N is weakly relaxed (η ,α)-monotone, and N(y, ·) is (η ,R)-upper hemicontinuous for each y∈K;
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(ii) N is (η ,0)-generalized R-diagonally convex and b is R-convex with respect to the second argu-
ment;

(iii) For each y ∈ K fixed, the bifunction φy : K×K → R defined by φy(z,x) = 〈N(z,y),η(x,z)〉+
b(x,x)−b(x,z)−α(x,z) is transfer lower semicontinuous with respect to the second argument;

(iv) α : E×E→ R is R-convex with respect to the second argument, with parameter t2, i.e.,

α(z,xt)≤ (1− t2)α(z,x1)+ t2
α(z,x2),

where xt = φN((1− t)e0+ te1), t ∈ [0,1] and N = {x1,x2} ∈ 〈K〉, and satisfies α(u,u) = 0 for all
u ∈ K;

(v) (Coercivity) There exists a nonempty compact subset D of K and z0 ∈ D, y0 ∈ D such that

〈N(z0,y0),η(w,z0)〉+b(w,w)−b(w,z0)> α(w,z0), for all w ∈ K \D.

Then the nonlinear mixed variational-like inequality problem (5.15) has at least one solution.

Proof. It suffices to apply Theorem 3.1 with φ(y,x,z) = 〈N(x,y),η(z,x)〉. �

Remark 4.1. Theorem 4.1 improves Theorem 2 in [13]. Moreover, by the approach developed in this
paper, we give a new proof of Theorems 2 and 5 in [13].

5. APPROXIMATIONS USING THE AUXILIARY PRINCIPLE TECHNIQUE

In this section, we introduce an iterative method to approximate the solution of the generalized mixed
equilibrium problem studied in this paper. It is based on the auxiliary principle technique.

Let K be an FC-subspace of (E,{φN}), where E is a Banach space with dual space E∗. We consider
the following generalized mixed equilibrium problem :

(MEP)

{
Find x̄ ∈ K, such that

ψ(y, x̄,z)+ϕ(x̄,z)−ϕ(x̄, x̄)≥ 0, for all y,z ∈ K,
(5.1)

where ψ : K×K×K→ R is a trifunction and ϕ : K×K→ R is a bifunction.
In order to approximate the solutions of problem (5.1), we consider the following auxiliary problem:

For u ∈ K and ρ > 0,

(AP)

{
Find x̄ ∈ K, such that for all y,z ∈ K,

ρ [ψ(y, x̄,z)+ϕ(x̄,z)−ϕ(x̄, x̄)]+ 〈T (z)−T (x̄), x̄−u〉 ≥ 0
(5.2)

where T : E→ E∗ is a given linear operator.
First, we study the existence of solution for auxiliary problem (5.2).

Theorem 5.1. Let K be a nonempty closed FC-subspace of (E,{φN}), where E is a Banach space with
dual space E∗. Let ψ : K×K×K → R be a real-valued trifunction, ϕ : E ×E → R be a real-valued
bifunction and T : E→ E∗ be a δ -strongly positive bounded linear operator. Suppose that

(i) ψ is monotone and 0-generalized R-diagonally convex;
(ii) ϕ is skew symmetric, R-convex with respect to the second argument;

(iii) ψ is R-upper hemicontinuous and the function z ∈ K 7→ ψ(y,x,z) is lower semicontinuous for
each fixed x,y ∈ K;

(iv) ϕ is lower semicontinuous and upper semicontinuous with respect to the first argument;
(v) for each fixed z ∈ K, the function x ∈ K 7→ 〈T (x),z〉 is R-convex;
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(vi) (Coercivity) for each u∈K, there exists a nonempty compact subset Du of K and z0 ∈Du, y0 ∈Du

such that

ρ [ψ(y0,z0,w)+ϕ(w,w)−ϕ(w,z0)]+ 〈T (w)−T (z0),w−u〉> 0, ∀w ∈ K \Du.

Then for each u ∈ K, the auxiliary problem (5.2) has a unique solution.

Proof. The existence of solution for the auxiliary problem (5.2) follows from Theorem 3.1 by considering
the trifunction φ : K×K×K→ R and the bifunction b : E×E→ R defined by

φ(y,x,z) = ρψ(y,x,z), and b(x,z) = ρ [ϕ(x,z)−ϕ(x,x)]+ 〈T (z)−T (x),x−u〉.

We need only to verify the uniqueness of the solution of the problem (5.2) . To this aim, suppose that the
problem (5.2) has two solutions x1 and x2 in K. Then, for all y,z ∈ K, we have

ρ [ψ(y,x1,z)+ϕ(x1,z)−ϕ(x1,x1)]+ 〈T (z)−T (x1),x1−u〉 ≥ 0, (5.3)

ρ [ψ(y,x2,z)+ϕ(x2,z)−ϕ(x2,x2)]+ 〈T (z)−T (x2),x2−u〉 ≥ 0. (5.4)

By considering z = x2 in (5.3) and z = x1 in (5.4), and adding the two obtained inequalities, we get

〈T (x2− x1),x2− x1〉 ≤ ρ[ψ(y,x1,x2)+ψ(y,x2,x1)

+ϕ(x2,x1)+ϕ(x1,x2)−ϕ(x1,x1)−ϕ(x2,x2)].

