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Abstract. We propose new algorithms for computing all minimal elements of a nonempty finite family of sets in a real linear
space, with respect to a preorder relation defined on the power set of that space. These algorithms are based on a set-valued
counterpart of the well-known Graef-Younes reduction procedure, originally conceived for vector optimization. One of our
algorithms consists of two subsequent (forward-backward) reduction procedures, similarly to the classical Jahn-Graef-Younes
method. Another algorithm involves a pre-sorting procedure with respect to a strongly increasing real-valued function, followed
by a single (forward) reduction procedure. Numerical experiments in MATLAB allow us to compare our algorithms for special

test families of line segments with respect to ¢-type, u-type and s-type preorder relations, currently used in set optimization.
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1. INTRODUCTION

Set optimization has become an active field of research due to its wide applications (see, e.g., Khan,
Tammer and Zdlinescu [13] and the references therein). Deriving efficient methods for solving set opti-
mization problems is particularly important, and so far several interesting methods have been developed
for computing the minimal elements or some approximations of minimal elements (see, e.g., Jahn [10],
and Kobis and Kobis [15]).

The aim of this paper is to develop new algorithms for computing all minimal elements of a nonempty
finite family of sets o/ C Z?(E) with respect to a preorder relation < defined on the power set Z(E) of
a real linear space E. These algorithms are inspired from three methods originally conceived for vector
optimization problems:

(i) Graef-Younes method, proposed by Younes [20] and formulated algorithmically by Graef, as men-
tioned by Jahn [7, Section 12.4];

(i1) Jahn-Graef-Younes method, also called Graef-Younes method with backward iteration, proposed
by Jahn [7, 12], Jahn and Rathje [8], and reformulated in a more general setting by Eichfelder [4];

(iii) Graef-Younes method with a pre-sorting procedure, proposed by Giinther and Popovici [6].
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Recently, Kobis, Kuroiwa and Tammer [16] have extended (i) to set optimization problems. We recall
their method in our paper as Algorithm 1 (Generalized Graef-Younes method). It is an iterative reduction
procedure, which consists of a forward iteration loop that excludes a part of the elements which are not
minimal in .2/. The method then returns a family % C 7, which contains all minimal elements of .<7.

Our Algorithm 2 (Generalized Jahn-Graef-Younes method) extends (ii) to set optimization. It returns
precisely the set of all minimal elements of .7, by performing two subsequent (forward-backward) reduc-
tion procedures, each of them being based on Algorithm 1. We mention that a similar method has been
studied under different assumptions (namely when < is antisymmetric and the set of minimal elements
of & is externally stable) by Kobis, Kuroiwa and Tammer [16].

As a natural extension of (iii) to set optimization, our Algorithm 3 (Generalized Graef-Younes method
with pre-sorting) also generates the set of all minimal elements of 27, this time by pre-sorting the ele-
ments of &7 with respect to a strongly = -increasing real-valued function, prior to the reduction procedure
based on Algorithm 1.

Before presenting our algorithms, we will provide in Section 2 some preliminary notions and results
on preorder relations defined on a family of sets in a real linear space. Strongly monotone scalar functions
with respect to the preorder relations, as well as their role in generating minimal elements of a family
of sets, are emphasized in Section 3. Then, in the main Section 4, we formulate our algorithms and we
prove their correctness. A comparative analysis of the new algorithms through numerical experiments is
provided in Section 5 for a special class of sets and appropriate sorting functions. This paper concludes
with a brief summary and an outlook to future work in Section 6.

2. PRELIMINARIES

Throughout this paper E denotes a real linear space, whose power set &?(E) is endowed with a pre-
order relation <, which means that

o < isreflexive (ie., VA€ Z(E): A< A)and
e < is transitive (i.e., VA,A",A" € Z(E): A’ x Aand A" x A" = A" X A).

