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A DESCENT-LIKE METHOD FOR FIXED POINTS AND SPLIT CONCLUSION
PROBLEMS
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Abstract. In this paper, a descent-like method is introduced for solving a fixed point problem of a strict pseudocontraction and
a split variational inclusion problem. A strong convergence theorem of common solutions is established in the framework of
Hilbert spaces without any compact assumptions on any mapping.
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1. INTRODUCTION-PRELIMINARIES

Let H; and H; be two real Hilbert spaces endowed with inner products and induced norms denoted by
(-,-) and || - ||, respectively, while H refers to as any of these spaces.

Let M : H — 2" be a monotone mapping. M is said to be monotone iff, for all x,y € Hy, u € Mx and
veMy

(x—y,u—v)>0.

It is said to be maximal iff the Graph(M) is not properly contained in the graph of any other monotone
mapping. It is known that the graph of maximal monotone operators is weakly-strongly closed [1]. It is
also known that a monotone mapping M is maximal iff for (x,u) € H x H, (x —y,u —v) > 0, for every
(y,v) € Graph(M) implies that u € M(x). Let r be some positive real number. The resolvent mapping,
ResM : H — H associated with mapping M and number r, is defined by

ResMx = (I+rM)"'(x),Vx € H,

where I stands for identity operator on H. If M is the subdifferential of proper convex lower semi-
continuous functions, then the resolvent operator is the called the proximity operator. It is known that
Fix(ResM) = M~'(0), where Fix(Res™) stand for the fixed-point set of Res?. The resolve operator plays
an important role in many convex optimization problem and many authors studied zero points of maximal
monotone operators via resolvent techniques; see, e.g., [2, 3, 4, 5, 6, 7] and the references therein.

Let A : H — H, be a bounded linear operator. Let M and N be two maximal monotone operators on
H, and H,, respectively. In this paper, we study the following split variational inclusion problem: Find
x* € Hj such that

0eM(x"), (1.1)
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and

y'=Ax"€Hy, solves 0€N(y"). (1.2)
In this paper, we use SFP(M,N) to denote the solution set of the split variational inclusion problem.
In 1994, Censor and Elfving [8] first introduced a split feasibility problem in finite-dimensional Hilbert
spaces for modeling inverse problems which arise from phase retrievals and in medical image recon-
struction. It has been found that the split variational inclusion problem can be used in various disciplines
such as image restoration, computer tomograph and radiation therapy treatment planning [9, 10, 11].
Recently, the above split variational inclusion problem has been studied based on Mann-like methods by
many authors; see [12, 13, 14, 15] and the references therein.

Let T be a mapping on H. Recall that T is said to be nonexpansive iff

ITx—Ty| < |lx—»ll, VxyeH.
T is said to be quasi-nonexpansive iff Fix(T) # @ and
lx—Ty]| < |x—yl, Vx€Fix(T),yeH.
It is known that every nonexpansive mapping satisfies the following properties
(Tx =Ty, (=)~ (= T)) < 3|~ )~ =Ty, Wy
In particular, every quasi-nonexpansive mapping satisfies the following properties

1 .
(x=Ty,(y=Ty)) < Slly=Tyl, Vx € Fix(T),y € H. (1.3)
Recall that T is said to be firmly nonexpansive iff
HTX*TyHZ < (T)C7Ty,x—y>’ any €H.

It is known that the resolvents of maximal monotone operators is firmly nonexpansive. T is said to be
firmly quasi-nonexpansive iff Fix(7T) # 0 and

lx—Ty|> < (x—Ty,x—y), VxeFix(T),y€<H.
Recall that T is said to be strictly pseudocontractive iff there is a real number x € [0, 1) such that
I1Tx=Ty|* < x =y + x| (I = T)x— (I =T)|’, ¥x,yeD.

The class of strictly pseudocontractive mappings was first introduced and studied by Browder and
Petryshy [16] in the framework of Hilbert spaces. Since then, many authors have studied fixed points
of strictly pseudocontractive mappings via different methods and techniques; see [17, 18, 19] and the
references therein.

