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Abstract. In this paper, we are concerned with the problem of finding minimum-norm solutions of a split convex
feasibility problem in real Hilbert spaces. We study and analyze the convergence of a new self-adaptive CQ
algorithm. The main advantage of the algorithm is that there is no need to calculate the norm of the involved

operator.
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1. INTRODUCTION

In 2012, Censor, Gibali and Reich [9] introduced the Split Inverse Problem (SIP) which concerns the following
model. Given two vector spaces X and Y and a bounded linear operator A : X — Y. In addition, two inverse
problems are involved. The first one, denoted by 1Py, is formulated in the space X and the second one, denoted by
IP,, is formulated in the space Y. Given these data, the split inverse problem (SIP) is formulated as follows:

find a point x* € X that solves IP;
and such that

the point y* = Ax* € Y solves IP;.

The first important example of the SIP is the Split Convex Feasibility Problem (SCFP), which is due to Censor
and Elfving [6]. In this problem, IP; and IP, are nonempty, closed and convex sets C C H; and Q C H, (H,H; be
two real Hilbert spaces). With this data and given a bounded linear operator A : Hy — H;, the SCFP is defined as
follows

find x* € C such that Ax* € Q. (1.1
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This model has been applied to solve inverse problems in various fields, such as, signal processing, image recon-
struction and intensity-modulated radiation therapy (IMRT) treatment planning; see, e.g., [2, 3, 5, 6]. Minimum-
norm solutions of the SCFP, which is the core of this study, play an important role and are more desirable in some
scenarios, for example, in the field of IMRT, such solutions are called the least-intensity feasible (LIF) solutions;
see Xiao et al. [20]. For simplicity, we denote the solution set of (1.1) by Q := {x* € C | Ax* € Q}. The SCFP
was introduced by Censor and Elfving [6], however, their algorithm requires the computation of the inverse of A.
Byrne in [2, 3] proposed to reformulate (1.1) as the following constrained minimization problem

. 1 )
ming(x) := 5 [|Ax — FoAx], (1.2)

where Py denoted the orthogonal projection onto set Q (will be explained in the sequel). Applying Polyak’s
gradient method (since g is continuously differentiable and convex with Lipschitz gradient given by Vg(x) =
A*(I — Pp)Ax) to (1.2), Byrne’s CQ algorithm is as follows

X1 = Pe(o — yAT (I — Pp)Axy) (1.3)

where v € (0, W) and ||A||> denotes the operator norm. Observe that another reformulation of (1.1) which is
based on the first optimality condition of (1.2) yields the following Variational Inequality (VI) problem of finding
x € C such that

(Vg(x),y—x) >0 VyeC. (1.4)

For more details on the SCFP, VIs and the CQ algorithm, we refer to [1, 2, 3, 4, 11, 13, 19, 22, 23] and the
references therein. It is known that (1.3) converges weakly in real Hilbert spaces only; see, e.g., Xu [22]. In
order to establish strong convergence, Xu proposed the following iterative step which is based on the Tikhonov

regularization.
= Pe((1 - gy — uVe(¥)), k>o0. (1.5)

Assume that the parameters {0y } and {7} satisfy the following conditions:
M 0<m =<,

o .
A2 +0y °
(2) ox —+0and % — O;
(3) Xhlo Yk =
@ (Ve — el + Wl o1 — oal) /(1 Yer1)? = 0.
Xu [22] proved that (1.5) converges strongly to the minimum-norm solution of the SCFP (1.1). Other related
results with different assumptions can be found in [8, 24]. Instead of reformulating the SCFP as a constrained

minimization problem (1.2), the following unconstrained minimization is also applied
1 1
flx) = §||x—ch||2—|—§||Ax—PQAx||2. (1.6)

Since function f is continuously differentiable and convex with gradient Vf(x) = x — Pex +A*(I — Pp)Ax, Qu
and Liu [16] introduced the following gradient descent method for finding a minimum-norm solution of the SCFP
(1.1), that is,

=Ky Ve (M), k>0, (1.7)
where
fo () = VF(F) + g

and
Ok
(1+ Al + o)
Since the above two methods require the knowledge or approximation of the operator norm ||A||, a computa-

0<n<

tional effort which might be expensive or even not practical, a natural question arises:
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Can we introduce a new CQ type method which does not require the computation of the operator norm and still
converges strongly?