Moreover, &/ C & (E) will denote a nonempty family of sets.
Definition 2.1. We say that A € o is a minimal element of & (w.r.t. X) if
VAed: AA<xA = A<A.
We denote by MINL (.e7) the set of all minimal elements of A, i.e.,
MIN (&) ={Aed |[VA e/ : A A= A< A"}
={Aced |fA e : A/ <Aand A XA}
Remark 2.1. If < is antisymmetric on 7, i.e.,
VAA co: AA<xAandA <A — A=A,
then it is easy to check that
MIN (o) ={Ae o/ |VA e/ : A' A = A=A}
={Aec o |}A € 7 \{A}: A< A}
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Example 2.1. As usual in set optimization theory and related topics (see, e.g., Jahn and Ha [9], Khan,
Tammer and Zdlinescu [13], Kuroiwa [17], and Seto, Kuroiwa and Popovici [19]), any convex cone
CCE(ie,0€C=R,;-C=C+C)induces on Z(E) three preorder relations, <t <¢ and <{,, defined
forany A,A’ € Z(E) by

A<bA = ACA+C «— A+CCA G
A<tA:<= ACA-C < A-CCA-C
A<EA = A<LAandA' <t A < A+CCA' +CandA'—-CCA-C.
Letting <t <¢ and <{. in the role of < it follows by Definition 2.1 that
MIN_ (o) ={A€ o/ |VA' € o/ : ACA'+C = A'CA+C}
={Acd |PA e : A+CCA +CandA+C#A' +C};
MIN<: (/) ={Ac o/ |[VA'€e o/ : A CA-C = ACA -C}
={Aco|PA cd: AA—~CCA—-CandA' —C#A—-C};

MIN (o) ={A€ o/ |VA € o/ : (ACA' +CandA' CA-C)
= (A'CA+CandACA —C)}
={Aco |PA co/: A+CCA +C,A—~CCA—Cand
(A+C#A'+CorA'—C#A-C)}.

To illustrate these concepts, let us consider the particular framework where E = R? is endowed with the
standard ordering cone C = R%r and let &7* = {A',... A%} be the family of line segments parallel to the
second bisector represented in Figure 1. It is a simple exercise to check that

MIN_ (%) = {A',A%}, MIN<x (&%) = {A',A*} and MIN<; (/) = {A',A%, A%, A%},
Definition 2.2. We say that a subfamily % C ./ is externally stable (in ./ w.r.t. <) if
VAe o/ \AB,IB€ B : B A.

Remark 2.2. It is well-known that every nonempty finite subset of a general preordered set is externally
stable (see, e.g., Podinovskii and Nogin [18, pp. 21]). Thus, whenever .7 is nonempty and finite, the set
MINL () is externally stable.

The following lemma will play an important role in the next sections. It extends a result given by
Giinther and Popovici [6, Lemma 2.8] from vector optimization to set optimization.

Lemma 2.1. Assume that < is finite. Then, for any nonempty family B C of we have
PBNMINL (/) CMINL (L) C A 2.1
and the following equivalence holds true:

MIN, (/) = MINL(#) <= MIN (o) C 2. (2.2)
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FIGURE 1. The family «/* in Example 2.1.

Proof. The inclusions in (2.1) follow by Definition 2.1.
In order to prove the equivalence (2.2), assume first that MIN (/') = MIN (). Then, we get

MIN (&) = MINL(A) C A.
Now, for showing the reverse implication, assume that MIN (.27) C . Notice that
MINL (o) C ZNMINg (/) C MINL(A) (2.3)

in view of (2.1). Now, in order to prove the reverse inclusion, MINL (%) C MINL(</), consider an
arbitrary element

BEMINL(B)C BC .

Suppose by contradiction that B € .7 \ MINL(.<7). Then, there exists some A € <7 such that A < B and
B # A. Two cases may occur:

Case 1: Let A € MINL (7). Then, due to (2.3), we have A € MIN(#) C A. The fact that A < B and
B # A for some A € Z contradicts the choice of B € MINL(%).