In this paper, we investigate the split variational inclusion problem which involving a strict pseudocon-
tractive mapping via a fixed-point method in an infinite dimensional Hilbert spaces. Strong convergence
theorems are established without any compact assumptions on mappings.

The following lemmas are essential for our main results.

Lemma 1.1. [16] Let H be a real Hilbert space. Let T be a k-strict pseudocontraction with fixed points
and let {B,} be a sequence in (0,1). Define a mapping S by

Tox = (1= By)Tx+ Bux,
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Vx e H. If B € [k, 1), then T, is nonexpansive and Fix(T,) = Fix(T) for each n > 1. If {x,} converges
weakly to some point x* and x, — Tx, — 0 as n — oo, then x* € Fix(T), that is, [ — T, where I is the
identity mapping, is demiclosed at zero.

Lemma 1.2. [20] Let H be a Hilbert space and let F be an N-strongly monotone, £ -Lipschitz continuous
mapping on H. Define a mapping T* : H — H by T%x = (I — paF)x, Vx € H, where a. is a real number

in (0,1). If0 < u € (0, %), then T% is a contraction, that is,

IT%—T%| < (1-a1)|lx—yl,

Vx,y € H, where T=1— /1 —u(2n — u.2?) € (0,1

Lemma 1.3. [21] Let H be a real Hilbert space and let M be a maximal operator. For A > 0 and . > 0,

we have

(I+puM)™! (%x—i— (1- %) (I4+AM)™\x) = (I+ AM)~'x,Vx € H.

Lemma 1.4. [22] Let H be a real Hilbert space. Let {x,} and {y,} be bounded sequences in H. Let
{0, } be a sequence in (0,1) such that

0 < liminfo, < limsupo, < 1.
n—eo n—oo

Assume that x,+1 = Gy, + (1 — 6,)x, and

lim sup (”)’n+1 = ul| = |01 —an) <0.

n—soo

Then limy,_e ||y, — 4] = 0.

Lemma 1.5. [23] Let { o, }, {Bn} and {y,} be sequences of real numbers such that o, € [0,1], Yoo &t =
oo, limsup,, .. By <0and Y| Yn < oo Let {A,} be a sequence of nonnegative real numbers such that
)Ln—&-] S (1 - an)ln + anﬁn + ’Yn

Then lim,,_yeo A, = 0.

2. MAIN RESULTS

Theorem 2.1. Let Hy and H; be two real Hilbert spaces. Let T be a strictly pseudocontractive mapping
with coefficient x € [0,1) on Hy with fixed points. Let A : Hi — Hy be a bounded linear operator and let
A* be the adjoint operator of A. Let F : Hl — H\ be a £ -Lipschitz continuous and t-strongly monotone
mapping. Let M be a maximal monotone mapping on Hy and let N be a maximal monotone mapping on
H>. Assume that SFP(M,N) NFix(T) # 0. Let {x,} be a sequence generated by the following process:

X1 € Hy,

yn = ResM (x, + YA*(Res) —1)Ax,),

2= (1= Bu)TYn+ Buyn,

Xoer = (1= %)X+ (I =0 F)z0, n>1,

where {r,} and {s,} are two positive real number sequences, {0}, {Bn} and {v,} are sequences in
(0,1), u and vy are two positive real numbers. Assume that lim, . 0, =0, Y7 a, = oo, {B,} is in
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[x,B), where k < B < 1, such that lim,_,e |Bur1 — Bu| =0, {1} is in [p,p’], where p and p' are t-

wo real numbers in (0, 1), such that imy,_ye | Va1 — o] = 0, iminf,_,eer, > 0, limyse0 |[Fp1 — 1| < oo,

liminfy, e s, > 0, im0 [$y11 — sn| < o0, 1 € (0, %), and v € (0, W) Then {x,} converge strongly

to X € SFP(M,N)NFix(T), which is the unique solution of the following variational inequality
(F—y,F%) <0, YyeSFP(M,N)NFix(T). 2.1)
Proof. Set
T,=0-B)T+B, Yn>1.