Motivated and inspired by the works of Lopéz et al. [13], Qu and Liu [16], Tian and Zhang [17], Wang and Xu
[18], Xu [22] and Yao, Jigang and Liou [24], we give an answer to the above question by introducing a new self-
adaptive CQ type algorithm for finding minimum-solutions of the SCFP which converges strongly in real Hilbert
spaces. The outline of the paper as follows. We recall some useful definitions and lemmas in Section 2. In Section
3, our new algorithm is introduced and analyzed. Finally in Section 4, we present a numerical example to illustrate
and compare our algorithm’s efficient.

2. PRELIMINARIES

Throughout this paper H (might be with subscripts) denotes a real Hilbert space with inner product (,) and
induced norm ||||. We denote the strong (weak) convergence of a sequence {x*} to a point x by x* — x (xk — x).
Recall the following simple norm inequality

lex+ (1= 2)y][> < el + (L =) [y, 2.1)

for all x,y € H and for all # € [0,1]. Given a nonempty, closed and convex set C C H, for every element x € H,
there exists a unique nearest point in C, denoted by Pcx such that

¢ — Pexl| = inf{lx— ]| | y € C},
where Fc is called the metric projection of H onto C.

Lemma 2.1. The metric projection Pc has the following basic properties:

(1) (x—Pex,y—Pcx) <O0forallxe Handy € C;
(2) ||Pex—Peyl| < ||x—y|| forall x,y € H;
(3) ||Pcx—Peyl||* < (x—y,Pex— Pey) for all x,y € H;

Next we present three technical lemmas which are useful to our convergence analysis.

Lemma 2.2. (Maingé [14]) Let {T',,} be a sequence of real numbers that does not decrease at infinity, in the sense
that there exists a subsequence {I'y;} of {Iy} such that T'y; < Ty 41 for all j > 0. Also consider the sequence of
integers {T(n) }y>n, defined by
T(n) =max{k <n |y <Tis}.
Then {t(n) }n>n, is a nondecreasing sequence verifying 1im t(n) = oo and, for all n > n,
= n—oo
max{rr(n)vrn} < l—‘T(n)+1-
Lemma 2.3. (Xu [21]) Assume that {a;} is a sequence of nonnegative real numbers such that
aps1 < (1= o)ap + oY+ bi, k€N,

where {oy} is a sequence in (0,1), {by} is a sequence of nonnegative real numbers and {v} is a sequence of real

numbers such that

1) ¥ o =0
k=0

@ X i<
(3) limsup;_,., % < 0.
Then lim_,o.ay = 0.

We end this section by recalling a new fundamental tool which will be helpful for proving strong convergence
of our algorithm.
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Lemma 2.4. (He and Yang [12]) Assume that {s;} is a sequence of nonnegative real numbers such that for all
keN

Sk1 < (1 — Otk)Sk + ak6k7
Skt < Sk — Mk + Yo

where {oy} is a sequence in (0,1), {ni} is a sequence of nonnegative real numbers, and {8} and {y;} are two
sequences in R such that

(1) X o =00,
k.:()
(2) limg e % =0,
(3) limg_0 My, = 0 implies that limsup,_,,, 8, < O for any subsequence {n;} of {n}.

Then limg_.o, 5, = 0.

3. THE ALGORITHM AND ITS ANALYSIS

In this section, we present our new CQ scheme which is motivated by (1.7) and use a self-adaptive step size to

solve the SCFP (1.1). For the convergence proof of the algorithm we assume the following conditions.
Condition 3.1. The solution set of (1.1) is nonempty, that is, Q # 0;

Condition 3.2. The positive sequences {f;} and {p;} satisfy:

{Be} < (0,1), lim B =0, ) B =, G.1)
e k=0

infpk<4— P >>o. 3.2)

k 1P

Algorithm 3.1. (Gradient type algorithm for solving (1.1))

Initialization: Choose two sequences {f;} and {p;} that fulfils (3.1) and (3.2), arbitrary starting point x° € H,
and set k = 0.
Iterative Step: Given the current iterate Xk if

V() =2 — Pex* + A" (1 — Py)AX* = 0,
then stop. x* is a solution of (1.1) (where f is defined in (1.6)). Otherwise, compute

[lx — Pex|[* + ||Ax — PoAx]|*
2|jx — Pex+A*(I — Py)Ax||?

Ak = Pr
and update the next iterate as
= (1= B = L V(6. (33)
Set k < k+ 1 and return to Iterative Step.
We start the analysis of the algorithm by showing the validity of its stopping rule.

Lemma 3.1. Assume that Conditions 3.1 and 3.2 hold. If V f(x*) = 0 in Algorithm 3.1, then x* € Q.
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Proof. We have
0= (VF(k), 2 —2)
= (o — Poxb X — 2) + (T — Pp)AX , AXF — Az)
= (b — Pexb xF —2) 4+ (1 — Pp)AX* — (I — Pp)Az, Ax' — Az)
> [|x* — Pexb |2+ || (1 — Po)AxH|?
and this implies that x* € C and Ax* € Q, which completes the proof.