Case 2: Assume that A € &7 \ MIN (7). Since MINL (/) is externally stable by Remark 2.2, there
exists some A’ € MINL (&) such that A’ < A. In view of (2.3), MINL (/) C MINL (%), thus we have
A’ € MINL(Z). On the one hand, we have B £ A’, because otherwise we would have B < A’ < A, hence
B < A by transitivity of <, a contradiction. On the other hand, since A’ € % and A’ < A < B we have
A’ X B, by transitivity of <. Recalling that B € MINL (%), we get B < A’, a contradiction. U

3. (STRONGLY) <-MONOTONE SCALAR FUNCTIONS

Definition 3.1. A scalar function ¢ : &7 — R is said to be:
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e <-increasing, if for any A,A’ € o7,
A'A = ¢A) < o(A);
e strongly <-increasing, if for any A,A’ € &7,
A gxAandA LA = ¢(A) < @A),

e =<-decreasing (strongly <-decreasing) if the function — ¢ is <-increasing (strongly <-increasing,
respectively).

The next result will allow us to construct an inner approximation (i.e., a subset) of MIN, (/) by
means of the minimizers of certain <-increasing scalar functions. It is a set-valued counterpart of a well-
known result concerning (strongly) increasing scalar functions with respect to general preorder relations
(see, e.g., Podinovskii and Nogin [18, Lemma 1.2.2]).

Lemma 3.1. Let ¢ : &7 — R be a function and let
argming., @(A):={A' e 7 |[VAe & : ¢(A") < p(A)}

be the set of its minimizers. If either

a) @ is strongly <-increasing or

b) ¢ is <-increasing and argmin, ., Q(A) is a singleton,
then we have

argming ., ¢(A) C MINL (7).

The following lemma generalizes a result obtained in the context of discrete vector optimization by
Giinther and Popovici [6, Lemma 2.10].

Lemma 3.2. Assume that <7 is finite and let 58 C o/ be a nonempty family of sets. If ¢ : of — Risa
strongly <-increasing function, then the following assertions are equivalent:

1° 2 =MINL(AB).

2° For all B,B' € B with ¢(B) < ¢(B') we have

B=<B — B <B.

Proof. The implication 1° = 2° is obvious, since for all B,B’ € 4 (i.e., B,B’ € MINL (%)) such that
B < B/, we actually have B’ < B.

Conversely, assume that 2° holds. Since MINL (%) C 4, we just have to prove that 2 C MINL ().
Assume by the contrary that there exists B’ € %\ MINL(%). Then, there exists some B € 4 such that
B < B’ and B’ # B. By the strong <-increasingness of ¢, we obtain @(B) < ¢(B'). By assumption 2°,
we infer that B’ < B, a contradiction. Thus the implication 2° = 1° holds true. O

Theorem 3.1. Assume that <7 is finite and let 7 C o/ be a nonempty family of sets, such that MIN (7)) C

B. If - of — R is a strongly <-increasing function, then the following assertions are equivalent:
1° B =MINg ().
2° For all B,B' € B with ¢(B) < ¢(B'), we have

B<B — B <B.
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Proof. Directly follows by Lemmas 2.1 and 3.2. U

Remark 3.1. Theorem 3.1 represents a generalization of a result obtained by Giinther and Popovici [6,
Theorem 2.11] within vector optimization.

4. ALGORITHMS FOR COMPUTING THE SET MIN (%) WHEN .2/ IS FINITE
In this section, we assume that
o ={A',... AP} C P(E)

is a finite family of sets, where p € N, p > 2.

The next algorithm, proposed by Kobis, Kuroiwa and Tammer [16], represents an extension of the
classical Graef-Younes method from vector optimization (see, e.g., Younes [20] and Jahn [7, Section
12.4]) to set optimization. It can be seen as a reduction procedure, which consists in eliminating some
of the non-minimal elements of <7, by producing in this way a family % C .o/, which still contains all
minimal elements of <7.

Algorithm 1: GENERALIZED GRAEF-YOUNES METHOD (REDUCTION PROCEDURE)
Input: The set & = {A!,... AP} C Z(E).
B {A'Y};
for j < 2 to pdo
if ABc % : B< A/ and A’ £ B then
| #— BUAY
end

end
Output: The set Z (containing all minimal elements of o/ w.r.t. ).

Remark 4.1. In the worst-case scenario, when 4 = o7, we need to perform
(] =1) 1|
2

pairwise comparisons of elements w.r.t. < (where, a comparison of two sets A,A’ € &/ consists in
checking both conditions A’ < A and A £ A").