Since {f,} isin [k, 1), we obtain from Lemma 1.1 that 7}, is a nonexpansive mapping and Fix(T) = F(T,,)
for each n. Note that x € SFP(M,N) N Fix(T) iff x = Res)x, Ax = Res) Ax, and x = Tx. Since both the
resolvents are firmly nonexpansive, one has

lyn —x||* = |[Res™ (x, + YA* (Res) —I)Ax,) —Resﬂfx”z
< [|(xp —x) + YA*(Res?) —1)Ax,|]?
< [l — x[1 +27(A" (Resty, — 1) Axn, xn —x) + V| Al1?[| (Resy, — DAxa ||
< Hx,,—x||2—|—27/<(Res?f1 —I)Axn,A(xn—x)—l—(Res?i —I)Axy)
~ 2y{(Res!) — DAy, (Res! — DAx,) + PIAI[(Res? — Dx, |

Note that Ax is a fixed point of Res?”l . Using (1.3), we see that

1
<A(xn—x)—|—(Resz —I)Axn,(Resﬁ —1Ax,) < §||(Resﬁ —DAx,||*.

It follows that
lyn —26[1* < llxn = xf = ¥(1 = 7l|AI*) | (Res, — DA, |1 (2.2)
Since 7 € (0, W), we have ||y, — x|| < ||x —x,]|. It follows from the nonexpansivity of 7, that

120 =26ll = [[(V = Bu) Toyn + Buyn = x| = 1 Tayn = Taxtl| < [y = x[| < [lx =]
Using Lemma 1.2, we have

[%n1 = x| < Wl (1 = w0t F)zn — (I = powF)x — poge Fox|| 4 (1 — %) |lxa — ]|
< Wll(F = powF)zn — (I — 1o F)x|| + oY | Fox|] + (1 = %) [0 — x|
< Y1 = 700) |20 — x[| + oYl Fxl| + (1 = %) [l — ]|
< (1= %700)[lxn —x]| + 0ty || Fx]|

u
< max{[x, — [, —{[Fx][}-
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This implies that {x,} is a bounded vector sequence, so are {y,} and {z,}. Using Lemma 1.3, we find
that

o1+ 74 (Res? | — DA 11) — (i + 74" (ResY — D)
= ||xp+1 —xp +yA* (Axn —Axy —l—Res?iAx,lH —Resjsvrl+ Axn) I
< |xng1 — X — YA*(Axpi1 — Axy) || 4 || YA* (Res) Ax, — Res  Ax,i1) ||

Sn+1

< (1= YIAIP) 1 =26l + VIIA|[[ Res, Ax, — Ress, (*Axn+1+(1— )Res, Axiit)ll - (2.3)

Sn+1
s
< (1= AP i+ (2= HmaNAMH—AMHWHmMH—AMm
S+l
< ln =t + Myrmunzeeswm ~ Av
n+
and
HResrn+1 (Xns1+ YA* (Res) o~ DAx1) — Res) (xp+1 + YA*(Res)) o —DAX 1) ||
= ||Res%( (an + YA* (Res) o —DAx1)
+(1- -~ )Res, o (g —|—}/A*(Res§vn+l —1)Axp11))
n-+
— Res¥ (x4 + yA* (Res]SV —DAx,11)]|
7
< (== (ng1 + YA (Resy | —1)Axys1) (2.4)
Yn+1
+(1— )Res (1 —I-Q/A*(Resjs\;+1 —I)Axn+1))