Since ψ is monotone, ϕ is skew symmetric and T is δ -strongly positive, it follows that

0≥ 〈T (x2− x1),x2− x1〉 ≥ −δ‖x1− x2‖2.

Therefore x1 = x2, which completes the proof. �

Now we give an iterative scheme to approximate the solution of generalized mixed equilibrium prob-
lem (5.1).

Algorithm (A ):

Step 0: Take {ρn}n∈N ⊂]0,+∞[ such that ρn→+∞,
choose w0 ∈ K arbitrary, and let n := 0.

Step 1: Given un ∈ K, compute un+1 ∈ K such that for all y,z ∈ K,

ρn+1 [ψ(y,un+1,z)+ϕ(un+1,z)−ϕ(un+1,un+1)]+ 〈T (z)−T (un+1),un+1−un〉 ≥ 0. (5.5)

Update n := n+1 and go to Step 1.

In the following theorem, we study the convergence of the algorithm (A ).

Theorem 5.2. Let K be a nonempty closed FC-subspace of (E,{φN}), where E is a Banach space with
dual space E∗. Let ψ : K×K×K → R be a real-valued trifunction, ϕ : E ×E → R be a real-valued
bifunction and T : E→ E∗ be a δ -strongly positive bounded linear operator. Suppose that

(i) ψ is monotone and 0-generalized R-diagonally convex;
(ii) ϕ is γ-strongly skew symmetric, R-convex with respect to the second argument;

(iii) ψ is R-upper hemicontinuous and the function z ∈ K 7→ ψ(y,x,z) is lower semicontinuous for
each fixed x,y ∈ K;

(iv) ϕ is lower semicontinuous and upper semicontinuous with respect to the first argument;
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(v) for each fixed z ∈ K, the function x ∈ K 7→ 〈T (x),z〉 is R-convex;
(vi) (Coercivity) for each u∈K, there exists a nonempty compact subset Du of K and z0 ∈Du, y0 ∈Du

such that

ρ [ψ(y0,z0,w)+ϕ(w,w)−ϕ(w,z0)]+ 〈T (w)−T (z0),w−u〉> 0, ∀w ∈ K \Du.

Furthermore, we assume that the following condition hold:

(C ) ∃k ∈]0,1[, such that
ρn+1

ρn

‖T‖
[δ + γρn+1]

< k.

Then the iterative sequence {un}n∈N generated by the Algorithm (A ) converges strongly to a solution
u ∈ K of mixed equilibrium problem (5.1).

Proof. Let us consider the relation (5.5) for un+1 and un. Then, for all y,z ∈ K,

ρn+1 [ψ(y,un+1,z)+ϕ(un+1,z)−ϕ(un+1,un+1)]+ 〈T (z)−T (un+1),un+1−un〉 ≥ 0, (5.6)

and
ρn [ψ(y,un,z)+ϕ(un,z)−ϕ(un,un)]+ 〈T (z)−T (un),un−un−1〉 ≥ 0. (5.7)

By taking z = un in relation (5.6) and z = un+1 in relation (5.7), we obtain after dividing by ρn and ρn+1

and adding the two obtained inequalities

[ψ(y,un+1,un)+ψ(y,un,un+1)]+ [ϕ(un+1,un)+ϕ(un,un+1)−ϕ(un+1,un+1)

−ϕ(un,un)]−
1

ρn+1
〈T (un+1−un),un+1−un〉+

1
ρn
〈T (un+1−un),un−un−1〉 ≥ 0.

(5.8)

Since ψ is monotone and ϕ is γ-strongly skew-symmetric, it follows from relation (5.8) that

−γ‖un+1−un‖2− 1
ρn+1

〈T (un+1−un),un+1−un〉+
1
ρn
〈T (un+1−un),un−un−1〉 ≥ 0. (5.9)

Hence,
1
ρn
〈T (un+1−un),un−un−1〉 ≥ γ‖un+1−un‖2 +

1
ρn+1

〈T (un+1−un),un+1−un〉. (5.10)

Since T is δ -strongly positive and bounded, it follows from (5.10) that

‖T‖
ρn
‖un+1−un‖‖un−un−1‖ ≥ γ‖un+1−un‖2 +

δ

ρn+1
‖un+1−un‖2.

Therefore,

(γ +
δ

ρn+1
)‖un+1−un‖2 ≤ ‖T‖

ρn
‖un+1−un‖‖un−un−1‖. (5.11)

This implies

‖un+1−un‖ ≤
(

ρn+1

ρn

‖T‖
[δ + γρn+1]

)
‖un−un−1‖. (5.12)

Hence, by taking into account of the condition (C ), we deduce

‖un+1−un‖ ≤ k ‖un−un−1‖.