142+...+(p—1)= .1

Remark 4.2. As pointed out by Kobis, Kuroiwa and Tammer [16, Theorem 4.3], the set % generated by
Algorithm 1 satisfies the property MIN («7) C % C /. Moreover, by (2.2) in Lemma 2.1, we actually
have MINL (%) = MINL ().

In general, the set # generated by Algorithm | may significantly exceed the set MINL (7). To
overcome this drawback, we consider the following algorithm, which extends the classical “Jahn-Graef-
Younes method” (also called “Graef-Younes method with backward iteration” by Jahn [7, 12], Jahn and
Rathje [8]) from vector optimization to set optimization with respect to the preorder relation <. Notice
that Algorithm 2 has been already formulated by Kobis, Kuroiwa and Tammer [16, Algorithm 4.11], but
under different assumptions, namely when =< is antisymmetric (not necessarily reflexive or transitive)
while MIN,(.27) is nonempty and externally stable.
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Algorithm 2: GENERALIZED JAHN-GRAEF-YOUNES METHOD (FORWARD REDUCTION PRO-
CEDURE & BACKWARD REDUCTION PROCEDURE)
Input: The set &7 = {A',... AP} C Z(E).

/* Phase 1 (Forward reduction procedure) x/

i+ 1;

B+ {A};

for j < 2 to p do

if ABc % : B<A/and A’ £ B then
i—i+1;
B« A/,
B+ BU{BY};

end

end
/* Phase 2 (Backward reduction procedure) */
T+ {B'};
for j<—1toi—1do

ifAT € 7 : T <B~/and B~/ £ T then

| 7« TU{B)

end
end
Output: The set .7 (representing the set of all minimal elements of &7 w.r.t. ).

Remark 4.3. In the worst-case scenario, namely when % = of, Algorithm 2 needs to perform more than
([=1)- ||
2
pairwise comparisons of elements w.r.t. <.

Theorem 4.1. The set T generated by Algorithm 2 is actually the set MIN (7).

Proof. In view of Remark 4.2, we have MINL (.«/) C 4 C o/ and MINL (%) C 7 C %A. Hence
MIN_ (o7) = MINL (/) NB C MINL (&) C 7.

Thus, inclusion MINL («7) C .7 is satisfied.

Let us prove the reverse inclusion MINL (/) D .7. To this aim, consider an element 7 € .7 C A.
Then, there exists j € {1,...,p} such that T = A/. Moreover, by the forward reduction procedure, we
have

3Be Bn{A* |ke{l,....p},k<j}: B A/ and A’ £B.
Hence
3Bec TN{A* |ke{l,....p}, k< j}: B A and A’ £ B.

On the other hand, by the backward reduction procedure, we also have

PBc 7n{A"|ke{l,....p}, k> j}: B A/ and A’ £B.
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Thus, we infer that
3Be .7 : B<A'and A’ £ B,

which exactly means that A’ € MINL(.7). Now, taking into account that MINL(«7) C 7 C &, by
applying (2.2) in Lemma 2.1 for .7 in the role of 2, we get MINL (7)) = MINL(</). We conclude that
Al € MINL (). O

Observe that, given any function @ : ./ — R, we can always find an enumeration {A/!,... A/»} of the
set o/ = {A',... AP} such that

(p(Ajl) < (p(Aj2) <. < (p(AjP). (4.2)

Thus we can pre-sort the elements of 7 according to (4.2) and thereafter apply the algorithms stated
above to {A/1,...,A/»} instead of the original enumeration {A!,... AP}. When ¢ is a strongly <-
increasing function we obtain an interesting property, highlighted by the next theorem.

Theorem 4.2. If ¢ : of — R is strongly <-increasing and
9(al) < @(a%) <--- < g(a?), 43)
then Algorithm 1 (Generalized Graef-Younes method) generates the set 8 = MIN (/).