T'n+1
— (%n41+YA" (Res?:ﬂ — 1 Axp11)||

Fpn+1
<y A ResY | DA

Yn+1
—ResM (1 + }/A*(ResY - —I)Axn+1)) II.
On the other hand, one has

Va1 = yall
< ||Res)!  (xns1+ VA" (Res | —I)Axyi1) — Res) (xn41 + YA* (Res) | —DAxyi1)||
+ ||Res™ (X1 +YA" (ResY o — DAx11) — ResM (0 + }/A*(ResN —D)Ax,)|| (2.5)
< ||Res™ oy (1 + YAT (Ress o —DAx11) — Res (X1 +YA" (ResY o — DA )|
+ || (ns1 + YA*(Res) | —DAxpi1) — (xu + YA* (Resy —1)Ax,)|-
Substituting (2.3) and (2.4) into (2.5) yields that
L e ! 26)

Tl Sn+1
were M is an appropriate constant. Since 7;, is nonexpansive, one obtains from (2.6) that

HZH-H _ZnH < ”Tn-i-lyn-&-l - Tn-&-lynH + HTn-&-l)’n - TnynH

< H)’n—H _Yn”+’ﬁn+l _ﬁanyn_)’nH 2.7

Fuiel — T Sp+1 —S
It LIRS Rk 0 T S N S |

< ||xn —Xn+1 H +M
Tn+1 Sn+1
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Setting A, = (I — p o, F)z,, one has
Vs = 2l
<= 1O 1 F )z — (1 — i F)zall 411 — 1011 F)z — (1 — 104 F )z

< (1 — ’COCn+1)||Zn+1 —ZnH +/~L|an+l - aﬂ|||FZnH

'ny1 — 7, Sp+1— S
< (1= 0000 0 — | ¢ =] Bt = ]

I'nt+1 Sn+1
+1Brc1 = BalllTyn — yall + 1] i1 — Q||| F 2 |-

This implies that

1Ans1 = Aull = (10 = X1 | < |Butt = Bul lITyn = ynll + 1] 01 — 0| [ F |

—l—M( ’rn+1 _rn‘ + |sn+1 _sn’ )
T+l Sn+1
Using the restrictions imposed on the control sequences, one finds that
limsup(|[An11 = Anl| = [ltn = Xn11[]) 0.

n—soo

From Lemma 1.4, one concludes that

lim ||x, — A,|| =0, (2.8)
n—soo

which implies that
lim ||x, — z,]| =0, (2.9)
n—soo

Next, we show x, —y,, — 0 as n — . From (2.2), we have
120 = 2|2 = (I = p0F)zn — (I — pou F)x — o Fx|?
< = wog,F )z — (I — wog, F)x||> — 2oy, Fx, A, — x)
< (1—10t) ||z — x|* = 210, (Fx, A — x)
< (1—70,)||yn—x||* — 210, (Fx, Ay —x)
< (1= ta) o —2x[|> = (1 = T (1 = YI|A|P) || (Resg, —1)Ax,|?
+ 2004 Fx| |4, — x].
Since squares of norms are convex, we have
[Pne1 = x[I* < (1= %) [bon —xI|> + 1| Ao — ]|
< (1= %706) [0 —x* = % (1 — 7o) Y(1 = Y|A|*) || (Resy, — D)Ax, |
+ 20 06| Fx][ || An — ]|

It follows that
(1= 706,)y(1 = YIIA[]*)||(Res), —I)Ax,||?

< [en =17 = [Pene1 = %1% 4 291 0 | Fx] | 2 — x| (2.10)
< (lln = x|+ lon1 = X[ ot = X1 [| + 29060 || Fxl[[| A — ][
From (2.8), one has

lim [, — X1 || =0, (2.11)
n—oo
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which together with (2.10) yields that
Tim [|Ax, — Res}) Ax,|| = 0.
Since Reslx\”l is firmly nonexpansive, we obtain from inequality (1.3) that
lyn — I
< (x, + yA* (Resz —DAx, — x,y, — x)

1 * *
= 5 {lbon + A" (Res — DA%y = x[|* + [lyn = x[1* =[x + A" (Resg, — ) Axy — yal|*}