Therefore the sequence {un}n∈N ⊂ K is a Cauchy sequence and hence converges strongly to a point
ū ∈ K. Now, let us verify that ū is a solution of mixed equilibrium problem (5.1). To this aim, from
relation (5.6) we have, for all y,z ∈ K,

[ψ(y,un+1,z)+ϕ(un+1,z)−ϕ(un+1,un+1)]+
1

ρn+1
〈T (z)−T (un+1),un+1−un〉 ≥ 0. (5.13)



GENERALIZED MIXED EQUILIBRIUM PROBLEMS IN FC-SPACES 197

Since ψ is monotone, we deduce

[ϕ(un+1,z)−ϕ(un+1,un+1)]+
1

ρn+1
〈T (z)−T (un+1),un+1−un〉 ≥ ψ(y,z,un+1). (5.14)

By considering the lower limit when n → +∞ in the previous inequality, and taking account of the
conditions (iii) and (iv), we obtain

ϕ(ū,z)−ϕ(ū, ū)≥ ψ(y,z, ū) for all y,z ∈ K.

We complete the proof by using Lemma 3.1 with φ = ψ , b(x,z) = ϕ(x,z)−ϕ(x,x) and α ≡ 0. �

Remark 5.1. The condition (C ) is satisfied if we consider for instance ρn = np with p> 1. The algorithm
(A ) is as fast as p takes high values.

Now, as an application, we study the approximation of solutions for the following nonlinear mixed
variational-like inequality: Find x ∈ K such that

〈N(x,y),η(z,z)〉+b(x,z)−b(x,x)≥ 0, for all y,z ∈ K, (5.15)

where K be a nonempty closed FC-subspace of (E,{φN}), E is a Banach space with dual space E∗,
N : E×E→ E∗ is a nonlinear operator, b : E×E→ R is a bifunction and η : K×K→ E.

The following algorithm permits to have an approximation of the solution for the nonlinear mixed
variational-like inequality (5.15).

Algorithm (B):

Step 0: Take {ρn}n∈N ⊂]0,+∞[ such that ρn→+∞,
choose w0 ∈ K arbitrary, and let n := 0.

Step 1: Given un ∈ K compute un+1 ∈ K such that for all y,z ∈ K,

ρn+1 [〈N(y,un+1),η(z,un+1)〉+ϕ(un+1,z)−ϕ(un+1,un+1)]

+〈T (z)−T (un+1),un+1−un〉 ≥ 0.
(5.16)

Update n := n+1 and go to Step 1.
Here T : E→ E∗ is a δ -strongly positive linear and bounded operator.

The convergence of the algorithm (B) is analyzed in the following corollary, which is a direct conse-
quence of Theorem 5.2.

Corollary 5.1. Let K be a nonempty closed FC-subspace of (E,{φN}), where E is a Banach space with
dual space E∗. Let N : K×K→ E∗ be a nonlinear operator, ϕ : E×E→R be a real-valued bifunction,
η : E × E → E be a functional such that η(u,v) = −η(v,u) for all u,v ∈ E, and T : E → E∗ be a
δ -strongly positive bounded linear operator. Suppose that

(i) N is η-monotone and (η ,0)-generalized R-diagonally convex;
(ii) ϕ is γ-strongly skew symmetric and R-convex with respect to the second argument;

(iii) N(·,y) is (η ,R)-upper hemicontinuous, and the function z ∈ K×K 7→ 〈N(x,y),η(z,x)〉 is lower
semicontinuous for each fixed (x,y) ∈ K×K;

(iv) ϕ is lower semicontinuous and upper semicontinuous with respect to the first argument;
(v) for each fixed z ∈ K, the function x ∈ K 7→ 〈T (x),z〉 is R-convex;
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(vi) (Coercivity) for each u∈K, there exists a nonempty compact subset Du of K and z0 ∈Du, y0 ∈Du

such that

ρ [〈N(z0,y0),η(w,z0)〉+ϕ(w,w)−ϕ(w,z0)]+ 〈T (w)−T (z0),w−u〉> 0, ∀w ∈ K \Du.

Furthermore, we assume that the following condition hold:

(C ) ∃k ∈]0,1[, such that
ρn+1

ρn

‖T‖
[δ + γρn+1]

< k.

Then the iterative sequence {un}n∈N generated by the Algorithm (B) converges strongly to a solution
ū ∈ K of nonlinear mixed variational-like inequality problem (5.15).

6. CONCLUSION

In this paper, we studied the existence and approximation of the solution of the mixed equilibrium
problem with a trifunction. The main results are established by relaxing the convexity structure and the
linearity condition on the space by using the R-KKM principle in the framework of generalized mono-
tonicity, which is the weakly relaxed α-monotonicity and the weakly relaxed α-pseudomonotonicity.
The approximation of solutions for problem (1.1), where K is an FC-subspace of a Banach space E is
studied by means of the auxiliary principle technique. We give an algorithm which converges strongly to
a solution of problem (1.1), and an application to the approximation of solutions of the mixed variational-
like inequalities in FC-spaces is given. The beauty of the problem considered in this paper is that it
encompasses several important type of problems as special cases. The approach developed in this paper
generalizes and improve the recent results obtained in [13, 18].
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