Proof. The set A generated by Algorithm | satisfies MIN (/) C Z C &7 in view of Remark 4.2.
Therefore, in order to prove that 8 = MINL(.«7) it remains to show that 2 satisfies the property 2° of
Theorem 3.1. Indeed, consider any B,B’ € % with ¢(B) < ¢(B’). Taking into account that B,B’ € <7,
there exist i,/’ € {1,..., p} such that B= A’ and B’ = A", hence ¢(A?) < @(A"). By (4.3) it follows that
i < i, which shows that during Algorithm 1, the point B’ = A" is added to 2 after B = A’. This ensures
that we have B<X B’ =— B’ < B. O

Remark 4.4. In contrast to Theorem 4.2, if ¢ : o/ — R is strongly <-decreasing (instead of being
strongly =<-increasing) and (4.3) holds, then Algorithm 1 generates the initial set, i.e., = & (no
reduction occurs). Indeed, by construction of % we have A! € 2. Moreover, for any j € {2,...,p}
we have A’ x A/ = A/ g Al foralli€ {l,...,p} with i < j (otherwise we should have A’ < A/ and
AJ £ A', hence @(A?) > @(A/) by the strong <-decreasingness of ¢, a contradiction). Thus we have
Al e R

Theorem 4.3. If ¢ : &/ — R is <-increasing and
P(A!) < p(a?) <+ < o(A"), (4.4)
then Algorithm 1 (Generalized Graef-Younes method) generates the set 8 = MINL (7).

Proof. Assume by the contrary that A/ € %\ MINL (/) for some j € {1,...,p}. The, we infer the
existence of a set A’ € .7 such that A’ < A/ and A/ £ A’. We distinguish two cases:

Case 1: If A’ € MINL (), then there exists i € {1,...,p} such that A’ = A’. Thus, we have A’ < A/
and A7 £ A'.

Case 2: If A’ € &7 \ MINL (7 ), then by the external stability of MIN (/) (see Remark 2.2), there is
A" € MINL (&) withi € {1,...,p} such that A’ 5 A’. By transitivity of < we infer that in this case we
also have A’ < A/ and A/ £ A%,
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Since ¢ is <-increasing and A’ < A/, it follows that ¢(A?) < @(A/). Therefore, by (4.4) we deduce
that i < j. Actually, since A/ £ A’ and < is reflexive, we infer that i < j. By the construction of % and
taking into account that A’ < A/ and A’ € %, we get A/ < A’ a contradiction. O

Now we are ready to present a new method (Algorithm 3) that generates the set MIN (<), by pre-
sorting the elements of .7’ before applying the Generalized Graef-Younes reduction procedure. It extends
the method proposed by Giinther and Popovici [6] for discrete vector optimization to set optimization.

Algorithm 3: GENERALIZED GRAEF-YOUNES METHOD WITH PRE-SORTING (PRE-SORTING
PROCEDURE & REDUCTION PROCEDURE)
Input: The set &7 = {A',..., AP} C 2 (E) and the strongly <-increasing function ¢ : &/ — R,

/* Phase 1 (Pre-sorting procedure) x/
Compute an enumeration .7 = {A/! ... A/r} which satisfies (4.2).
/* Phase 2 (Reduction procedure) */
B {A};
for k < 2 to p do

if JBc % : B < Al and A/ £ B then

| #+— BU{AMY;

end
end
T+ B,

Output: The set .7 (representing the set of all minimal elements of &7 w.r.t. X).

Remark 4.5. In Phase 1 of Algorithm 3 we generate an enumeration of %7 by rising the values of the
sorting function ¢. In Phase 2 of Algorithm 3 the Generalized Graef-Younes method (Algorithm 1) is
applied to the sorted set {A/1,...,A/»} in the role of .27.

Remark 4.6. In the worst-case scenario, Algorithm 3 needs to perform
@l - 17| -1)
2
pairwise comparisons of elements w.r.t. <, where .7 = MINL (7). Indeed, since at every iteration in

|7

Phase 2 we have 4 C MINL (/) = .7, the worst-case scenario occurs when
Al o ’Ajlﬂ\ €7 and YVESS Lo ’Aj\,gz/\ ¢ T,
requesting to perform

(171117
2

71 Qo[- 17| -1)

+( =177 = 3

4.5)

pairwise comparisons.