= SOPIA (Res)Y — DA+ 21{A" (Res)) — DAy 50— + s~
+ [y = x| = [l + YA (Res, — 1) Axy — ya[*}
< %{}/ZHAHZH(Resg —I)Axn||2—|—2y(<(Res?:l —I)Axn,Res?iAxn—Ax> — H(Res?’/l —I)Aanz)
[l =27 4 [y =l = [l = yall* = 2700 =y, A* (Res}), — )Axy)
— [|7A* (Res, — DAx, %)}
< %{Hxn — x[|* =+ [lyn = x[I* + 2V Al — yull | (Resy, — DA, || = [ — yul *}-
It follows that
[y =17 < [ = 1% + 271l b — yull || (Resy, — DA || = |62 =y,
which implies that
120 —2x[|* < ([(Z = ot F)zn — (I — pow F)x]|* — 2(pow Fx, Ay —x)
< (1—10) |20 — x|* = 21 0t, (Fx, A, — x)
< (1= 70t) o0 —x[|* +2(1 = 700) Yl|All b — yu[[| (Res, — 1A, |
— (1 =10 ||xn — yall* — 2100, (Fx, Ay — x).

It follows that
a1t —x[|* < (1= )
< (1= %) |10 = xI* + 1 (1 — T0) |l 20 — x|
+ 2% (1 = 105,) Yl|Al[Pen = v | (Resy, — 1A,

[ =221 + Yl | 2 — x|

— (1= 70) [0 = yul* = 27100, (Fx, Ay — x)
< (1= %70 |50 — ]2+ 201 — 706V — [ [|(ResY — 1)Ax, |
— (1 = 700 [0 — ya[> + 2511000 | Fx] | 2 — ]
This shows that
Ta(1 = 706) [l — yal®
< (1= %706 [l — x| +29(1 — 706 Vl| A |Pn — vl | (Resy, — 1) Ax|
— [nr1 = xl| + 2% o | Fx][[| 2y — ]
< (e =2l et =Xl 1w =1 |+ 296N 30— v ] (Resy, — DA |
+ 2700 || Fx][[| A — x]].

97

2.12)



98 MEIJUAN SHANG

So, we have x,, —y, — 0 as n — oo. Since {x,} is a bounded sequence, there exists a subsequence {x,, }
of {x,} such that x,, — x* as i — oo. So, y,, = x*, z,, — x* and A,,, — x* as k — co. Observe that
yn = Res)! (x,, + yA* (Res) —I)Ax,),
which implies from the maximal monotonicity of M that
Xp; — Yn; + YA* (Resjs\:, Axp, —Axy,)

<)’ni_”7 y - —V>ZO,

for (u,v) € M. This shows that 0 € M(x*). Let s be some positive real number. From Lemma 1.3, one

has
IResY Ax, — Res Ax, || < ||Ax, — siAxn (11— si)RestAan
n

n

s (2.13)
< 2| Ax, — ResY Ax,||.
s n

It follows from (2.12) that
r}grolo ||Res}) Ax, — ResY Ax, || = 0
Taking into the fact that
||Resy Ax, — Axy|| < ||Resl) Ax, — Ax, || + ||Res) Ax, — Res} Ax, ||,
we conclude that lim,, . [|Ax, — ResY Ax,|| = 0. We also have

lim ||Ax,, — ResY Ax,, || =0
[—o0

From Lemma 1.1, we find that Ax* € Fix(Res"), that is, 0 € N(Ax").
Next, we prove that x* is also a fixed point of 7. From (2.1), we have
_ " n
Yn = =B,
Since {f,} is bounded away from 1, we find that lim,_,c. || Ty, — y4|| = 0. Since I — T is demiclosed, we
obtain that x* € Fix(T).
Since F is strongly monotone and Lipschitz continuous, we next use X to denote the unique solution