Next we establish a property of monotonicity which will be used in the sequel.

149

Lemma 3.2. Assume that Conditions 3.1 and 3.2 hold and let {x*} be any sequence generated by Algorithm 3.1.

Then, for each z € Q, the following inequality holds:

Pk fz(xk)
I = 2] < Bellzll® + (1 — Bo) I — I — p (4 1—ﬁk> VP

Proof. By Lemma 2.1(2) and (3.3), we have
W — 2] = [|(1 = Bi)x = MV () — 2|

Ak
1= Pk

2

_ ﬁk<—z>+<1—ﬁk>(xk—

V1))

2

A

< Bellzl* + (1= Be) () —

k
1— B
Note that

(V) x5 —2) = (8 — Pk, xF — ) + (T — Pp) AXF , AXK — Az)
+

= (& — Podb X — ) + (I — Pp)AX* — (I — Pp)Az,Ax* — Az)
> [ = Pext|]* 41| (1 — Po)Ax*||?
=2f(¥).

We estimate the second term on the right-hand side of (3.5) as follows:
2

H)J(_l—ﬁk 1)~z
2
— =2l VAN - P () )
2
< =2l VAR - 1 )
< ||xk—ZH2+ pkfz(x ) 4pif* (6h)

(L=BPIVEOIR (1= BV

From (3.5) and (3.6), we arrive at

+1_ 2 2 _ 2 P () _4Pkf2(xk)
e S BRI (RO 2 G g AR 9/

B Pk fz(xk)
= Billzl® + (1= B I = 2lI* — px <4— 1ﬁk) V()2

which completes the proof.

(3.4)

(3.5)

(3.6)

O

Lemma 3.3. Assume that Conditions 3.1 and 3.2 hold, then the sequence {xk} generated by Algorithm 3.1 is

bounded.
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Proof. By Lemma 3.2 and (3.2), we have

’ 2( ok
41—l < Bl + (1 - B 21— (- 125 ) o
< Bellzll? + (1= Bl — 21>

It follows that

I 2] < max{ 2], []x* — 2]}
By induction,

[l —2]f? < max{lz]|?, [1x° — 2]},
which implies the boundedness of {x*}. O

Lemma 3.4. Assume that Conditions 3.1 and 3.2 hold. Let {x*} be a sequence generated by Algorithm 3.1. Then
the following inequality holds, for all z € Q and k € N,

W =2l < (1= Bl =20+ Be [Bellell® +2(1 = B o = 2,~2) + 24 (VF(),2)].
Proof. By (3.2) and (3.6), we have
PLf ()  Ap P
(L=B?IVLEO? (1=BolIVAR)1?

TS P () P
=l =l (1—[3k)||Vf(X")2<4 1—ﬁk>

2
< W=zl +

A
ka— l_ﬁka(xk)—Z

< |l 2P

From (3.4) and Lemma 3.2, we obtain
2

5 =22 < ‘ Bi(—2)+ (1 /3,{)<,(J< 1f’kﬁkvf(xk) Z)
2
< B2Il2]2+ (1 — B2+ - lfkﬁlyf(xk) .
(1B (¥ - VI -z

< BElll? + (1= B[ —2lf* + 2B (1 — B (¥ — 2z, —2)
+2BA(Vf (), 2)
< (1= B I =21+ Be [Bellzl® +2(1 = Bo) (¥ — 2, —2) + 24 (V£ (), 2)].
This completes the proof. 0

After proving the above, we can establish the main convergence theorem of Algorithm 3.1.

Theorem 3.1. Assume that Conditions 3.1 and 3.2 hold. Then the sequence {x*} generated by Algorithm 3.1

converges strongly to the minimum-norm element of Q.
We provide two proofs of Theorem 3.1. The first proof is as follows.

Proof. Let z := Po0. From Lemma 3.2, we have

1 =22 < Bellal + (1= B ¢ = 22— (4‘ 1%)

1)
IV

3.7

or

Pk 1K)
P (4_ lﬁk) VGO IP < Bellzll> 4+ (1= Be) |2k — 2| — ||+ — 2%
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So, we obtain

2(xk
(4 125 ) e < WA 1 338)

Next, we consider two possible cases.