Formula (4.5) in particular shows that Algorithm 3 is an output-sensitive method, because its runtime
depends on the size of the output set .7. Notice also that the number of pairwise comparisons given by
(4.5) for Algorithm 3 may be significantly smaller than the number of pairwise comparisons given by
(4.1) for Algorithm 1.
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5. NUMERICAL EXPERIMENTS

5.1. Construction of test families of sets and strongly increasing functions. In order to implement
and test our Algorithms 2 and 3, in this section we will consider finite families of line segments parallel
to the second bisector in E = R? (as illustrated in Example 2.1) that can be also degenerated in singletons
(as in the vector optimization framework). We denote such a family of segments by

a*={A',... AP},
where p € N, p > 2. Actually, for any i € {1,..., p}, we can represent A’ in the form
A'=d+ 08 (5.1)
for some point @' = (a,a}) € R? and some real number ¢; > 0, where S is the line segment
S={(—x,x) |xe[-1,1]}.

By considering the standard ordering cone, C = R%, we will compute the sets MIN <t (#7*), MIN<y, (27)
and MIN<; («/*), by applying our Algorithms 2 and 3 for &/ := &7* and §€, <¢ and <{. in the role of <.
More precisely, in order to apply Algorithm 3, we will construct three functions, ¢°, @", ¢* : &7* — R,
that are strongly increasing with respect to <t <¢ and <g, respectively. To this aim, we follow an
approach proposed by Jahn [11]. For each direction

A€ A= {(1,0), (0,1), (1,1)}
we define two auxiliary functions l//fi, vy /" — Rforany A € &/ by

lVfL(A) =min(A,a) and y;(A)=max(A,a).

acA acA

Remark 5.1. By the explicit representation (5.1) it follows that, for any i € {1,...,p},

(A)=da| —o; and i (A) =d} +o; if A =(1,0)

5\ Se\

(A)=di+o; and yi(A)=ab—o; if A=(0,1)

VL (AT) = v (A) = ) +d it A= (11).

~

Lemma 5.1. For any A,A" € &/* we have:
1°A'<LA <= VA EA: v (A) <y (A)
2° A <UA = YA EA: Y(A) < y(A).
T A <A = VA EAV{(L 1)} W (A) < 0 (4) and y(A') < y(A),

Proof. These assertions hold in view of Remark 5.1. O

Lemma 5.2. For any A,A" € o/* we have:
1°AgLA <= A eA: yi(A) <yl (A)
2° AZLA > L eA: YLA) < yi(A).
3°ALLA = FAeA\{(1,1)}: @) (A) < i (A) or yi(A") < yi(A).

Proof. Directly follows by Lemma 5.1. U
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Now, we define the functions ¢f, @*, ¢° : &7* — R for any A € &/* by

0'(A) =Y w(4),

AEA

P"(A) =) vi(A),
AEA

PA)= Y (v+v)A).
AeA\{(1,1)}

Theorem 5.1. Function @' is strongly S’é-increasing, Junction @" is strongly </-increasing, while func-
tion @° is strongly <(.-increasing.

Proof. In order to prove that ¢’ is strongly §€—increasing, let any A’,A € .&/* be such that A’ gé A
and A £ A'. Then, in view of Lemmas 5.1 and 5.2 (1°), we have v} (A') < v} (A) for any A € A and
‘V;ﬂ) A < l;/ﬁo (A) for some Ay € A. Clearly, this implies that ¢*(A’) < @°(A). Thus ¢’ is strongly <t-
increasing. Similarly, we can show that @“ is strongly </-increasing and ¢ is strongly </-increasing,
by using Lemmas 5.1 and 5.2 (2° and 3°, respectively). O

5.2. Comparative analysis of our algorithms. As suggested by Eichfelder and Gerlach [5], there are
several natural ways to construct set-valued test functions in practice: (i) by adding a constant set to a
single-valued function, (if) by multiplying a constant set by a real-valued function or (iii) by considering
a sum of set-valued functions given by (i) and (ii). We will use an approach similar to (iii) in order to
test our Algorithms 2 and 3. More precisely, by considering a planar curve ¥ : [0, 7] — R? (with 7 > 0), a
nonnegative function « : [0, 7] — R, and a finite number of nodes 0 <#; <--- <t, <t(peN, p>2),
we define the family

a* ={Al,... AP}
of line segments of type (5.1) where, forany i € {1,...,p}, @’ = y(;) and o = a(t;), i.e.,
A" =y(t) + a(1;)S.