Tyn -

of variational inequality (2.1). That is,

limsup(F (%), — A,) <

n—yoo
We have 5
A0 = EI|* = |(I — w0t F)zp — (I — oty F )X — 106, FX||*
< 0~ 1Oz — (1 — o)l Zuan<Fx h— )
< (1= 10)?(|zn — %[> — 204, (F %, A — %)
< (1_“)‘11) ”yn_tz Z.UO‘n<F —X)
< (1—‘L'Ocn) ||xn—x|\2+2/.LOCn<FX,X An),

which implies that
[Pen 1 =% < (1= %) loen = & + 72l 2 — 17
< (1 =) |lxn _XHQ‘*'Yn(l - Tan)QHXn _X‘|2+27nﬂan<Ffax_ln>

200 ||x, — %[>+ 2u(F%,5— Ay)

S(l—én)llxn—szJr@n T )
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where &, = 27y, @,. Observe §, — 0, Y»_| &, = e and

20,2, — X||? + 22U (FX, % — A,)

li <0.
ey 21 =
Using Lemma 1.5, we obtain that ||x, — || — 0. This completes the proof. O

From Theorem 2.1, the following result involving nonexpansive mappings are not hard to derived
easily.

Corollary 2.1. Let Hy and H, be two real Hilbert spaces. Let T be a nonexpansive mapping on Hi
with fixed points. Let A : Hy — Hy be a bounded linear operator and let A* be the adjoint operator
of A. Let F : H — H\ be a Z-Lipschitz continuous and t-strongly monotone mapping. Let M be a
maximal monotone mapping on Hy and let N be a maximal monotone mapping on H,. Assume that
SFP(M,N)NFix(T) # 0. Let {x, } be a sequence generated by the following process:

X1 € H],

zn = TRes¥ (x, + YA* (Res) —I)Axy),

Xnpt = (L=Y)xn + (I — pouF)zp, n>1,
where {r,} and {s,} are two positive real number sequences, {0y}, and {y,} are sequences in (0,1),
W and vy are two positive real numbers, and {r,} is a positive sequence. Assume that lim, . &, = 0,
Yo 0y =co, {V,} isin [p,p’], where p and p’ are two real numbers in (0,1), such that lim,_,e |Yp+1 —
Yn| = 0, iminf,, e 1y > 0, limy—ye0 [Py 1 — 74| < 00, liming,—yeo 5, > 0, limy o0 [Sp-1 — 8p| < o0, 1t € (0, %),
and v € (0, W) Then {x,} converge strongly to x € SEFP(M,N) N Fix(T), which is the unique solution
of the following variational inequality

(x—y,FX) <0, VyeSFP(M,N)NFix(T).

Proof. Every nonexpansive mapping is a strict pseudocontraction with coefficient 0. Setting 3, = 0, we
have the desired conclusion immediately. O

From Theorem 2.1, we also have the following result on split inclusion problem (1.1)-(1.2).

Corollary 2.2. Let H| and H; be two real Hilbert spaces. Let A : Hl — H» be a bounded linear operator
and let A* be the adjoint operator of A. Let F : H — H\ be a £-Lipschitz continuous and T-strongly
monotone mapping. Let M be a maximal monotone mapping on Hy and let N be a maximal monotone
mapping on Hy. Assume that SFP(M,N) # 0. Let {x, } be a sequence generated by the following process:

X1 € Hy,

2n = ResM (x, + YA* (Res) —I)Ax,),

Xn+1 = (1 - Yn)xn+7n(1_“anF)Zna n>1,
where {r,} and {s,} are two positive real number sequences, {0}, and {y,} are sequences in (0,1),
W and vy are two positive real numbers, and {r,} is a positive sequence. Assume that lim,_,. &, = 0,
Yo o, =o0 {y,}isin [p,p’], where p and p’ are two real numbers in (0, 1), such that lim,_,e |Yy+1 —
Yo = 0, iminf, e 7, > 0, imy, oo |11 — 74| < 00, liminf, o s, > 0, 1imyyeo |$y41 — 80| < oo, pt € (0, %)’
and y € (0, W) Then {x,} converge strongly to x € SFP(M,N), which is the unique solution of the
following variational inequality (X —y,Fx) <0, Vy € SFP(M,N).
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