Case 1. Put Ty := ||xk —z||? for all k € N. Assume that there is a ko > 0 such that, for each k > ng, T, | <T%. In
this case, limy_,o 'y exists and limg_,oo (T — T'1) = 0. Since limg_,o. B = 0, it follows from (3.8) that

. P ()
lim Py <4 — > =0
koo L= ) VSN2
From the assumption
. Px
for(4— 0
H]: Pk( 1— Bk) >0,
we obtain
2 xk)
lim —————— =0,
koo ||V f(x0) 12
ie.,

k k(12 k 2\2
—P, AxK — PpAx*

i U= Fex||” + [|Ax" — Po IIZ) _o. (3.9)
koo |lx— Pexk 4+ A*(I — Po)AxK||

On the other hand, we have
(5 = Pext|? + [|Ax — PoAx|2)? - (|lx* — Pex|> + [|Ax* — PoAx*|?)
[lx — Pexk + A*(I — Po)Ax|[2 = 2(|lx — Pexk||2 + [|A[2[| (1 — Po)Ax*(|?)
([l — Pex*||* + [|Ax* — PoAX*|*)?
~ 2max(L, [JA[]2)(|lx — Pex*||2 + || (I — Po)Ax||?)
| = PP+ [|Ax — PoAXt|?

2max(1,[|A|?)
This together with (3.9) implies that
lim ||x* — Pext|| = 0, (3.10)
k—ro0
1
li Ky = 1im = ||(I — Pp)AX*|* = 0. A1
Jim g(4) = Jim (1 — Po)A+*|> =0 (3.11)

We now show that @, ({x*}) C Q. Let ¥ € @,,({x*}) be an arbitrary element. Since {x*} is bounded (by Lemma
3.3), there exists a subsequence {x%i} of {x*} such that x*/ — %. We have from (3.10) that ¥ = Pc% € C. From the
weak lower semicontinuity of g, we obtain

0 < g(%) < liminfg(x*) = lim g(x*) = 0.
J—roo k—roo
We immediately deduce that g(¥) = 0, i.e., A% € Q. The choice of ¥ in @, ({x*}) is arbitrary, and so we conclude
that @, ({x*}) C Q. Using Lemma 3.4, we have
[ =2l < (1= Be)lx* —zl? + Be[Bellzll® +2(1 = Be) (x* —z, —2) + 24 (Vf ("), 2)]
< (1= B = 2l 4+ BBl 421 = o) (¢ — 2. =2) 4+ 244 [V () I .

From Lemma 2.3, it remains to show that

lim sup(xk —z,—2) <0.
k—ro0

Indeed, since z = P 0, by using the property of the projection (Lemma 2.1 (1)), we arrive at

limsup(x* —z,—z) = _max (£—z,—7) <0.

k—so0 2@y ({xk})
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By applying Lemma 2.3 to (3.12) with the data:
= ||xk_ZH27 O = ﬁ/ﬂ bk = Oa
Y= Bellzll® +2(1 = Be) (¥ — 2, —2) + 22 [V A () |12,
we immediately deduce that the sequence {xk } converges strongly to z = Po0. Furthermore, it follows again from
Lemma 2.1 (1) that
(p—2,—2) <0 VpeQ.

Hence

21> < (p,2) < llzll||p|| VP e,
from which we infer that z is the minimum-norm solution of the SCFP (1.1).
Case 2. Assume that there exists a subsequence {I't, } C {I'x} such that T, <T% ., for all m € N. In this case,
we can define 7: N — N by

(k) =max{n <k |, <Tpi1}.

Then we have from Lemma 2.2 that 7(k) — oo as k — e and I'y4) < T'z(z)41- So, we have from (3.8) that

p k f2 xr(k)
pf<k>(4— ’”) e R LI SN

U=Bey ) V£ (x"0))]
< Begwy . (3.12)
Following the same way as the proof of Case 1, we have that
2 (k)
I e =
lim sup(xw‘) —z,—z)= max (Z—z,—2)<0 (3.13)
k—voo zew, ({xT0)})
and
PO — 2l < (1= Beo) I8 =2l + Begey [Begoy 12117 +2(1 = Beo) (* W) — 2, —2)
+ 220 | VL) 2], (3.14)

where f;) — 0. Since I’z < I'y(3)4.1, we have from (3.14) that
0 =22 < Boguo 12l +2(1 = Begey ) (°Y) = 2,=2) + 22 [ VA O) 2] (3.15)

Combining (3.13) with (3.15) yields

limsup [|x*® —z||> <0,
k—yo0
and hence

fim %) — 2|2 =
k—yoo
From (3.14), we have

limsup [x* O+ — 7|12 < limsup [|x*®) —z]|.
k—yo0 k—yoo

Thus
Jim [|x* 0+ — 2|2 =0
k—yo0
Therefore, by Lemma 2.2, we obtain
0 < [l =zl < max{[lx*™® —z]|, |* — 2|} < [x"0*T =] > 0.
Consequently, {xk } converges strongly to z = Pp0. The proof is complete. O