In Table 1 we present the numerical results obtained by implementing Algorithms 2 and 3 in MATLAB
20164a, on a Core 17-8550U CPU, 16GB RAM computer. They correspond to five families of sets of type
o/* with p € {100,1000, 10000, 50000, 100000}, where

y(t) = (t,(¢t/2)sint) and a(t)=|sinz| forany 0<r<7t=4nm,

while, for every p, the nodes 0 <1 < --- <1, < 47 are generated randomly by means of the MATLAB
function rand.

We mention that in both Algorithms 2 and 3, the pairwise comparisons of sets is performed by means
of Lemmas 5.1 and 5.2, where the values of the auxiliary functions Wf{ and v} on the elements of 7"
are a priori computed as indicated in Remark 5.1. Moreover, in Phase 1 of Algorithm 3 (Pre-sorting
procedure), we first compute the values of the sorting functions @/, @* and ¢° on the elements of .27* by
means of the explicit representations established in Section 5.1, and thereafter we sort these values by
using the MATLAB function sort.
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)4 100 1000 | 10000 50000 100000
|MIN§[C ] 24 280 2762 13677 27312
IMIN <« (o) 28 236 2560 12652 25369
IMIN<: (&/*)| 32 311 3245 16059 32078
Algorithm 2 (Generalized Jahn-Graef-Younes method)
Runtime for MINSé(d*) 0.0128 | 0.1204 | 10.7291 | 173.5408 | 868.8651
Runtime for MIN<: («7*) | 0.0150 | 0.0909 | 8.7809 | 148.9064 | 774.1772
Runtime for MIN<: (&) || 0.0198 | 0.1799 | 25.8091 | 306.1024 | 1594.7805
Algorithm 3 (Generalized Graef-Younes method with pre-sorting)
Runtime for MINSfC,(;z%*) 0.0109 | 0.1019 | 9.5440 | 159.0386 | 849.8282
Runtime for MIN< (&) | 0.0116 | 0.0742 | 8.4303 | 134.8084 | 715.7421
Runtime for MIN<: («7*) | 0.0150 | 0.1485 | 24.8091 | 288.4068 | 1519.2157

TABLE 1. Computational study for the five test families .o/ in Section 5.2.

As the numerical results listed in Table 1 reveals, both Algorithms 2 and 3 are quite effective even
for significantly large p, the latter requesting however a shorter runtime for all five test families, due
to the pre-sorting procedure. Notice that a similar behavior has been already observed within vector

optimization problems by Giinther and Popovici [6].

Finally, we illustrate in Figures 2, 3, and 4 the family «7* with p = 100 along with the corresponding

output sets MIN_¢ (7*), MIN<u (2/*) and MIN<; (27*) mentioned in Table 1.

o
T

FIGURE 2. The set MIN ¢ («7*) mentioned in Table 1 for p = 100 (red color).
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FIGURE 3.

FIGURE 4. The set MIN<: («7*) mentioned in Table 1 for p = 100 (red color).

6. CONCLUSIONS

Our algorithms are conceived for computing the minimal elements of any nonempty finite family of
sets o7 C Z(E) with respect to a general preorder relations on Z(E). Although we have implemented
them only for the preorder relations <., <¢ and <¢. and a particular type of sets, for which we succeeded
to construct strongly increasing sorting functions, it would be of both theoretical and practical interest for
further research to consider other (preorder) relations and different classes of sets, along with appropriate
strongly increasing sorting functions. In particular, since a variant of the Jahn-Graef-Younes method for
vector optimization problems has been already developed for variable ordering structures by Eichfelder
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[3], it is natural to study whether this method could be generalized for set optimization problems in the
framework considered by Eichfelder and Pilecka [1, 2]. Other interesting research topics would be to
involve a pre-sorting procedure in the numerical methods proposed by Kobis and Le [14] for computing
strict, strong and ideal minimal elements of a finite family of sets, as well as in the numerical methods
for computing approximations of minimal elements, following the works mentioned in the Introduction.
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