Next, we give the second proof.
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Proof. Let z:= Pg0. Since infj pk( —ﬁ) > 0, we may assume without loss of generality that there exists € >0
such that
Pk
4— > €.
Pk( 1 Bk) 2

It follows from (3.7) that, for all &,

4 <l < Bl + (1 B — <P~ G.16)

IIVf )l

Combining (3.12) and (3.16), we obtain the next two inequalities
A =22 < (1= Bo) | — 2> + B
[ = 2] <l =2 = me+ Bz,

where

_efP )

IVF )12

8 = Bellzll* +2(1 = B) (¥ — 2, —2) + 24|V £ ()| |1,

{Bx} C (0,1), ]}im Br =0and Y7, Bx = c. In order to use Lemma 2.4 with the data s; := ||x* — z||?, it remains to
—yo00

Nk =

show that for any subsequence {n;} of {n},

Ny, — 0= limsup§,, <O0.
k—yoo

Let {ni} be a subsequence of {n} such that n,, — 0. Then, as in the first proof, we can get that every weak limit
point of the sequence {x" } belongs to Q. We now deduce that
limsup 8, = limsup | By, 12>+ 2(1 — i) (" —2.—2) 22, | V1) 2]
k—yoo k—

= 2limsup{x"* —z, —z)

k—yoo
=2 max (7—z,—2)
zemy, ({x"})
<0.
Finally, using Lemma 2.4, we have ||x* —z|| — 0. We thus complete the proof. O
Remark 3.1. (1) Our results focus on the split convex feasibility problem when only one set per each space is

involved, but clearly a common product space reformulation for the multiple-sets split convex feasibility
problem can be employed, which is similar to [7] (originally due to Pierra [15]) to derive a simultaneous
version of Algorithm 3.1.

(2) One main advantage of our algorithm compared to others is that stepsizes are directly computed in each
iteration and do not depend on the norm of A. Therefore, Theorem 3.1 improves Chuang [8, Theorem
5.5], Qu and Liu [16, Theorem 3.3], Wang and Xu [18, Theorem 4.3], Xu [22, Theorem 5.5] and Yao,
Jigang and Liou [24, Theorem 3.1].

4. NUMERICAL ILLUSTRATION

In this section, we present an illustration and comparison of our new scheme in the infinite dimensional Hilbert
space H, = H, = L]0, 1] with norm ||x|| := fol |x(2)|2dt and inner product given by (x,y) = fol x(t)y(r)dt
We consider the split convex feasibility problem with the following two nonempty, closed, and convex sets

C={xeLy0,1]| (x(t),3*) =0}, 0= {xeLo[0,1][(x,¢/3) > 1}
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and the linear bounder operator is given as (Ax)(z) = x(¢) (clearly ||A|| = 1). Since A =1 is the identity, we are
actually concern with the so-called convex feasibility problem in L,[0,1]. Since C and Q are hyper-plane and
half-space, respectively, the orthogonal projection onto them have an explicit formula, see, for example, [10]

2() — B3 32 1), 362y £ 0,

Pe(a(r)) = I51E;
z(1), if(z(¢),3t%) = 0,
rotey = | O A (13 ife3) <L
’ 200, iF(0./3) > 1.

In Algorithm 3.1, we choose p; =2, B = % and the stopping rule is
Ep = ||X(t) — Pex*(£) + x5 (£) — P () ||, < 1075,

The results (Sec.=seconds, Iter.=iterations) with different starting points are reported in Table 1 and the error

function E,, with respect to each starting point is shown in Figure 1.

O)y=e  O@F)=cost O=t*41 X0 =1t/5

Sec. Iter. Sec. Iter. Sec. Iter. Sec. Iter.

Algorithm 3.1 0.0156 9 0.0156 12 0.0312 12 0.0156 11

TABLE 1. Comparison of Algorithm 3.1 with different starting points

102

100 1

1021 1

)
10741 7
. —sk— Algorithm 3.1 with 2° = ¢’

107 | —o— Algorithm 3.1 with 2° = cost D
—A— Algorithm 3.1 with 2° = ¢* +1¢
—s7— Algorithm 3.1 with 2° =¢/5

1()>8 1 1 1 1 1

0 2 4 6 8 10 12

Iterations

FIGURE 1. Error plotting of E, for different starting points
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